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Abstract. Some new Lyapunov-type theorems for stochastic differential equations of neutral
type are proved. It is shown that these theorems simplify an application of Kolmanovskii and
Shaikhet’s general method of Lyapunov functionals construction for stability investigation of different
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1. Introduction. Investigation of hereditary systems is very important both in
theory and applications (see, for instance, [1, 6, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17,
28, 29, 30, 31, 42]). Investigation of stability properties of hereditary systems is often
connected with construction of some appropriate Lyapunov functionals. The general
method of Lyapunov functionals construction was proposed and developed by Kol-
manovskii and Shaikhet for stochastic functional-differential equations, for stochastic
difference equations with discrete time and continuous time, and for partial differen-
tial equations (see [7, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 32, 33, 34, 36, 37, 38]).
This method was applied for stability investigation of some mathematical models in
mechanics and biology (see [2, 3, 4, 5, 35, 39, 41]). Here some new aspect of Lyapunov-
type theorems is proposed, which allows us to simplify an application of the general
method of Lyapunov functionals construction for stability investigation of different
mathematical models that can be described by stochastic differential equations of
neutral type. In particular, a stochastic delay differential equation of nth order is
considered. Similar results for stochastic difference equations were obtained in [40].

Let {Ω,F,P} be a probability space, let {Ft, t ≥ 0} be a nondecreasing family of
sub-σ-algebras of F, let E be the expectation with respect to the measureP, and let H
be the space of F0-adapted functions ϕ(s), s ≤ 0, such that ‖ϕ‖2 = sups≤0 E|ϕ(s)|2 <
∞.

Consider the stochastic differential equation of neutral type

(1.1)
d(x(t) −G(t, xt)) = a1(t, xt)dt+ a2(t, xt)dw(t), t ≥ 0,

x(s) = ϕ0(s), s ≤ 0, ϕ0 ∈ H.

Here x(t) ∈ Rn is a value of the process x in the moment of time t; xt = x(t + s),
s ≤ 0, is a trajectory of the process x to the moment of time t and for each fixed t ≥ 0;
xt = x(t + s) ∈ H , s ≤ 0; w(t) ∈ Rm is the standard Ft-adapted Wiener process;
and the functionals G(t, ϕ), a1(t, ϕ), a2(t, ϕ) are defined on [0,∞)×H , G(t, ϕ) ∈ Rn,
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a1(t, ϕ) ∈ Rn, a2(t, ϕ) ∈ Rn×m, ai(t, 0) = 0, i = 1, 2, as

(1.2) |G(t, ϕ)| ≤
∫ ∞

0

|ϕ(−s)|dK(s),

∫ ∞

0

dK(s) < 1,

where the integral in (1.2) is a Stieltjes integral and K(s) is a nondecreasing function
of bounded variation.

Definition 1.1. The zero solution of (1.1) is called mean square stable if for
each ε > 0 there exists δ > 0 such that E|x(t)|2 < ε, t ≥ 0, if ‖ϕ0‖2 < δ. If,
in addition, limt→∞ E|x(t)|2 = 0 for every initial function ϕ0 ∈ H, then the zero
solution of (1.1) is called asymptotically mean square stable.

Definition 1.2. The zero solution of (1.1) is called mean square integrable if∫∞
0 E|x(t)|2dt < ∞.

Theorem 1.1 (see [16]). Assume that condition (1.2) holds and there exists the
functional

(1.3) V (t, ϕ) = W (t, ϕ) + |ϕ(0)−G(t, ϕ)|2

such that

0 ≤ EW (t, xt) ≤ c1‖xt‖2,(1.4)

ELV (t, xt) ≤ −c2E|x(t)|2,

where ci > 0, i = 1, 2, and L is the generator of (1.1). Then the zero solution of
(1.1) is asymptotically mean square stable.

Note that the considered functionals G(t, ϕ), a1(t, ϕ), a2(t, ϕ), V (t, ϕ), W (t, ϕ)
are deterministic functionals of two arguments t and ϕ, but after changing ϕ on the
stochastic process xt = x(ω, t + s), ω ∈ Ω, s ≤ 0, they are stochastic processes
G(t, xt), a1(t, xt), a2(t, xt), V (t, xt), W (t, xt); i.e., each process depends on ω ∈ Ω.
For example, W (t, xt) = W (t, x(ω, t+ s)), ω ∈ Ω, s ≤ 0.

From Theorem 1.1 it follows that for investigation of the asymptotic behavior of
the solution of (1.1) it is necessary to construct some appropriate Lyapunov functional.

Below, the formal procedure of Lyapunov functionals construction for (1.1) is
described. This procedure consists of four steps.

Step 1. Transform (1.1) into the form

(1.5) dz(t, xt) = (b1(t, x(t)) + c1(t, xt))dt + (b2(t, x(t)) + c2(t, xt))dw(t),

where z(t, xt), c1(t, xt), c2(t, xt) are some functionals on xt, z(t, 0) = 0, ci(t, 0) = 0,
i = 1, 2, and functions bi(t, x(t)), i = 1, 2, depend on t and x(t) only and do not
depend on the previous values x(t+ s), s < 0, of the solution, bi(t, 0) = 0.

Step 2. Assume that the zero solution of the auxiliary equation without memory,

(1.6) dy(t) = b1(t, y(t))dt + b2(t, y(t))dw(t),

is asymptotically mean square stable, and therefore there exists a Lyapunov function
v(t, y) for which the condition L0v(t, y) ≤ −c|y|2 holds. Here L0 is the generator of
(1.6), c > 0.

Step 3. A Lyapunov functional V (t, xt) for (1.1) is constructed in the form V =
V1 +V2, where V1(t, xt) = v(t, z(t, xt)). Here the argument y of the function v(t, y) is
replaced on the functional z(t, xt) from the left-hand side of (1.5).
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Step 4. Usually, the functional V1 does not satisfy the conditions of Theorem
1.1. In order to satisfy these conditions it is necessary to calculate LV1 and estimate
it. Then the additional component V2 of the functional V can be easily chosen in a
standard way.

Note that representation (1.5) is not unique. This fact allows us via different
representations of type (1.5) to construct different Lyapunov functionals and as a
result to get different sufficient conditions for asymptotic mean square stability.

Some standard way of constructing the additional functional V2 allows us to
reject the fourth step of the procedure and not use the functional V2 at all. Below,
corresponding auxiliary Lyapunov-type theorems are considered.

2. Lyapunov-type theorems. The following theorems allow us, in some cases,
to use Lyapunov functionals with conditions that are weaker than those in Theorem
1.1.

Theorem 2.1. Assume that there exists a functional V1(t, xt) of type (1.3) such
that

(2.1)

ELV1(t, xt) ≤ Ex′(t)P (t)x(t) +

k∑
i=1

Ex′(t− τi(t))Qi(t− τi(t))x(t − τi(t))

+
m∑
j=0

∫ ∞

0

dμj(s)

∫ t

t−s

(θ − t+ s)jEx′(θ)Rj(θ)x(θ)dθ,

where L is the generator of (1.1); P (t), t ≥ 0, is a symmetric negative definite matrix;
Qi(t), i = 1, . . . , k, Rj(t), j = 0, . . . ,m, t ≥ 0, are symmetric nonnegative definite
matrices; μj(s), j = 0, . . . ,m, s ≥ 0, are nondecreasing functions of bounded variation
such that

(2.2) rj =

∫ ∞

0

sj+1

j + 1
dμj(s) < ∞;

τi(t), i = 1, . . . , k, t ≥ 0, are differentiable nonnegative functions with τ̇i(t) ≤ τ̂i < 1;
and P (t)+Q(t) is a matrix which is uniformly nonnegative with respect to t ≥ 0, i.e.,

(2.3) x′(P (t) +Q(t))x ≤ −c|x|2, c > 0, x ∈ Rn,

where

(2.4) Q(t) =
k∑

i=1

1

1− τ̂i
Qi(t) +

m∑
j=0

rjRj(t).

Then the zero solution of (1.1) is asymptotically mean square stable.
Proof. Put

V2(t, xt) =
k∑

i=1

1

1− τ̂i

∫ t

t−τi(t)

x′(s)Qi(s)x(s)ds

+

m∑
j=0

∫ ∞

0

dμj(s)

∫ t

t−s

(θ − t+ s)j+1

j + 1
x′(θ)Rj(θ)x(θ)dθ.
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Then

(2.5)

ELV2(t, xt) =

k∑
i=1

1

1− τ̂i
Ex′(t)Qi(t)x(t)

−
k∑

i=1

1− τ̇i(t)

1− τ̂i
Ex′(t− τi(t))Qi(t− τi(t))x(t − τi(t))

+

m∑
j=0

rjEx′(t)Rj(t)x(t) −
m∑
j=0

∫ ∞

0

dμj(s)

∫ t

t−s

(θ − t+ s)jEx′(θ)Rj(θ)x(θ)dθ.

From (2.1), (2.4), (2.5) for the functional V (t, xt) = V1(t, xt)+V2(t, xt) it follows that

(2.6) ELV (t, xt) ≤ Ex′(t)(P (t) +Q(t))x(t).

Via (2.3) this means that there exists a functional V (t, xt) satisfying the conditions of
Theorem 1.1, and therefore the zero solution of (1.1) is asymptotically mean square
stable. The proof is completed.

Remark 2.1. From (2.3), (2.6) it follows that ELV (t, xt) ≤ −cE|x(t)|2, c > 0.
Therefore,

EV (t, xt)−EV (0, φ) ≤ −c

∫ t

0

E|x(s)|2ds,

and via V (t, xt) ≥ 0 we have c
∫ t

0
E|x(s)|2ds ≤ EV (0, φ) < ∞. This means that by

conditions (2.1), (2.3) the solution of (1.1) is also mean square integrable.
Remark 2.2. In the scalar case from Remark 2.1 it follows that if by condition

(2.1) the solution of (1.1) is mean square nonintegrable, that is,
∫∞
0

Ex2(t)dt = ∞,
then supt≥0(P (t) +Q(t)) ≥ 0.

Theorem 2.2. Assume that there exists a functional V1(t, xt) of type (1.3) such
that

(2.7)

ELV1(t, xt) ≤ Ex′(t)P (t)x(t) +

k∑
i=1

Ex′(t− τi)Qi(t− τi)x(t− τi)

+

∫ ∞

0

dμ(τ)

∫ t

t−τ

Ex′(s)R(t, s+ τ)x(s)ds,

where L is the generator of (1.1); P (t), t ≥ 0, is a symmetric negative definite matrix;
Qi(t), i = 1, . . . , k, R(t, s), t ≥ 0, s ≥ 0, are symmetric nonnegative definite matrices;
and μ(τ), τ ≥ 0, is nondecreasing function of bounded variation such that

(2.8) Q(t) =

k∑
i=1

Qi(t) +

∫ ∞

0

dμ(τ)

∫ t+τ

t

R(θ, t+ τ)dθ < ∞, t ≥ 0.

If condition (2.3) holds, then the zero solution of (1.1) is asymptotically mean square
stable.

Proof. Put

V2(t, xt) =

k∑
i=1

∫ t

t−τi

x′(s)Qi(s)x(s)ds+

∫ ∞

0

dμ(τ)

∫ t

t−τ

∫ s+τ

t

x′(s)R(θ, s+τ)x(s)dθds.
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Then via (2.8),

(2.9)

ELV2(t, xt) = Ex′(t)Q(t)x(t) −
k∑

i=1

Ex′(t− τi)Qi(t− τi)Ex(t− τi)

−
∫ ∞

0

dμ(τ)

∫ t

t−τ

Ex′(s)R(t, s+ τ)x(s)ds.

From (2.7)–(2.9) it follows that the functional V (t, xt) = V1(t, xt) + V2(t, xt) satisfies
condition (2.6). Via (2.3) this means that there exists a functional V (t, xt) satisfying
the conditions of Theorem 1.1, and therefore the zero solution of (1.1) is asymptoti-
cally mean square stable. The proof is completed.

Remark 2.3. Theorems 2.1 and 2.2 give useful development and improvement
of the general method of Lyapunov functionals construction. Via these theorems one
can get good stability conditions using much simpler Lyapunov functionals than those
via Theorem 1.1. The simpler functionals can be used in different applications.

3. Demonstrative examples. Consider three different representations of type
(1.5) for the scalar stochastic differential equation

(3.1) ẋ(t) = ax(t) +

p∑
i=1

bix(t− hi(t)) +

p∑
i=1

ci

∫ t

t−hi(t)

x(s)ds + σx(t− τ(t))ẇ(t).

3.1. Suppose that in (3.1)

(3.2) hi(t) ≤ h0
i , ḣi(t) ≤ ĥi < 1, τ̇(t) ≤ τ̂ < 1,

and put

(3.3) B(h) =

p∑
i=1

|bi|√
1− ĥi

, C0(h) =

p∑
i=1

|ci|h0
i .

Let us consider (3.1) as a representation of (1.5) with z(t, xt) = x(t) and the
auxiliary equation ẏ(t) = ay(t). The zero solution of this equation is asymptotically
stable if and only if a < 0. Using the corresponding Lyapunov function v(y) = y2, we
obtain the functional V1(t, xt) in the form V1(t, xt) = x2(t).

Using (3.2), (3.3) and some positive numbers γi, i = 1, . . . , p, we have

LV1 = 2x(t)

(
ax(t) +

p∑
i=1

bix(t − hi(t)) +

p∑
i=1

ci

∫ t

t−hi(t)

x(s)ds

)
+ σ2x2(t− τ(t))

≤
(
2a+ C0(h) +

p∑
i=1

γi|bi|
)
x2(t) +

p∑
i=1

γ−1
i |bi|x2(t− hi(t))

+

p∑
i=1

|ci|
∫ t

t−h0
i

x2(s)ds+ σ2x2(t− τ(t)).

So, we obtain representation (2.1) with

P = 2a+ C0(h) +

p∑
i=1

γi|bi|, k = p+ 1, τk(t) = τ(t), m = 0, R0 = 1,

Qi = γ−1
i |bi|, τi(t) = hi(t), i = 1, . . . , p, Qk = σ2, dμ0(s) =

p∑
i=1

|ci|δ(s− h0
i )ds,
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and

P +Q = 2a+ 2C0(h) +
σ2

1− τ̂
+

p∑
i=1

(
γi +

γ−1
i

1− ĥi

)
|bi|.

To minimize P + Q put γi = 1√
1−ĥi

. From Theorem 2.1 we obtain the following

assertion: If

(3.4)
σ2

2(1− τ̂)
+B(h) + C0(h) < |a|, a < 0,

then the zero solution of (3.1) is asymptotically mean square stable.

3.2. In addition to (3.2) assume that

(3.5) |ḣi(t)| ≤ ĥ0
i

and put

(3.6) B0(h) =

p∑
i=1

|bi|h0
i , B1(h) =

p∑
i=1

|bi|ĥ0
i√

1− ĥi

.

Consider representation (1.5) of (3.1) in the form of a differential equation of neutral
type
(3.7)

ż(t, xt) = S0x(t) +

p∑
i=1

(
biḣi(t)x(t − hi(t)) + ci

∫ t

t−hi(t)

x(s)ds

)
+ σx(t − τ(t))ẇ(t),

where

(3.8) z(t, xt) = x(t) +

p∑
j=1

bj

∫ t

t−hj(t)

x(s)ds, S0 = a+

p∑
i=1

bi.

Condition (1.2) for (3.7) has the form B0(h) < 1.
The auxiliary equation for (3.7) is ẏ(t) = S0y(t), and the zero solution of this

equation is asymptotically stable if and only if S0 < 0. Using the corresponding
Lyapunov function v(y) = y2 we obtain the functional V1(t, xt) in the form V1(t, xt) =
z2(t, xt).

Via (3.2), (3.3), (3.5)–(3.8), and some positive numbers γ1i, γ2ij , we obtain

LV1(t, xt) ≤ 2S0x
2(t) +

p∑
i=1

|bi|ĥ0
i (γ1ix

2(t) + γ−1
1i x2(t− hi(t))) + σ2x2(t− τ(t))

+

p∑
i=1

p∑
j=1

|bjbi|ĥ0
i

∫ t

t−h0
j

(γ2ijx
2(s) + γ−1

2ijx
2(t− hi(t)))ds

+

p∑
i=1

p∑
j=1

|bjci|
∫ t

t−h0
i

∫ t

t−h0
j

(x2(θ) + x2(s))dsdθ +

p∑
j=1

|S0bj + cj |
∫ t

t−h0
j

(x2(t) + x2(s))ds.

As a result we have representation (2.1),

LV1(t, xt) ≤ P (t)x2(t) + σ2x2(t− τ(t)) +

p∑
i=1

Qix
2(t− hi(t)) +

p∑
j=1

qj

∫ t

t−h0
j

x2(s)ds,
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where

P = 2S0 +

p∑
i=1

|bi|ĥ0
i γ1i +

p∑
j=1

|S0bj + cj |h0
j , k = p+ 1, τk(t) = τ(t), m = 0,

Qi = |bi|ĥ0
i γ

−1
1i + |bi|ĥ0

i

p∑
j=1

|bj|h0
jγ

−1
2ij , τi(t) = hi(t), i = 1, . . . , p, Qk = σ2, R0 = 1,

dμ0(s) =

p∑
j=1

qjδ(s− h0
j)ds, qj = |S0bj + cj |+ |bj |

p∑
i=1

|bi|ĥ0
i γ2ij + |bj |C0(h) + |cj |B0(h),

and

P +Q = 2S0 + 2

p∑
j=1

|S0bj + cj |h0
j + 2B0(h)C0(h) +

σ2

1− τ̂

+

p∑
i=1

|bi|ĥ0
i

(
γ1i +

γ−1
1i

1− ĥi

)
+

p∑
j=1

|bj |h0
j

p∑
i=1

|bi|ĥ0
i

(
γ2ij +

γ−1
2ij

1− ĥi

)
.

Choosing the optimal values of γ1i = γ2ij =
1√
1−ĥi

, we can minimize P +Q and use

Theorem 2.1 to get the following stability condition: If

(3.9)
σ2

2(1− τ̂ )
+

p∑
j=1

|S0bj + cj |h0
j +B1(h) +B0(h)(B1(h) +C0(h)) < |S0|, S0 < 0,

then the zero solution of (3.1) is asymptotically mean square stable.
Remark 3.1. It is easy to see that instead of condition (3.9) one can use the

rougher, but simpler, condition

(3.10)
σ2

2(1− τ̂ )
+ (1 +B0(h))(B1(h) + C0(h)) < |S0|(1 −B0(h)).

3.3. Now put

(3.11)

C1(h) =

p∑
j=1

|cj|h0
j ĥ

0
j , C2(h) =

p∑
i=1

|ci|(h0
i )

2,

A0(h) = B0(h) +
1

2
C2(h), A1(h) = B1(h) + C1(h),

and consider representation (1.5) of (3.1) in the form of a differential equation of
neutral type
(3.12)

ż(t, xt) = S(t)x(t) +

p∑
i=1

ḣi(t)

(
bix(t− hi(t)) + ci

∫ t

t−hi(t)

x(s)ds

)
+ σx(t− τ(t))ẇ(t),

where

(3.13)

z(t, xt) = x(t) +

p∑
i=1

∫ t

t−hi(t)

(bi + ci(s− t+ hi(t)))x(s)ds,

S(t) = a+

p∑
i=1

(bi + cihi(t)).
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Condition (1.2) for (3.12) has the form A0(h) < 1.
The auxiliary equation in this case is ẏ(t) = S(t)y(t), and if supt≥0 S(t) < 0, then

the zero solution of this equation is asymptotically stable. Using the corresponding
Lyapunov function v(y) = y2 we obtain the functional V1(t, xt) in the form V1(t, xt) =
z2(t, xt).

Then via (3.2), (3.5), (3.6), (3.11)–(3.13), and some positive numbers γ1i, γ2ij ,
we obtain

LV1(t, xt) ≤ 2S(t)x2(t) + |S(t)|
p∑

i=1

∫ t

t−hi(t)

(|bi|+ |ci|(s− t+ hi(t)))(x
2(t) + x2(s))ds

+

p∑
i=1

ĥ0
i

(
|bi|(γ1ix2(t) + γ−1

1i x2(t− hi(t))) + |ci|
∫ t

t−hi(t)

(x2(t) + x2(s))ds

)

+

p∑
j=1

p∑
i=1

ĥ0
i |bj |

∫ t

t−hi(t)

(|bi|+ |ci|(s− t+ hi(t)))(γ2ijx
2(s) + γ−1

2ijx
2(t− hj(t)))ds

+

p∑
j=1

p∑
i=1

ĥ0
i |cj |

∫ t

t−hi(t)

∫ t

t−hj(t)

(|bi|+ |ci|(s− t+ hi(t)))(x
2(θ) + x2(s))dθds+ σ2x2(t− τ (t)).

Now put

Sm = inf
t≥0

|S(t)|, SM = sup
t≥0

|S(t)|,

Ii(hi(t)) =

∫ t

t−hi(t)

(|bi|+ |ci|(s− t+ hi(t)))ds, J0i(hi(t)) =

∫ t

t−hi(t)

x2(s)ds,

J1i(hi(t)) =

∫ t

t−hi(t)

(|bi|+ |ci|(s− t+ hi(t)))x
2(s)ds, i = 1, . . . , p.

Via (3.2), (3.6), (3.11) we have

Ii(hi(t)) ≤ Ii(h
0
i ) = |bi|h0

i +
1

2
|ci|(h0

i )
2,

p∑
i=1

Ii(hi(t)) ≤ A0(h),

J0i(hi(t)) ≤ J0i(h
0
i ), J1i(hi(t)) ≤ J1i(h

0
i ).

So, we obtain representation (2.1),

LV1(t, xt) ≤ P (t)x2(t) + σ2x2(t− τ(t)

+

p∑
j=1

Qjx
2(t− hj(t))) +

p∑
i=1

q0iJ0i(h
0
i ) +

p∑
i=1

q1iJ1i(h
0
i ),

where

P (t) = (−2 +A0(h))|S(t)|+ C1(h) +

p∑
i=1

ĥ0
i |bi|γ1i, k = p+ 1, τk = τ, m = 1,

Qk = σ2, Qj = |bj|ĥ0
j

(
γ−1
1j +

p∑
i=1

γ−1
2ijIi(h

0
i )

)
, j = 1, . . . , k, R0 = R1 = 1,

dμ0(s) =

p∑
i=1

(q0i + q1i|bi|)δ(s− h0
i )ds, dμ1(s) =

p∑
i=1

q1i|ci|δ(s− h0
i )ds,

q0i = (1 +A0(h))|ci|ĥ0
i , q1i = SM + C1(h) +

p∑
j=1

|bj |ĥ0
jγ2ij ,
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and

P (t) +Q = (−2 +A0(h))|S(t)| +A0(h)SM +
σ2

1− τ̂
+ 2C1(h)(1 +A0(h))

+

p∑
j=1

|bj|ĥ0
j

(
γ1j +

γ−1
1j

1− ĥj

)
+

p∑
i=1

p∑
j=1

|bj |ĥ0
jIi(h

0
i )

(
γ2ij +

γ−1
2ij

1− ĥj

)
.

To minimize P (t) +Q, put γ1j = γ2ij =
1√
1−ĥj

. Then

P (t) +Q = (−2 +A0(h))|S(t)| +A0(h)SM + 2A1(h)(1 +A0(h)) +
σ2

1− τ̂
.

Via supt≥0 S(t) < 0, we obtain the following estimation for P (t) +Q:
(3.14)

sup
t≥0

(P (t) +Q) ≤ (−2 +A0(h))Sm +A0(h)SM + 2A1(h)(1 +A0(h)) +
σ2

1− τ̂
.

From (3.14) via Theorem 2.1 we obtain the following: If supt≥0 S(t) < 0 and

(3.15)
σ2

1− τ̂
+A0(h)SM + 2A1(h)(1 +A0(h)) < (2−A0(h))Sm,

then the zero solution of (3.1) is asymptotically mean square stable.

3.4. Consider the equation with variable coefficients

(3.16) ẋ(t) = a(t)x(t) − b(t)x(t− h) + σ(t)x(t − τ)ẇ(t), t ≥ 0,

where a(t) and b(t) are positive functions, σ(t) is an arbitrary function, h > 0, and
τ > 0.

Suppose that

(3.17) c(t) = b(t+ h)− a(t) ≥ c0 > 0, sup
t≥0

∫ t+h

t

b(s)ds < 1,

and represent (3.16) in the form

(3.18) ż(t, xt) = −c(t)x(t) + σ(t)x(t − τ)ẇ(t),

where c(t) is defined as in (3.17) and

(3.19) z(t, xt) = x(t) −
∫ t

t−h

b(s+ h)x(s)ds.

Note that (3.18), (3.19) is a differential equation of neutral type.
Consider the auxiliary differential equation without delay

(3.20) ẏ(t) = −c(t)y(t).

Using Lyapunov function v(t) = y2(t), via (3.17) we have v̇(t) = −2c(t)y2(t) ≤
−2c0y

2(t). So, the zero solution of (3.20) is asymptotically stable.
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Following the general method of Lyapunov functionals construction, we will use
Lyapunov functional V1(t, xt) for (3.18), (3.19) in the V1(t, xt) = z2(t, xt). Calculating
LV1(t, xt) via (3.18), (3.19) we obtain representation (2.7),

LV1(t, xt) = c(t)

(
−2x2(t) + 2

∫ t

t−h

b(s+ h)x(s)x(t)ds

)
+ σ2(t)x2(t− τ)

≤ c(t)

(
−2x2(t) +

∫ t

t−h

b(s+ h)(x2(s) + x2(t))ds

)
+ σ2(t)x2(t− τ)

= P (t)x2(t) + σ2(t)x2(t− τ) +

∫ t

t−h

R(t, s+ h)x2(s)ds,

where

P (t) = c(t)

(
−2 +

∫ t+h

t

b(s)ds

)
, Q1(t) = σ2(t+ τ),

k = 1, dμ(τ) = δ(τ − h)dτ, R(t, s) = c(t)b(s),

and

P (t) +Q(t) = c(t)

(
−2 +

∫ t+h

t

b(s)ds+
b(t+ h)

c(t)

∫ t+h

t

c(θ)dθ +
σ2(t+ τ)

c(t)

)
.

So, if

sup
t≥0

(∫ t+h

t

b(s)ds+
b(t+ h)

c(t)

∫ t+h

t

c(s)ds+
σ2(t+ τ)

c(t)

)
< 2,

then condition (2.3) holds and the zero solution of (3.19) is asymptotically mean
square stable.

4. Scalar equation of nth order.

4.1. Case n > 1. Consider the scalar equation

(4.1) x(n)(t) =
n∑

j=1

∫ ∞

0

x(j−1)(t− s)dKj(s) + σx(t− τ)ẇ(t), t ≥ 0,

where x(j)(t) = djx(t)
dtj , j = 1, . . . , n. Initial conditions for (4.1) have the form

(4.2) x(j)(θ) = ϕ
(j)
0 (θ), θ ≤ 0,

where ϕ0(θ) is a given n − 1 times continuously differentiable function. The kernels
Kj(s) are functions of bounded variation on [0,∞) such that

(4.3) αij =

∫ ∞

0

si|dKj(s)| < ∞, 0 ≤ i ≤ n, 1 ≤ j ≤ n.

Put xi(t) = x(i−1)(t) and rewrite (4.1) as a system

(4.4)

ẋi(t) = xi+1(t), i = 1, . . . , n− 1,

ẋn(t) =

n∑
j=1

∫ ∞

0

xj(t− s)dKj(s) + σx1(t− τ)ẇ(t).



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

NEW ASPECTS OF LYAPUNOV-TYPE THEOREMS 4491

Also put

(4.5) βij =

∫ ∞

0

sidKj(s),

and note that for m = 1, . . . , n we have

(4.6)

∫ ∞

0

xn(t− s)dKm(s) = xn(t)β0m − d

dt

[∫ ∞

0

dKm(s)

∫ t

t−s

xn(s0)ds0

]
.

Similarly, using (4.5) it is easy to check that for i = 1, . . . , n− 1

(4.7)

∫ ∞

0

xn−i(t− s)dKm(s) =

i+1∑
j=1

(−1)j−1xn−i+j−1(t)
βj−1,m

(j − 1)!

+(−1)i+1 d

dt

[∫ ∞

0

dKm(s)

∫ t

t−s

xn(θ)
(θ − t+ s)i

i!
dθ

]
.

Putting

(4.8)

z(xt) =
n−1∑
l=0

(−1)l+1

∫ ∞

0

dKn−l(s)

∫ t

t−s

xn(θ)
(θ − t+ s)l

l!
dθ,

al =
n−1∑
i=l

(−1)i−lβi−l,n−i

(i− l)!
, l = 0, 1, . . . , n− 1,

via (4.7), (4.8) we obtain

(4.9)

n∑
j=1

∫ ∞

0

xj(t− s)dKj(s) =
n−1∑
i=0

∫ ∞

0

xn−i(t− s)dKn−i(s)

=

n−1∑
i=0

i+1∑
j=1

(−1)j−1xn−i+j−1(t)
βj−1,n−i

(j − 1)!
+ ż(xt)

=

n−1∑
i=0

i∑
l=0

(−1)i−lxn−l(t)
βi−l,n−i

(i − l)!
+ ż(xt) =

n−1∑
l=0

alxn−l(t) + ż(xt).

Following the procedure of Lyapunov functionals construction and using (4.4),
(4.9), represent (4.1) in the form

(4.10)

ẋi(t) = xi+1(t), i = 1, . . . , n− 1,

d

dt
[xn(t)− z(xt)] =

n−1∑
l=0

alxn−l(t) + σx1(t− τ)ẇ(t).

Via (4.10) we obtain the auxiliary system

(4.11) ẏi(t) = yi+1(t), i = 1, . . . , n− 1, ẏn(t) =
n−1∑
l=0

alyn−l(t).
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Let y = (y1, . . . , yn)
′, and let A be an (n× n)-matrix such that

(4.12) A =

⎛
⎜⎜⎜⎜⎝

0 1 0 . . . 0
0 0 1 . . . 0
. . . . . . . . . . . . . . .
0 0 0 . . . 1

an−1 an−2 an−3 . . . a0

⎞
⎟⎟⎟⎟⎠ .

Via (4.11), (4.12) we have ẏ = Ay.
Assume that A is the Hurwitz matrix. Then for arbitrary positive definite sym-

metric matrix D there exists a unique positive definite symmetric matrix B satisfying
the Lyapunov matrix equation

(4.13) A′B +BA = −D.

Consider the Lyapunov function for the auxiliary equation in the form v(y) = y′By.
Because of (4.13) we have v̇(y) = −y′Dy. According to the procedure of Lyapunov
functionals construction we consider the functional
(4.14)
V1(t, xt) = (x1(t), . . . , xn−1(t), xn(t)− z(xt))

′B(x1(t), . . . , xn−1(t), xn(t)− z(xt)).

Let D be a diagonal matrix with positive entries dl, l = 1, . . . , n. From (4.14) it
follows that LV1(t, xt) with respect to (4.10) equals

(4.15)

LV1(t, xt) = −
n∑

l=1

dlx
2
l (t)− 2

n∑
l=1

z(xt)(BA)nlxl(t) + bnnσ
2x2

1(t− τ)

≤ −
n∑

l=1

dlx
2
l (t) + 2

n∑
l=1

βl|z(xt)xl(t)|+ bnnσ
2x2

1(t− τ),

where (BA)nl is nlth entry of the matrix BA and βl = |(BA)nl|, bnn = (B)nn.
Also put

α =
n−1∑
j=0

αj+1,n−j

(j + 1)!
, W (t, xt) =

n−1∑
j=0

∫ ∞

0

|dKn−j(s)|
∫ t

t−s

x2
n(θ)

(θ − t+ s)j

j!
dθ,

and suppose that α > 0. Then using (4.8) and some positive numbers γl, l = 1, . . . , n,
we have

(4.16)

2|z(xt)xl(t)| ≤ 2

n−1∑
i=0

∫ ∞

0

|dKn−i(s)|
∫ t

t−s

|xl(t)xn(θ)| (θ − t+ s)i

i!
dθ

≤
n−1∑
i=0

[
γlx

2
l (t)

αi+1,n−i

(i+ 1)!
+

∫ ∞

0

|dKn−i(s)|
∫ t

t−s

x2
n(θ)

γl

(θ − t+ s)i

i!
dθ

]

≤ αγlx
2
l (t) + γ−1

l W (t, xt).

Thus, we obtain the following representation of type (2.1):
(4.17)

LV1(t, xt) ≤ −
n∑

l=1

dlx
2
l (t) + α

n∑
l=1

βlγlx
2
l (t) + bnnσ

2x2
1(t− τ) +

n∑
l=1

βlγ
−1
l W (xt)
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with k = 1, τ1 = τ , m = n− 1, dμj(s) = |dKn−j(s)|,

P =

⎛
⎜⎜⎝
αβ1γ1 − d1 0 . . . 0

0 αβ2γ2 − d2 . . . 0
. . . . . . . . . . . .
0 0 . . . αβnγn − dn

⎞
⎟⎟⎠ ,

Rj =

⎛
⎜⎜⎝

0 0 . . . 0
0 0 . . . 0
. . . . . . . . . . . .
0 0 . . . 1

j!

∑n
l=1 βlγ

−1
l

⎞
⎟⎟⎠ ,

(Q)ij = 0 for all i, j with the exception of (Q)11 = (Q1)11 = bnnσ
2, and

(Q)nn =

n∑
l=1

βlγ
−1
l

n−1∑
j=0

1

j!

∫ ∞

0

sj+1

j + 1
|dKn−j(s)| = α

n∑
l=1

βl

γl
.

So, the matrix P +Q is a diagonal matrix with

(P +Q)11 = αβ1γ1 + bnnσ
2 − d1, (P +Q)ll = αβlγl − dl, l = 2, . . . , n− 1,

(P +Q)nn = α

[
βn

(
γn +

1

γn

)
+

n−1∑
l=1

βl

γl

]
− dn.

It is easy to see that (P +Q)nn reaches its minimum with respect to γn if γn = 1. In
addition, via (4.12), (4.13) we have β1 = |an−1|bnn, 2βn = dn. So, we can conclude
that if there exist positive numbers γ1, γ2, . . . , γn−1 such that

(4.18)

γ1 <
1

α

(
d1
β1

− σ2

|an−1|
)
, γl <

dl
αβl

, l = 2, . . . , n− 1,

n−1∑
l=1

βl

γl
<

(
1

α
− 1

)
dn, α < 1,

then the matrix P +Q is negative definite, and therefore the zero solution of (4.1) is
asymptotically mean square stable.

Let us rewrite inequalities (4.18) in the form

(4.19)

0 < α

(
d1
β1

− σ2

|an−1|
)−1

<
1

γ1
,

αβl

dl
<

1

γl
, l = 2, . . . , n− 1,

β1

γ1
+

n−1∑
l=2

βl

γl
<

(
1

α
− 1

)
dn, α < 1.

From the system of inequalities (4.19) it follows that

(4.20) αβ1

(
d1
β1

− σ2

|an−1|
)−1

+ α

n−1∑
l=2

β2
l

dl
<

β1

γ1
+

n−1∑
l=2

βl

γl
<

(
1

α
− 1

)
dn.

So, if the condition

αβ1

(
d1
β1

− σ2

|an−1|
)−1

+ α
n−1∑
l=2

β2
l

dl
<

(
1

α
− 1

)
dn
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or

(4.21) σ2 < |an−1|
(
d1
β1

− β1

Θdn −∑n−1
l=2 β2

l d
−1
l

)
,

n−1∑
l=2

β2
l

dl
< Θdn, Θ =

1

α2
− 1

α
,

holds, then there exist positive numbers γ1, γ2, . . . , γn−1 such that (4.20) holds too,
and the zero solution of (4.1) is asymptotically mean square stable.

So, we have proved the following.
Theorem 4.1. Let there exist some diagonal matrix D with the positive entries

d1, . . . , dn such that matrix equation (4.13) has a positive definite solution B and that
inequalities (4.21) hold. Then the zero solution of (4.1) is asymptotically mean square
stable.

Remark 4.1. Without loss of generality it is possible to put dn = 1. If it is not
so, then (4.13) can be divided on dn. Thus all entries of the matrices D and B will
be divided by dn.

Remark 4.2. Note that condition (4.21) is correct also without assumption α > 0.
In fact, if α = 0 (which means also that z(xt) ≡ 0), then we have σ2 < |an−1|d1/β1,
which follows immediately from (4.15) and β1 = |an−1|bnn.

Remark 4.3. The stability condition obtained in Theorem 4.1 uses representation
(4.7), where integrals in the right-hand side depend only on xn for all i. Following the
same procedure one can try to obtain other stability conditions using the representa-
tions where the right-hand side depends on xm for m ≤ n. For example, for n = 2 we
have∫ ∞

0

x1(t− s)dK1(s) = β01x1(t)− β11x2(t) +
d

dt

∫ ∞

0

dK1(s)

∫ t

t−s

(τ − t+ s)x2(τ)dτ,∫ ∞

0

xi(t− s)dKi(s) = β0ixi(t)− d

dt

∫ ∞

0

dKi(s)

∫ t

t−s

xi(τ)dτ, i = 1, 2,∫ ∞

0

x2(t− s)dK2(s) =
d

dt

∫ ∞

0

x1(t− s)dK2(s).

4.2. Particular cases of condition (4.21). It is easy to see that stability
condition (4.21) is the best one for those d1,. . . ,dn for which the right-hand side
of inequality (4.21) reaches its maximum. Let us consider some particular cases of
condition (4.21) when it can be formulated immediately in terms of the parameters
of considered equation (4.1).

4.2.1. Case n = 1. Equation (4.1) has the form

(4.22) ẋ(t) =

∫ ∞

0

x(t− s)dK(s) + σx(t − τ)ẇ(t), t ≥ 0.

For the functional V1(t, xt) = x2(t) similar to (4.17) (by conditions γ1 = 1, d1 = 1)
we have

LV1(t, xt) ≤ (−1 + αβ1)x
2(t) + b11σ

2x2(t− τ) + β1

∫ ∞

0

|dK(s)|
∫ t

t−s

x2(θ)dθ,

where

α = α11 =

∫ ∞

0

s|dK(s)|, a0 = β01 =

∫ ∞

0

dK(s) < 0,

b11 = − 1

2a0
=

1

2|β01| > 0, β1 = |b11a0| = 1

2
.
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Stability condition (4.21) for (4.22) takes the form σ2 < 2|β01|(1−α). If, in particular,
dK(s) = −bδ(s−h)ds, b > 0, then α = bh, β01 = −b and the stability condition takes
the form σ2 < 2b(1− bh). Note that the last condition follows also immediately from
(3.15) for τ̂ = 0, Sm = SM = b, A0(h) = bh, A1(h) = 0.

4.2.2. Case n = 2. Equation (4.1) has the form

(4.23) ẍ(t) =

∫ ∞

0

x(t− s)dK1(s) +

∫ ∞

0

ẋ(t− s)dK2(s) + σx(t − τ)ẇ(t), t ≥ 0.

Following Remark 4.2 we will consider the corresponding matrix equation (4.13) with

(4.24) A =

(
0 1
a1 a0

)
, D =

(
d 0
0 1

)
, B =

(
b11 b12
b12 b22

)
.

Here d > 0, a0 = β02 − β11, a1 = β01, βij are defined by (4.5), and the entries of the
matrix B are defined by (4.13) and are

(4.25) b11 =

(
a0
2a1

− 1

2a0

)
d+

a1
2a0

, b12 = − d

2a1
, b22 =

d− a1
2a0a1

.

Necessary and sufficient conditions for the matrix B to be positive definite are

(4.26) a0 < 0, a1 < 0.

Stability condition (4.21) takes the form

(4.27) σ2 < |a1|
(

d

β1
− α2β1

1− α

)
,

where

(4.28) α = α12 +
1

2
α21, β1 =

d+ |a1|
2|a0| ,

αij are defined by (4.3).
Via (4.27), (4.28),

(4.29) σ2 < 2a0a1

(
d

d+ |a1| −
α2(d+ |a1|)
4a20(1− α)

)
.

The right-hand side of (4.29) reaches its maximum by d = 2|a0|α−1
√
(1− α)|a1|−|a1|.

So, as a result we obtain the sufficient condition for asymptotic mean square stability
of the zero solution of (4.23) in the form

(4.30) σ2 < 2|a1|
(
|a0| − α

√
|a1|
1− α

)
, α < 1.

Example 4.1. Consider the equation

(4.31) ẍ(t) + aẋ(t− h1) + bx(t− h2) + σx(t − τ)ẇ(t) = 0

with a > 0, b > 0. Equation (4.31) is obtained from (4.23) if dK1(s) = −bδ(s−h2)ds,
dK2(s) = −aδ(s−h1)ds. In this case α12 = ah1, α21 = bh2

2, α = ah1+
1
2bh

2
2, β01 = −b,

β02 = −a, β11 = −bh2.
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Stability condition (4.30) takes the form

σ2 < 2b

(
a− bh2 − α

√
b

1− α

)
, α = ah1 +

1

2
bh2

2 < 1.

Example 4.2. Consider the equation

(4.32) ẍ(t) = ax(t) + b1x(t− h1) + b2x(t− h2) + σx(t)ẇ(t)

that is obtained from (4.23) if dK1(s) = (aδ(s)+b1δ(s−h1)+b2δ(s−h2))ds, dK2(s) =
0.

Equation (4.32) is a mathematical model of the controlled inverted pendulum
by stochastic perturbations. Stability of this model was investigated in [3], where
the condition of asymptotic mean square stability was obtained in the form (in the
notation of this paper)

(4.33) σ2 <
2|a1|
β

(
1− α

2

(
1 +

√
1 + β2

))
,

where

(4.34)
α =

1

2
(|b1|h2

1 + |b2|h2
2), β =

|a1|+ 1

|a0| ,

a0 = −(b1h1 + b2h2) < 0, a1 = a+ b1 + b2 < 0.

Let us show that condition (4.30), (4.34) is better than (4.33). It is enough to
note that

(4.35)

β

(
|a0| − α

√
|a1|
1− α

)
−
(
1− α

2

(
1 +

√
1 + β2

))

= |a1| − αβ

√
|a1|
1− α

+
α

2

(
1 +

√
1 + β2

)

=

(√
|a1| − αβ

2
√
1− α

)2

+
α

2

(
1 +

√
1 + β2 − αβ2

2(1− α)

)
> 0.

A positivity of the second summand in (4.35) easily follows from the condition (that

is assumed in (4.33)) α(1 +
√
1 + β2) < 2.

4.2.3. Case n = 3. Equation (4.1) has the form
(4.36)
...
x (t) =

∫ ∞

0

x(t−s)dK1(s)+

∫ ∞

0

ẋ(t−s)dK2(s)+

∫ ∞

0

ẍ(t−s)dK3(s)+σx(t−τ)ẇ(t).

Via Remark 4.1 we will consider the corresponding matrix equation (4.13) with

(4.37) A =

⎛
⎝ 0 1 0

0 0 1
a2 a1 a0

⎞
⎠ , D =

⎛
⎝d1 0 0

0 d2 0
0 0 1

⎞
⎠ , B =

⎛
⎝b11 b12 b13
b12 b22 b23
b13 b23 b33

⎞
⎠ .

Equation (4.13), (4.37) by conditions

(4.38) ai < 0, i = 0, 1, 2, A0 = a0a1 + a2 > 0
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has a positive definite solution B with the entries

(4.39)

b11 =
1

2

(
a1
a2

+
a20
A0

)
d1 +

a0a2d2 + a22
2A0

, b12 =
a20a1
2a2A0

d1 +
|a2|d2 + a1a2

2A0
,

b13 =
d1

2|a2| , b22 =
a30 + a2
2a2A0

d1 +
(a20 + |a1|)d2 + a21 + a0a2

2A0
,

b23 =
a20

2|a2|A0
d1 +

|a0|d2 + |a2|
2A0

, b33 =
a0

2a2A0
d1 +

d2 + |a1|
2A0

.

Calculating β1 = |a2|b33, β2 = |b13 + a1b33|, we obtain the representation

(4.40) βl = ρl1d1 + ρl2d2 + ρl3, l = 1, 2,

where
(4.41)

ρ11 =
|a0|
2A0

, ρ12 =
|a2|
2A0

, ρ13 =
a1a2
2A0

, ρ21 =
1

2A0
, ρ22 =

|a1|
2A0

, ρ23 =
a21
2A0

.

So, stability condition (4.21) can be written in the form

(4.42) σ2 < |a2| sup
d1>0,d2>0,β2

2d
−1
2 <Θ

f(d1, d2), f(d1, d2) =
d1
β1

− β1

Θ− β2
2d

−1
2

.

For the fixed ai, i = 0, 1, 2, using (4.38)–(4.42), the maximum of the function
f(d1, d2) can be obtained numerically.

Example 4.3. Consider (4.36) with dKj(s) = kjδ(s − hj)ds, αij = |kj |hi
j, βij =

kjh
i
j, j = 1, 2, 3, i = 0, 1, 2. Then

a0 = β03 − β12 +
1

2
β21 = k3 − k2h2 +

1

2
k1h

2
1, a1 = β02 − β11 = k2 − k1h1,

a2 = β01 = k1, A0 =

(
k3 − k2h2 +

1

2
k1h

2
1

)
(k2 − k1h1) + k1,

α = α13 +
1

2
α22 +

1

6
α31 = |k3|h3 +

1

2
|k2|h2

2 +
1

6
|k1|h3

1, Θ =
1

α2
− 1

α
.

Put, for example, h1 = h2 = h3 = 0.1, k1 = −1, k2 = −2, k3 = −3. Then
a0 = −2.805 < 0, a1 = −1.9 < 0, a2 = −1 < 0, A0 = 4.3295 > 0, α ≈ 0.310 < 1, Θ ≈
7.171, ρ11 ≈ 0.324, ρ12 ≈ 0.115, ρ13 ≈ 0.219, ρ21 ≈ 0.115, ρ22 ≈ 0.219, ρ23 ≈ 0.417.
Conditions (4.38) hold. The function f(d1, d2) reaches its maximum by d1 ≈ 4.49,
d2 ≈ 0.54. Stability condition (4.42) takes the form σ2 < 2.246.

For h3 = 0.2 and the same values of all other parameters, the function f(d1, d2)
reaches its maximum by d1 ≈ 0.75, d2 ≈ 0.96, and stability condition (4.42) takes the
form σ2 < 0.1969.
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