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QUEUEING SYSTEMS WITH MANY SERVERS: NULL
CONTROLLABILITY IN HEAVY TRAFFIC!

BY RAMI ATAR, AVI MANDELBAUM AND GENNADY SHAIKHET
Technion—Israel Institute of Technology

A queueing model has J > 2 heterogeneous service stations, each con-
sisting of many independent servers with identical capabilities. Customers of
1 > 2 classes can be served at these stations at different rates, that depend on
both the class and the station. A system administrator dynamically controls
scheduling and routing. We study this model in the central limit theorem (or
heavy traffic) regime proposed by Halfin and Whitt. We derive a diffusion
model on R! with a singular control term that describes the scaling limit of
the queueing model. The singular term may be used to constrain the diffusion
to lie in certain subsets of R at all times ¢ > 0. We say that the diffusion
is null-controllable if it can be constrained to X_, the minimal closed sub-
set of R containing all states of the prelimit queueing model for which all
queues are empty. We give sufficient conditions for null controllability of the
diffusion. Under these conditions we also show that an analogous, asymp-
totic result holds for the queueing model, by constructing control policies
under which, for any given 0 < ¢ < T < 00, all queues in the system are kept
empty on the time interval [e, T'], with probability approaching one. This in-
troduces a new, unusual heavy traffic “behavior”: On one hand, the system
is critically loaded, in the sense that an increase in any of the external ar-
rival rates at the “fluid level” results with an overloaded system. On the other
hand, as far as queue lengths are concerned, the system behaves as if it is
underloaded.

1. Introduction. We consider a multiclass queueing model with heteroge-
neous service stations, each consisting of many independent servers with identical
capabilities. The servers offer service to different classes of customers at rates that
may depend on both the station and the class. A system administrator dynami-
cally controls all scheduling and routing in the system. The model is considered
in the heavy traffic parametric regime, first proposed by Halfin and Whitt [7], in
which the number of servers at each station and the arrival rates grow without
bound, while keeping, in an appropriate sense, a critically balanced system. Both
the model and the parametric regime have recently received much attention, espe-
cially in relation to large telephone call centers (see [6] and references therein).
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When studying queueing models in heavy traffic, one considers a sequence of
models parametrized by n € N that, under a law of large numbers (LLN) limit,
give rise to a fluid model which is critically loaded. Typically, an attempt is then
made to prove that appropriately scaled fluctuations of the queueing model about
the fluid model converge to a diffusion. If, as in the current setting, a control prob-
lem is associated to the queueing model, then a similar approach gives rise to a
controlled diffusion model. In this case, a natural goal is to prove that, given a cost
criterion, the (suitably scaled) value of a control problem for the queueing model
converges to one for the diffusion model. Moreover, it is often the case that solv-
ing the diffusion model for optimal controls helps understand how to construct
control schemes for the queueing model that are asymptotically optimal. A similar
approach is taken in the current paper. However, rather than a cost criterion, our
formulation will be concerned with a certain property observed for the diffusion
model and shown to be inherited, in an asymptotic sense, by the queueing model.
The property, which is unusual in heavy traffic formulations, will have to do with
the ability to maintain empty queues.

We let I denote the number of customer classes, and let X" (¢), ¢t > 0, denote
an /-dimensional process for which the ith component X () represents the total
number of class-i customers in the system at time ¢, in the nth system. The fluctua-
tions alluded to above are denoted by Xn (t), t > 0. These fluctuations are scaled in
such a way that X" gives rise, as weak limits are taken formally, to a (controlled)
diffusion process denoted by X (¢), t > 0. Moreover, one has that

I
X"(1) eX_ = {x eR":Y ;< 0}
i=1

holds if and only if the total number of customers in the nth system at time ¢ is
less than or equal to the total number of servers. Ideally, if one could freely re-
arrange customers in the system without any constraints, it follows that one could
maintain empty queues whenever X"(t) € X_. We will thus refer to X_ as the null
domain. Although the queueing model considered in this paper is subject to addi-
tional constraints (e.g., a station may offer service to only some of the classes), the
null domain will play the same role in the asymptotic regime under consideration.

An important feature of the controlled diffusion model derived in this paper is
that the stochastic differential equation describing it has a singular control term,
that is, a control process with sample paths that are locally of bounded variation,
the increments of which take values in a fixed cone C of R’. The singular term
may be used to constrain the diffusion to lie in certain subsets of R’ at all times
t > 0. We say that the diffusion is null-controllable if

(1) CNX? £g,

where X? denotes the interior of X_, because, under this condition, the diffusion
can be constrained to X_. Condition (1) will be given in explicit form in terms
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of the model parameters [see (33)]. Our main result shows that under (1) one can
construct control policies for the queueing model in such a way that, for every
given 0 < ¢ < T < 00, all queues are kept empty on the time interval [, T'] with
probability approaching 1, as n — co. We will refer to such behavior as asymp-
totic null-controllability. We will, in fact, consider two versions of the problem:
One, referred to as preemptive scheduling, in which service to a customer can be
interrupted and resumed at a later time (possibly in a different station). The other,
referred to as nonpreemptive scheduling, where service to customers may not be
interrupted before service is completed. The treatment of the nonpreemptive case
is more complicated than that of the preemptive case. Thus, to keep the exposi-
tion simple, we have limited ourselves in the nonpreemptive case to the simplest
possible network structure where null-controllability can show up: two customer
classes and two service stations.

Our results on asymptotic null-controllability can be regarded as the demonstra-
tion of a new, unusual heavy traffic behavior. On one hand, the system is critically
loaded. Indeed, as intuitively expected (and precisely stated in Proposition 2.1),
an increase in any of the external arrival rates at the fluid level results with an
overloaded system, in the sense that large queues inevitably build up. On the other
hand, the system behaves as if it is underloaded as far as the capability of main-
taining empty queues is concerned.

Singular control arises in connection with queueing systems in heavy traffic
in many references. The singular term is often associated with positivity or finite
buffer constraints for the queue length process (see [9], Chapter 8, for discussion
and further references), with admission control (ibid.) or with constraints on the
so-called workload process to lie in a given cone [5]. The source for the singular
term in the current setting is, however, quite different, and it has to do with the
fact that a many-server limit is taken. To explain this point, consider a network
in which customers of classes, say, 1 and 2, can be served at both station A and
station B (these two classes and two stations could be a subset of a larger setup).
Assume that the network operates under preemptive scheduling. Suppose that at a
certain moment one selects, say, r class-1 customers that are in service at station
A and r class-2 customers in station B and considers the option of interchanging
their position, so that the r class-1 (class-2) customers that were selected are moved
to station B (resp., A). Since the service rates may depend on both the class and
the station, the average rate at which components 1 and 2 of X" change at that
moment may be different depending on whether such an interchange takes place or
not. If the interchange is performed instantaneously, the rates alluded to above will
change abruptly. Moreover, since in both stations the number of servers is assumed
to be large, this effect can be amplified by letting » be large. This, as scaling limit
is taken, results with a control term that can have arbitrarily large increments over
a given time interval. An appropriate formulation for such a controlled diffusion
model will thus have a singular control term. Next, let § denote the graph with
classes and stations as vertices, and with (i, j) pairs as edges if and only if station
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J can serve class i. It is instructive to note that our explanation above relies on a
certain property of the graph §, namely, that it contains a cycle with vertices 1,
2, A and B. Indeed, this is just another way of saying that customers of each of
the two classes can be served in both stations, as we have assumed. A heuristic
similar to the one described above will lead to a singular term in the diffusion
model whenever § contains cycles, whether with four vertices or more. Thus, in
general, cycles contained in § will play an important role in the singular control
formulation of the diffusion model.

Note that the phenomenon described above is indeed a result of the many server
setting, because it must be possible to ocasionally let the number r referred to
above take large values, and r is clearly limited by the number of servers. In par-
ticular, this phenomenon is not seen in what is sometimes referred to as “conven-
tional” heavy traffic, where diffusion limits are obtained for systems with a fixed
number of servers (and large service rates; cf. [11]).

Recall that the so-called fluid model describes the LLN limit of basic quanti-
ties of the queueing model. One ingredient of the fluid model is a (deterministic,
constant) matrix denoted by £*. The entry Ei’; represents the (large n limit) frac-
tion of the number of servers in station j that serve class-i customers. One refers
to (i, j) pairs that are edges of § as activities, and to activities (i, j) for which

i”} > 0 as basic activities. In particular, the number of servers that are engaged in
nonbasic activities (Ei’; = 0) is of order o(n) (where the total number of servers
is proportional to n), in a sense that can be made precise (see, e.g., Lemma 4.1).
The policy that we shall propose for the preemptive case will basically mimic the
construction of a constrained diffusion. Namely, a special rearrangement of cus-
tomers in the service stations will take place whenever the process X" reaches
close to the boundary of X_ (from the inside). In this rearrangement, the number
of servers allocated to work in a certain nonbasic activity will be much larger than
the typical fluctuations of the process X" [but still o(n)]. This rearrangement will
have an effect on the dynamics of X" that is a reminiscent of that of a Skorohod
mechanism [10] on a constrained diffusion. Namely, it will constrain X" to X_
by making the term that, in the limit, shows up as singular control, large. Because
of (1), this can be performed in such a way that the term points into the domain.
Although this question is not directly addressed in this paper, it is expected, in
fact, that the restriction to the time interval [e, T'] of the processes X" converge
to a constrained diffusion as n — oco. The picture is quite different in the nonpre-
emptive setting. The arrangement of customers can only be controlled indirectly
(via routing decisions), and the constraining mechanism of the diffusion cannot be
faithfully mimicked. A convergence result as above is not to be expected; in fact,
the processes X" that we construct in this case are not even tight. The main idea
behind the policy proposed in this case is to assure that a relatively large portion
of the servers are engaged in the nonbasic activity at all times, rather than at times
when the boundary is reached as in the preemptive case.
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We reiterate that it is the presence of cycles in § that induces a singular control
term in the diffusion. A model similar to the current one is studied in [1] and [2]
under structural assumptions that are complementary to those of this paper, in the
sense that the graph § is assumed there to be a tree. Indeed, in these references
the diffusion has no singular control term, and a phenomenon as described in this
paper does not occur. Finally, we would like to mention that one can also consider
a setting in which the diffusion has a singular term as in the current paper, but
null controllability does not hold, and approach the model from a control theoretic
viewpoint so as to minimize costs of interest. This will be subject for future study.

The organization of the paper is as follows. Some notation is introduced at the
end on this section. In Section 2 we first introduce the model and describe how its
parameters are rescaled. We then present the main step toward the derivation of the
diffusion model in Theorem 2.1, where a representation of the prelimit queueing
model is provided. The diffusion model, obtained from this representation under
the scaling limit, is stated in equations (30)—(32). We then state that, under (1), the
diffusion can be constrained to X_ (Theorem 2.2), and provide the main results re-
garding asymptotic null-controllability in the preemptive case (Theorem 2.3) and
in the nonpreemptive case (Theorem 2.4). At the end of Section 2 we give nu-
merical examples, and demonstrate that asymptotic null-controllability cannot be
expected in overloaded models (Proposition 2.1). Section 3 contains the proofs of
Theorems 2.2 and 2.3. The proof of Theorem 2.4 appears in Section 4. The Ap-
pendix contains the proofs of Theorem 2.1, Proposition 2.1 and some auxiliary
results.

NOTATION. For x e R, let || x| = Z,'Izl |x;|. For two column vectors v, u of
the same dimension v - u denotes their scalar product. The symbols e; denote the
unit coordinate vectors and e = (1, ..., 1)’. The dimension of ¢ may change from
one expression to another. For £ a metric space, we denote by D(E) the space of
all cadlag functions (i.e., right continuous and having left limits) from R, to E.
We endow D(FE) with the usual Skorohod topology (cf. [4]). If X", n € N and X
are processes with sample paths in D(E), we write X" = X to denote weak con-
vergence of the measures induced by X" [on ID(E)] to the measure induced by X.
For a collection 4 of random variables, o {4} denotes the sigma-field generated
by this collection. If X is an R-valued process (or function from R, to R’),
| X|I¥ = supy<, <, I X (w)l, and if X takes real values, |X|} = supg—,, | X (u)|.

2. Setting and main results.

2.1. Queueing model. A precise description of the queueing model is as fol-
lows. A complete probability space (€2, ¥, P) is given, supporting all stochastic
processes defined below. The processes will all be constructed in such a way that
they have cadlag sample paths with probability 1. Expectation with respect to P
is denoted by E. The queueing model is parametrized by n € N. It has [ > 2
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(a) (b)

Fi1G. 1. (a) A network with 2 classes and 3 stations. (b) Corresponding graph § with basic and
nonbasic activities (solid and, resp., dashed lines). The subgraph $, of 4 is a tree.

customer classes and J > 2 service stations [see Figure 1(a)]. Station j has N j”
identical servers working independently. The classes are labeled as 1, ..., and
the stationsas I +1,..., I + J:

I=1{1,...,1}, g=U+1,....1+J}.
Arrivals are modeled as renewal processes with finite second moment for the in-

terarrival time. More precisely, we are given parameters A7 > 0,i € 4, n € N, and
independent sequences of strictly positive i.i.d. random variables {U;(k), k € N},
i € J, with mean EU,-(I) = 1 and variance CLZ]J = Var(Ui(l)) € [0, 00). With
Z? = 0, the number of class-i arrivals up to time ¢ for the nth system is given
by

L Uik
A7

A?(t):sup{le: <tt, t>0.
k

=1
Fori e J,j e g and n € N, we are given parameters ,u:l] > 0, representing the
service rate of a class-i customer by a server of station j. If ;L?j =0, we say that
class-i customers cannot be served at station j. Consider the graph § having a
vertex set 4 U ¢ and an edge set

€={(.j)ed x g:ulj >0}

We assume that & does not depend on n. We denote i ~ j if (i, j) € §. A class-
station pair (i, j) is said to be an activity if i ~ j, or, equivalently, if class-i cus-
tomers can be served at station j. For every (i, j) € 4 x &, we denote by \Ill-”j (1)
the number of class-i customers being served in station j at time ¢. By definition,

) W) =0  forifj.
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Service times are modeled as independent exponential random variables. To this
end, let Si”j, (i, j) € 4 x g be Poisson processes with rate ;L?j (where a Poisson
process of zero rate is the zero process), mutually independent and independent
of the arrival processes. Note that the time up to ¢ devoted to a class-i customer
by a server, summed over all servers of station j, is given as fé \Ilfj (s)ds. The
number of service completions of class-i customers by all servers of station j up
to time ¢ is, by assumption, given by Si”j ( fé \Pfj (s) ds). The precise description of
the processes W" = (\ij, i ed,jed)isnotgiven at this point. We do emphasize,
however, that they will be constructed in such a way that future service completion
times are independent of the current state, which results with independent expo-
nential service times (cf. [2]). We note in passing that whereas renewal arrivals are
quite natural in the Halfin—Whitt setting, assumptions on service times that go be-
yond exponential (not to be dealt with in this paper) lead to far more complicated
diffusion models [12].

The processes A" and S” will be referred to as the primitive processes.

Denoting by X7'(¢) the number of class-i customers in the system (meaning in

the queue or being served) at time ¢, and setting X l(.)’" = X' (0), it is clear from the
above that

t
@ xo=x"+ar0- L sp([ viwds).  iesrzo
: 0
jed

For simplicity, the initial conditions X l(-)’” are assumed to be deterministic. Finally,
we introduce the processes Y/ (t), representing the number of class-i customers
in the queue (not being served) at time ¢, and Z;? (1), representing the number of
servers at station j that are idle at time ¢. Clearly, we have the following relations:

(4) Y+ Y Vi) =X] @), i€l
j€d

5) ZHo) + ) i@ = N7, jeg.
ied

Also, the following holds by definition:
6) Y'(t)=0, Z%(t) >0, W) >0, ied,jed,t=0.

We will write X" for the vector (X", i € ) and similarly Y" = (Y/",i € 1), Z" =
(Z).j .

2.2. Control and rescaling. Equations (2)-(6) indicate some properties of the
processes involved, but they do not characterize these processes, because the con-
trol processes W” have not yet been described. This is the purpose of the following
definitions.
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Preemptive scheduling. 'We will regard scheduling as preemptive if service to a
customer can be stopped and resumed at a later time, possibly in a different station.
Formally, such a scheduling is a scheme according to which one selects W" (¢) at
every ¢. In this paper we will be concerned only with scheduling of feedback form,
in the sense that the selection of W"(¢) depends only on X" (¢), for every ¢. The
precise definition is as follows.

DEFINITION 2.1. Let n be given. We say that a map f":Z! — Z!/ is a
preemptive resume scheduling control policy (P-SCP) and X" is the controlled
process corresponding to f”, initial data X% and primitive processes A” and S",
if W"(¢) = f"(X"(¢)) and equations (2)—(6) hold.

Nonpreemptive scheduling. By this, we mean that it is impossible to interrupt
service to customers. Thus, the quantities \Ilfj cannot be directly controlled, but
they are affected by the routing decisions according to the following equation:

t
) W (1) = W (0) + BJ (1) — S, ( fo W (s) ds).

Above, for each (i, j) € I x ¢, ij is a nondecreasing Z -valued process starting
from zero, that increases by k each time k class-i customers are routed to station j.
Of course, Bi”j =0 for i # j. In nonpreemptive scheduling, a control policy is a
scheme for selecting Bl”j (t) for every t. In this paper we will need a randomized
formulation, in which the scheme according to which Bi”j are determined may
depend on an auxiliary stochastic process. In addition, in our formulation we will
only need the routing decisions to take place at the times when arrivals occur. To
this end, for i € { and n € N, we let 7}/ " denote the time of the kth jump of the
process Al’.’, that is, the time of the kth class-i arrival. Finally, it will be assumed
that all customers in service at time zero begin their service at that time, and the
initial arrangement of these customers in the stations, that is, \Ilfj (0), is determined
by the policy. We write E"(¢) = (X" (¢), Y"(¢), Z" (), V" (¢)).

DEFINITION 2.2. Letn be given. We say that a triplet (\IJO*”, F", R™) is a non-
preemptive scheduling control policy (N-SCP) and X” is the controlled process
corresponding to (W%, F* R™), initial data X*” and primitive processes A", S"
if the following hold:

(i) WO e Z1Y is the initial condition for W", that is, ¥"*(0) = W%, In partic-
ular, it satisfies \Ilioj’" =0fori #j,X; llll.oj’” < Xl(.)’” and ) ; lI’l.Oj’" <NJ. |
(i) R" is a collection {R"',i € 4}, where, for each i, R™" = {R]"' :k € N}

is a sequence of R-valued independent random variables. The sequences R" are
mutually independent and independent of the primitive processes.
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(iii) F" is a collection {Fl.']’., (i, j) € 4 x ¢} of measurable maps Fl.’]‘. Ry x
Z’+ X Zi X Zi X Zfrj x R — Z4 and foreach (i, j) e 4 x &, B;’j is given in the
form

BL()= Y. Fir &' '-).RY), 120

kit <t

(iv) Equations (2)—(7) hold.

REMARK 1. The restriction to policies in which decisions take place only
when arrivals occur may not appear to be natural, and one could consider exten-
sions of this definition, say, by allowing decisions to take place upon arrivals or
service completions, or even continuously in time. Note, however, that this restric-
tion does not affect our result (i.e., Theorem 2.4) that is concerned with the exis-
tence (and construction) of N-SCP with a certain property: Clearly, the existence
of such policies under the preceding definition implies the existence of policies
under any extention of it.

REMARK 2. Existence and uniqueness of the processes X" and W" (given
the primitive processes) is easily obtained by induction on the jump times of the
primitive processes. In addition, one can argue that the future service completion
times are independent of all that has occured up to the current time. For a precise
statement and an argument to this effect in a more restriced setup, see Proposition 1
of [3]. This can be adapted to the current setup, but we have omitted the details.

Fluid scaling. We assume that the parameters of the processes involved are
scaled in the following way. There are constants A;, v; € (0,00), i € 4, and u;; €
(0, 00), (i, j) € & such that

) n_lk;‘ — Ay ,ul’fj — Wi, n_le’.’ — ;.

We also define p;; = 0 for i »* j. Note that this is consistent with (8) because
ul’-‘j =0fori# j.Let

&) Hij =Vjlij, i, j)edxg,

and consider the following linear program:

Minimize p € R subject to
(10) ]
> ij&ij = Ais > & <p. >0, ied, jed.
jed ied
Throughout, we assume that the fluid model is critically loaded. More precisely,

we will assume that the heavy traffic condition [8] holds: There exists a unique
optimal solution (§*, p*) to the linear program (10) and, moreover, > ;c, E;‘} =1
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foralli € ¢ (and, consequently, p* = 1). We shall keep the notation 5{‘; throughout
the paper. We also let

(11) xP=) &, Y=gy, el jed,
J

and refer to the quantities £*, ¥*, x* as the static fluid model, or just fluid model
for short (see in [2] what these quantities intuitively represent).

Following [8], an activity (i, j) € & is said to be basic if Si’; > 0. Define the
graph of basic activities §, to be the subgraph of § having 4 U ¢ as a vertex set,
and the collection &, of basic activities as an edge set. We will also denote the set
of nonbasic activities as &,, = & \ & [see Figure 1(b)].

Like in some other papers that study a similar fluid model in heavy traffic
(e.g., [8]), we will have one more assumption in this paper about the fluid model,
namely, that the complete resource pooling condition holds. This condition ex-
presses, in a sense, a strong mode of cooperation between the service stations.
More precisely, one of the equivalent formulations of this condition (see [8]) is
that all vertices in § communicate via edges in §;. It was shown by Williams [13]
that this condition is equivalent to the condition that the basic activities form a tree.
Thus, we assume throughout:

(12) The graph Gy is a tree.
We now introduce a rescaled version of the processes describing the queueing
model:

X'ty =n"1X"0),

Yt =n"'Y(0),

Zh0) =n""Z}),

W) =n""W ().

Denote X" = (X .1 € 1), and use a similar notation for Y”", Z" and U". We will
sometimes consider X”, Y and Z" as column vector-valued processes. Heuris-
tically, one expects that (X", Y", Z", 9" = (x*,0,0, ¥*), and this is indeed the
case under appropriate conditions [see, e.g., equation (57) and Lemma 4.1 for such
statements in the preemptive and, resp., nonpreemptive case]. For this reason, these
processes are referred to as the fluid-level rescaled processes.

Diffusion scaling. We further assume that there are constants Ais fij € R,
ield,jeg,such that
(13) A =n"Pe7A —a) =R A= P - ) - by,

(14) N}:=n'2(m 'N? —vj) > 0.
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We introduce a centered, rescaled version of the primitive processes:
(15 Afy=n""P(Ar0) =M1, S5 =n""A(SE(nt) —nufit).

Similarly, the processes representing the queueing model are centered about the
fluid model quantities and rescaled:

(16) X1(t) =n" V(XM (1) — nx),
(17) Y =n" 2y ), 20y =n""2Z2"),
(18) W) =n" 2 (W () — yiin).

The processes denoted with hats will be referred to as diffusion-level rescaled
processes. Similarly to the fluid-level processes, define X" = (X 7,1 €d), with an
analogous definition for I?”, 7" and \i!", and consider }2”, Y™ and Z" as column
vector-valued processes.

Scaling of initial conditions. It is assumed that there are constants x;, i € {,
such that the initial conditions satisfy

(19) X0 .= X1(0) — x;.

Throughout, x = (x;,i € {1).

2.3. Main results. Our first result expresses a relation directly between the
diffusion-level processes. Although its proof requires only some elementary ma-
nipulations of the relations (2)—(6) and (16)—(18), it has an important role in this
paper as the basis for deriving the diffusion model. In particular, it will make clear
how the singular control formulation arises. To present it, we need some notation.

Denote by C the set of all cycles that are subgraphs of &, for which exactly
one edge is a nonbasic activity. We call an element ¢ € C a simple cycle [see
Figure 2(a)]. Lemma A.1 in the Appendix shows, using (12), that every nonbasic
activity belongs to a simple cycle (as an edge). Consequently, there is a one-to-one
correspondence between &, and C, which we denote by o. More precisely,

(20) o(i, j) =c whenever (i, j) € &, and c is the simple cycle through (i, j).

With an abuse of notation, we will write (i, j) € ¢ when we mean that an (not
necessarily nonbasic) activity (i, j) € & belongs to the edge set of the graph c.
Next, we associate directions with the edges of simple cycles. Let ¢ be a simple
cycle with vertices i, jo, 1, j1,---, ik, jkx, Where for 0 <[ <k, i; € 4 and j; € ¢,
and edges (ig, jo) € & and (jo, i1), ..., (k, jr), (k, o) € E. The direction that
we associate with the nonbasic element (ig, jo) is ip — jo (in words, from ig to
Jjo). The direction of the other edges, when considered as edges of c, is consistent
with that of the nonbasic element, namely, ig — jo — i1 — j1 = -+ — jk — io-
Note that an edge (corresponding to a basic activity) may have different directions
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when considered as an edge of different simple cycles. We signify the directions
along the simple cycles by s(c, i, j), defined, for all ¢ € € and (i, j) € c, as

(.i. j)= —1, if (i, j), considered as an edge of c, is directed from i to j,
stebJj)= 1, if (i, j), considered as an edge of c, is directed from j to i.

We will denote
1) mi.= Y s(ei, Hufj, ied, mpl=(mf}.ié€l).
Jii.j)ec

Next, consider the system of equations in y:

ZlﬂiJ':ai, ied,

JEG
(22) > ij=bj, Jj€§,
ied o
Vij =0, (i, J) € &np.

It is known that (22) has a unique solution i for every a, b satistying ) ; a; =
> j b; (see [1], Proposition A.2). With

(23) Dg = (a,b)eRlxRJ:Za,-=ij},
ied jeg

denote by G : Dg — R!” the solution map, namely,

(24) Vij =Gij(a,b), (i,j)€é€.

The function G is linear and so Lipschitz (a fact that will be used in the sequel).
Denote also

H['(a,b)=—)_"u};Gij(a,b), ied,aeR!,peR’,
j

(25)
H" = (H!',i € ).

Let £} = ):;1 - Zjeg ﬁzw; and set
A ~ < s
(26) W'(t) = A} (1) _Zsinj</0 \Ilfj(s)ds> +et
i

Finally, let the quantities {\IJ;’].}, as (i, j) ranges over the nonbasic activities,
be labeled by simple cycles, namely, define for every ¢ € C, W, = ¥;;, where
@i, j) = o~ (c). Let a diffusion-level version of these processes be defined as
U =n=12yn,
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THEOREM 2.1. Let X", Y", Z", V" satisfy (2)—(6) and let Xn, yn, zn g pe
defined by (16)—(18). Then the following relations hold for all t > 0:

X"(t) = X0 4 W (r) + /l H™(X"(s) — Y"(s), N" — Z"(s)) ds

(27)
+ Zm / \IJ”(S) ds,
ceC
YN =0, ied, Z'n)=0,jeg,

(28) . . . .

Y X[ ) =Y = ) [N} = Z5®)],

ied JEF
(29) ¥"(1)>0, ceC.

See the Appendix for a proof. We now explain how a diffusion model is derived
from the above result. First, note that the limit, as n — 00, in the definition (21) of
m! exists, and is equal to the expression obtained from (21) by replacing M?j by
wij. We denote the limit by m.. The vectors m. will be referred to as directions
of control because of the role they will play in the singular control term. In a
similar fashion, we denote by H the limit of H" as n — o0, or, equivalently, as the
expression obtained in (25) by replacing ! J by w;;. Next, we take a formal limit
in (26). We let £ = (¢;,i € 1), where £; = lim, o0 ! = = Ai Zjeg Mzﬂﬂ,] and
let W denote a Brownian motion for which the mean and the covariance matrix
of W(1) are given by £ and, respectively, X := diag()»iClzj,i + X;) [for short, an
(¢, X)-Brownian motion]. The expression above for the covariance is obtained by
calculating the covariance matrix of W (1) upon formally replacing the fluid-level
quantities 111 (s) in (26) by the quantities W from the fluid model, and finally
taking 11m1ts as n— oo.

Next, equation (29) imposes a constraint on \flg’ in the form of a lower bound
at zero. It is also not hard to see that an upper bound on \i!? follows from (5),
(14) and (18). However, such a bound is of the order of n'/2, and as n Srows
without bound, it becomes irrelevant. It therefore makes sense that, in the proposed
diffusion model, each integral in the last term of (27) is replaced by a process 7.
that is required to have increasing sample paths, and no additional limitation.

We thus obtain a diffusion model involving processes X (), Y (¢), Z(t) taking
values in Ri, Ri and, respectively, Ri as well as R -valued processes 7., ¢ € C.
Equations (30)-(32) below, that describe the diffusion model, are analogous to
equations (27)—(29), respectively:

(30) X(t)—x—i-W(t)-l—/ (X () =Y (s),—Z(s)) ds—i-chnc(t)
ceC
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Yi(1) = 0, i€, Zj(t) =0, jeéd.

(31)
YY) =) Xi)+ ) Zijr), t=0.
ied ied JEZ
(32) For every c € C, 1. is nondecreasing and 1.(0) > 0.

We will consider Y, Z and {n.} as control processes, and regard (31), (32) as
constraints that they must satisfy. To define precisely what controls will be re-
garded as admissible, recall that W is an (¢, ¥)-Brownian motion defined on
(2, F, P). Let (¥;) be a right-continuous filtration of sub-sigma-fields of ¥ such
that (W (¢) — £¢t, F;:t > 0) is a martingale. Let a deterministic initial condition
x € R be given. A triplet (Y, Z, ) is said to be an admissible control and X a
corresponding controlled process if Y, Z and n are processes with cadlag sam-
ple paths, Y and Z are (&;)-progressively measurable, n. is (¥;)-adapted, and
(30)—(32) hold for all r € [0, c0), P-a.s.

A principal hypothesis of all the results below is what we refer to as the null
controllability condition:

(33) There exists ¢ € C such that e - m, < 0.

Note that the cone C referred to in the Introduction, in which the increments of
the /-dimensional process ) . mn.(t) of (30) take values, is simply the cone gen-
erated by {m.:c € C}. Also, condition (1) of the Introduction is given explicitly
by (33). The following result is proved in Section 3.

THEOREM 2.2. Assume (33) holds. Then there exists an admissible control
(Y, Z,n) under which e - X(t) <0and Y (t) =0 on [0, 00), P-a.s.

The main results of this paper establish the validity of statements about the
queueing model, which are analogous to Theorem 2.2 in an asymptotic sense. The
first is concerned with preemptive scheduling (see Section 3 for a proof).

THEOREM 2.3. Assume (33) holds. Then there exist P-SCPs under which, for
every € and T satisfying 0 <e < T < o0,

ngngo P(Y"(t)=O0forallt e, T])=1.

The treatment of nonpreemptive scheduling is more involved. In order to keep
the notation simple, we have focused in this paper on the most simple case where
one can expect a null-controllability result: The case I = J = 2. Clearly, in this
case there is at most one simple cycle. It is expected that the general case can be
treated with similar ideas. The result below is proved in Section 4.



1778 R. ATAR, A. MANDELBAUM AND G. SHAIKHET

THEOREM 2.4. Assume I = J =2 and let (33) hold. Then there exist N-SCPs
under which, for every ¢ and T satisfying 0 <e < T < 00,

Tim P(Y"(1)=0forallt €e, TT)=1.

REMARK. As can be seen in Sections 3 and 4, Theorems 2.3 and 2.4 hold with
& = 0 in the case that the initial condition x satisfiese¢-x < —1 (oreven e - x < 0,
with an obvious modification of the proofs).

2.4. Discussion. Let us consider some numerical examples. Consider first a
system with structure as depicted in Figure 1(a). Assume v; =1 for j =1,2,3,

and
(8 (310 1
“\4)0 HTHET\1 4 2)

(where in this subsection we abuse notation and label j by 1, ..., J). One checks
that the heavy traffic condition holds, and

(30 me(D) me(2)

Above, m1 and m, are the directions of control corresponding to the two nonbasic
activities (2, 1) and (1, 3). In fact, the graph that appears in Figure 1(b) precisely
describes § and G, in the current example. Clearly, the null-controllability con-
dition holds, since e - m| < 0. The simple cycles and directions of control are
depicted in Figure 2(a) and (b). To demonstrate the geometric aspect, we refer to
Figure 2(c), where the null domain X_ is shown along with a vector field defined
on its boundary assuming the constant value m . Under appropriate assumptions,
one can construct a diffusion in R? with a boundary term according to this vector

m,

2

m

(a) (b) ©

FI1G. 2. (a) A graph as in Figure 1(b) with two simple cycles. Dashed lines represent nonbasic
activities. (b) A possible set of directions of control corresponding to the two cycles. (c) The direction
m1 may be used to constrain the diffusion model to the null domain X_.
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field, that will be constrained to X_. In contrast, m, cannot be used to constrain
the diffusion to the same domain. In general, the diffusion can be constrained to
X_, provided that at least one of the vectors m, satisfies e - m, < 0. This is the
source for condition (33).

We next consider examples with two classes and two stations:

) ()

n=p=
G 1 05 -2
S*=<0 0.5)’ ’"=<3>’
(35) o) ()

« (1 05 (-3
&= (0 0.5)° m=\2 )
Above, we have presented both the data and the solution to the linear program in
each case. In both cases the heavy traffic condition holds and the activities are as
depicted in Figure 3(a). Note that in these examples there is a single cycle. The
null controllability condition does not hold in the first example, and it does hold

in the second. In fact, one can write the null controllability condition (33) for the
above examples in a straightforward way as

(36) W11+ 122 < (12 + Hot.

It is instructive to note that there are values of p for which (36) does not express
the null controllability condition (33). Consider the following example:

“=’1=(2 171> A=(131'.55>’
(08 ()

Note that the values of both sides of the inequality (36) are the same as in ex-
ample (34). Still, as can be verified by calculating e - m, the null controllability
condition, that did not hold in example (34), does hold in this example. The reason
is that the structure of the graph has changed and it now corresponds to Figure 3(b).
In particular, the direction of the cycle is reversed, and condition (33) is equivalent
to (36) with a reversed inequality. We can see that the null controllability condition
depends on the values of u, as well as the direction of the cycle, which in turn is
determined by the fluid model parameters A and j.

We now come back to the point referred to in the Introduction regarding the
unusual heavy traffic behavior. A particular consequence of our main results can
be stated as follows. One can find policies (preemptive and nonpreemptive) under
which, for every ¢ > 0,

37) Tim Pe-Y"(1)=0)=1.
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(a) (b)

FI1G. 3. Two examples with cycles in opposite directions (dashed lines represent nonbasic activi-
ties).

What we referred to as unusual is that a critically loaded system shows a behavior
that is typical to underloaded systems: the possibility to maintain empty queues
with probability approaching one. We would like to make precise the statement
that the system under study is critically loaded. One aspect of this is that the un-
derlying fluid model is critically loaded, in the sense that the linear program (10)
is solved with p* = 1, by assumption. More significant, however, is a statement
that can be made regarding the probabilistic model. Namely, one can show that in
a probabilistic model associated with an overloaded fluid model, queues inevitably
build up.

To this end, let A}, i € { be constants satisfying A} > A; for all i and A} > A;
for at least one i € {. The parameters (X, 1) lead to a fluid model that is critically
loaded. In the same sense, the pair (1, 1) correspond to an overloaded fluid model.
We consider a sequence of processes A, defined analogously to A", but with 1™
replacing the parameters A", where A" is a sequence satisfying n~'A”" — A/ [com-
pare with (8)]. Let X7,; stand for the processes X" obtained by replacing through-
out our probabilistic model A" by A’ . Define analogously all other processes
involved, for example, Y, in place of Y". As the following result shows, the
model thus obtained is indeed overloaded in the sense that queues (in fact, large
queues) necessarily build up. The result shows a sharp contrast with (37).

PROPOSITION 2.1. There exist constants C1 and C» > 0 depending only on
(A, A, i) (and not depending on n or t) such that, under any policy, for every t,

(38) nlinéo P(e- Y (1) = (=Cyi + Cat)n) = 1.
A proof is sketched in the Appendix.

3. Diffusion model and queueing model in the preemptive case. In this
section we prove Theorems 2.2 and 2.3.

PROOF OF THEOREM 2.2. Let ¢q be such that e - m., < 0. Consider the do-
main

Dy={teR e & < —a}
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for some fixed @ > 0. Fix some jp € §. We will construct a control with the fol-
lowing properties:

Y()=0,  Zj)=0, forall j# jo,
(39)
ne()=0  forallc#cy, t=>0.

The process Z j, will satisfy
(40) Zj(t)=—e-X(1), t>0.

As aresult, (31) will be satisfied. Finally, the process 1., will serve as a constrain-
ing term of a reflected diffusion on the domain D, with reflection field identically
equal to m, on the boundary 0 D,. We therefore consider equation (30) in the
special form

(1) X0 =3+ WO+ [ A ds+megi 0,

where H (§) = H(E, (e - §)ej,). Note that H is linear. Consider first the case
x € Dgy. The result of [10] regarding existence of strong solutions to stochastic
differential equations with oblique reflection, stated for a bounded domain, im-
plies, using a standard localization argument, the existence of a pair (X, n,) with
the following properties. The process X is progressively measurable, 1, is contin-
uous nondecreasing, adapted, with values in R, equation (41) holds for all > 0,
as.and X(t) € Dy, t>0,as. In particular, we have constructed a process X with
the property e - X () < —a, t > 0, a.s. Letting now Y, Z and 7., ¢ # co be defined
via (39) and (40), we have constructed a triplet (Y, Z, n) that is an admissible con-
trol, and have shown that X and Y satisfy the conclusion of the theorem.

In the case where e - x > —a, clearly, x + Sm,, € Dy for B large. Fix any f as
above, and set y = x + Bm, € D,,. Denote the control and the controlled process
correspondlng to starting from y as &,Z, 1) and, respectively, X.NowsetY =7,
Z = Z, Neo(t) = B+ (¢) and X (¢) = X(t). Then X (0) = y, and clearly, (41) still
holds forall r > 0. As aresult, (Y, Z, ) is an admissible control and the conclusion
of the theorem holds. [J

We remark that in the proof above we can simply take o = 0. Our results re-
garding asymptotic null controllability will be inspired by a similar construction,
but o will be taken to be positive.

Recall that, by definition, a P-SCP is a map that determines W" (¢) for a given
value of X" (¢) in such a way that (2)—(6) hold. The following lemma shows that,
under suitable conditions, we can determine the value of W” by first selecting
values for Y"(¢), Z"(¢) and {W](?), c € C}.
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LEMMA 3.1. There is a constant ag > 0 such that the following holds for
all n large. Suppose that, for some t, the following relations hold: X" (t) € 7.,
IX" (t) — nx*|| <aon, Y"(t) € ZE , 2"(1) € 1,

e Y't)+e - N'=e-X"(t)+e-Z"(1),
e-Y"(t)]VIe-Z"()] <aoln+1,
V! (t) € Zy, ce€C,and
Wl(t) <aon, c€C.
Set

42) \I!l-"j(t):G,-j(X"(t)—Y"(t),N"—Z”(t))— Z s(c, i, YW(2).
ceC:(i,j)ec

Then the quantities
Xi0.iedy, {Y'm,ied}, {Z7®),jed}, (V0,0 )H)edxg}

satisfy (2) and (4)—(6).
The proof of this lemma appears in the Appendix.

PROOF OF THEOREM 2.3. We begin by describing the policy. By Defini-
tion 2.1, we need to describe a map that determines W"(¢) for a given value
of X" (t). Given the one-to-one relations (16) and (18), this is equivalent to describ-
ing lfl”(t) for a given value of xn (t). Let ag be the constant from Lemma 3.1. If
||X "] > aon'/?, we assume that li!"(t) is determined as the image of xn (¢) un-
der some fixed map f”, in a way that is consistent with Definition 2.1 but otherwise
arbitrary (there will be no need to describe f" more precisely). Focusing below on
the case ||)A(”(t)|| <agn'/?, we fix a sequence K,, n €N, so that n'/?K,, € Z for
all n and

43) K, — oo, nil/an —0 as n — 0o.
Denote
Di={eR e £ <—1}).

Fix throughout a simple cycle cq for which e - m., < 0. Also fix throughout iy € {
and jo € 4. The proposed policy sets

N
0, X"(t) € Dy, >0,

44 wr (1) = .
o A VA QORI
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and \ifg’(t) =0 for all ¢ # cg, t > 0. It also sets I?l-”(t) =0 for all i # i, 27 =0
for all j # jp and

VL) =(e- X"(t) —e-N")",
(45) . . .
Zi () =(e-X"(t) —e-N")", t>0.

By (43) and (44), W, (1) < aon for all n large. By Lemma 3.1, W" (¢) are well de-
fined given X"(¢), and (2), (4)—(6) hold. This completes the description of the
P-SCP. Clearly, this description, along with equation (3), uniquely defines the
processes W" and X" given the initial conditions and primitive processes. Al-
though the description applies for any initial condition X0 the treatment with

be slightly different for X% in D; and outside.
In what follows let 0 < ¢ < T < oo be fixed. Let

(46) " =inf{t: || X" (0)|| > aon'/?}.
Let also

H'&) =H"(E—(e-£—e- N ey, —(e-&—e-N")e).
For t < 7", one has by (27)

0 0

Note that H" satisfy
(48) IH &) < Cu(lEl + IN"D,  &eRlneN,

where Cp is a constant independent of n. Denote C, = —e - my, . Note that, by

assumption, C} — —e -m, > 0 as n — oo. It is assumed in what follows that n is
so large that

49) Cl > |e-mey|/2=:2Cy.

Denote )A(Z = ¢ X" and, similarly, W: =e-W", )A(S’" =e- X0 and H'=e¢-H".
Then by (44) and (47), we have
A A ~ t ~ A
X"(t) = X0 + W (1) ~|—/0 H)(X"(s))ds
(50) .
- CZKH/O Lie(5)>—145, t<t".

The rest of our argument is divided into four steps.
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Step 1. 'We first show that there exists a deterministic constant C; independent
of x, n and K,, such that

(51) IX"|5 < C1(1+ | X% 4+ |W"||%)  onthe event 7" > T.
To this end, denote A, = [4]e||( X*"|| + [[W"||%)] v 1 and let
" =inf{r € [0, T]: X"(1) < —A, — 1}.
Note that 7{' > 0. Since by assumption 7" > T, (47) and (50) are valid fort < T.

By (48) and (50), noting that )A(Z (t) > —A, — 1 fort <7, we have

t A ~
KnCS/O Lo 45 < Au 1+ B+ lel I X0 + el IW" 17

t A
HlelCu [ IX"@Ids,  1=T AT,
0
where we denote 8, = ||e||CHT||1<7’1 |I. Note that 8, — 0. Hence, by (47),
A l A
IX" (@)l SCz(An+1)+C2/O X" ()l ds, t<t' AT,

where C; does not depend on X 0*”, W", K, or n. By Gronwall’s lemma,
(52) IX" 1% 7 < Ca(Ay + 1)e2T .

AT =

Since on the event 7' > T the property (51) follows from (52), we consider in

what follows only the case 7{ < T. If )A(Z’ (t) < —1forallt €[0, )], let ) =0;
otherwise let

7, =sup{r € [0, rf]:)A(Z(t) >—1}.
Note that X (¢§') > —1 — ||e|||| X*"||. Hence, by (50),
—An + el 1 X" = X2 () — X2 (1))
=z W+ [ AR @)ds
2
As aresult,

An/2 < < llellCh T IX" I3y + Ba-

rll - R
/ VAR (s)) ds
)

This and (52) show A,/2 — B, < |le]|Cut{C2(A, + De€2T . Since A, > 1,

Ap/(An + 1) = 1/2. As a result, there exists a deterministic constant § > 0 not
depending on X% W, K,,, n such that, provided that # is large enough,

(53) T >4 onthe event 7" > T.
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Combining (52) and (53), we have that | X" ||} < C3(14 | X" || 4 | W"||%), where
C3 does not depend on )A(O’”, W”, K, ,n. In a similar fashion we have, for i =
1,2,...,

X" 1% < C3(1+ 1X"[1F_y)s + IW" ).
Assuming without loss that C3 > 1, the above implies
IX™ 1% < @C)TAHLA 4+ 1 X0 )+ W |15

and proves (51).

Step 2. Recall that W denotes an (£, X)-Brownian motion. We next show that

. _, B
(54) lim P(T"<T)=0
and

(55) W'=W  onl0,T].

Let A;,i € 4, and S;;, (i, j) € 4 x § be mutually independent Brownian motions
with mean zero and variances given by EAZ.Z(I) = kiClz],i, ESl.zj (1) = ;. By The-
orem 14.6 of [4],

(56) (A", 8" = (A, S) locally on compacts.

By (5) and (6), \D” (1) < N" for all i, j and ¢. Thus, by (8) and (26), ||W”||"} <
||A”||T + ||S”||C4T + ||€" ||T for a suitable constant C4. Hence, n_1/2||W”||’} con-

verges to zero in probability. By (51), n=1/2 P& 7 nzn converges to zero in prob-
ability. Using the definition (46), this establishes (54). In turn, this shows that
_1/2||X"||* converges to zero in probability. By (45), so do n_1/2||Y”||* nd
n=1/2|| 2" |5 Note that G (x*, v) = y*, as follows from (11) and (24). Using (42),
linearity of the map G, (43) and (16)—(18), we thus obtain, for a suitable con-
stant Cs,

10" (t) — 5 < n YGX" —nx* —Y", N" —nv — Z") || +n~ /2K,
(57) < Csn2OIX" 15 + 1Y 15 4+ IN" I+ 1Z"113) +n~ /2K,
—0 in probability.

Combining (26), (56) and (57), the claim (55) follows from the lemma on page 151
of [4] regarding random change of time.
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Step 3. Recall (19). We prove the theorem in the case x € Dj. In this case, for
all n large, X%" € D,. Denote

" = inf(s € [0, T]: X" (s) > —1/2}.
Denote also " = {t" > T}. By (54), lim,, P(2") = 1. If we show
(58) lim P{t" <T}NnQ") =0,
n— o0
it would follow that P()A(Z(t) < —1/2forallt € [0,T]) — 1 and, in turn, by
(17) and (45), that P(Y"(t) =0 forallt € [0, T]) — 1, as n — o0. Hence, in order
to prove the theorem, it suffices to prove (58).

To this end, note that the jumps of the process W" are bounded by n~1/2 and
write

P{t" <T}NQ") < P({there exist 0 <s < ¢ < T such that
(59) 1< X"©®) <—1/2forall 8 € [s, 1],
X"(s) < —7/8 and X" () > —5/8} N Q").

IJnder the event indicated immediately above, on the (random) interval [s, ¢],
X[ > —1, and thus, by (50),

L< X0 — X2(s)
(60) t
:/ H"(X"(6))d6 + W (t) — W' (s) — CUK,(t — 5).
Moreover, by (48) and (51),
t ~ A
/ A" (X"(0))d6 < Cllel|C1(t — ) + | W31+ B,
)

where r =1+ sup,, ||)A( 07|, Since K, — 00, it follows that there is a deterministic
no such that, for all n > ny,

An(s, 1) := W (t) — W(s) + Cllel|C1(t — s)| W[5 + B

> 1 +[CIKy — CullelCir1t —s)
(61)

> 1+ CoKy(t —s)

| 1/4, t—s <Ky

where Cy is as in (49), and on the first inequality we used the fact that Cg|le||Cr
does not depend on n. Combining (59) and (61), we see that there are constants
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Cs, C7 > 0 not depending on n and K, such that
P{t"<T}NnQYH

< P(there exist s < 7 < T such that A, (s, 1) > CoK,/?)
+ P(there exist s <7 < T such that —s < Kn_l/z, An(s, 1) > 1/4)

< P(IWall7 = CK,"?)
+ P(wr(Wa, K;7'7%) =2 1/8 = B,)
+ P(Chlle| C1K, 2 IWall} = 1/8)

<2P(|Wall} = C1K,/>) + P(wr (Wa, K, /) 2 1/8 — B),

where wTA( £, 6) denotes the modulus of continuity of a function f on [0, T']. Since
by (55) W' are tight, and the weak limit process has continuous sample paths,
(58) follows (see e.g., Theorem 16.8 of [4]) and, hence, the result.

Step 4. Finally, we prove the theorem in the case x € Df. Let 73 = inf{r €
[0, T]: X" < —1}. Then

P{t} > e)NQ") < P({X"(6) = —1 forall 6 € [0, ]} N Q").

An argument similar to step 3 (only simpler) shows that, under the event indicated
on the r.h.s. of the above display,

An(0,8) > =1 —r +[C/ Ky — Chlle||Cirle,

and, in turn, that P(t3 > &) converges to zero as n — oo. We can now re-
view the argument of step 3, replacing X0n by }2”(13”) and " by 7; :=inf{r €
[73, T1] :)?Z(t) > —1/2} (where tj/ = oo on the event 73’ > T') so as to show that
P(ty <T)— 0 as n— oo. The only issue that is different now is that the “ini-
tial condition” X "(t3) is random and cannot be bounded by a deterministic con-
stant r. Instead, let us define the random variable r" := 1 + ||)A(”(13")|| and let
Q=" < Co(ChllellC1)'K,) N {r3 < T}. Coming back to (61) with 7" in
place of r, it is clear that the second inequality will hold on €, and so the re-
mainder of the argument of step 3 is valid once Q" is replaced by Q" N Q. Since
P(ty < T) converges to one, the relations (51), (54) and (55) imply that the ran-
dom variables r" are tight and, therefore, P(Q] N Q") — 1 as n — oo. This es-
tablishes the theorem. [

4. The nonpreemptive case. In this section we treat the nonpreemptive case
and prove Theorem 2.4. Recall that we only consider the case I = J = 2. Thus,
d={1,2} and § = {3, 4}. The heavy traffic and complete resource pooling condi-
tions, which are in force, imply that the graph of basic activities §, is a tree with
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vertex set LU J = {1, 2, 3, 4} [cf. (12)]. It follows that there are exactly 3 activities
that are basic. Had we not had a fourth activity, the graph § would not contain
a cycle and it would not be possible to fulfill the null controllability condition
(33). Thus, the hypotheses of the theorem require that there be a fourth, nonba-
sic activity. We have labeled the classes as “1” and “2.” Although ¢ = {3, 4}, it
will be more natural in the discussion that follows, and throughout the section,
to refer to the stations as ‘“station 1 and “station 2,” and with an abuse of no-
tation, regard the index set for the stations as {1, 2}. Accordingly, we have four
activities, (i, j), i, j € {1, 2}, and without loss of generality, we let (2, 1) be the
only nonbasic activity [see Figure 3(a)]. As a result, the direction of the only sim-
ple cycle, which we denote as c, is the following: class 2 — station 1 — class
1 — station 2 — class 2. By (21), we get ml: = (u'; — p'y, —py, + ps,) and
me = (11 — 12, —21 + (22). In what follows we will write m" for m” and m
for m.. We also let C};, = —e - m" and C,,, = —e - m. Note that condition (33) can
be written as C,;, = —e - m > 0.

We now specify the N-SCP for which the conclusions of Theorem 2.4 will be
shown. According to Definition 2.2, we must specify the initial arrangement and
how routing is determined upon each arrival. To this end, we need some notation.
Note that by (23) and (25) there exists a constant C ’H such that

C/
(62) I|H" (a,b)| 52—?(||a||+||b||), (a,b) e Dg,n e N.
Let
2+ 16C, 1 log?2 log 8
(63) KZM’ S = A og/ , yzi.
Cu 8 ||m|| CH )

The initial arrangement and the routing rules will depend on X% and, in particular,
on whether ¢ - X" < —1 or not. First consider the case where ¢ - X0 < —1.

Initial arrangement. Recall that X”(0) = X% is given and we have to specify
Pt (0). We set

(64) w3, (0) = [n*/%7,

(65) 1(0) = [(N] — N& 4+ XP" 4+ X9™) /21 — w2, 0),
(66) H(0) = L(N5 — NJ + X" — X3™) /2] + W3, (0),
(67) WH(0) = X3 — wh,(0).

Using (4) and (5), one verifies that
(68) VIO =Yi0)=0, |Z{(0) - Z5O0)| <1.
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Routing. The routing decisions can be based only on rn, the value of E” right
before the arrival, and some auxiliary randomness that we have denoted by R". The
way we use the randomness in the proposed policy is so as to split the customers
of class 2 into two sub-classes, which we label as o and . Upon the kth class-2
arrival, an independent biased coin is tossed according to which it is decided what
sub-class the arrival belongs to. The bias of the coin is allowed to depend on k. We
denote by o, (k) the probability that the kth class-2 arrival is classified as a class-o
customer. The value of «,, (k) is determined as

K(yﬂm)ex [V(k— 1)“ AL

338

(69) ) = |
niy

Since we assume that X% < —1 and the difference between Z71(0) and Z75(0) is
at most 1, it follows that the initial arrangement is such that there are free servers
in both stations. Below, we shall describe the routing policy only as long as there
are free servers in both stations. The description of the policy at other times is not
important and will be left completely open (in fact, one of the main ingredients
of the proof will be to show that the event that there are no free servers in one of
the stations some time before T has probability approaching zero as n — 0o). The
routing rules are as follows:

1. Class-1 customers are routed to the station with more free servers. More pre-
cisely, if a class-1 customer arrives at time ¢, it is instantaneously routed to
station j, where

= { L if Z{a—) > Z5(-),
2, otherwise.

2. Class-a customers are routed to station 1 upon arrival.
3. Class-8 customers are routed to station 2 upon arrival.

Next, consider the case where the initial condition satisfies e - X0.n > —1. De-
note r, =e - X0 —e. N" 4+ (nl/ 21. For the initial arrangement, we let r,, class-1
customers be left in the queue, and let \I!i”j (0) be defined as in (64)—(67), except

that we substitute X% — r, for X% As a result, in place of the left part of (68)
we will have Y'(0) = r,, Y3'(0) = 0. The routing is determined as follows. The r,
class-1 customers that are initially put in the queue are kept in the queue. Rules
1-3 above apply for all the other customers. Upon the first arrival after the time
7y when the number of free servers in the system first exceeds r, + [n'/27, all the
rn customers are moved into service: y;' into station 1 and y,' into station 2. Here,
Y= N2 =) = Z3 (=) + m)/2]. vi = L(Z (=) = Z5(rf =) +ra) /21
Clearly, e - X" (r(’)’) < —1. Also, by the above choice for yl.”, one achieves that
Y/ (ry) =0and | Z} (7)) — Z5(zy)| < 1, a situation similar to (68). From the time
7y on, the routing rules 1-3 above apply for all the new arrivals. Note that once
again we have ignored the scenario that there are no free servers in one of the
stations at some time before 7', for reasons as mentioned before.
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Here and for most of this section we shall assume that ¢ - x < —1. Since
X% — x. we have
(70) e X0 < —1

for all large n and, as a result, only the first part of the definition of the policy will
be relevant until, at the end of the section, we return to the treatment of the case
e-x>—1.

Without loss of generality, assume that 7" is a multiple of §, and set k = T'/$.
Divide the time interval [0, T'] as follows: Iy = {0}, I} = (0,6],...,I; = ((k —
1)3,k68]. Let h: [0, T] — R be defined as

h@t)y=2"%  foralltelx, k=0,1,...,k.
Define

(71) T —1nf{t>0 X”(t)>—%}

Leth' = £27% = Li(T). Let
(72) o" =inf{t > 0: Z7(1) A ZE(r) < 4h')

and ¢" = 1" A ¢". By (70) and since Z{’ (0) and Z;’ (0) are nearly equal [cf. (68)],
it is useful to note that

(73) Z"(0) A Z5(0) > 1/4.
Also, it is clear that there are idle servers in both stations up to time ¢". Denote
D(a,p)={scR":|E| <a, e-E<—p}, a>0, p>0.
Let K, =n'/8 and
D} = D(e"**K,,275).
Fork=0,1,...,k, denote
(74) Q= (X"(1) € D}, t € Iy, forall K’ <k}N{¢" > k8}.

PROPOSITION 4.1.  Let the assumptlons of Theorem 2.4 hold and assume also
thate -x < —1.Then fork=0,1, ... P(Q)—>1

The above result implies that P(¢” < T) — 0. Since by construction of the
policy, Y"(t) =0 for t < ¢", this establishes Theorem 2.4 in this case.

In preparation for the proof of Proposition 4.1 we need some notation and pre-
liminary results. Recall that we have denoted the only cycle by ¢, and that, accord-
ing to our notation, W} (1) = W7, (¢) and lf/f 1) = \if’gl (t).Let AL (1) [A% (1)] denote
the number of class-« (resp., class-8) customers that have arrived up to time ¢. Let

~ t
(75) ALty =n"12AL() — K, fo (121 + ¥)¥o(s) ds,
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where
(76) Yo(r) =ke, t>0.

A sequence of processes is said to be C-tight if it is tight and every subsequen-
tial limit has continuous sample paths with probability one. The following three
lemmas will be proved later in this section.

LEMMA 4.1. Under the assumptions of Proposition 4.1, one has

(7 ALl —0 in probability,
(78) X" — X pgn = n_]/zllf"II?Agn —0 in probability,
(79) D" — ¥ |5 pgn =0 V2 5 n — 0 in probability.

In addition, the processes A:’( Ao, SZ (fo'Aan ‘Ill'; (s)ds) are C-tight. In partic-
ular, one has |§§’1 (Jo @5’1 (8)ds)|} on — O in probability.

LEMMA 4.2. Under the assumptions of Proposition 4.1, |li1g —
K ol7 agn — O in probability, where v is as in (76).

LEMMA 4.3. Under the assumptions of Proposition 4.1, lim,_ oo P(c" <
) =0.

The following will be used several times in the proofs of both Proposition 4.1 and
the above lemmas. Recall that, for r <o, Y"(¢) = 0. Hence, we have from (27)

A A ~ t A
80)  X"(1)=XO" + W(r) +/0 [H"(s) + m" ¥ (s)]ds,  t<o,
where we have denoted
(81) H"(s) = H"(X"(s), = Z"(s)).

Also, substituting zero for Y" in (28), using (14) and positivity of 2;‘, we have, for
all n large,

(82) IZ"oOl <IX"Ol+1,  t<o",
Thus, by (25), (62), (81) and (82), for all n large,
(83) IH )]V lle - H"($)]| < Cpy (1 + 1IX"()]]). t<o".
PROOF OF PROPOSITION 4.1. We argue by induction on k. As the induction

base, consider k£ = 0. By (70) and since X0n converge, we have xn (0) € Dy for
all large n. By Lemma 4.3, it remains to show that t” > 0 with probability ap-
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proaching 1. This follows from (71) and the fact that the jumps of X" are bounded

by n=1/2.
Next consider the induction step. Assuming that for a given k < k one has
(84) lim P(Q}) =1,
n—oQ
we shall prove
. noN L
(85) nll)rgo P(Qp ) =1
In view of Lemma 4.3, it suffices to show
: n _
(86) nlgrgo P(t" <(k+1)8)=0,
and
- & S(k+1
(87) Jim P(IX" (5 gqpynon < € Dk, =1.

To this end, note that from (80) we have
A A A t ~
(88) X.(1)= XS’” + W) +/ [H)(s) — C, V! (s)]ds, t<o”.
0

By (63), one verifies that the constants «, § and y satisfy

(89) eCd <2, 14+Cye” <1cui,
(90) 4(1 + ||m||xcSe??) < e??.
Denote

Q' =Q'N{o" > "} N{t" < (k+ 1)8).
Let h = %2_’{. On Q7 (hence, on SNZZ) the following must hold:
1) IX"(k8)|| < e’ K,, X1 (k8) < —8h.
In addition, on QZ,
there exist k8 < s <t < (k+ 1)8 A 0" such that
X"(s) < —T7h, X"(t) = —5h.
Hence, in view of (88), the following must hold on SNZZ:

2h < X™(1) — X"(s)
92)

~ ~ t A
— W) — W Gs) +f LH” () — CT7 ()] .
)
Denote a, = |W!" — K, iol5 ppns bn = |W" |15 pn and dl! , = W (v) — W (). Let

(93) QP = QP N {Can <2} N (2b, 4 28|mla, + T < K,).
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By Lemmas 4.1-4.3 and (84),
(%94) lim_ PQH=1.

On the event Q”, by (80) and (83), denoting
A" = | X" (k8)|| + 2by + 8llm™ | [ B2 pgn + T,
we have

A u A
||X"<u>||sA"+/kac;,||X"<u')||du’, u<(k+ 150"

By Gronwall’s inequality and the first part of (89), this shows that ||)A( "w)|| <2A",
for u as above. Using this along with (93), and assuming in what follows that n is
so large that [|m"|| < 2|lm|l and C;;, > C,,/2, we have on the event 2}

IX" (w)|| < 4K e (1 + m|k8e?®) < Kpe?**+D,
(95)
u<k+105Ao",

where in the last inequality we used (90). Equations (94) and (95) establish (87)
Next, combining (92) and (95), and using again (93), we have on the event Q” N Q”
2h <d!, + (Cl + D(t —5) + Kt —5)e”* [Clye?® — Cpic/2).

Writing C = C}i + 1 and using the second part of (89), we conclude that, for

all large n, on the event SNZZ N QZ, there exist s and ¢ such that k6§ <s <t <
(k+1) Ao™ and

1/2 _ -1/2
&1, = 2+ (@K, — Oy — ) = | 2K o= K”_l/z’
7 2h’ t_ s < Kl’l .

Hence, for all large n,
P(Q}) < P((Q])°) + P(there exist 0 <5 <t < T Ac" such that 2d7, > K /%)
+ P(there exist0 <s <t <T Ao"
such that 7 —s < K,; /% and a?’, > 2h)
< PUQ)) + P(4by = K/ + P(wrnon (Wa, K71/%) = ).

By (94), the tightness of b, and the C-tightness statement in Lemma 4.1, we see
that P(Q ) = 0 as n — 00. By (84) and Lemma 4.3, this shows (86). [

Let a constant > 0 be given and let 6" = inf{r € [0, §]: Xg(t) < —r}. Let € be
as in Theorem 2.4. The following consequence of the above proof will be useful.

COROLLARY  4.1. Under the assumptions of Proposition 4.1,
lim, o0 P(0" > £/2) = 0. In addition, | X" ||}» are tight.
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PROOF. With the notation from (74) and (93), define " = {6" > ¢/2} N fZ’f

By Lemmas 4.1-4.3 and Proposition 4.1, lim,_, , P (SAE’I’) = 1 and, therefore, it
suffices to show that P(2") — 0. On Q" we have

—r < X"(e) — X"(0) = W () — W (0) + /Og[He”(u) — C" ()] du,

and an argument along the lines of the proof of Proposition 4.1 proves the first
claim of the result.

Next we prove the tightness statement. Note that, by assumption, || X"(0) | <Cop
for some deterministic constant C independent on n. Let ¢ = (2r + |le||Co) X
e 7K and Q" =1{0" > ¢c"} N @’1’ On ©" we have (just as in the proof of
Proposition 4.1)

R R . gn .
—r <X;(c")=X20)+ W) (") —i—/o [H](u) — C) V! (u)]du
< X™(0) 4+ W' (™) + (Cly + D" — K, g"e??
< W' (") + (Cly + 1)¢" —2r.
As a result,
(96) nll)ngo PO" >c¢c"=0.

Let C = Co + 4r||m|lk +2Cxr + 1. On Q", for n so large that ¢" < 8, with the
notation a" = [W! — K, 0|} ,,n> We have

IX" 150 < 1 X" O) ] + wr (W, 6™
+ [lm" |8a" + [|m" Ik Kpe?* " + Cr Kpe?® "
<wr(W", ¢") +2||m||8a" + C — 1.

Since, by Lemmas 4.1 and 4.2, we haAve limn_>~oo P(wT(W”, ¢ + 2||m||da” >
1) =0, we conclude that lim,,_, 5o P (|| X" ||;‘in < C) = 1. Inview of (96), this shows

that || X" ||%, are tight. [
We turn to prove Lemmas 4.1-4.3.

PROOF OF LEMMA 4.1. We first prove (77). Let R} denote the indicator of
the event that, in the nth system, the kth class-2 arrival was classified as an arrival
of class a. Then ER}! = P(R} = 1) = a,, (k) given in (69). Since A, () represents
the number of class-2 arrivals up to time ¢ that were classified as class «, we can
write A7 (1) = Z,‘?:({) R} . By (75), we have

A »nC
Aty =n""2A%(t) — n'/8 27 e — 1),
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where throughout this proof C = (u21 + y)x/A2. Fix ¢ > 0. Then Ag(t) > ¢ if and
only if A”(t) > n'/%¢ + K, where

2 C
K'=n33222 (v — 1.
y

Therefore,
97) P[there exists r < T, such that AZ (1) > el < pl +pj,

where

pl= P(sup |A% (1) — A3t| > n3/4> -0 asn— oo
t<T

ph= P<sup |AS (1) — Mot < n®/*, and there exists r < T,
t<T

(98)

A (1)
such that ) R} 2n1/28+Kl”>
k=1

B(n,1)
< P(there exists t < T, such that Z R} — K| > n1/28>,
k=1
where B(n,t) = [A5t + n3/*]. The convergence statement in (98) is due to the
tightness of A’; [cf. (56)]. A direct calculation based on (69) shows
Bn,1)
> ERY < K!'+C'n,
k=1

for all large n, where C’ is a deterministic constant not depending on n. Hence,

B(n,t)
py <P |:there exists t < T such that Z (R} —ER})> n'?g — C/n3/8:|.
k=1

Denoting m(l) = Zi:l (R} — ER}), we can write

E[m(2)5T)?]

* 1/2
Py < P(Iml5nr >n"'"e/2) <16 2,

’

where in the last step we used Doob’s inequality for the martingale m. In turn,
E[m)?] = Zi:l o, (k), and substituting 245 T for [, one finds that pj — 0. As a
result, the Lh.s. of (97) converges to zero. A similar calculation, which we omit,
shows that the probability that there exists + < T such that Ag(t) < —¢ also con-
verges to zero. Since ¢ is arbitrary, (77) follows.

Exactly as in the proof of Theorem 2.3, we have

99) n~12Wn = 0.
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Since X0 converges, we have from (80), (81) and (83), for all large #,

1X" (0] < Ko+ W)
t O A
+Cy [ (141X @) ds + T 19207, r=0”,

Using the inequality

(101) Ut Ao™) < WH0) 4+ n~2AN(T)

and Gronwall’s inequality, we have

102) X" < CiL(Kn + IW" Ol +n7PALT) + 1), t<0" AT,
for an appropriate constant C not depending on 7. It follows from (77) that
(103) lim P(AL(T) = n3/*) =0.

Combining (?9), (102) and (103), we have (78). Using (4), (5), (11), (16)—(18) and
the fact that Y (¢) = 0, we have, for all t <o,

OERINOES 0}
W2 (1) + W3, (t) = X5(0),
20 () + W (1) + U (1) = N
These equations along with (82) show that
(104) N < G+ I1X" O+ ¥ @), t<o”

for a constant Cy not depending on n. Combining (101), (103) and (78), we
have (79). The result (79) implies that the processes \fll”j (- Ao™) are tight and that
every subsequential limit has continuous sample paths with probability one. Using
this and the time change lemma [4] along the lines of the proof of Theorem 2.3
above proves C-tightness as claimed. Finally, consider the last claim in the state-
ment of the lemma. Since ¥3; = 0, (79) shows that |\I!"|’; Aon — 0 in probability.
Using this and (56), the claim follows using again the time change lemma. [J

PROOF OF LEMMA 4.2. By construction of the policy, B, (t) = A[, (¢) for all
t <o". Thus, by (7),

t
WL (1) = W3 (0) + A"(1) — Sy ( fo W2 (s) a’s).
Denote

(105) o(t) = (ua1 + ¥)¥o (), t>0.
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Recalling that U7 (1) = n= /2" (t) = n= 12}, (1), using (75), one checks by di-
rect calculation that

A A t t A —~
(1) = 07(0) +n‘/8f o(s)ds —Mglf U (s)ds + Wi@),  t<o”,
0 0
where
—~ ~ A t —_
W) = An ) — 83 ( /0 o, (s)ds).

Note that y¥(f) =k + fé o(s)ds — a1 Jy Yo(s)ds, and let ¥ be the unique so-
lution to

t t
(106) Yo (1) =« —l—/o o(s)ds — us, /0 Vg (s)ds.
Then, fort < o”,

W (1) — n' Byl (t) = 07 (0) —n'/Bx
[ [l ~~
— [ 1826) = n By ) ds + g o).

By (64), W/ (0) — n'/8« — 0. By Lemma 4.1, |W}[% . — O in probability. An
application of Gronwall’s inequality therefore shows that

(107) |0 — pBylpx =0  in probability.

Also, by (13) and (106), it is easy to see that §"(¢) < Ceg, + Cfé 8" (s)ds for
t < T, where 8" (t) = [Yo(t) — ¥ (t)], C is a constant and n'/8¢, — 0. Hence,
nl/35m |7 — 0. Along with (107), this proves the lemma. [J

PROOF OF LEMMA 4.3. By (73), the initial values for both Z? and Z} are
greater than 84'. We thus have {o" < 7"} C Q] U Q7, where, fori = 1,2,

Q= {there exist u1 < up < ¢" such that

sup  ZM(u) <TH, Zuy) = 6h', Z! (up) < 5h/}.

u€luy,uzl

Step 1. We show that P(2]) — 0. Let u and u> be as specified in the expres-
sion for Q. Note that the size of the jumps of X" is bounded by n~!/2. Hence,
for u < ", we have X" (u) < —32h’ + n~'/2. This, combined with (14) and (28),
and the fact that Y;" (u) = 0 for u < 0" imply that 2;’(14) < 23(14) foru € [uy, us].
According to our definition of the policy, all class-1 customers are routed to sta-
tion 2 during the period [u1, #2] and only class-o customers are routed to station 1
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during this period. As a result, B}, (u2) — BY,(u1) =0 and Bj,(u2) — B}, (u1) =
Al (up) — Al (u1). By (7), we have

(Wi u2) — W]y () = Al (ua) — Al (ur) — DY (uy, u2),
i=1,2
where

D;-l(tl,l‘z)Z— [ (/ lIJ"(s)a’s> </ v (s)ds)} j=12.

Note that D;-‘ (t1,l2) represents the number of departures from station j during
(t1, t2]. Using (5) and (14), one has on Q7 that

(108) W'n'? < Ay (u2) = Afur) = DY (ur, u2).

Denoting, for j =1, 2,

W}l(t) = (/ o (s)ds)

i= 12
(109)  S¥(t1. 1) = W (t) — W(ty)

+ [u” f b (S)dernl/sz’,xlf,-*j(tz—tl)}

i=1,2
and

~ N ~ %)
11, 1) = A (1) — A (1y) + 08 f o(s) ds,

where g is as in (105), one checks by direct calculation that (108) can be written
ash’ < A” (uy,ur) — S1 (u1, uz). Note that g is bounded above. Moreover, :“111[’11
is bounded below by a positive constant. Using (104) and denoting A = upy — u
we therefore have, for all large n,

(110) B <2|AM % 4+ wraen (W, A) —n'2ATA,
where
Af =C1 = Con™ A+ IX [F pon + 1L G ),

and C; > 0 and C; are suitable constants. We conclude that P (€2}) < P(€2] ;) +
P(2] ,), where

Q’f’] = {there exists A € (0, n_1/4] such that (110) holds},

1, = {there exists A € (n~'/*, T such that (110) holds}.

By Lemmas 4.1 and 4.2, AT — C; and |A" |7 — 0 in probability, and VNV{’(- Ao™)
are C-tight. This shows that P(Q2] ;) — 0. On Q7 ,, if A7 > 0, then n1/4A'1’ <eg,
must hold, where ¢, = 2|A§|*} + 2|W1 7 non- Hence, P(Q7,2) < P(A] <0)+
P(A7 < n~14g,) — 0. This shows that P(Q7) — 0.
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Step 2. We next show that P(25) — 0. Letting u; and u; be as in the expres-
sion for €25 and arguing as before, one obtains that 21‘ (u) > 2’21 (u) foru € [uy, us]
and, consequently, that all class-1 customers are routed to station 1 during this pe-
riod. Analogously to (108), we find that on 7

h'n'l? < Af(u) — A (ur) — D5 (ur, up).

Using the inequality A% (ug) — A% (u1) < A5(uz) — A5(u1) and some direct calcu-
lation, we deduce from the above that

(111) B < A%y, up) — S5 (uy, uz),
where §’21 is as in (109) and
Al(t1, 1) = Al(1y) — AB(1) + AMan~ V2 (1 — 11).

Note that the r.h.s. of (111) contains the term ynn1/2 (up —uy), where y,, = n~! A5 —
> i=1.2 M ¥5. We claim that y, is bounded above by a negative constant for all
n large. Indeed, recall that £}; = 0 and note that from (10) we have A, = j12285,.
With (9) and (11), this shows A = u2v3, < i1 2 mi2¥/5. The claim regarding
¥, thus follows from (8).

Along the lines of step 1, we obtain, instead of (110),

B < wrpen (AL — W3, A) —n'2ALA,
where A =upy — uy,
AL =C3— Can™ A+ X" [ agn + [T ),

and C3 > 0 and C4 are constants. The rest of the argument for showing P (£25) — 0
is similar to that in step 1 and is omitted. We conclude that P(¢” < t") — 0. O

PROOF OF THEOREM 2.4. In view of Proposition 4.1, it only remains to treat
the case where e - x > —1. We can split the sequence of systems into two subse-
quences according as e - X% < —1 or not, and since the result is already proved
for the subsequence on which e - X0 < —1, we will assume, without loss of gen-
erality, that e - X0 > _1 for all n. As a result, the second part of the definition of
the proposed policy applies. In the first part of the proof we used the fact that the
system starts with no queues. In the current situation we argue that, even if the sys-
tem starts with a queue, it is brought quickly to zero. Recall the notation 7} from
definition of the policy. Note that, prior to time ), there are r,, class-1 customers
that are kept in the queue and that, as far as all other customers are concerned, the
system behaves exactly as in the first part of the definition. As a result, we can
use Corollary 4.1 with r =14 sup,, n~12r, < 0o, and it follows that P(ty <¢/2)
converges to 1. At time 7 the system is in a state very similar to that in which a
system satisfying e - X0" < —1 is at time zero, in the sense that ¢ - X”(ré’) < -1
and |Z}(zg) — Z5 ()| < 1. A review of the proof of Proposition 4.1, replacing
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the initial values of all processes by their values at time 7y, shows that, with prob-
ability approaching 1, Y"(¢) is kept zero for ¢ € [¢, T]. As in Section 3, the only
remaining issue is that X" (7)) must be shown to be tight. This is indeed the case
by Corollary 4.1. [

APPENDIX A
LEMMA A.1. (i) All nodes 4 U g of G» are connected through the edges of Gp.

(ii) Every nonbasic activity (i, j) € &,p belongs to a simple cycle.

PROOF. For (i), consider a node of §, i € {. By (10), ZJ- ,EL,-J-S;;. > 0 and,
therefore, there exists j € & such that “;‘i’; > (. This shows that (i, j) € &, and thus,
i must be a node of §;. A similar argument holds for a node j € 4 observing that
b, f;-';; = 1 by the heavy traffic condition. Item (ii) follows since 4y is a tree. [

PROOF OF THEOREM 2.1. We first show that the relations (3)—(6), when
rescaled appropriately, imply the following:

A A A [/\
(112) X?(z)=x?’”+w;l(z)—zugfow;“j(s)ds, icl jed,

j<d

(113) Y+ Y W =X, i€d,
j<d

(114) 2+ Y Wi =N, jeg,
ied

(115) Y;(t) >0, Z;@t) >0, (1) >0, icd,jeg,ceC,t>0.
To this end, note that by (15), (16) and (19),
X1(t) =n~ V(X (1) — nx})

~ ~ ~ r_
=X+ A - Y8 (/0 \p;’j(s)ds>

j€d
r_
+n—1/2|:)\?t — Zn,u,fj/(; \Ilfj(s)ds:|.
j€d
By (13), (17) and (18), the last term in the above display is equal to
[ ~ ~
— Z /’L?j /(; \Ili"j(s) ds +Al't + I’ll/2|:)nl' — Z M?j‘ﬂ;;:|f-

jed jed
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Using (10), (11) and (13),

n1/2|:)»i -y /L?jll/ij'i|t =-> e,
j€d j€d
Combined with (26), this establishes (112) above. Equations (113) and (114) and
the first two inequalities in (115) directly follow from (4), (5), (6), (11), £ 14), (16)’
(17) and (18). For the last inequality in (115), recall that, for c € C, W} = W’

ij?
where (i, j) = o~ 1(¢), and that, for all (i, j) of this form, wi’; =0.
Equations (28)—(29) follow from (113)—(115). As for (27), it suffices to prove
the identity

Wl () = Gij (X" (1) — Y"(t), N"

—Z2"0)— > sle i, PR,

ceC:(i,j)ec

(116)

for all (i, j) € &, t > 0. Indeed, with (21), the above implies the identity

=D w0 ==Y uf G (XM = Y (@), N — Z"(1))
j€d jed

+ > ml W),

ceC

which, along with (25) and (112), establishes (27). In order to show (116), define

17 Y=o+ > s PO, ) et
ceC: (i,j)ec

As follows from the uniqueness statement succeeding (22), in order to prove (116),
it is enough to show that {Ti”j} satisfy the system of equations (22) with a =
xn (t) — yn (t) and b = Nt — Zn (t). To this end, note that if (i, j) is a nonbasic
activity, then there is exactly one simple cycle ¢ for which (i, j) is an edge and one
has s(c, i, j) = —1 and, by definition of li!g‘, v = ‘I’Z This shows that Ti”j =0
for (i, j) € &,p. Next, note that, for a given ¢ € C and a node i € J of c, there are
exactly two edges of ¢ of the form (i, j). By the construction of directions, for
these two values of j, the signifiers s(c, i, j) must have opposite signs. As a result,
Dcee 2j: G, jec S, )W (1) = 0. Changing the order of summation and using
an analogous argument for summation over i, we obtain

Y s p¥m =0, ied,

jeFceC: (i, j)ec

Yo Y sCei, p¥@) =0, j€g.

ied ceC: (i,j)ec

(118)
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Equations (113), (114) and (118) now show that {Tl.”j} satisfy (22) with the values
a and b mentioned above. This proves (116) and, in turn, the relation (27), and
completes the proof of the theorem. [

PROOF OF LEMMA 3.1. Let X"(¢), Y"(t), Z"(¢) and {W(¢)} be given, sat-
isfying all requirements in the statement of the lemma. Define {llll.”j (t)} according
to (42). Equations (2), (4) and (5) follow directly from the definition of G and
{s(c,1i, j)}. Asfor (6), it remains only to prove that \IJ,.”J- (t) = Oforevery (i, j) € &p.
Along the lines of Lemma 3 of [2], note that ¢/* = G (x*, v), as follows from (11).
Using linearity of the map G on the domain D¢ and the bound assumed on W/,

\Ilinj (1) > Gjj(nx™, nv)
+Gij(X"(t) —nx* = Y"(t), N" —nv — Z" (1)) — Craon,
where C1 is a constant independent of n, t and the choice of ag and, therefore,
(1) = (Y] — Crag)n
— C(IX"(#) = nx* =YY" V IN" —nv = Z"(D)]),

where C; is a constant depending only on the map G. With the assumed bound on
I X" —nx*|| vV |IY"|| V|| Z"||, using also (14), we obtain \Ilfj (t) > (1//;;- — Czag)n —
C4n'/? for appropriate constants C3, C4 independent of n, ¢ and ag. Since w;} >0

for all (i, j) € &, it follows that ap > 0 may be chosen so that, for all large n,
lIJ{’j =0 0O

SKETCH OF PROOF OF PROPOSITION 2.1. We simplify the notation by writ-
ing A", A", X" and, respectively, X" for Abp, A’(")L, XPps )_(”OL, and so on (there
will be no confusion). Note that an analogous result to (56) holds and, in particular,
for every t,

(119) n_lAl'f () = 1A in probability,

asn — oo. Fix t > 1. By (112), we have
X”(t)—X”(O)-i—A"(t)—Zulj/ \IJ (s)ds—l—A"(t)

where

(1200 A (r) = [ —l2gn (/ o (s)ds)—i—(ulj u”)/ o (s)ds}

By (5) and (6), \IJI.”J- (t) is bounded. An argument as in step 2 in the proof of The-
orem 2.3 shows that the first term in (120) converges to zero in probability. Since
“?i — Wjj, so does the second term and, in turn, A7 (¢) — 0 in probability. It can
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be shown that there exists a constant § > 0 depending only on (A, A/, 1), such that,
for any sub-stochastic matrix (&;;),

(121) m.ax[x; — DA &,} > 5.
’ j

Let Q" = {foralli € &, |A7(t)| + [~1A?(t) — Ai| < §/3}. By (119), we have
P(Q2") — 1. Define

T n
A T 32

It can be shown by (5) a_nd (8) that A} — 3" ; j1;j Si’} > A — 2 Mij _l.’} —§8/3, for all
n large and all i. Since & is sub-stochastic, (121) implies that, for some i, we must
have A; — 3_; f1ij &]; > 8, hence, A} — 3= ; ij §[; > 28/3, for some i. This can be

used to show max; )_(f (t) > 8t/3 on Q". Due to the relation 171-” (1) + Z_,- ‘Ill.”j (t) =
X! (t), we have Y/'(t) > X! (t) — C, foralli, where C does not depend on n
or t. Hence, max; fi” (t) = 8t/3 — C. We conclude that on Q", for all n large,
> Y/'(t) = [6t/3 — Cln, and the result follows. [J
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