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Abstract. Some new Lyapunov-type theorems for stochastic differential equations of neutral
type are proved. It is shown that these theorems simplify an application of Kolmanovskii and
Shaikhet’s general method of Lyapunov functionals construction for stability investigation of different
mathematical models.
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1. Introduction. Investigation of hereditary systems is very important both in
theory and applications (see, for instance, [1, 6, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17,
28, 29, 30, 31, 42]). Investigation of stability properties of hereditary systems is often
connected with construction of some appropriate Lyapunov functionals. The general
method of Lyapunov functionals construction was proposed and developed by Kol-
manovskii and Shaikhet for stochastic functional-differential equations, for stochastic
difference equations with discrete time and continuous time, and for partial differen-
tial equations (see [7, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 32, 33, 34, 36, 37, 38]).
This method was applied for stability investigation of some mathematical models in
mechanics and biology (see [2, 3, 4, 5, 35, 39, 41]). Here some new aspect of Lyapunov-
type theorems is proposed, which allows us to simplify an application of the general
method of Lyapunov functionals construction for stability investigation of different
mathematical models that can be described by stochastic differential equations of
neutral type. In particular, a stochastic delay differential equation of nth order is
considered. Similar results for stochastic difference equations were obtained in [40].

Let {Q,F, P} be a probability space, let {F:,¢ > 0} be a nondecreasing family of
sub-o-algebras of §, let E be the expectation with respect to the measure P, and let H
be the space of Fo-adapted functions ¢(s), s < 0, such that ||p||? = sup,«, E|¢(s)|* <
00.

Consider the stochastic differential equation of neutral type

(1) d(z(t) — G(t,xt)) = a1 (t, z)dt + az(t, x¢)dw(t), ¢>0,
' x(s) = po(s), s<0, o€ H.

Here z(t) € R™ is a value of the process = in the moment of time ¢; z; = z(t + s),
s <0, is a trajectory of the process = to the moment of time ¢ and for each fixed t > 0;
xe =x(t+s) € H, s <0; w(t) € R™ is the standard F¢-adapted Wiener process;
and the functionals G(t, @), a1(t, ¢), as(t, @) are defined on [0,00) x H, G(t,¢) € R",
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a(t,p) € R, as(t, ) € R™™™ a;(t,0)=0,i=1,2, as

oo

(1.2) Gl < | Clet-sR (), [ ar) <1,

0

where the integral in (1.2) is a Stieltjes integral and K (s) is a nondecreasing function
of bounded variation.

DEFINITION 1.1. The zero solution of (1.1) is called mean square stable if for
each € > 0 there exists § > 0 such that E|z(t)|> < €, t > 0, if |looll* < §. If,
in addition, lim;_,o Elx(t)|? = 0 for every initial function o € H, then the zero
solution of (1.1) is called asymptotically mean square stable.

DEFINITION 1.2. The zero solution of (1.1) is called mean square integrable if
15" Elz(t)?dt < oo.

THEOREM 1.1 (see [16]). Assume that condition (1.2) holds and there exists the
functional

(1.3) V(t,p) = W(t, @) + |p(0) — G(t, 9)|?
such that
(1.4) 0 <EW(t, ;) < ci e,

ELV(t,2) < —c2Elx(t)?,

where ¢; > 0, i = 1,2, and L is the generator of (1.1). Then the zero solution of
(1.1) is asymptotically mean square stable.

Note that the considered functionals G(¢, ), a1(t, ), az(t,¢), V(t,¢), W(t, @)
are deterministic functionals of two arguments ¢ and ¢, but after changing ¢ on the
stochastic process z; = z(w,t + s), w € Q, s < 0, they are stochastic processes
G(t,xt), ar(t,zy), az(t,xe), V(t,x), W(t,z¢); i.e., each process depends on w € Q.
For example, W (t,x;) = W(t,z(w,t + ), w € Q, s <0.

From Theorem 1.1 it follows that for investigation of the asymptotic behavior of
the solution of (1.1) it is necessary to construct some appropriate Lyapunov functional.

Below, the formal procedure of Lyapunov functionals construction for (1.1) is
described. This procedure consists of four steps.

Step 1. Transform (1.1) into the form

(1.5) dz(t,zy) = (b1(t, z(t)) + c1(t, m¢))dt + (b2(t, z(t)) + c2(t, x4))dw(t),

where 2(t, ), c1(t, zt), co(t, z¢) are some functionals on x4, z(¢,0) = 0, ¢;(¢,0) = 0,
1 = 1,2, and functions b;(¢,z(t)), ¢ = 1,2, depend on ¢ and z(t) only and do not
depend on the previous values z(t + s), s < 0, of the solution, b;(¢,0) = 0.

Step 2. Assume that the zero solution of the auxiliary equation without memory,

(1.6) dy(t) = bi(t,y(t))dt + ba(t, y(t))dw(?),

is asymptotically mean square stable, and therefore there exists a Lyapunov function
v(t,y) for which the condition Lov(t,y) < —cly|? holds. Here Ly is the generator of
(1.6), ¢ > 0.

Step 3. A Lyapunov functional V (¢, x;) for (1.1) is constructed in the form V =
Vi + Vi, where Vi (¢, 2¢) = v(t, 2(t, 2¢)). Here the argument y of the function v(¢,y) is
replaced on the functional z(¢,z:) from the left-hand side of (1.5).
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Step 4. Usually, the functional V; does not satisfy the conditions of Theorem
1.1. In order to satisfy these conditions it is necessary to calculate LV; and estimate
it. Then the additional component V5 of the functional V' can be easily chosen in a
standard way.

Note that representation (1.5) is not unique. This fact allows us via different
representations of type (1.5) to construct different Lyapunov functionals and as a
result to get different sufficient conditions for asymptotic mean square stability.

Some standard way of constructing the additional functional V5, allows us to
reject the fourth step of the procedure and not use the functional V5 at all. Below,
corresponding auxiliary Lyapunov-type theorems are considered.

2. Lyapunov-type theorems. The following theorems allow us, in some cases,
to use Lyapunov functionals with conditions that are weaker than those in Theorem
1.1.

THEOREM 2.1. Assume that there exists a functional Vi(t,xt) of type (1.3) such
that

ELV;(t, ;) < Ea'( )+ ZEx (t— 7(t)Qi(t — 7i(t))a(t — (1))
(2.1)

! E/ B /t_s(‘) o SHE(0) R, (0)2(0)d0,

where L is the generator of

(1
Qit),i=1,...,k, RJ() j
matrices; p;(s), j=0,...,m,

1); P(t), t >0, is a symmetric negative definite matriz;
,m, t > 0, are symmetric nonnegative definite

)
0,.
s> O, are nondecreasing functions of bounded variation

such that
o i+l
2.2 r; = - dp(s) < oo;
(2.2 i= | )
Ti(t), i=1,...,k, t >0, are differentiable nonnegative functions with 7;(t) < 7; < 1;

and P(t)+ Q(t) is a matriz which is uniformly nonnegative with respect tot > 0, i.e.,

(2.3) ' (P(t) + Q(t)x < —clz|?, ¢ >0, xzeR",
where

k m
(2.4) Z —Q )+ > riR;(t).

i=1 H §=0

Then the zero solution of (1.1) is asymptotically mean square stable.
Proof. Put

o (t, xt) Z . —Tz/t ) (t)a: $)Qi(s)x(s)ds

] t _ s j+1
+Z/O dya; (s) /tswx'(G)Rj(G)x(G)dG.

= Jj+1
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Then
k
ELV,(t, 2¢) = Z . _1% Ex' (t)Q;(t)x(t)
1—7(t) .,
(25) _ZﬁEm (t = 7i(0)Qi(t — 7i(t))x(t — 7(2))

i=1

+ Z rEx' ()R, (t)x(t) — Z /00 dp;(s) / (0 —t+s)Ex'(0)R;(0)x(0)df.
=0 j=0"9 ¢

From (2.1), (2.4), (2.5) for the functional V (¢, x¢) = Vi(t, z¢) + Va(t, x¢) it follows that
(2.6) ELV(t,z:) < Ea'(¢)(P(t) + Q(t))x(t).

Via (2.3) this means that there exists a functional V (¢, z;) satisfying the conditions of
Theorem 1.1, and therefore the zero solution of (1.1) is asymptotically mean square
stable. The proof is completed. d

Remark 2.1. From (2.3), (2.6) it follows that ELV (¢,z;) < —cE|z(t)|?, ¢ > 0.
Therefore,

t
EV(t,z;) — EV(0,0) < —c/ E|z(s)|*ds,
0

and via V(¢t,z;) > 0 we have cfot E|z(s)|?ds < EV(0,¢) < co. This means that by
conditions (2.1), (2.3) the solution of (1.1) is also mean square integrable.

Remark 2.2. In the scalar case from Remark 2.1 it follows that if by condition
(2.1) the solution of (1.1) is mean square nonintegrable, that is, [;° Eaz?(t)dt = oo,
then sup,sq(P(t) + Q(t)) > 0.

THEOREM 2.2. Assume that there exists a functional Vi (t,x¢) of type (1.3) such
that

k
ELVi(t,x;) < Ez2'(t)P(t)x(t) + Z Ex'(t — 7)Qi(t — 7)x(t — 7;)
(2.7) i=1

N /O ~ () /t i Ex/(s)R(t, s + 7)a(s)ds,

where L is the generator of (1.1); P(t), t > 0, is a symmetric negative definite matriz;
Qi(t),i=1,....k, R(t,s),t >0, s > 0, are symmetric nonnegative definite matrices;
and u(t), T > 0, is nondecreasing function of bounded variation such that

k o] t+7
(2.8) Q) = Z Q;(t) —|—/0 du(r)/t R(0,t+ 7)df < 00, t>0.

If condition (2.3) holds, then the zero solution of (1.1) is asymptotically mean square
stable.

Proof. Put
k t oo t s+T
Valtsw) = Y /t_ () Qils)(s)ds+ /O du(r) /t ) /t 2 (8)R(6, s+7)a(s)d0ds.
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Then via (2.8),

ELVy(t, ;) = E2/( Z Ex'(t — 7)Qi(t — ;) Ea(t — 7;)
(2.9)

— /000 du(T) /:T Ex'(s)R(t, s + 7)x(s)ds.

From (2.7)-(2.9) it follows that the functional V (¢, z:) = Vi (¢, x+) + Va(t, x¢) satisfies
condition (2.6). Via (2.3) this means that there exists a functional V (¢, z;) satisfying
the conditions of Theorem 1.1, and therefore the zero solution of (1.1) is asymptoti-
cally mean square stable. The proof is completed. O

Remark 2.3. Theorems 2.1 and 2.2 give useful development and improvement
of the general method of Lyapunov functionals construction. Via these theorems one
can get good stability conditions using much simpler Lyapunov functionals than those
via Theorem 1.1. The simpler functionals can be used in different applications.

3. Demonstrative examples. Consider three different representations of type
(1.5) for the scalar stochastic differential equation

(3.1) (¢ —I—Zbaj (t — hy +ZCZ/ (s)ds + ox(t — () w(t).
3.1. Suppose that in (3.1)
(3.2) hi(t) < B, hi(t) <hi <1,  #(t)<7<1,
and put
=~ bl - 0
(33) Bty =3 === Co(h) =3 laln.
i=1 = hy i=1

Let us consider (3.1) as a representation of (1.5) with z(¢t,2¢) = z(¢t) and the
auxiliary equation g(t) = ay(t). The zero solution of this equation is asymptotically
stable if and only if @ < 0. Using the corresponding Lyapunov function v(y) = y?, we
obtain the functional V; (¢, z;) in the form Vi (¢, z¢) = 22(¢).

Using (3.2), (3.3) and some positive numbers v;, i = 1,...,p, we have

LV, = 2x(t bix(t — i
=200 (a0 + St -+ e [t
<2a+Co +Z%|b|> )+wallbi|x2(t—hi(t))
=1
+Z|c1|/ §)ds + 0% (t — 7(t)).

So, we obtain representation (2.1) with

)—i—a x (t—T(t))

P
P=2a+Co(h)+ Y wlbil, k=p+1, m(t)=7(t), m=0 Ro=1,

Qz=7;1|bz|, T’L(t):hl(t)v izla"'vpa Qk2027 d,uO Z|C’L|6 S_h’o

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



4486 L. SHAIKHET
and

P+Q=2a+2Cy(h

<% h>|b|

To minimize P + @ put v; = T From Theorem 2.1 we obtain the following

assertion: If

o2

(34) m + B(h) + Co(h) < |a|, a <0,

then the zero solution of (3.1) is asymptotically mean square stable.

3.2. In addition to (3.2) assume that

(3.5) |hi(t)] < Y
and put
(3.6) By(h) i“’ |h? Bi(h) i bl A
. 0 = (AU 1 = —
i=1 i-1 V1I—h;

Consider representation (1.5) of (3.1) in the form of a differential equation of neutral
type

(3.7)

2(t, xe) = Sox(t) + Z (blhl(t)a:(t — hi(t)) + ci/t - x(s)ds) +ox(t — 7(t))w(t),
where

3.8 t,z) b; x(s)ds, So=a b;.

(3.:8) A, )+ Z / ) b=t

Condition (1.2) for (3.7) has the form By(h) < 1.

The auxiliary equation for (3.7) is y(t) = Soy(t), and the zero solution of this
equation is asymptotically stable if and only if Sy < 0. Using the corresponding
Lyapunov function v(y) = y? we obtain the functional Vi (¢, ;) in the form V; (¢, z;) =
22(t, x).

Via (3.2), (3.3), (3.5)—(3.8), and some positive numbers v1;, y2i;, we obtain

LVi(t, ) < 2S02®(t) + Z |04 A9 (y1522 (8) + 5, 2 (t — hi(t))) + o222 (t — 7(t))

+ZZ|bb|h/ (Y2ij@* (5) + 7527 (t — ha(t)))ds

=1 5=1

+ZZ|b cz|/ ho/t ho )+ z%( dsd9+Z|Sob +cj|/ (t) 4 2%(s))ds.

=1 5=1 t

As a result we have representation (2.1),

LVi(t, ) < P(t)x?(t) + o2 (t — 7(¢ +ZQ1 (t—nh —|—qu/ 2% (s)ds,

t—h9
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where

p p
P =28+ |bilhfyii + > 1Sobj +¢;|hS, k=p+1, m(t)=7(t), m=0,

i=1 j=1

P

j=1
p p R
dpo(s) =Y ¢;0(s — hY)ds, a5 = |Sob; + ;| + 1051 Y [bilvai; + [b;Co(h) + |ej| Bo (),
j=1 i=1
and
p o2
P+Q =28 +2) |Sob; + c;|h + 2By (h)Co(h) + —
j=1
p . A7 p p . 7;1
+ 0 [bilhf (w + 1—) + ) (bR Ibil A | iy + — )
i=1 L= h; j=1 i=1 1—hy
Choosing the optimal values of v1; = v2:; = %, we can minimize P + ) and use

Theorem 2.1 to get the following stability condition: If

0.2

p
57 +> " 180b; +¢;|h§ + Bi(h) + Bo(h)(Bi(h) + Co(h)) < |Sol, So <0,

Jj=1

(3.9)

then the zero solution of (3.1) is asymptotically mean square stable.
Remark 3.1. It is easy to see that instead of condition (3.9) one can use the
rougher, but simpler, condition

310) g (L4 Ba(W)(Bilh) + Colh) < [S0l(1 — Ba(h).
3.3. Now put
Ci(h) = _leglh§hg, — Ca(h) = leil(h)?,
(3.11) Jj=1 i=1

Ao(h) = Bofh) + 5Calh), As(h) = Bu(h) + Ca(h),

and consider representation (1.5) of (3.1) in the form of a differential equation of
neutral type

(3.12)
2t @) = S(t)z(t) + Z hi(t) <bix(t () + e /t_h}(t) x(s)d8> 4 el ()0
where
2(t,z) = x(t) + Z/ , (bi + ci(s —t + hi(t)))x(s)ds,
(3.13) =1 Jt—hi(t)

S(t) =a-+ zp:(bz + Clhz(t))
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Condition (1.2) for (3.12) has the form Ag(h) < 1.

The auxiliary equation in this case is y(t) = S(¢)y(¢), and if sup,~, S(t) < 0, then
the zero solution of this equation is asymptotically stable. Using the corresponding
Lyapunov function v(y) = y? we obtain the functional Vi (¢, z;) in the form V; (¢, z;) =
22 t,T¢).

( Thln via (3.2), (3.5), (3.6), (3.11)—(3.13), and some positive numbers v1;, V2ij,
we obtain

LVA(t,2) < 2S(0)2> (1) + |S(t |Z/t (1bi] + les|(s — £+ ha(£)(@(2) + 2%(s))ds

t

+Zh <|b |(ia® (#) + 7z 2 (= ha(1))) + lei] («*(1) +1’2(S))d8>

t—h;(t)

+ZZh°|b I/ (1Bl + leil (s = t 4 hi(8))) (vaizz® (s) + 7aij 2™ (t = hy(¢)))ds

+lelh o5 / - / o (el = B ) 0) 447 3))dbids + %20~ 7(0)
Now put

S’m22121£|5(t)|, S = sup|S(t)],

t>0

Il(hl(t)) = Kh(t)(|b1| + |Ci|(8 —t + hl(t)))ds, Joz(hz(t)) = /th( )$2(5)d37

t

J1i(hi(t)) tfh-(t)(|bi| + leil(s — t + hi(t))2?(s)ds, i=1,...,p.

Via (3.2), (3.6), (3.11) we have
Li(hi(#)) < Li(hg) = |bilhi + %lcz'l(h?)za D Lihi(1) < Ao(h),

Joi(hi(8)) < Joi(hD),  Jui(ha(t)) < Jui(h3).
So, we obtain representation (2.1),

LVi(t,x¢) < P(t)a?(t) + oz (t — 7(t)

+ Qe (t — hy(1) + Z QoirJoi () +D_ quiTii(hy),

where

P(t) = (=2 + Ao(h))|S(t)] + Cy(h +Zh0|b|m k=p+1, =1 m=1,

=1
kaaza |b |h0 (71] +ZV211[ hO)) > jzla"'vka ROZRlzla
i=1
p
dpo(s) =Y (qoi + quilbi|)d(s — hY)ds, dp(s qucm (s — h0)ds
=1
doi = (1 + Ao(h))lclVL?, =Sy + Cl + Z |b |h i V2i5

j=1
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and

2

P(t) +Q = (=2 + Ao())|S(8)] + Ao(R)Shs + T2

— 7

p —1 p p
A Y14 ~
+ > [bi1hS <71j +1 _11;%) + )0 (bR (RY) <72ij +
i=1 i/ i

To minimize P(t) + @, put v1; = Y2ij = ———. Then

ﬁ
|
>
<

P(t) +Q = (=2 + Ao(h)[S(®)] + Ao(h)Sm + 241 (R)(1 + Ao(h)) +

+2C1(h)(1 + Ao(h))

Voig
1—h,

Via sup,~, S(t) < 0, we obtain the following estimation for P(t) + Q:

(3.14)

sup(P(t) + Q) < (=24 Ag(h)) S + Ao(h)Sn + 2A1(h)(1 + Ag(h)) +

t>0

0.2

-7

4489

1—7

From (3.14) via Theorem 2.1 we obtain the following: If sup,~ S(t) < 0 and

0.2

(3.15)

— 7

+ Ao(h)Sn + 241 (R)(1 4 Ao(h)) < (2 — Ao(h))Sm,

then the zero solution of (3.1) is asymptotically mean square stable.

3.4. Consider the equation with variable coefficients

(3.16) #(t) = a(t)z(t) — )zt — h) + o(t)x(t — )(t),

t>0,

where a(t) and b(f) are positive functions, o(t) is an arbitrary function, h > 0, and

7> 0.
Suppose that

t+h
(3.17) C(t) = b(t+h) —a(t) > co >0,  sup / b(s)ds < 1,

>0
and represent (3.16) in the form
(3.18) 2(t,xe) = —c(t)x(t) + o(t)x(t — 7)w(t),

where ¢(t) is defined as in (3.17) and
¢
(3.19) 2(t,xe) = x(t) — / b(s + h)z(s)ds.

t—h

Note that (3.18), (3.19) is a differential equation of neutral type.
Consider the auxiliary differential equation without delay

(3.20) y(t) = —c(t)y(t).

Using Lyapunov function v(t) = y2(t), via (3.17) we have v(t)
—2coy?(t). So, the zero solution of (3.20) is asymptotically stable.

= —2c(t)y*(t) <
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Following the general method of Lyapunov functionals construction, we will use
Lyapunov functional V; (¢, x;) for (3.18), (3.19) in the Vi (¢, x;) = 22(t, z;). Calculating
LVi(t,x¢) via (3.18), (3.19) we obtain representation (2.7),

LVi(t, ) = c(t) (—2x2(t) +2 t

t

b(s + h)x(s)x(t)ds) + o (t)z?(t — 1)
t—h

< c(t) <—23:2(t) + b(s + h)(z%(s) + a:z(t))ds> + o (t)z?(t — 1)

= P(t)z%(t) + o> (t)x*(t — 7) + t R(t, s + h)z*(s)ds,
t—h

t—h

where

t+h t+h 02 :
P+ Q) =) <—2 + /t b(s)ds + b(tc(;h) /t ¢(6)d8 + %) .

t+h t+h o2 T
sup (/t b(s)ds + b+ 1) /t c(s)ds + %) <2,

t>0 C(t) C

then condition (2.3) holds and the zero solution of (3.19) is asymptotically mean
square stable.

4. Scalar equation of nth order.

4.1. Case n > 1. Consider the scalar equation
(41) M@ = Z/ U=V (t — )dK(s) + ox(t — T)w(t),  t>0,
j=1"0

dIx(t)

where 2() () = =22 j =1,...,n. Initial conditions for (4.1) have the form
(42) w(0) = ¢’ 0), o<,

where ¢g(0) is a given n — 1 times continuously differentiable function. The kernels
K(s) are functions of bounded variation on [0, 00) such that

(4.3) ozij:/ s'|dK;(s)| < oo, 0<i<nmn, 1<j<n.
0

Put 2;(t) = 20~V (t) and rewrite (4.1) as a system

{ti(t):$i+1(t), izl,...,n—l,

(4.4) n(t) =) /0 h zj(t — 8)dK;(s) + oz (t — T)w(t).

Jj=1
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Also put

(4.5) Bij = / s'dK;(s),
0

and note that for m = 1,...,n we have

wo | "t~ () = 2080 — [ / "l | %(sO)dsO} .

Similarly, using (4.5) it is easy to check that fori =1,...,n—1

o0 i+1 | i
(4.7) j=1

1)i+1% [/OOO AK o (5) /;xn(o)wczo

Putting
n—1 0o t l
_ Nt 0 —t+s)
2(2) = l;( 1) /0 dK,_(s) /Hxn(e)iu de,
(4.8) - s
i—l Pi—ln—1i _ .
afl_;(_l) (l—l)' l 0717 ) 17
via (4.7), (4.8) we obtain
n oo n—1 [e’e]
dK n—1i t— dKTL*i
Z/ 7t () = Z/x (t = $)dKni(s)
n—1i4+1 ] ﬁ )
(4.9) =Y Z(—l)ﬂ-lxnwfl@ﬁ + &)
i=0 j=1 )
n—1 1 B
= (=1 g () = Z Wn_i(t) + (zs).
i=0 =0 (e =Dt

Following the procedure of Lyapunov functionals construction and using (4.4),
(4.9), represent (4.1) in the form

;ici(t):xiﬂ(t), izl,...,n—l,
(4.10) d

E[gcn Zalxn 1(t) + oz (t — T)w(t).

Via (4.10) we obtain the auxiliary system

(4.11) git) =yinn(t), i=1...n-1  gu(t) =) ayn-(t)
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Let y = (y1,-..,yn)’, and let A be an (n X n)-matrix such that

0 1 0 0
0 0 1 0
(4.12) A= .
0 0 0 1
Gp—-1 0ap—2 Gp-3 Qg

Via (4.11), (4.12) we have y = Ay.

Assume that A is the Hurwitz matrix. Then for arbitrary positive definite sym-
metric matrix D there exists a unique positive definite symmetric matrix B satisfying
the Lyapunov matrix equation

(4.13) AB+BA=-D

Consider the Lyapunov function for the auxiliary equation in the form v(y) = y'By.
Because of (4.13) we have ©(y) = —y'Dy. According to the procedure of Lyapunov
functionals construction we consider the functional

(4.14)

Vi(t, @) = (x1(t), .., @1 (t), 2n(t) — 2(z¢)) B(x1(t), . . ., @n—1(t), 20 (t) — 2(z4)).

Let D be a diagonal matrix with positive entries dj, | = 1,...,n. From (4.14) it
follows that LV; (¢, z+) with respect to (4.10) equals

n

LVA(t, x) de — 2 2(20)(BA)mzi(t) + bano i (t — 7)

(4.15) =1

n

Z dip (t) + 2 Bilz(@)a(t)| + buno?2i (t — 7),

=1

where (BA),,; is nith entry of the matrix BA and 8; = [(BA)nil, bnn = (B)un-
Also put

n—1 n—1 0o t j
Qjt1n—j 20—t +s)
e R AT / 1k, s)| [ 220 = g,
jgo -+ jgo 0 ! t—s J!
and suppose that o > 0. Then using (4.8) and some positive numbers v, l = 1,...,n,
we have
(0 —t+s)

- do
7!

= 0 ta2(0) (0 —t+s)
< z+1n [ ) xn(
_Z {W Suas /O (K i(5) /t_s D E =t g

< amaf (8) + 7 Wt ).

n—1 jo%s) t
2] <23 [ Koo [ [rie)eno)

(4.16)

Thus, we obtain the following representation of type (2.1):
(4.17)

LVi(t, a¢) decl +OéZﬁl’Yl$1 ) + bpno?zi(t —7) +Zﬁl"n W)

=1 =1
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withk=1, 7 =7, m=n—1, du;j(s) = |dK,—;(s)],

Oéﬁl"/l—dl 0 0
P 0 aﬂg’yg—dg 0 ’
0 0 e aBuye—dy
0 0o ... 0
R I
0 0 ... XL Byt

(Q)i; =0 for all ¢, j with the exception of (Q)11 = (Q1)11 = bpno?, and

B
rm—ZBl'}/[ Z]'/ ]+1|dKn j |—Oéz l

So, the matrix P 4 @ is a diagonal matrix with

(P+Q)11:O‘ﬁl’\/1+bnn0’2_dla (P+Q)ll:aﬂl7l_dla l:27"'7n_17
n—1
(P+Q)nn—a[ﬁn(n —)+Z@]—dn.
Tn =1 "

It is easy to see that (P + @),y reaches its minimum with respect to v, if v, = 1. In
addition, via (4.12), (4.13) we have 81 = |an—1|bnn, 28, = dn. So, we can conclude

that if there exist positive numbers 71,72, ...,Yn—1 such that
1 d1 0'2 > dl
<—|\=-—], 1< —, l:2,...,n—1,
n e} <ﬂ1 |an71| 7 apy
Z—l<(——1>dn, o<,
Vi «Q

then the matrix P + @ is negative definite, and therefore the zero solution of (4.1) is
asymptotically mean square stable.
Let us rewrite inequalities (4.18) in the form

d 2 \Y
0<a< R ) N
B1 |an 1] ot d ’Yl

+ZBZ <——1>d a<l.

From the system of inequalities (4.19) it follows that

(4.20) aﬁ1<E o’ >_ +aZ—<— Z (a—1>d

|an—1| d; Y1 =2

(4.19)

So, if the condition

dl 0_2 )1 n—1 lQ <1 )
af (& a2 (2 21)d,
o (51 |an—1] 2 d " \a
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or

n—1 .9
w21) Uz<|an1|(ﬂ b ) % ceq, o- L L

Bi  Od,— S LA dy a2«

holds, then there exist positive numbers v1, 72, ...,vn—1 such that (4.20) holds too,
and the zero solution of (4.1) is asymptotically mean square stable.

So, we have proved the following.

THEOREM 4.1. Let there exist some diagonal matrixz D with the positive entries
dy,...,d, such that matriz equation (4.13) has a positive definite solution B and that
inequalities (4.21) hold. Then the zero solution of (4.1) is asymptotically mean square
stable.

Remark 4.1. Without loss of generality it is possible to put d,, = 1. If it is not
so, then (4.13) can be divided on d,,. Thus all entries of the matrices D and B will
be divided by d,,.

Remark 4.2. Note that condition (4.21) is correct also without assumption a > 0.
In fact, if & = 0 (which means also that z(z;) = 0), then we have 02 < |a,,_1|d1 /531,
which follows immediately from (4.15) and 1 = |an—1|bnn-

Remark 4.3. The stability condition obtained in Theorem 4.1 uses representation
(4.7), where integrals in the right-hand side depend only on x,, for all i. Following the
same procedure one can try to obtain other stability conditions using the representa-
tions where the right-hand side depends on z,, for m < n. For example, for n = 2 we
have

AOO xl(t — S)dKl(S) = ﬁolxl(t) — ﬁllxg(t) + %/OOO dKl(S) ‘/t_S(T —t+ S)xg(T)dT,

o0 d
/O wi(t — 8)dKi(s) = Boizi(t) — dt/o
/0 z2(t — 5)dK2(s) = % /0 21 (t — s)dK(s).

4.2. Particular cases of condition (4.21). It is easy to see that stability
condition (4.21) is the best one for those di,...,d, for which the right-hand side
of inequality (4.21) reaches its maximum. Let us consider some particular cases of
condition (4.21) when it can be formulated immediately in terms of the parameters
of considered equation (4.1).

4.2.1. Case n = 1. Equation (4.1) has the form

o0

t
dKZ(S)/ {Ei(T)dT, 1= 1,2,
t—s

(4.22) x’(t):/Ooox(t—s)dK(s)+cm:(t—T)w(t), £ 0.

For the functional Vi(t,z;) = 2%(t) similar to (4.17) (by conditions v; = 1, d; = 1)
we have

LVi(t, ) < (=1 + aBy)x?(t) + bpo?a?(t — 1) + B /OO |[dK ()] / z2(0)d6,
0 t—s

where

a = Q11 2/ S|dK(5)|, ao = Po1 :/ dK(S) <0,
0 0
1 1

b = - =
H 2a0  2|Bo1]

1
>0, f1=|bnaol= 3
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Stability condition (4.21) for (4.22) takes the form 02 < 2|B8p1|(1—c). If, in particular,
dK(s) = —bd(s—h)ds, b > 0, then a = bh, o1 = —b and the stability condition takes
the form o2 < 2b(1 — bh). Note that the last condition follows also immediately from
(315) for 7 = 0, Sm = SM = b, Ao(h) = bh, Al(h) =0.

4.2.2. Case n = 2. Equation (4.1) has the form
(4.23) (t) = / x(t — s)dK1(s) + / &(t — s)dKa(s) + ox(t — T)w(t), t>0.
0 0
Following Remark 4.2 we will consider the corresponding matrix equation (4.13) with

(0 1 _(d 0 _ (bin b2
o an(h D) e (20, ae ()

Here d > 0, ap = foz2 — P11, a1 = Bo1, Bi; are defined by (4.5), and the entries of the
matrix B are defined by (4.13) and are

agp 1 a1 d d—a
4.25 b= (— — — )d+ —, blo=——1, b= .
( ) H (2a1 2a0> + 2&0 12 2&1 22 2&0&1

Necessary and sufficient conditions for the matrix B to be positive definite are
(4.26) ap < 0, a; < 0.

Stability condition (4.21) takes the form

d 04251
4.27 2 - _
(4.27) 7 <lal (5 - 1% ).
where
1 d+|a1|
4.2 = — =
(4.28) a=aiz + g, b1 T

a;; are defined by (4.3).
Via (4.27), (4.28),

2
(4.29) o2 < 2apa1 ( d a(d+ |a1|))

d+ai]  4a2(1 - )

The right-hand side of (4.29) reaches its maximum by d = 2|ag|la™1/(1 — @)|a1|—|a1].
So, as a result we obtain the sufficient condition for asymptotic mean square stability
of the zero solution of (4.23) in the form

(4.30) 0? < 2ay]| <|a0| — o %) , a<1.

Example 4.1. Consider the equation
(4.31) Z(t) + ax(t — hy) + bx(t — he) + ox(t — T)w(t) =0

with a > 0, b > 0. Equation (4.31) is obtained from (4.23) if dK;(s) = —bd(s — ha)ds,
dKs(s) = —ad(s—hy)ds. In this case aja = ahy, ag; = bh3, a = ahﬁ—%bh%, Bo1 = —b,
Bo2 = —a, f11 = —bhs.
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Stability condition (4.30) takes the form

02<2b<a—bh2—a ) a:ah1+%bh§<1.
-«
Ezxample 4.2. Consider the equation
(4.32) Z(t) = ax(t) + brx(t — h1) + bax(t — ha) + oz (t)w(t)

that is obtained from (4.23) if dK1(s) = (ad(s)+b1d(s—h1)+b20(s—hsa))ds, dKs(s) =
0.

Equation (4.32) is a mathematical model of the controlled inverted pendulum
by stochastic perturbations. Stability of this model was investigated in [3], where
the condition of asymptotic mean square stability was obtained in the form (in the
notation of this paper)

2 2wl _a >
(4.33) o <= (1 - (1+viT5)).
where
1 lai] +1
= —(|b1|hT + |ba|h3), = :
(4.34) a = S (lbrfhy + |b2|h2) B ao]

aoz—(b1h1+bgh2)<0, a1 =a+ by +by<O.

Let us show that condition (4.30), (4.34) is better than (4.33). It is enough to
note that

(- y§25) - (-5 (0 vi)

(4.35) 1| — B | | @ (1+ /—1+52)
11—« 2
B af SR aB?
—<\/|a1|—27 m) +§(1+\/1+ﬁ2—m)>0.

A positivity of the second summand in (4.35) easily follows from the condition (that
is assumed in (4.33)) (1 4+ /14 (%) < 2.

4.2.3. Case n = 3. Equation (4.1) has the form
(4.36)

';ic'(t):/o x(t—s)dK1(5)+/O j:(t—s)dKz(s)—l—/o Z(t—s)dKs(s)+ox(t—T1)w(t).

Via Remark 4.1 we will consider the corresponding matrix equation (4.13) with

431 A=(0 o 1|, D=0 d 0], B={bw b by
az a1 ag 0 0 1 biz b2z b33

Equation (4.13), (4.37) by conditions

(438) a; <0, 1=0,1,2, Ay = apai +as >0
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has a positive definite solution B with the entries

1 2 d 2 2 d
b11:—<a1 “o>d1+w by, _ 00 laalds + maay

2 CL_Q + A_Q 2A0 ’ 2 2&2140 2A0 ’
dy ag + as (a2 + |a1|)ds + a2 + apas
4.39 b3 = — bog = d
(4.39) 13 2aa| 2= 9udy + 24, )
a lao|da + |az| ao do + |ay]
bos = ——d = d .
% 2|a2|A0 1+ 2A0 ’ 33 QCLQAO 1+ 2A0

Calculating 81 = |az|bss, B2 = |b13 + a1bss|, we obtain the representation

(4.40) B = pirdy + piada + pi3, =12,
where
(4.41)
ool el me 1 el @b
P11 24, P12 24, P13 24, P21 24, P22 24, P23 24,
So, stability condition (4.21) can be written in the form
d
(4.42)  0® <|agl sup fldi,ds),  fldi,do) = = — %-
d1>0,d2>0,82d; ' <© fE31 © — B3d,

For the fixed a;, i = 0, 1,2, using (4.38)—(4.42), the maximum of the function
f(d1,d2) can be obtained numerically.

Ezample 4.3. Consider (4.36) with dK;(s) = k;d(s — hj)ds, cij = |k;j|h}, Bij =
kihi, j=1,2,3,i=0,1,2. Then

1 1
ap = Boz — P12 + 5521 = k3 — kaho + Eklh%; a1 = Boz — P11 = ko — k1hq,

1
az = Bo1r = ki, Ay = (k3 — kohg + §k1h%> (k2 — kihi) + k1,

1 1 1 9 1 3 1 1
o = 13 + 50&22 + 60&31 = |k3|h3 + §|l€2|h2 + 6|/€1|h1, 0= ? — a

Put, for example, hy = ho = hg = 0.1, ky = —1, ks = —2, k3 = —3. Then
ap=—2.805<0,a1 =—-19<0,a=—-1<0, Ap =4.3295>0,a~0310< 1,0~
7171, p11 = 0.324, p12 = 0.115, p13 = 0.219, p21 = 0.115, pa2 = 0.219, pa3 =~ 0.417.
Conditions (4.38) hold. The function f(di,ds2) reaches its maximum by dy ~ 4.49,
dy ~ 0.54. Stability condition (4.42) takes the form 0% < 2.246.

For hsg = 0.2 and the same values of all other parameters, the function f(dy,dz)
reaches its maximum by di &~ 0.75, da = 0.96, and stability condition (4.42) takes the
form o2 < 0.1969.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



4498

2]
3]

[4]

[5]

23]

[24]

S

L. SHAIKHET

REFERENCES

. BELLMAN AND K. COOKE, Differential-Difference Equations, Academic Press, New York,
London, 1963.

. BERETTA, V. KOLMANOVSKII, AND L. SHAIKHET, Stability of epidemic model with time delays
influenced by stochastic perturbations, Math. Comput. Simulation, 45 (1998), pp. 269-277.

. BORNE, V. KOLMANOVSKII, AND L. SHAIKHET, Stabilization of inverted pendulum by control

with delay, Dynam. Systems Appl., 9 (2000), pp. 501-514.

. BORNE, V. KOLMANOVSKII, AND L. SHAIKHET, Steady-state solutions of nonlinear model

of inverted pendulum, in Proceedings of The Third Ukrainian-Scandinavian Conference in
Probability Theory and Mathematical Statistics (Kiev, 1999), Theory Stoch. Process., 5
(1999), pp. 203-209.

. BRADUL AND L. SHAIKHET, Stability of the positive point of equilibrium of Nicholson’s
blowflies equation with stochastic perturbations: Numerical analysis, Discrete Dyn. Nat.
Soc., 2007 (2007), article 92959.

. A. BurtON, Volterra Integral and Differential Equations, Academic Press, New York, 1983.

. CARABALLO, J. REAL, AND L. SHAIKHET, Method of Lyapunov functionals construction in
stability of delay evolution equations, J. Math. Anal. Appl., 334 (2007), pp. 1130-1145.

. M. CUSHING, Integro-Differential Equations and Delay Models in Population Dynamics,

Lecture Notes in Biomath. 20, Springer-Verlag, Berlin, 1977.

. GopALSAMY, Stability and Oscillations in Delay Differential Equations of Population Dy-
namics, Kluwer Academic Publishers, Dordrecht, The Netherlands, 1992.

. HALANAY, Differential Equations: Stability, Oscillations, Time Lags, Academic Press, New
York, London, 1966.

. K. HALE, Oscillations in neutral functional differential equations, in Nonlinear Mechanics

(Centro Internaz. Mat. Estivo (C.I.M.E.), I Ciclo, Bressanone, 1972), Edizioni Cremonese,
Rome, 1973, pp. 97-111.

. K. HALE, Theory of Functional Differential Equations, Springer-Verlag, New York, 1977.
. K. HALE AND S. M. V. LUNEL, Introduction to Functional Differential Equations, Springer-

Verlag, New York, 1993.

. B. KOLMANOVSKII AND A. D. MYSHKIS, Applied Theory of Functional Differential Equations,
Kluwer Academic Publishers, Dordrecht, Boston, London, 1992.

. B. KOLMANOVSKII AND A. D. MYSHKIS, Introduction to the Theory and Applications of
Functional Differential Equations, Kluwer Academic Publishers, Dordrecht, The Nether-
lands, 1999.

. B. KoLmaNOVSKII AND V. R. Nosov, Stability of Functional Differential Equations, Aca-
demic Press, New York, 1986.

. B. KOLMANOVSKII AND L. E. SHAIKHET, Control of Systems with Aftereffect, Transl. Math.
Monogr. 157, AMS, Providence, RI, 1996.

. B. KOLMANOVSKII AND L. E. SHAIKHET, Stability of stochastic systems with aftereffect,
Avtomat. i Telemekh., no. 7, 1993, pp. 66-85 (in Russian); Automat. Remote Control, 54
(1993), pp. 1087-1107 (in English).

. B. KoLMANOVSKII AND L. E. SHAIKHET, A method for constructing Lyapunov functionals
for stochastic systems with aftereffect, Differ. Uravn., 29 (1993), pp. 1909-1920, 2022 (in
Russian); Differential Equations, 29 (1993), pp. 1657-1666 (in English).

. B. KoLMANOVSKII AND L. E. SHAIKHET, New results in stability theory for stochas-
tic functional-differential equations (SFDEs) and their applications, in Proceedings of
Dynamic Systems and Applications, Vol. 1 (Atlanta, 1993), Dynamic, Atlanta, GA, 1994,
pp. 167-171.

. B. KoLMANOVSKII AND L. E. SHAIKHET, A method for constructing Lyapunov functionals
for stochastic differential equations of neutral type, Diff. Uravn., 31 (1995), pp. 1851-1857,
1941 (in Russian); Differential Equations, 31 (1995), pp. 1819-1825 (in English).

. B. KOLMANOVSKII AND L. E. SHAIKHET, General method of Lyapunov functionals construc-
tion for stability investigations of stochastic difference equations, in Dynamical Systems
and Applications, World Sci. Ser. Appl. Anal. 4, World Scientific Publishing, River Edge,
NJ, 1995, pp. 397-439.

. B. KOLMANOVSKII AND L. E. SHAIKHET, Asymptotic behavior of some discrete-time systems,
Avtomat. i Telemekh., 1996, no. 12, pp. 58-66 (in Russian); Automat. Remote Control, 57
(1996), pp. 1735-1742 (in English).

. B. KOLMANOVSKII AND L. E. SHAIKHET, Some peculiarities of the general method of Lya-
punov functionals construction, Appl. Math. Lett., 15 (2002), pp. 355-360.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



NEW ASPECTS OF LYAPUNOV-TYPE THEOREMS 4499

V. B. KOLMANOVSKII AND L. E. SHAIKHET, Construction of Lyapunov functionals for stochastic
hereditary systems: A survey of some recent results, Math. Comput. Modelling, 36 (2002),
pp. 691-716.

V. B. KOLMANOVSKII AND L. E. SHAIKHET, About one application of the general method of
Lyapunov functionals construction, Internat. J. Robust Nonlinear Control, 13 (2003), pp.
805-818.

V. B. KOLMANOVSKII AND L. E. SHAIKHET, About some features of general method of Lyapunov
functionals construction, Stab. Control Theory Appl., 6 (2004), pp. 49-76.

G. S. LADDE, V. LAKSHMIKANTHAM, AND B. G. ZHANG, Oscillation Theory of Differential
Equations with Deviating Arguments, Marcel Dekker, New York, 1987.

M. MALEK-ZAVAREI AND M. JAMSHIDI, Time Delay Systems: Analysis, Optimization and Ap-
plications, North—Holland Systems Control Ser. 9, North-Holland, Amsterdam, 1988.
S.-E. A. MOHAMMED, Stochastic Functional Differential Equations, Longman Scientific and

Technical, Harlow, UK, 1986.

A. D. MysHKIS, General Theory of Differential Equations with Delay, Transl. Math. Monogr.
55, AMS, Providence, RI, 1951.

B. PATERNOSTER AND L. E. SHAIKHET, Application of the general method of Lyapunov func-
tionals construction for difference Volterra equations, Comput. Math. Appl., 47 (2004),
pp. 1165-1176.

L. E. SHAIKHET, Modern state and development perspectives of Lyapunov functionals method
in the stability theory of stochastic hereditary systems, Theory Stoch. Process., 2 (1996),
pp. 248-259.

L. E. SHAIKHET, Necessary and sufficient conditions of asymptotic mean square stability for
stochastic linear difference equations, Appl. Math. Lett., 10 (1997), pp. 111-115.

L. E. SHAIKHET, Stability of predator-prey model with aftereffect by stochastic perturbations,
Stab. Control Theory Appl., 1 (1998), pp. 3-13.

L. E. SHAIKHET, Lyapunov functionals construction for stochastic difference second kind
Volterra equations with continuous time, Adv. Difference Equ., 2004 (2004), pp. 67-91.

L. E. SHAIKHET, Construction of Lyapunov functionals for stochastic difference equations with
continuous time, Math. Comput. Simulation, 66 (2004), pp. 509-521.

L. E. SHAIKHET, General method of Lyapunov functionals construction in stability investiga-
tions of monlinear stochastic difference equations with continuous time, Stoch. Dyn., 5
(2005), pp. 175-188.

L. E. SHAIKHET, Stability of difference analogue of linear mathematical inverted pendulum,
Discrete Dyn. Nat. Soc., 2005 (2005), pp. 215-226.

L. E. SHAIKHET, Some new aspect of Lyapunov type theorems for stochastic difference equations
with continuous time, Asian J. Control, 8 (2006), pp. 76-81.

L. E. SHAIKHET, Stability of a positive point of equilibrium of one nonlinear system with af-
tereffect and stochastic perturbations, Dynam. Systems Appl., 17 (2008), pp. 235-253.

V. VOLTERRA, Lesons sur la theorie mathematique de la lutte pour la vie, Gauthier-Villars,
Paris, 1931.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


