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LEONID E. SHAIKHET

STABILITY OF SYSTEMS OF STOCHASTIC
LINEAR DIFFERENCE EQUATIONS
WITH VARYING DELAYS

One method of Lyapunov functionals construction is used here for construct-
ing of asymptotic mean square stability conditions for systems of stochastic
linear difference equations with varying delays. Stability conditions are for-
mulated in terms of existence of positive definite solutions of some matrix
equations. '

1. PROBLEM STATEMENT

Lyapunov functionals are used for investigation of hereditary systems in prob-
lems of stability and optimal control (see e.g. Andreyeva, Kolmanovskii and
Shaikhet (1992), Kolmanovskii and Myshkis (1992), Kolmanovskii and Nosov
(1986), Kolmanovskii and Shaikhet (1996a), Sverdan and Tsarkov (1994)). One
method of Lyapunov functionals construction has been proposed and developed
for differential and difference equations (Beretta, Kolmanovskii and Shaikhet
(1998), Ford, Edwards, Roberts and Shaikhet (1997), (Kolmanovskii and Ro-
dionov (1995), Kolmanovskii and Shaikhet (1993a, 1993b, 1994, 1995a, 1995b,
1996b, 1997a, 1997b, 1998a, 1998b), Shaikhet and Shaikhet (1998), Shaikhet
(1995a, 1995b, 1996a, 1996b, 1997a, 1997b, 1997c, 1998)). We use it here for
constructing of asymptotic mean square stability conditions for systems of sto-
chastic linear difference equations with varying delays. Stability conditions are
formulated in terms of existence of positive definite solutions of some matrix
equations.

Let {£2,0,P} be a probability space, i be a discrete time, i € Zy U Z, Z =
{0,1,...}, Zo = {—h,...,0}, h > 0, {fi € o} be a sequence of o-algebras, &, &1, ...
be a sequence of mutually independent scalar random variables, & be fi ;-
adapted and independent on f;, E be a mathematical expectation, E¢; = 0,
Bl =1,

1991 AMS Mathematics Subject Classification. 50A10, 50B20.
Key words and phrases. Stability conditions, Stochastic Difference Volterra Equations.

©1998 TBiMC Scientific Publishers

2568



STABILITY OF STOCHASTIC DIFFERENCE EQUATIONS 259

Consider the stochastic difference equation
(1) Li+1 :F(i:x—ha---a-'ri) +G(?:,£E“h,...,ﬂ?,;)§i, LE Z1

Ty = O, i & Zg.
Here z; € R", the functions F and G are defined on Z xS, where S is a space of
sequences with elements from R™. It is assumed that F(i,...) and G(i,...) does
not depend on z; for j > 1, F(t,0,...,0) =0, G(4,0,...,0) = 0.

Definition. The zero solution of the equation (1) is called mean square stable
if for every € > 0 there exists a § > 0 such that E|z;|? < ¢, i € Z, if ||¢]* =
sup;ez, E lil? < 4. If, besides, lim; 400 E |z;|? = 0 for every initial function ¢,
then the equation (1) zero solution is called asymptotically mean square stable.

Theorem 1.1. (Kolmanovskii and Shaikhet (1995a)) Let there ezists the non-
negative functional V; = V(i,%_p,...,7;), t € Z, which satisfies the conditions

EV(Dam-—h: "'vxﬂ) € C1“(P||21

EAV; < —¢3 E|z;?, ig Z,
where AV; = Vi1 —V;, ¢1 > 0, ca > 0. Then the equation (1) zero solution is
asymptotically mean square stable.

From Theorem 1.1 it is follows that the construction of stability conditions of
the equation (1) zero solution can be reduced to the construction of appropriate
Lyapunov functionals. Following the method of Lyapunov functionals construc-
tion (Kolmanovskii and Shaikhet (1995a)), we will obtain the stability conditions
for linear systems of stochastic difference equations with varying delays.

2. FORMAL PROCEDURE OF LYAPUNOV FUNCTIONALS CONSTRUCTION

The proposed procedure of Lyapunov functionals construction consists of four
steps.

Step 1. Represent the functions F' and G at the right-hand side of the equation
(1) in the form
Fi, 2 g, .., %) = Fi; + Fp; + AF3, Ry s s B i | sy
Fiy = Fi(6,%iery 0 Ti),  Fog= Fp(i,zop, .0 30),
Fayir Ho (8] Teinsitn®i), AF3; = F3 41 — F3i,
G = G 55a%), Gai = Gal8, T =5, ", 2i),
Fi(,0,...,0) = F5(i,0,...,0) = F3(4,0,...,0) =
= G41(4,0, ...,0) = G3(i,0,...,0) = 0,
7 > 0 is a given integer. This way the equation (1) take the form
(2) Tiy1 = Fui 4+ Foy + AF3; + (G + Ga2i)&i-
Step 2. Let the function v(z,y;—r,...,%;) be a Lyapunov function for the aux-

iliary difference equation

Yi+1 = Fl(i:y'i—‘i':"'ay'i) + Gl(iay'i—fa"-:y'i)gia 1€ Z,
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and satisfies the conditions of Theorem 1.1.
Step 3. Let us construct the Lyapunov functional V; in the form V; = Vy; + Va;,
where the main component V3; has the form

Vii = U(ﬁ., Li—gyereyTi — F3(i: L—hyoeey 55'{)).
Step 4. In order to satisfy the conditions of Theorem 1.1 the additional com-
ponent V5; must be chosen usually by a standard way.
3. SYSTEM WITH NONINCREASING DELAYS

Using the procedure described above we will construct asymptotic mean square
stability conditions for the stochastic linear difference equation

(3) Ty = Az + Bxi_k(,;) + C‘a:,-_m(‘-)&.

It is supposed that A = max(k(0), m(0)) and delays k(i) and m(z) satiéfy the
inequalities :
(4) k() > k(i + 1), m(i) > m(i + 1), i€ Z.

Below two ways of Lyapunov functionals construction for the equation (3) are
considered. The stability conditions are formulated in the form of matrix Riccati

equations.
3.1. Using the representation (2) let us put (Step 1) 7 =0,

Fii = Azi, Fyi = Bzi_p), F3i=Gu=0, Gy =Cxi_my).

In this case the auxiliary equation (Step 2) has the form

(5) Tiy1 = Axi.
Let for some positive definite matrix () the matrix equation
(6) A'DA-D=-Q

has a positive definite solution D. Then the function v; = z/Dz; is a Lyapunov
function for the equation (5). Really, calculating Av; and using (6) we get

Av; = @i, Dziyy — 2Dz = 2;A'DAz; — 2;Dz; = —zQx;.

We will construct (Step 3) the Lyapunov functional V; for the equation (3) in
the form V; = Vi; + Vo;, where Vy; = v; = z/Dz;. Calculating E AVy; for the
equation (3) we get

EAVH = E[$£+1D$5+1 7 misz] =
= E[(Az; + Bzi_xa) + Cxilpi)éi) D(Azi + Bz x5y + Coiimyéi) — o Dzi] =
= E[z;{(A'DA — D)z; + z;A'DBz;_i;) + zg_k(i)B'DAwﬁ-
+$;mk(§}BJDBxiwk(i) + m;_m(«;)C!Dcxi—m(i}]-

Note that the inequality

(7) a'b+ba<dRa+bR b
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hold for every positive definite matrix R.
Using (7) for a = Az;, b = DBz;_x;), we get

(8) x;A".DBm,;_k(i) o= I;_k(i)B’DA{L'i < iE;A’RALEi - Z;__k(i)BF.DR_lDB.’E,;_k(i).
Therefore
EAV;; < E[{B: (A’DA - D+ A’RA)QS,‘ =S Yi—k@) + Z,;_m(,')],

where
y; = z;B'(DR™*D + D)Bg;, z; =3;C'DCx;.

Choose the functional V,; (Step 4) in the form

i—1 i-1
Vai = Z y; + Z 21

J=i—k(i) j=i-m(i)
Then using (4) we obtain
' i i
AVgi=r 0 Y0y + Yooz -Vy=
j=i+1-k(i+1) j=itl-m(i+1)
i-1 i-1
SwrETT 3T g M soisgm
Jomicel Bpids) e (k)
i i-1
& Z Y — Z 2j = Yi—k(s) = Zi-m(5) S
j=i+1—k(i) j=i+1-m(i)

S Yi+ 2 — Yiek@) — Ziem(i)-
As a result for the functional V; = Vi; + Va; we have

(9) EAV; < —Ez;Qu;,
where
(10) —-Q=ADA-D+ARA+B'DR™ DB+ B'DB +C'DC.

Remark 3.1. Note that using (7) for a = DAz;, b = Bz;_r (), instead (8) we
obtain the inequality

xiA’DBzi_k(i) + m;_k(i)B’DAx,; S E:AIDRDA.’E,, + xémk(i}B’R_lBﬂ'}i_k(i).
In this case we obtain (9) where
(11) —Q=A'DA-D+ ADRDA+B'R'B+B'DB+C'DC.

Using (7) for other representations of a and b we can obtain other representations

of Q.
This way we get
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Theorem 3.1. Let for some positive definite matrices Q and R there ezists the
positive definite solution of the matriz Riccati equation (10) (or (11)). Then the
equation (8) zero solution is asymptotically mean square stable.

Remark 3.2. Note that in scalar case the positive definite solution of the equation
(10) (or (11)) there exists if and only if

(12) (4| +|B])?*+C? < 1.

3.2. Consider other way of Lyapunov functional construction. Let us use the
representation (2) (Step 1) by 7 =0,

Fi; =(A+ B)zi, Gu=0, G2 =Czi_mg),

i—k(i+1) i—1
in = — Z B’.L‘j, ng = — Z ij.
j=i+1—k(i) J=i—k(i)
In this case the auxiliary equation (Step 2) has the form
(13) Tit1 = (A + B)z;.

Let for some positive definite matrix  the matrix equation
(A+ B)D(A+B)—D=-Q

has a positive definite solution D. Then the function v; = z!Dz; is a Lyapunov
function for the equation (13).

We will construct Lyapunov functional V; for the equation (3) in the form
Vi = Vi; + Va;, where (Step 3) Vi; = (z; — F3;)' D(z; — F3;). Calculating E AV;;
we get

EAVy; = E[(@i1 — F3,441)' D(@it1 — Fa,411) — Vi =
= E[(F1i — % + F2; + G2i&)' D(Fui + @i + Fo — 2F3; + G:6i) =

— E[z}((A+ B)'D(A+ B) — D)z; + 3 _ L],

j=1
where
I, = 2F{;DFy;, I= F3;DFy;, I3=-2(Fy; —z;).DFs;,
o= 2k DL Ju— G D
Put

ko = sup(k(i) — k(i + 1)).
i€Z :
Let R be positive definite matrix. Using (7) for a = DBz;, b = (A + B)z;, we

get
i—k(i+1)

L=- Y (z3B'D(A+ B)zi+zi(A+ B)DBg;) <
j=i+1—k(i)
i—k(i+1)
< Y (23B'DRDBgz;+zi(A+B)R™}(A+ B)z) <
j=i4+1-k(i)
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i—k(i+1)
Skozi(A+B)R™ A+ B)zi+ Y. o/B'DRDBu;.
J=i+1—k(5)
It is easy to see that
i—k(i+1) i—k(i+1)
L = Z z;B'DBx; = | Z lezB:ch <
Lj=i+1—k(3) J=i+1—k(i)
i—k(i+1) i—k(i+1)
Sk 20 [DVPBER g N BDR
J=i+1-k(i) J=i+1-k(i)

Let P be positive definite matrix. Using (7) for a = DBz, b= (A+ B —I)x;,
we get
i-1
Iy=— Y (o/B'DIA+B~ Doy +2(A4 Bim I)'DBz;) <
j=i—k(i)
i-1
< Y. («}B'DPDBg;+zi(A+B—I)P'(A+B— DNz;) <
J=i—k(i)
i-1
<k(0)zi(A+B—I)P YA+ B - Iz; + > &,B'DPDBg;.
j=i—k(i)
Let S be positive definite matrix. Using (7) for a = Bz;, b= DBz, we get
i—1  i—k(i+1)
L=- % (z;B'DBz; + z}B'DBz;) <
I=i—k(i) j=i+1—k(5)
i=1  i—k(i+1)
25 (#;B'SBz; + 2;B'DS~'DBuz;) <
l=i—k(i) j=i+1—k(s)
i—k(i+1) i-1
<k() > @B'SBz;+ky S «B'DS-'DBz,
J=i+1-k(3) l=i—k(i)
Let u; = z[C'DCxz;. Then Iy = Ui—m(i)- As a result we have

EAV1; <E[z;((A+ B)'D(A+ B) - D+
+ko(A+B)R™ A+ B) +k(0)(A+B-I)P-Y(A+ B - I))z;+

i—k(i+1) i-1
TR - i D 15 i)
J=i+1—k(i) J=i—k(i)

where
Y= :.c; (B'DRDB + kyB'DB + k(O)B’SB):cj,
2= sf:; (B'DPDB + koB’DS_lDB)s-:j.
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Denote k., = inf;cz k(i) and choose the functional V3; (Step 4) in the form

it+km—2 I—km t—1
Va= >, D> " mt ¢ g-i-E. 0 LA
I=i j=l4+1-k(0) i=it+km—k(0)

i-1 i—1
+ 3 G-itkO)+Dz+ D u;
j=i—k(0) g=i-m(i)
Calculating AVa;, we have

ithp—=1 " I=km i
AVy = z Z y; + Z (4 =i = km + Kk(0))y;+
I=i+1 j=l+1-k(0) j=i+1+km—k(0)

+ Z (7 —i+k(0)z; + z uj — Vai =
J=i+1-k(0) j=it+l-m(i+1)
= (k(0) = km)yi + k(0)2zi + vi — Viem(i)+

i—km =1 =1 i—1

= (DS W X0t k) JT S RREHRT ;.
j=i+1—k(0) j=i—k(0) j=i+l-m(i+1) j=i+1—m(i)
Using that k(0) > k(i) > ky and m(i) > m(i+ 1) for functional V; = Vy; + Va;
we have the inequality (9), where

—~Q=(A+B)D(A+B)— D +ko(A+B)R '(A+B)+

(14) +k(0)(A+B-I)P ' (A+B-1)+C'DC+
+(K(0) — km)B'(DRD + koD + k(0)S)B + k(0)B'D(P + koS™*)DB.

Theorem 3.2. Let for some positive definite matrices Q, P, R and S there
ezists the positive definite solution of the matriz Riccati equation (14). Then the
equation (3) zero solution is asymptotically mean square stable.

Remark 3.3. Analogously with Remark 3.1 we can show that instead of the equa-
tion (14) can be used other matrix Riccati equations, for example

—Q=(A+B)D(A+B)—D+ki(A+B)DR™'D(A+ B)+

(15) +k(0)(A+B—-1I1)DP 'D(A+B-1I)+C'DC+
+(k(0) — k) B'(R + koD + k(0)S)B + k(0)B' (P + koDS™'D)B.
Remark 3.4. Let k(i) = k = const. In this case the equation (14) has the form
~Q=(A+B)D(A+ B)—D+C'DC+
+k(A+B-I)P Y(A+B-1)+kB'DPDB,
the equation (15) has the form
—Q=(A+B)D(A+B)—D+C'DC+
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+k(A+B-I1)'DP 'D(A+B-1I)+kB'PB.
Remark 8.5. It is easy to get that in scalar case a positive definite solution of the
equation (14) (or (15)) there exists if and only if

(|A+ B|+7|B|)? + 2k(0)|B|(L - A— B +1|B|) + C* < 1,

A+ Bl <1, 7=/ko(k(0) — km).
If k(i) = k = const then v = 0 and this condition can be rewrite in the form

(16) C*<(1-A-B)(1+A+B-2kB|), |[A+B|<Ll

4. SYSTEM WITH UNBOUNDED DELAYS

Construct now asymptotic mean square stability conditions for the stochastic
linear difference equation

k(i) m(i)
(17) Tit+1 = Z ajAj:c,-_j =+ z ﬁij'xgﬁj&.
i=0 j=0

Here A; and B; are n % n-matrices, a; and §; are scalars. It is supposed that
h = maz(k(0),m(0)) and delays k(i) and m(i) satisfy the inequalities

(18) k(G +1)—k() <1, m(@E+1)—-m@G) <1

and

(19) k =supk(i) < oo, m =supm(i) < oo.
i€z i€Z

4.1. Let us represent (Step 1) the equation (17) in the form (2) by 7 =0,
k(i)
Fii=oodozi, Fai=) ajAjzij, Fs=0,
=1
m(i)

G =BoBozi,  Gai= ) B;BjTi-;.
=1

In this case the auxiliary equation (Step 2) has the form
Tit1 = aoAoz; + PoBozii.
Let for some positive definite matrix () the equation
@@ A\DAg + f¢ByDBy — D = —Q

has a positive solution D. Then the function v; = z;Dz; is a Lyapunov function
for the auxiliary equation. Really, calculating E Av; we get

E Av; = E(z}41Dzi41 — 7iDz;) =
= E[(coAozi + BoBozi&i) Do Aozi + BoBoziéi) — z;Dzi] =
= E[edziAyD Aoz; + Biz;ByDBoz; — x;Dz;] = — Ez;Qx;.
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We will construct a Lyapunov functional for the equation (17) in the form
Vi = Vi; + Vs, where (Step 3) V; = z/Dx;. Let

k

= laal, B=)I8il.
1=0 =0
Calculating E AV;; for the equation (17) we get
k(i) m(i) k(i)
EAVy; = E[(z oAz + Z ﬁijl‘,;_j&)’D(Z ajAJ-wi_j+
=0 =0 =0
m(i)
+ Do BiBizi=s6) — aiDai] =
3=0
k(i) (1)
=E ZQJD%A m1_3| +'z;9:_.DZBz1 J[ —z;Dz;| <
3=0 §=0
k(i) k(4) A m@E)  m) g
<SE | laul Y lesllDE Ajmi s> + Y 18I Y 18i11D? Bjwi—y|? — 2} Da;
=0 =0 =0 7=0

< E[z;(Ko + Lo — D)z + J1i + Jail,

where
k(%) m(i)

{20) JH = ng—jiji—j} Z $% JL Ti—jsy
j=1

K; = ala;|4;D4;, L, = BI8;|B}DB;.
Let us choose the functional V5; (Step 4) in the form V5; = ng -+ Vz,(f}, where

k(1) k
) B S O >
; =
3 m(i) : 0
(22) Vi = Ypoieddfosshoo 2Hi= Y Ly,
j=1 I=j
Then using (18) we get
k(i+1) k(i)
1
() Z Tis1-32 3 Vo ) me -4 J(‘l)‘r‘cf—ir" -
k(i+1)=1 k(i)

1 1
S D/ U S e A R Y
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k(i+1)-1 k(i)
1 1 1
= m:Z§ Vg = Ji; + Z m;_jZJ(jlwi_j - Z miij;_l_}lﬂ:@_j =
j=1 j=1
(23) < #,ZWg; — T
Analogously
(24) AVD < 2,7P g, — T

As a result for the functional V; we have the inequality (9), where

i ™
(25) -Q=0a)_|a;|A;DA; + B 18;|B;DB; — D.
Jj=1

j=1

Theorem 4.1. Let for some positive definite matriz Q) there exists the positive
definite solution of the matriz equation (25). Then the equation (17) zero solution
is asymptotically mean square stable.

Remark 4.1. Let A; = A = const, Bj = B = const. Then the equation (25) take
the form

—-Q =a*A'DA+ (°B'DB - D.
If A= B = I then the asymptotic mean square stability condition has the form
(26) o2+ 62 <1

Tt is easy to see that the condition (12) is the partial case of the condition (26).
Remark 4.2. From the inequalities (18) it follows that

k(i) < k(0) +4, m(i) < m(0)+i.

4.2. Consider now another way of Lyapunov functionals construction. It is
supposed that the stochastic difference equation has the form
k(i) m(i)
(27) Tiy1 = ZAjfEi__j == Z iju"n'—jiu
=0 j=0

and delays satisfy the conditions (18), (19).
Let us represent the equation (27) (Step 1) in the form (2), where 7 =0,
k(i) k(i)

Fiy = Wozi, Fp=-— Z Wiri1zi—j, Fai= _ijm““j’
j=k(i+1) §=i

m(i)

k
W; =ZA:'.', G]_i =0,G2,: = ZBjﬂJ.g_j.
=l j=0
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Really, it is easy to see that

k(i) k(i+1) k(i)
Woﬂ:i - Z W3+1$; = Z: ijg+1_j + Z Wjﬁg.,j =
J=k(i+1) j=1 j =
k(1) k(i) k(i+1)—-1
=2 Wigiej= > Winsici= Y, Winsiej =
J=0 i=k(i+1) j=0
k(i) k(3)

—"ZW WJ+1$13 ZA$3J
j=0

In this case the auxiliary equation (Step 2) has the form z;41 = Wyz;. Letfor
some positive definite matrix @ the equation W{DW, — D = —(@Q has a positive
definite solution D. Then the function v; = z}Dz; is a Lyapunov function for the
auxiliary equation.

We will construct the Lyapunov functional V; in the form V; = Vi; + Va;,
where (Step 3) Vi; = (z; — F3;)'D(z; — F3;). Calculating E AVj; and using the
representations for z;4, and Fy; we get

EAV1; = E[(zig1 — F3,i+1) D(Zit1 — Fsi+1) — Vii] =

= E(Ti41 — F3,i41 — T + F3;) D(zig1 — Fai41 + 3 — F3) =
= E((Wo — I)zi + Fi + G2:&i)' D(Wo + I)z; + Fai — 2F3; + Goi&;) =

4
= E[e;(Wo — I)) D(Wo + Dz + 3 _ I,
j=1
where
Il = 2F£§D(W{)$g = Fg,’), Ig = Féz-Dng,
Iy = 2a;(I — W) DF3i, Iy= 2:DG 2.
Using (7) for some positive definite matrices P;; we get

k(i) k(i)
Z Z T Wi DWiziy + z;_ W/ DWj12ij) <
i=k(i+1) I=0

k(i k(i)

Z Z(ms -3 +1PJEWJ+1$1—3‘ -+ x'c !WID IlDWEI"_;) =

=k(i+1) 1=0

k(é) 16)) k(4) k(i)
B z :E;_jW;+1 Z PﬂWj.{.]ﬂJ‘;‘_j + Z .’.c,:_jW;D Z a;lDsz,;_j.
j=k(i+1)’ 1=0 §=0 I=k(i+1)

Using (7) for some positive definite matrices R;; we get

k(i)

e Z 1= Wi DWis1@i—t + &; Wi  DWjp2i5) <
G=k(i+1) I=k(i+1)

Mll—‘
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k(i) k(i)

1

§ D Z (@i ;Wi RaWi1@icj + & W], DR} DWiya12iy)
=k(i+1) I=k(i+1)

k(1) k(z)

Z Y. @ ;Wi RaW,sami_j + 2} Wi, DR DWW, 13 5) =

j=k(i+1) I=k(i+1)

k(1) k(i)

1 =

‘2‘ E x;_JW;H E (Rﬂ +DRU1D)W_§+1’.L‘§_J'.
k(i+1) l=k(i+1)

Using (7) for some positive definite matrices S; we get

k(i)
Iy = (z}(I — Wo)' DWjzs_; + oi_;WID(I — Wo)z;) <

J=1

k(i)
< Y (@ WiS;Wimi—j + z}(I = Wo)' DS;2D(I — Wo)a).

Using (7) for some positive definite matrices T};; we get

—

(i) m(i

3
3

ly= ( ; B DByz;_ ,j+ﬁb'"3 IBEDB Liw 3) <

B =
Il
=
i
Il
o

J

m(i)

(i
Z ;1 BiTjBizi_y + z;_;BjDT; ' DBjz;_;) =

sl

IA
B =
e 3
‘I_L

m(i)

lm
= N2, B Z(Tﬂ + DT;7'\D)B;z; ;.
3=0 =0

As a result we have

D(Wo + 1)+ W,D Z PlDWy+

EAVy; < E[zi(Wo —
l=km

; 5
(28) (I -Wy)D Zs 'D(I - W) + i3 > By(To + DTy D) Bo)zi+
=1 1=0

+J1i + J2i + J3il,

where Jy;, Jo; are defined by (20) with

k
(29) K; =Wj(S;+D > P;'D)W;,

I=km
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and
k(i)
Z z;_iM;zi_j,
i=km

where

+1(Z Py += Z jt + DR D)) W1
t kom
Choose the functional V5; (Step 4) in the form V5; = V(l) + Vzm +- V2(3) Here

the functionals Viﬂ,t ), V2(32) are defined by (21), (22), (29). The functional Vz(‘v)
has the form

k(i) km—1 k
3
( ) = Z ’.L" jZ}a}m,_j + Z I;_jzigigmi._j} Zja) = ZM{
i=km j=1 .
if k, > 1 and
k(i) i
3 3 3
W =3 e, o =3
1=j
L o e
The functionals szil), V2(f) are satisfying the inequalities (23), (24). Let us

(3)

obtain a similar condition for V,;".
Firstly suppose that k,, > 1. Then using (18) we get

k(i+1) Ere
3
AV = Z $;+1—.?Z;E £ SRR Z $;+1-jz;52$i+1-—j—
i=km j=1
k(i) ; km—1
3)
= Z i7a 8 JZ:E )mzﬁj Z T; _jZ( Tl =
Ji=km
k(i+1)—1 k(3)
=aiZloit 3 o 2w - Y o2 m gt
_km .? km
: km—2 k=1
+w;+1—kmz,£n3mi+l—km e Z m;_jzé‘ifmi--j s Z x;_jz,fjjmi_j =
=1 =
k(i+1)—1 k(i)
= xEZ,(C':Em,,- + Z: Z{a)lmt e Z wi—j%?ﬁ«"z‘—j —J3 <
J=km j=km

S $;Z}£i3:’b'g = ng'.
Let now 0 < k,,, < 1. Then analogously to (23) we have
k(i)
AV < o200 - > o) Mz = 22w - Jui
j=1
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This way for k,,, > 0 we have
(30) AV < 33;2:&?% — J3.
As a result from (28), (23), (24), (30) for the functional V; = Vi; + Vi, we obtain

i
EAVL < Eai((Wo —I)D(Wo+ 1)+ WyD Y Pg'DWy+
=k,

3 m
1
+(I-Wo)'D Y :SJTID(I—W0)+§ >  Bo(Tor+ DTy D) Bo+ 2V + 2+ (),
or (9) with

k
—Q=Wo—I)DWy+1I)+ (I - Wo)'D )" S71D(I — W)+
j=1
>_ > Bj(Tu+DT;'D)B;+
J=01=0

B =

k k k
+ ) WiS;W; + > wip ¥ P;'DW; +
ji=1 J=0 I=km
ke k k
(31) + 2 Wia(YoPu+ 5 Y (R + DRZID)W),..

=km 1=0 l=km

B | =

From here and Theorem 1.1 it follows

Theorem 4.2. Let for some positive definite matrices Q, Py, Ry, S; and T},
there exists the positive definite solution of the matriz Riccati equation (81). Then
the equation (27) zero solution is asymptotically mean square stable.

Remark 4.3. Analogously with Remarks 3.1 and 3.3 we can show that instead of
the equation (31) can be used other matrix Riccati equations.

Remark 4.4. Let k(i) = k = const. In this case the equation (31) has the form

k
—Q=(Wo—I))D(Wy +I) + (I — Wo)'D N BEEBIE L W)+

=1

' k oo
1
+ 2 WiS;W; + 23" Bl(Ty + DT;;'D)B;.
j=1 7=01=0
Remark 4.5. Tt is easy to get that in scalar case a positive definite solution of the
equation (31) there exists if and only if

(32) 2agakm+1+af£m+l+02 < (1—W0)(1+Wg—2a1), |W0[ <1,

where

k T
=YW, o=3|B.
j=l =0
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Note that if k(i) = k = const then oy, 41 = 0. For the equation (3) in this case
we have Wy = A+ B, oy = k|B|, o = |C| and the condition (32) coincide with

(16).

Example 4.1. Let in the equation (27) k() = [¢gi], where i € Z, 0 <

<1, {z]

q
is the integral part of a number z. It is easy to see that the function k(i) satisfies
the condition (18), k,, =0, k = 0.
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