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Abstract

A nonlinear integro-differential equation of convolution type with order of nonlinearity more than one and a stable trivial
solution is considered. The integral in this equation has an exponential kernel and polynomial integrand. The difference analogue
of the equation considered is constructed in the form of a difference equation with continuous time and it is shown that this
difference analogue preserves the properties of stability of his original.
c© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

To usenumerical investigation of functional differential equations it is very important to know whether the
considered difference analogue of the original differential equation has the reliability to preserve some general
properties of this equation, in particular, the property of stability. This problem is considered here by investigation
of a difference analogue of the nonlinear integro-differential equation of convolution type.

Similar problems were considered already in [1] for deterministic nonlinear integro-differential equations and in
[2] for linear stochastic integro-differential equations. In contrast to [1], here the difference analogue is constructed in
the form of a difference equation with continuous time which is popular among researchers [3–10]. Besides that, here
a more general form of nonlinearity is considered.

Stability conditions for asymptotic stability of the difference analogue areobtained via the general method of
Lyapunov functional construction [8–11].

Below, the following definition and notation are used:[t] is the integer part of an arbitrary real numbert ,
�V (t) = V (t + τ ) − V (t) for an arbitraryt ≥ 0 and the fixedpositive numberτ .

Lemma 1.1. Arbitrary positive numbers a, b, α, β, γ satisfy the inequality

aαbβ ≤ α

α + β
aα+βγ β + β

α + β
bα+βγ −α.
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To proveLemma 1.1it is enough to show that the function

g(x) = α

α + β
xα+βγ β + β

α + β
bα+βγ −α − xαbβ, x ≥ 0,

reaches its minimum at the pointx0 = bγ −1 andg(x0) = 0.

2. Nonlinear integro-differential equation of convolution type

The nonlinear integro-differential equations of convolution type

ẋ(t) =
∫ t

0
K (t − s) f (x(s))ds

arise usually in problems related to evolutionary processes in ecology, in nuclear reactors, in control theory etc. [12,
13]. Here an equation of convolution type with exponential kernelK (t) = −ae−λt , i.e.,

ẋ(t) = −a
∫ t

0
e−λ(t−s) f (x(s))ds, (2.1)

is considered and it is supposed thata > 0, λ > 0,

f (x) =
k∑

i=1

αi xmi , mi = 2pi + 1

2qi + 1
, pi ≥ qi ≥ 0, (2.2)

αi > 0, pi andqi are integers.
It is easy to check that the trivial solution of Eq.(2.1)is stable. Indeed, puttingx1(t) = x(t), x2(t) = ẋ(t), one can

transform Eq.(2.1)to the system of equations

ẋ1(t) = x2(t),

ẋ2(t) = −a f (x1(t)) − λx2(t).

The function

V (t) = 2a
k∑

i=1

αi

mi + 1
xmi+1

1 (t) + x2
2(t)

is a Lyapunov function for this system since

mi + 1 = 2pi + 1

2qi + 1
+ 1 = 2(pi + qi + 1)

2qi + 1
, (2.3)

i.e.,V (t) > 0 for x2
1(t) + x2

2(t) > 0, andV̇ (t) = −2λx2
2(t) < 0 unlessx2(t) = 0.

3. Difference analogue of the nonlinear integro-differential equation

Difference analogues arise, in particular, as the result of attempts to solve differential equations by numerical
methods. To construct the difference analogue of Eq.(2.1)rewrite this equation in the equivalent form

ẋ(t) = −a
∫ t

0
e−λs f (x(t − s))ds. (3.1)

Let τ be a small enough positive number. Using representation(2.1)for t ∈ [0, τ ) and(3.1)for t ≥ τ , wecan construct
a dif ference analogue in the form of the following difference equation with continuous time:

x(t) = x(0) − at2e−λt f (x(0)), t ∈ [0, τ ),

x(t + τ ) = x(t) − aτ2F(t), t ≥ 0,

F(t) =
[ t
τ ]∑

j=0

e−λτ j f (x(t − jτ )).

(3.2)
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If t ∈ [0, τ ), thenF(t) = f (x(t)). For t ≥ τ , transform F(t) in the following way:

F(t) = f (x(t)) +
[ t
τ ]∑

j=1

e−λτ j f (x(t − jτ ))

= f (x(t)) +
[ t
τ ]−1∑
j=0

e−λτ( j+1) f (x(t − ( j + 1)τ ))

= f (x(t)) + e−λτ

[ t−τ
τ

]∑
j=0

e−λτ j f (x(t − τ − jτ ))

= f (x(t)) + e−λτ F(t − τ ). (3.3)

It follows from (3.2)that

F(t) = − x(t + τ ) − x(t)

aτ2 , F(t − τ ) = − x(t) − x(t − τ )

aτ2 .

SubstitutingF(t) andF(t − τ ) from here into(3.3), we transform Eq.(3.2)to the form

x(t + τ ) = x(t) − aτ2 f (x(t)) + e−λτ (x(t) − x(t − τ )), t > τ. (3.4)

The processx(t) is definedby Eq.(3.4)for t > t0 = 2τ with the initial condition

x(θ) = φ(θ), θ ∈ [t0 − 2τ, t0] = [0, 2τ ], (3.5)

where

φ(θ) =
{

x(0) − aθ2e−λθ f (x(0)), θ ∈ [t0 − 2τ, t0 − τ ) = [0, τ ),

φ(θ − τ ) − aτ2 f (φ(θ − τ )), θ ∈ [t0 − τ, t0) = [τ, 2τ ].
Note that via(2.2)the order of nonlinearity of Eq.(3.4)is, generally speaking, more than one.

Definition 3.1. The solution of Eq.(3.4) with initial condition (3.5) is called asymptotically quasitrivial if
lim j→∞ x(t + jτ ) = 0 for eacht ∈ [t0, t0 + τ ).

Definition 3.2. The trivial solution of Eq.(3.4)is called stable if for anyε > 0 there exists aδ = δ(ε) > 0 such that
|x(t)| < ε, for all t ≥ t0, if ‖φ‖ = supθ∈[t0−2τ,t0] |φ(θ)| < δ.

Definition 3.3. The trivial solution of Eq.(3.4) is called asymptotically quasistable if it is stable and the solution of
Eq.(3.4)is asymptotically quasitrivial for each initial condition(3.5).

Theorem 3.1. For a small enoughτ > 0 each bounded solution of Eq.(3.4)with initial condition(3.5) is asymptot-
ically quasitrivial.

Proof. Using the general method of Lyapunov functional construction [10,11], we will construct a Lyapunov
functional for Eq.(3.4)in the formV (t) = V1(t) + V2(t), where

V1(t) = (x(t) − e−λτ x(t − τ ))2, t ≥ t0, (3.6)

is a Lyapunov functional for the auxiliary linear difference equation

x(t + τ ) = x(t) + e−λτ (x(t) − x(t − τ )), t > τ. (3.7)

Indeed, for Eq.(3.7)we have�V1(t) = 0.
Calculating�V1(t) for Eq.(3.4)via (3.6), weobtain

�V1(t) = (x(t + τ ) − e−λτ x(t))2 − (x(t) − e−λτ x(t − τ ))2

= (x(t) − e−λτ x(t − τ ) − aτ2 f (x(t)))2 − (x(t) − e−λτ x(t − τ ))2

= a2τ4 f 2(x(t)) − 2aτ2 f (x(t))x(t) + 2aτ2e−λτ f (x(t))x(t − τ ). (3.8)
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UsingLemma 1.1for α = mi , β = γ = 1, from(3.8)we have

�V1(t) ≤ a2τ4 f 2(x(t)) − 2aτ2 f (x(t))x(t)

+ 2aτ2e−λτ
k∑

i=1

αi

(
mi

mi + 1
xmi+1(t) + 1

mi + 1
xmi +1(t − τ )

)
. (3.9)

Put

V2(t) = 2aτ2e−λτ
k∑

i=1

αi

mi + 1
xmi+1(t − τ ), t ≥ t0. (3.10)

It follows from (2.3)thatV2(t) ≥ 0. Estimating�V (t) = �V1(t) + �V2(t), via (3.9)and(3.10)we obtain

�V (t) ≤ a2τ4 f 2(x(t)) − 2aτ2(1 − e−λτ ) f (x(t))x(t)

≤ −β1(τ ) f1(x(t))(β2(τ ) − f2(x(t))), t ≥ t0, (3.11)

where

β1(τ ) = a2τ4, β2(τ ) = 2(1 − e−λτ )

aτ2
,

f1(x) =
k∑

i=1

αi x
mi +1 > 0, f2(x) =

k∑
i=1

αi xmi−1 > 0, x 	= 0.

(3.12)

Suppose that there existsτ0 > 0, such that the solution of Eq.(3.4) is uniformly bounded forτ ∈ [0, τ0], i.e.,
|x(t)| ≤ M, t ≥ t0. Since f2(x) is a function that is non-decreasing forx ≥ 0 andlimτ→0 β2(τ ) = ∞, there exists a
small enoughτ > 0 such thatf2(x(t)) ≤ f2(M) < β2(τ ). From here and(3.11)it follows that

�V (t) ≤ −γ1(τ ) f1(x(t)), t ≥ t0, (3.13)

whereγ1(τ ) = β1(τ )(β2(τ ) − f2(M)) > 0. Rewrite (3.13)for t + jτ , i.e.,

�V (t + jτ ) ≤ −γ1(τ ) f1(x(t + jτ )), t ≥ t0, j = 0, 1, . . . ,

and sum it fromj = 0 to j = i − 1:

V (t + iτ ) − V (t) ≤ −γ1(τ )

i−1∑
j=0

f1(x(t + jτ )), t ≥ t0. (3.14)

From here it follows that

γ1(τ )

∞∑
j=0

f1(x(t + jτ )) ≤ V (t) < ∞, t ≥ t0.

Therefore, limj→∞ f1(x(t + jτ )) = 0 for eacht ≥ t0. Due to(2.3)and(3.12),

0 ≤ α1xm1+1(t + jτ ) ≤ f1(x(t + jτ )), t ≥ t0.

So, limj→∞ |x(t + jτ )| = 0 for eacht ≥ t0, i.e., the solution of Eq.(3.4)is asymptotically quasitrivial. The theorem
is proven. �

Theorem 3.2. The trivial solution of Eq.(3.4)is stable.

Proof. We will use here the functionalV (t), that wasconstructed in the proof ofTheorem 3.1. Via (3.14)we have

V (t + iτ ) ≤ V (t), i = 0, 1, . . . , t ≥ t0.

Puttingt = t0 + jτ + s with j = [ t−t0
τ

] ands ∈ [0, τ ), weobtain

V (t0 + ( j + i)τ + s) ≤ V (t) = V (t0 + jτ + s) ≤ V (t0 + s). (3.15)
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From(3.6)we have

V1(t0 + s) = (x(t0 + s) − e−λτφ(t0 + s − τ ))2

≤ 2(|x(t0 + s)|2 + e−2λτ‖φ‖2). (3.16)

It follows from Eq.(3.4)andt0 + s − τ = τ + s ∈ [τ, t0) that

|x(t0 + s)| ≤ (1 + e−λτ )|φ(τ + s)| + aτ2| f (φ(τ + s))| + e−λτ |φ(s)|.
Due to(2.2),

| f (φ(θ))| ≤
k∑

i=1

αi |φ(θ)|mi ≤ C2‖φ‖ν , θ ∈ [0, t0],

where

C2 =
k∑

i=1

αi , ν =
{

1 if ‖φ‖ ≤ 1,

max
i=1,...,k

mi if ‖φ‖ > 1.

Therefore,

|x(t0 + s)| ≤ C3‖φ‖ν , C3 = 1 + 2e−λτ + aτ2C2,

and using(3.16), weobtain

V1(t0 + s) ≤ 2(C2
3‖φ‖2ν + e−2λτ‖φ‖2). (3.17)

It follows from (3.10)that

V2(t0 + s) = 2aτ2e−λτ
k∑

i=1

αi

mi + 1
φmi +1(t0 + s − τ ) ≤ C1‖φ‖ν+1, (3.18)

where

C1 = 2aτ2e−λτ
k∑

i=1

αi

mi + 1
.

From(3.15), (3.17)and(3.18), for the functionalV (t) = V1(t) + V2(t) there follows the inequality

V (t) ≤ V (t0 + s) ≤ C0‖φ‖2ν, t ≥ t0, (3.19)

C0 = C1 + 2(C2
3 + e−2λτ ).

Via (3.12), (3.14)and(3.19)weobtain

γ1(τ )α1|x(t)|m1+1 ≤ γ1(τ ) f1(x(t))

≤ γ1(τ )

i−1∑
j=0

f1(x(t + jτ )) ≤ V (t) ≤ C0‖φ‖2ν, t ≥ t0.

So, for arbitraryε > 0 there exists aδ =
(

C−1
0 γ1(τ )α1ε

m1+1
) 1

2ν
> 0 such that|x(t)| < ε, if ‖φ‖ < δ. The theorem

is proven. �

Corollary 3.1. For a small enoughτ > 0 the trivial solution of Eq.(3.4)is asymptotically quasistable.

References

[1] J.T. Edwards, N.J. Ford, J.A. Roberts, L.E. Shaikhet, Stability of a discrete nonlinear integro-differential equation of convolution type, Stab.
Control Theory Appl. 3 (1) (2000) 24–37.

[2] L.E. Shaikhet, J.A. Roberts, Reliability of difference analogues to preserve stability properties of stochastic Volterra integro-differential
equations, Adv. Difference Equ. 2006 (1) (2006) 1–22.



L. Shaikhet / Applied Mathematics Letters 19 (2006) 1216–1221 1221

[3] Yu.L. Maistrenko, A.N. Sharkovsky, Difference equations withcontinuous time as mathematical models of the structure emergences,
in: Dynamical Systems and Environmental Models Eisenach, Mathem. Ecol., Akademie-Verlag, Berlin, 1986, pp. 40–49.

[4] M.G. Blizorukov, On the construction of solutions of linear difference systems with continuous time, Differ. Uravn. 32 (2) (1996) 127–128
(in Russian); Translated in Differ. Equ. 32 (2) (1996) 133–134.

[5] G.P. Pelyukh, A certain representation of solutions to finite difference equations with continuous argument, Differ. Uravn. 32 (2) (1996)
256–264 (in Russian); Translated in Differ. Equ. 32 (2) (1996) 260–268.

[6] H. Peics, Representation of solutions of difference equations with continuous time, in: Proceedings of the Sixth Colloquium of Differential
Equations, Electron. J. Qual. Theory Differ. Equ. 21 (2000) 1–8.

[7] D.G. Korenevskii, Stability criteria for solutions of systems of lineardeterministic or stochastic delay difference equations with continuous
time, Mat. Zametki 70 (2) (2001) 213–229 (in Russian); Translated in Math. Notes 70 (2) (2001) 192–205.

[8] L.E. Shaikhet, About Lyapunov functionalsconstruction for difference equations withcontinuous time, Appl. Math. Lett. 17 (8) (2004)
985–991.

[9] L.E. Shaikhet, Lyapunov functionals construction for stochastic difference second kind Volterra equations with continuous time, Adv.
Difference Equ. 2004 (1) (2004) 67–91.

[10] L.E. Shaikhet, Construction of Lyapunov functionals for Stochastic Difference Equations with Continuous Time, Math. Comput. Simulation
66 (6) (2004) 509–521.

[11] V.B. Kolmanovskii, L.E. Shaikhet, General method of Lyapunov functionals construction for stability investigations of stochastic difference
equations, in: Dynamical Systems and Applications, in: World Scientific Series in Applicable Analysis, vol. 4, 1995, pp. 397–439.

[12] V.B. Kolmanovskii, A.D. Myshkis, Applied Theory of Functional Differential Equations, Kluwer Academic Publishers, Boston, 1992.
[13] V.B. Kolmanovskii, L.E. Shaikhet, Control of Systems with Aftereffect, in: Translations of Mathematical Monographs, vol. 157, American

Mathematical Society, Providence, RI, 1996.


	About stability of a difference analogue of a nonlinear integro-differential equation of convolution type
	Introduction
	Nonlinear integro-differential equation of convolution type
	Difference analogue of the nonlinear integro-differential equation
	References


