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This paper introduces and analyzes the notion of throughput suboptimal-
ity for many-server queueing systems in heavy traffic. The queueing model
under consideration has multiple customer classes, indexed by a finite set J,
and heterogenous, exponential servers. Servers are dynamically chosen to
serve customers, and buffers are available for customers waiting to be served.
The arrival rates and the number of servers are scaled up in such a way that the
processes representing the number of class-i customers in the system, i € {,
fluctuate about a static fluid model, that is assumed to be critically loaded in
a standard sense. At the same time, the fluid model is assumed to be through-
put suboptimal. Roughly, this means that the servers can be allocated so as
to achieve a total processing rate that is greater than the total arrival rate. We
show that there exists a dynamic control policy for the queueing model that
is efficient in the following strong sense: Under this policy, for every finite T,
the measure of the set of times prior to 7, at which at least one customer is
in the buffer, converges to zero in probability as the arrival rates and number
of servers go to infinity. On the way to prove our main result, we provide
a characterization of throughput suboptimality in terms of properties of the
buffer-station graph.

1. Introduction. In this paper, we study a class of many-server queueing sys-
tems in heavy traffic, that are critically loaded in a standard sense, but exhibit a
behavior that is typical to subcritically loaded systems. We introduce the notion of
throughput suboptimality for an underlying fluid model, and show that it plays a
central role in determining and explaining this behavior.

The queueing model under consideration has multiple customer classes, indexed
by a finite set 4, and heterogenous exponential servers. The servers are grouped in
pools, indexed by a finite set ¢, and it is assumed that each pool has a large number
of servers that have identical capabilities. In particular, the rate, denoted by u;;,
at which a server from pool j € ¢ serves customers from class i € {, depends
on both i and j. It is also possible that servers from pool j cannot serve class-i
customers, in which case we write w;; = 0. The arrival of class-i customers is
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FIG. 1. A queueing model with four customer classes and three service pools.

modeled as a renewal process with rate A;, i € . Servers are dynamically chosen
to serve customers, and buffers are available to accommodate customers that wait
to be served (see Figure 1). The model is considered in a many-server heavy traffic
regime, in which the number of servers at each pool and the arrival rates are scaled
up at a nearly fixed proportion, and in such a way that the processes that represent
the number of class-i customers in the system, i € J, fluctuate about a certain static
fluid model. This fluid model is assumed to be critically loaded, in a standard sense.
In particular, (1) servers can be allocated in such a way that the total processing
rate devoted to class-i customers is equal to the arrival rate A;, for every i € {;
and (2) property (1) does not hold if one of the arrival rates A; is replaced by
some A; > A; (there are some further assumptions; see Section 2). It is possible
for such a model to satisfy the following condition: servers can be allocated so
as to achieve a total processing rate that is greater than the total arrival rate (see
Section 2 for a precise statement). If this condition holds, we say that the fluid
model is throughput suboptimal. Our main result (Theorem 1) shows that when
the fluid model is throughput suboptimal, one can find a dynamic control policy
for the queueing model that exhibits a strong form of efficiency: Under this policy,
for every finite T, the measure of the set of times prior to 7', at which at least one
customer is in the buffer, converges to zero in probability as the arrival rates and
number of servers go to infinity. Thus, although the system is critically loaded, its
buffers are “essentially” empty, as if the system is subcritically loaded (see [5],
Theorem 6.8(i), for a typical asymptotic result in a subcritical regime in diffusion
scale, where the buffers are empty in the limit).

This work is motivated by recent progress on scheduling and routing control
problems for many-server systems, and their diffusion-scale limits; see references
cited in [1], Section 2.3.3. In many of these references, one attempts to find a
dynamic routing policy that minimizes a given performance measure. Viewing
these hard problems at a diffusion scale typically simplifies the task, because at
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the scaling limit the problem transforms into that of optimally controlling a diffu-
sion process. Diffusion scale is natural because at this scale the primitive processes
(associated with arrival and service) exhibit nontrivial random fluctuations. To ex-
plain how our result is related to this viewpoint, let n denote a parameter by which
the number of servers and the arrival rates are scaled [as in (2.7); see Section 2 for
the precise setting]. Denote the total queue-length of the nth system by Q" (start-
ing in Section 2 this process will be denoted by e - Y"). A typical control problem is
that of minimizing E [foT Q” (t) dt], where Q” =n~1/2Q", a diffusion-scale ver-
sion of Q". Our result can be viewed as a contribution to this line of work. Indeed,
assuming throughput suboptimality of the fluid model, it implies that there exists a
policy under which, for every T < oo, the empirical law associated with Q”l[o,T]
converges weakly to the unit point mass at zero, as n — oo (although it does not
address an expected cost of the above type). However, we do not present the result
in diffusion scale, because it is sharper and, in fact, establishes the above statement
about the empirical law of the process Q" |[o, ] itself.

A related analysis appears in [3], where the same model is proved to satisfy a
stronger result under a stronger assumption. While the current paper addresses the
capability to maintain a system with no customer in the buffer “most of the time,”
with large probability, the result of [3] concerns maintaining a system with no
customers in the buffer “at all times” (apart from an initial transition phase), with
large probability. More precisely, under appropriate assumptions, it is shown in [3]
that there exists a policy under which, for every 0 < ¢ < T < oo, the probability
that at least one customer is present in the buffer any time within [e, T'] approaches
0 in the scaling limit. This phenomenon is shown to be related, on one hand to a
formulation of the limiting diffusion model as a diffusion with singular control
[3], Section 3. On the other hand, it is shown to be related to a condition on the
graph that encodes the network’s structure. This graph has a vertex for each class
i € £, a vertex for each server pool j € 4, and an edge, with an associated weight
wij, between a class vertex i and a pool vertex j if, and only if u;; > 0. The
assumption of [3] is the existence of a cycle p in this graph, having a negative
total signed weight, u(p), where the (p-dependent) signs of the weights p;; are
appropriately defined [as in equation (3.1) in the current paper; see also equation
(3.2) for a definition of w(p) as the sum of the signed weights along p]. We will
show that the algebraic condition alluded to above is a special case of the main
assumption of the current paper, namely throughput suboptimality. We will also
characterize the latter condition in terms of the graph and the signed weights, and
show that throughput suboptimality may occur in one of two ways: The existence
of either a cycle or an open path p (appropriately defined), with signed weight
uw(p) <0 (Theorem 2).

We make two further remarks about the relation to [3]. First, the difference be-
tween having no customers in the buffer for a given period of time [e, T] (as in
[3]) and having no customers in the buffer most of the time within [e, T'], may be
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significant with regard to the queue-length performance measure. In fact, under
the policy constructed in the current paper, there are short time periods in which
large queues build. We believe that a result of the type of [3] is not possible un-
der the conditions of the current paper, but we do not prove this claim. Second,
the results of [3] allow for both preemptive policies (where service to a customer
can be interrupted and resumed at a later time, possibly at a different server) and
nonpreemptive ones (where service cannot be interrupted), while the current paper
only treats preemptive policies. We leave open the question of whether analogous
results are possible for the nonpreemptive case.

The results of [3] and the current paper reveal two aspects of a phenomenon,
where critically loaded many-server systems behave as subcritically loaded. As
our main result shows, the notion of throughput suboptimality captures this phe-
nomenon. It is reasonable to expect that this connection continues to hold in a
wider family of critically loaded many server models, with more general structure.

The main tool in analyzing the probabilistic model is a related deterministic dy-
namic fluid model, that roughly replaces stochastic fluctuations by deterministic
ones. Throughput suboptimality is shown to have an effect on this model that is
similar to the one discussed above, where quantities that represent queue-lengths
are shown to be small, in an appropriate sense (see Theorem 3). The proof of the
result relies on the graph-theoretic characterization alluded to above, and specifi-
cally uses the existence of a path p with the property u(p) < 0. The result for the
probabilistic model follows from the deterministic one in a relatively straightfor-
ward way.

The organization of the paper is as follows. Section 2 contains the description
of the model and assumptions, and the statement of the main result. Some numer-
ical examples are given at the end of this section. Section 3 provides an algebraic
characterization of throughput (sub) optimality. The dynamic fluid model is intro-
duced in Section 4. A property for this model that is analogous to the main result
is proved, based on the results of Section 3. Relying on the deterministic model
results, we provide in Section 5 a proof of the main result.

NOTATION. Write N for the set of positive integers, Z. for the set of non-
negative integers, and R, = [0, 00). For a real number a, let a™ = max{0, a},

a~ = —min{0, a}. For a positive integer d and x € R? | let || x| = 2?21 |x;|. For
v,u e R let v-u = Zflzl u;v;. The symbols e; denote the unit coordinate vectors
and e = (1,...,1). The dimension of e may change from one expression to an-

other. Denote by ID(RY) the space of all cadlag functions (i.e., right continuous
and having finite left limits) from R to R?. Endow D(R?) with the usual Sko-
rohod topology (cf. [4]). If X", n € N, and X are processes with sample paths in
D(R?), write X" = X to denote weak convergence of the measures induced by
X" [on D(R%)] to the measure induced by X. Denote | X|f = supy, <, | X (u)| for
X e D(R) and || X ||} = supg, <, | X (w)]| for X € D(RY).
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2. Setting and main result.

2.1. Probabilistic queueing model. A precise description of the queueing
model is as follows. A complete probability space (2, ', P) is given, supporting
all stochastic processes defined below. Expectation with respect to P is denoted by
E. The queueing model is parameterized by n € N. It has I customer classes and
J service stations. Station j has N’ identical servers. The classes are labeled as
1,...,1 and the stationsas I +1,...,1+ J:

I={,....0}, g={+1,....1+J}

Arrivals are modeled as renewal processes with finite second moment for
the interarrival time. More precisely, we are given parameters A > 0, i € {,
n € N, and independent sequences of strictly positive i.i.d. random variables
{Ui(k),k € N}, i € {, with mean EU;(1) = 1 and squared coefficient of varia-
tion C}, ; = (EU;(1))~2 Var(U; (1)) € [0, 00). With -0 =0, the number of class-i
arrivals up to time ¢ at the nth system is given as

A”(t)—sup{l>0 > Uitk) <t} t>0.

o M
Forie d,je g and n € N we are given parameters /,L?j > (, representing the
service rate of a class-i customer by a server of station j. There is a possibility for
,ufj =0, in which case we say that class-i customers cannot be served at station
Jj. Forevery (i, j) € 4 x &, we denote by W/’ (t) the number of class-i customers
being served in station j at time ¢. By deﬁmtlon
(2.1) \Ilfj r)=0 for (i, j) s.t. u?j =0.

Service times are modeled as independent exponential random variables. To this
end, let Sl”/, (i, j) € 4 x ¢, be Poisson processes with rate M?j (where a Poisson
process of zero rate is the zero process), mutually independent and independent
of the arrival processes. Let T” (t) denote the time up to ¢ devoted to a class-i
customer by a server, summed over all servers from station j, and note that

(t)_/\lf (s)ds, ied,jed,t>0.

The number of service completions of class-i customers by all servers of sta-
tion j by time ¢ is, by assumption, given by D;’j () := Si”j(Ti’j’-(t)). See [3] for
explanation on the exponential service time property of this model. We refer to
D" = (DU, (i, j) € & x ) as the departure process. The processes A" and §" will
be referred to as the primitive processes.

Denoting by X7 (¢) the number of class-i customers in the system at time ¢, and

setting X ?’” = X7 (0), it is clear from the above that

22 XMO =X+ AN =Y Sh (/ W (s)ds) icd,t>0.
j<d
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For simplicity, the initial conditions X ?’" are assumed to be deterministic. Finally,
we introduce the processes Y/ (t), representing the number of class-i customers
that are in the queue (and not being served) at time ¢, and Z" (¢), representing the
number of servers at station j that are idle at time ¢. Clearly, we have the following
relations:

(2.3) YO+ ) W) =X[(1), i€l
jed

(2.4) ZHo+ ) Vi =Ni,  jeg.
ied

Also, the following holds by definition:
(2.5) Y/(1) =0, Zi(t) =0, (1) = 0, ied,jed,t=0.

Equations (2.1)-(2.5) indicate some properties of the processes involved, but
they do not characterize these processes, because the process W" has not yet been
described. As reflected in the following definition, we regard W" as a control
process that can be obtained as “feedback™ from the “state” process X" and the
arrival process A”.

DEFINITION 1. Fix n. We say that a process V" = (llli’fj);ee% where, for
(i, j) € 4 x g, V] takes values in Z and has right-continuous paths, is a schedul-
ing control policy (SCP) if the following conditions hold:

(i) Given initial data X™° and primitive processes A" and S”, there exist

processes X", Y and Z" with values in Zi, Zﬁ and Zf_, respectively, such
that (2.1)—(2.5) are met;
(i1) For every t > 0, W"(¢) is measurable on o {X"(s), A" (s):s <t}.

Note that uniqueness of the processes X", Y and Z", given A", §" and V",
is immediate from (2.2)—(2.4). Note also that according to this definition, service
to a customer can be stopped and resumed at a later time, possibly in a different
station.

We will use some elementary graph theoretic terminology and notation as fol-
lows (see, e.g., [6] for standard definitions). For a nonempty set Vand E CV x V,
we write G = (V, E) for the graph with vertex set V and edge set E. A vertex hav-
ing exactly one neighbor is called a leaf vertex, and an edge joining a leaf vertex is
called a leaf edge. A connected graph that does not contain cycles is called a tree.

We denote the index set for all customer classes and service stations by V :=
LU ¢, and the set of all class—station pairs by & := { x . Some of the elements
(i, j) of & correspond to class—station pairs where station j can serve class i. We
encode this information by setting

(2.6) Ea={G,j) €4 x F:uj; >0},
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where throughout we assume that &, does not depend on n. A class—station pair
(i, j) € &, is said to be an activity. Throughout, if &; is a subset of &, we write &}
for the complement of & with respect to &. The set of class—station pairs that are
not activities is denoted by &5 = & \ &,. We denote G, = (V, &,), and refer to it as
the graph of activities.

2.2. Static fluid model: heavy traffic and throughput optimality.

Heavy traffic condition and related assumptions. We will assume that the para-
meters of the probabilistic queueing model satisfy certain conditions that indicate
that the system is critically loaded. To specify these conditions, we will introduce
a deterministic, static fluid model, defined in terms of a simple linear program.

We assume that there are constants A;,v; € (0,00),i € 4, j € &, and p;; €
(0, 00), (i, j) € &, such that

nIA s, ield,
(2.7) nINT v jed.
Ki; = Kijs (i, ) € &,.

We set u;; =0 for (i, j) € & . [Later on we strengthen (2.7) above; cf. Assump-
tion 3.]

Consider a fluid model, where the arrival and service processes are replaced
by deterministic flows with corresponding rates A; and p;;. There are I classes
of incoming fluid and J processing stations (while for the probabilistic queueing
model we used the terms class-i customers and service station j, for the current
model we use class-i fluid and processing station j). Station j has capacity to hold
v; units of fluid. When station j contains ;; units of class-i fluid, for all i € { and
J € &, the rate at which class-i fluid is processed at station j (and leaves the sta-
tion) is w;;¥;;. The overall rate at which class-i fluid is processed (and leaves the
system) is 3 ; pij¥ij. Let E be the setof I x J matrices § with §;; >0, (i, j) € &,
and ) ;&; <1, je g. For § € B, §; will represent the fraction of the service
capacity from station j allocated to process class-i fluid. We call an element of E
an allocation matrix. The fluid model uses a fixed allocation matrix for all times
(hence the term “static” model). Set [;; = u;;jvj, (i, j) € &. Note that §;; is equal
to the amount of class-i fluid contained in station j, normalized by the capacity of
station j, namely ¥;;/v;. Consequently, w;;¥;; = j1;;&;;. Consider the following
linear program:

Find {&;;, (i, j) € €} and p € Ry so as to minimize p subject to
Zﬁijéij=li, i€,
j€d
(28) > & <p. J€g,

ied

§ij >0, (i, j)€6.



528 R. ATAR AND G. SHAIKHET

For p € [0, 1], a £ as above is clearly an allocation matrix. The first line of (2.8) ex-
presses that the system is balanced, in the sense that for each i, the total processing
rate of class-i fluid equals the rate at which fluid of this class enters the system. We
will assume throughout that the system is critically loaded, in the following sense.

ASSUMPTION 1. There exists an optimal solution (§*, p*) to the linear pro-
gram (2.8), satisfying ) ;o Si’; =1 forall j € § (and consequently p* = 1).

This assumption is weaker than the heavy traffic condition of [7] where the
optimal solution is assumed, in addition, to be unique. Throughout the paper, we
fix S;} satisfying Assumption 1, and also let

(2.9) v =gy, xf=) &vi, i€l jed.
J

The following simple relations follow directly from the above assumption:

2.10) Y yi=x. Y yhi=vi. k=Y v, i€l jed.

jed ied jed

The quantity wl?’;. represents the amount of class-i fluid that station j contains (and
processes), under the allocation matrix £*, and x; represents the total amount of
class-i fluid being processed.

Following [7], an activity (i, j) € &, is said to be basic (resp., nonbasic) if 5;; >
0 (resp., = 0). Define the graph of basic activities Gy, to be the subgraph of G,
having 'V as a vertex set, and the collection

Era = (i, ]) € Ea:5]; > 0)

of basic activities as an edge set. The following will be assumed throughout.
ASSUMPTION 2. The graph Gp, is a tree.

Under the heavy traffic condition of [7], alluded to above, Assumption 2 above
is known [8] to be equivalent to the complete resource pooling condition [3, 7], of
which one of the equivalent formulations is that all vertices in § communicate via
edges in Gpa, expressing a strong mode of cooperation between the service stations.
Note that the combination of Assumptions 1 and 2 forms a weaker assumption
than the combination of the heavy traffic and complete resource pooling conditions
(assumed, e.g., in [3]). It is possible for the linear program to have multiple optimal
solutions, and it is only required that one of them satisfies the tree structure.
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Throughput optimality. Assumption 1 expresses critical load on the system,
in the sense described earlier, but it does not exclude the possibility that the total
processing rate can exceed the total arrival rate. Namely, it is possible that there
exists an allocation matrix £ under which

(2.11) > ijgi > Y M
(i,j)e€ iel
The set of allocation matrices § € E that satisty
(2.12) Y &y <x  forallied
jed
is of interest. Under these allocation matrices, for each i € {, the total amount of
class-i fluid being processed does not exceed that under £*. A condition involving

simultaneously (2.11) and (2.12) will be key in this paper. We will say that the
static fluid model is throughput optimal if the following holds:

Whenever & € E and Zfz‘jvj <x]Viel,
jed

one has Z wij&ij < Z)""

(i.j)e€ ied

(2.13)

We will say that the static fluid model is throughput suboptimal if it is not through-
put optimal.

When the static fluid model is throughput suboptimal, one can find § € E meet-
ing (2.11) and (2.12). Recall that x* represents the amount of fluid of each class
being processed in all stations. Thus, when (2.13) fails to hold, one can keep the
same amount of fluid of each class as under £*, and redistribute it among the sta-
tions so as to obtain a greater total processing rate than under &*. Note, however,
there is no guarantee that under & the processing rate is sufficient for handling
arrivals of all classes. Namely, it is possible that

2.14) there is a class i € 4 for which Z wijij <A,
Jjed

and thus a use of £ may result in instability. [It is not hard to see that in the case
where the optimal solution to the the linear program is unique, (2.14) holds for any
& # £*.] In the probabilistic queueing model, however, one can vary the allocation
over time, and the existence of £ as above turns out to have a crucial impact. This
is expressed in Theorem 1 below, which is our main result.

The following assumption regards the second order behavior of the parameters
and initial condition.

ASSUMPTION 3. There is a constant ¢ < oo such that foralli € {, j € § and
neN,

- - —1+v0, -
2.15) A = ail VR — il v T INT — v v T X — X < en 2,

]
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THEOREM 1. Let Assumptions 1-3 hold. If the static fluid model is throughput
suboptimal, then there exists a sequence of SCPs, under which for any fixed 0 <
T <ocoando>1/2,

T
(2.16) /0 Lie.yn(s)=0yds — 0 in probability, as n — o0,
(2.17) n7e|X" — X%"||% — 0 in probability, as n — oo.

REMARK 1. Assumption 3 could be somewhat relaxed by replacing the bound
on the last term in (2.15), namely |n_1Xl(-)’" —x¥| <en~V2 by (n_lX?’" —x¥) <
en V2, neN, i€ 4, so as to cover cases where the initial load on the system is
subcritical. There is a simple argument by which this can be deduced from The-
orem 1, where one introduces virtual customers at time zero, thus increasing the
value of X" so that (2.15) holds, and Theorem 1 is in force. We leave out the
details.

The main idea of how throughput suboptimality is used in the proof of Theo-
rem 1 is as follows. Recall that when the static fluid model is throughput subop-
timal, one can find an allocation matrix £ € E under which the total processing
rate is strictly greater than the total arrival rate ) ; A;. In the probabilistic queueing
model, we can interpret this condition by saying that when, for each j, the pro-
portion of pool-j servers allocated to class i is (roughly) &;;, the system operates
with a total service rate that exceeds the total arrival rate. Since (2.14) may hold,
a constant use of such proportions for a long time might result in instability, in the
sense that at least one of the queues must build up. Therefore, such a strategy will
not achieve (2.16). A slightly more sophisticated strategy is one that alternates be-
tween policies (i) and (ii), as follows. (i) Use, as above, proportions according to &,
until the system reaches a state where the total number of customers is less than the
total number of servers, but possibly with some queues building up; (ii) Rearrange
customers in the system so that all buffers are empty. This is made possible because
the number of customers is less than the total number of servers, and the vector of
normalized numbers of customers is close to x* [note also that (2.12) is necessary
because in the rearrangement process (ii), the total number of servers allocated to
serve class i is limited by the number class-i customers in the system]. Then use
a control that merely keeps the buffers empty for some time. The proof shows that
this can be done in such a way that the length of the time intervals where (i) is
applied are much shorter than those where (ii) is applied, so that (2.16) is achieved
in the limit.

In order for our argument to be valid, there must exist an allocation matrix &
which achieves the inequality that is a part of the definition of throughput subopti-
mality, namely that under &, the total processing rate exceeds the total arrival rate.
That, of course, does not imply that throughput suboptimality is necessary for the
validity of (2.16), and so the question of whether a converse to our main result
holds, is left open. We intend to address this question in future work.
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2.3. Examples. We demonstrate throughput suboptimality by some numerical
examples.

EXAMPLE 1. Consider the following static fluid model in heavy traffic, with
2 classes of customers and 3 stations

b } = 8 - (3 10 1
) “\4) HTHEE1L 4 2)
The resulting optimal static allocation is as follows (2.9):

. .+ (1 050 . (15
yo=5 “(0 0.5 1> and “"‘(LS)'

To see that the static fluid model is throughput suboptimal, let ¢ > 0 be sufficiently
small and consider the allocation matrix

E= l1—-¢ 05+¢ O
€ 05—¢ 1

Clearly, we have }_; &jv; = x* for every i. However, 2. j)ee Eiflij > M + A2
Thus, the condition of throughput optimality (2.13) is not satisfied. The result of
Theorem 1 holds. We note that the assumptions of [3] are also valid in this example.
See more information on this example at the end of Section 3.

EXAMPLE 2. In this example, the data is the same as in Example 1 above,
except for one entry:

. } L (® (310 1
A =\4) HTHE=\o 4 2)

The resulting optimal static allocation is as follows:

w80 ()

With ¢ > 0 sufficiently small, the matrix

_(1—¢ 05+¢ O
L 0 05-¢ 1

is an allocation matrix. Moreover, Zj &jv; =x! and Z(i’j)eg Eijlij > M + A2.

Thus, the static fluid model is throughput suboptimal. As shown in the end of
Section 3, the conditions of [3] are not satisfied for this example.

vr)

EXAMPLE 3. Consider

1 4 2 4 05
v=|1], =1, p=pg=[03 1 1].
1 2 0.1 05 4



532 R. ATAR AND G. SHAIKHET

The resulting optimal static allocation is as follows:

1 05 O 1.5
Yyr=£"=10 05 05 and x*=| 1 ].
0 0 05 0.5

The static fluid model for this example is throughput optimal, as we show at the
end of Section 3, using the tools we develop in Section 3.

3. Characterization of throughput optimality. The main result of this sec-
tion (Theorem 2) characterizes throughput optimality in terms of some graph-
theoretic properties of the network. To state it, we need some definitions.

Recall that by Assumption 2, the graph Gp, is a tree, and because by construc-
tion, it is a subgraph of §,, all its edges are of the form (i, j) where i € { and
Jj € 4. In the definition below and elsewhere in this section, it will be convenient
to identify (i, j) with (j,i) (where i € { and j € §) when referring to an element
of the edge set &. Although the notation is abused, there will be no confusion since
J and ¢ do not intersect.

DEFINITION 2. (i) A subgraph g = (Vy, &;) of v, is called a basic path if
one has V, = {io, jo, ...k, jk}, and

&g = {0, jo), (o, i1), -+, (i, Ji)}

where k > 1 and igp,...,ix € 4, jo,..., jx € § are 2k 4 2 distinct vertices. Note
that every edge of a basic path is a basic activity (i.e., an element of &p,). Denote
by BP the set of basic paths. Basic paths are used in this paper mainly in order to
define simple paths, as follows.

(ii) Letthe leaves ig and j; of a basic path g be denoted by i and, respectively,
j4. The pair (i, j9) could be an activity (an element of &,), in which case it is
necessarily a nonbasic activity (i.e., an element of &, \ &,), and we say that the
graph (V,, &, U {(i?, j7)}) is a closed simple path; otherwise (i9, j9) is not an
activity (i.e., it is in &) and we say that ¢ itself is an open simple path. We say
that p is a simple path if it is either a closed or an open simple path. Denote by CSP
and OSP the sets of closed and open simple paths, respectively, and by SP the set
of simple paths. For a path p € SP, we write V,, and &), for its vertex and edge sets,
respectively. Finally, if p is a simple path, let ¢” € BP denote the corresponding
basic path ¢, and let i” € 4 and j? € § denote the leaves i? and j? of ¢?”.

Note that if p = (V), €p) is a simple path and g? = ('V,, &) is its correspond-
ing basic path, then 'V, =V, and &, = &, \ {(i?, jP)}.

Next, we associate directions with edges of simple paths. Let p be a simple
path and let ¢ = g” = (V,, &) be the corresponding basic path. Write &, =
{Go, jo), ---, (k, jx)}, where i, ...,ix € £ and jo, ..., jr € 4. The direction that
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will be associated with the edges in &,, when considered as edges of p, is as fol-
lows: jx — ix = jx—1 = ix—1 —> -+ — jo — io. In the case of an open simple
path, this exhausts all edges of p. In the case of a closed simple path, the direction
of (i?, jP) = (ig, jr) is igp — Jjk. We note that an edge (corresponding to a basic
activity) may have different directions when considered as an edge of different
simple paths. We signify the directions along simple paths by s(p, i, j), defined
foried,je g, (i, j)eé&, peSP,as

-1, if (i, j), considered as an edge of p,
is directed from i to j,

1, if (i, j), considered as an edge of p,
is directed from j toi.

(3.1 s(p. i, j) =

‘We will denote

(3.2) wp)= > sp,i,Duij, i€l
(i.])€E,

THEOREM 2. Let Assumptions 1 and 2 hold. Then the following statements
are equivalent:

1. The static fluid model is throughput suboptimal.
2. There exists a simple path p € SP such that u(p) < 0.

Condition (2.13) is stated in terms of the variables {&;;}. It will be convenient to
work with the variables {1;;} in the proof below. To this end, recall that v; > 0 for
all j and wl?';- = S;’} v;. Thus, the negation of (2.13) can be written as follows: There
exists

(3.3) V=i VijeRiiel jed,
satisfying
() > i <v; forall j € ¢,
iel
(3.4) (b) Y ¥ij<xf forallield,
jed
(©) Z wijij > Z)»i-
i,j)e€ ied

PROOF THAT STATEMENT 2 OF THEOREM 2 IMPLIES STATEMENT 1. As-
sume that statement 2 holds and fix a simple path p with u(p) < 0. Let g = ¢g? be
the corresponding basic path, and recall that wi’; > 0 for (i, j) € &,. Denote

3.5 = mi 5> 0.
(3.5) o (idnglenngu>
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For each (i, j) € 4 x § we define

and o;; = 0 otherwise. Let
(3.7) w,-j:w[;-—i—a,-j for (i, j)ed x g.

To show that statement 1 of the theorem holds, let us show that i satisfies (3.3)
and (3.4). For (i, j) ¢ &p, ¥ij = ;‘} >0.For (i, j) € &,,
Yij = ¥ —a =0,

by (3.5). In the case where p is an open simple path &, = &,, and (3.3) follows. In
the case where p is a closed simple path, it is left to show that ¥;»j» > 0. Recall
that the direction associated with (i?, j?) is i? — jP. Thus, by (3.1) and (3.6),
Yirjp > lﬁ,-*,,j,, =0, establishing (3.3).

Next, if p is a closed simple path then every vertex v of it has exactly two
neighbors along p, say, v’ and v”, and the directions of the corresponding edges
are v/ — v and v — v”. Hence, by (3.1) and (3.6), > jeg0ij = 0 holds for every
i€J,and } ;.4 0;; =0 holds for every j € . The term o;» j», which is positive in
the case when p is closed, is in fact zero in the case when p is open, thus yielding
> jegoij <0foreveryi € fand } ;. o0 <0 forevery j € 4. Since Y™ satisfies
(3.4)(a) and (b), it follows from (3.7) that so does . Finally, by (3.7) and since
(3.4)(c) holds for r* with equality, it suffices to prove

(3-8) Z MijOij = 0
(i,))e€
to establish that i satisfies (3.4)(c). By (3.6) and (3.2),
Z Wijoij = —a Z wijs(p,i, j)=—au(p) >0,
(i.))eé (i,))€8)p

where the inequality follows from (3.5) and the assumption w(p) < 0. This estab-
lishes (3.8) and completes the proof that statement 2 implies statement 1. [

In the rest of this section, we prove that statement 1 of the theorem implies
statement 2. Define

(3.9) M(o):= ) wijoij,
(i.j)e€
for any matrix o € R€. Let S denote the set of o € R¥ satisfying the conditions

(3.10) Y 0;;<0  forallied, Y o;;<0 foralljeg,
jed ied

G.AD) 4oy =0  forall G, j) €&
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and

(3.12) 0ij =0 for all (i, j) € &;.
Note that S is nonempty and compact, and let

(3.13) Mmnax = max{M(c):o € S}.
The following is straightforward.

PROPOSITION 1. Under the assumptions of Theorem 2, the condition
Mmax > 0 is equivalent to the throughput suboptimality of the static fluid model.

REMARK 2. The above result is useful in checking whether the static fluid
model is throughput suboptimal, by simply solving the linear program (3.10)-
(3.13) and checking if Mpax > 0.

Throughout what follows, let statement 1 hold. Proposition 1 implies M,y > O.
Let Sopt (resp., S+ ) denote the setof o € S such that M (o) = Mmax [resp., M (o) >
0], and note that Sy and S are nonempty. For o € S, consider the graph G, =
(Vo , Ey), where

(3.14) Es ={(, ) € &:0i; # 0}

and Vo, ={i € L:(i,j) € E; some jlU{j e g:(,j) € E5, somei} consists of
all corresponding vertices. Since M (o) > 0, we have:

(3.15) there exists (i, j) € E, with 0;; > 0.
By (3.10) and (3.14),

(3.16) if (i, j) is a leaf edge of G, then 0;; <0,
and

(3.17) if (i, j) € E; and o;; > 0 then there exist two edges
’ (i, jo), (io, j) € Egwith o, j <0 and o; j, <O.

DEFINITION 3. Let o € S be given. A subgraph g = (V,, &) of the graph
G, is called a good path for o, if it satisfies the following conditions.

(1) (Connectivity) All vertices in 'V, communicate via the edges in &,.
(i) The degree of each vertex is at most 2.
(iii) The number of edges is at least 3.
(iv) (Alternating signs) Whenever (i1, j), (i2, j) € E5, one has o;, joj, j <O0;
whenever (i, j1), (i, j2) € E5, one has o; j,0; j, <O0.
(v) (Maximality) Whenever g is a subgraph of some subgraph g’ of G, and
g satisfies properties (i)—(iv) above, one has g’ = g.



536 R. ATAR AND G. SHAIKHET

It is not hard to see that observations (3.15) and (3.17) about the graph G, imply
that whenever o € S, there exists at least one good path for o.

Let o € §4 be given. For any edge (i, j) € E, define s, (i, j) = — sign(oj;)
and for any good path g for o set

(3.18) wio, g) =Y. so(i, jIuij-
(i,])€€g

We write Sc (resp., S’O) for the set of all o € Sop for which there exists a good
path (resp., there exists no good path) g for o that is a cycle. The letters C and O
are mnemonics for closed and open. Note that Sope = Sc U So. We also set

Sc={(o,g):0 € Sc and g is a good path for o that is a cycle},
So ={(0,g):0 € Sp and g is a good path for o that is not a cycle}.

LEMMA 1. Let (0,8) € So. Write g = (V,, &), where

Vg:{vlv"'9vk}7 8g:{(Ul,Uz),...,(vk_l,vk)},

and vy, ..., v are distinct elements of V. Then oy, , < 0 for every edge (vi,v) €
Es, and similarly oy, <O for (v, v) € E;.

PROOF. Argue by contradiction and assume that oy, , > 0. By (3.17), (v, v2)
must have a neighbor (vg, v1) with vy # vy, satisfying oy, ,, < 0. It is easy to see
that if we had vy € Vg, there would exist a good path for o that is a cycle, violating
the assumption of the lemma that there exist no such good paths for o. Define a
new graph g’ by Vo =V, U {vg} and &, = &, U (vp, v1), and note that it is a good
path (cf. Definition 3). This contradicts the maximality property [Definition 3(v)]
and, therefore, one must have oy, 4, < 0. The second leaf edge (vr—1, vi) is treated
similarly.

To prove the second statement of the lemma, let vy # vy be such that vy € V,
(vo, v1) € E,. Argue by contradiction and assume that oy, ,,, > 0. Since we already
proved that oy, , <0, we can again use the assumption that there is no good path
for o that is a cycle to conclude that vy ¢ V,,. Defining g’ by Vo =V, U {vp} and
&y = &; U (vg, v1) produces a good path that contains g, contradicting property
(v) of Definition 3. Hence, 0y, <0. [

LEMMA 2. Let (0,8) € Sc U So. Then there exists a set SP, C SP of simple
paths, such that

(3.19) mio, g)= > u(p).

pESP,
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PROOF. Consider first the case where (0, g) € Sc. Write g = (V,, &) and let
y? € R€ be defined by

0 _ | sign(o;j), if (i, j) € &,
(3.20) Yij {0, otherwise.

By (3.18) and (3.20), we have

B2 M= Y yiwi= Y sign(oij)wij=—u(o,g).
i,j)e& (i,])€&

The following property is due to (3.20) and the fact that g is a good path for ¢ that
is a cycle:

. ; 0 0
(3.22) foranyi € £ and j € § we have Z ¥;; =0and Zyij =0.
jeg ied

Define a finite sequence ¥’ € R€ recursively as follows. Given y”, if there are
no nonbasic activities (i.e., elements of &, \ &pa) in the set of edges where y' is
supported then terminate, and set R = r. Otherwise, select such a nonbasic activity,
and let p, denote the (unique) closed simple path containing it as an edge. Define
yr—i—l cR¢ by

r+1_ yj;'+s(pr’i’j)’ if(iaj)egpr’

(3.23) i = Vi;‘ , otherwise.

For 0 < r < R, the selected nonbasic activity at step r is (i”7, jP) (using the
notation from Definition 2). By the discussion following Definition 2, the direction
for this activity is i”* — jPr, and thus by (3.1), we have that

(3.24) v/t =yl =1, where (i, j) =", j™).

Given a nonbasic activity (i, j), let r be the first 7’ for which (i, j) is the selected
nonbasic activity at step r’ (if such r’ exists). Since the transformation (3.23) mod-
ifies y only at basic activities and at the nonbasic activity selected at the given step,
it follows that y;; = y;. Hence, by (3.11), (3.14) and (3.20) that y,*; = 1. Thus,

(3.24) shows that yl-f ;“1 =0. As aresult, the support of »"*! contains one nonbasic

activity less that that of y”. It follows that R < oo. Thus, ¥ X is well defined and
supported on basic activities.

Next, since by construction, the selected simple paths are closed, it follows by
the linearity of the transformation (3.23) that (3.22) holds for each y”, and in
particular, for y R 1t also follows from the linearity of (3.23), using (3.2), that
My ™Y =M®©»") + u(p,) for 0 <r < R. Hence,

R—-1

(3.25) My® =M%+ uip.
r=0
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The fact that ¥ ® is supported on basic activities and that these form a tree (cf.
Assumption 2), combined with the fact that y R satisfies (3.22) implies that yR=0.
Hence, M()/R) =0, and using (3.21) and (3.25), we obtain (3.19).

Next, consider (o, g) € Sp. Then g = (V,, &), where

vg:{vl,---,vk}: 8g:{(vlv v2)9~~~7(vk—17 Uk)}9

and vy, ..., vt are distinct elements of V. First, note that either (v, vk) € X &
or (vi,v1) € 4 x §. Indeed, by Lemma 1 and properties (iii)—(iv) of Definition 3,
|€¢| is an odd number, while having both vy and vy belong to either { or § would
result with an even number for |&,|.

Also, we claim that (v, vi) € &. Argue by contradiction and assume that
Hoy,v, > 0. If we had 0y, y, > 0, then by Lemma 1, 0y, », <0Oand oy, , 4, <0, and
there would exist a good path, which is a cycle. This is prohibited since (o, g) €
So. Hence, oy, 4, <0. Set § := min{|oy, |, |oy,_, v |} and define a new matrix
o’ € R¢ by assigning Oy v = Ovp.y + 6 and al.’j =0 for (i, j) € & \ {(v1, vp)}.
By the definition o’ satisfies (3.10)—(3.12) (see also Lemma 1), which implies
M(o') = M(0) + Spty,.0; > M (o). This contradicts the assumption o € Sopt-
Therefore, pty, 4, = 0 meaning (vy, vk) € .

The rest of the argument is similar to the treatment of the case where (o, g) €
Sc, with some modifications as follows. Instead of (3.20), consider yo € RE de-
fined as

sign(o;;), if (i, j) € &g,
(3.26) vg=11 if (i, j) = (v1, vp),

0, otherwise.
Since (v1, vg) is not an activity, (ty, ., = 0, and thus (3.21) is still valid. Also, it
follows from Lemma 1 that yl?l’vz = )/8(7 . = — L, and as a result, (3.22) is valid.
We can now repeat the construction of {y"}, 0 <r < R, and the inductive argument
that leads to (3.25). The matrix y R in this case, is supported on basic activities plus
the edge (v1, vg). Denoting by p the open simple path whose leaves are vy and vy,
we apply one last time a transformation of the form (3.23) as follows:

vR+s(p.i . it G ) €8y,

vt = vk -1 if (i, /) = (7, jP) = (i, vp),
yif , otherwise.
As aresult,
R—1
My =M@+ Y wpn) + u(p).
r=0

Arguing as before, we obtain that y®+! is supported on basic activities, satisfies
(3.22) thus vanishes. Hence, M()/R“) =0, and (3.19) follows as before. [
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LEMMA 3. Let (0,g) € Sc U So. Then the following statements are true.

@) u(o,8) =<0.
(ii) If u(o, g) =0 then there exists o’ € Sopt satisfying Esr & E.

PROOF. We first prove part (i). Consider first the case where (o, g) € Sc. Ar-
guing by contradiction, assume u (o, g) > 0. Let
3.27 o= min |o;;i| >0,
(3.27) Jmin o]
and for each (i, j) € E, define

of; = 0ij + 55, o if (i, j)) €&, and o} =0y otherwise.

(3.28)

We show that o’ satisfies conditions (3.10)—(3.12) and, therefore, that ¢’ € S. To
this end, note that the sums in (3.10) remain unchanged under the transformation
from o to o’, due to the fact that g is a cycle and using the alternating signs prop-
erty [Definition 3(iv)]. Thus, (3.10) is satisfied by o’. The relation (3.11) follows
from (3.27) and (3.28), since oi/j > o;j for (i, j) € & with 0;; <0 and oi/j > 0 for
(i, j) € & with g;; > 0. The relation (3.12) holds trivially. This shows ¢’ € S. We
have

M@= Y o/ lij = > oijuij o Y so(i, i
(i,))e€ G, )€€ (i.))€&,
(3.29)
=M(o)+ap(o,g).

Since (o, g) > 0 by assumption, we have M (¢') > M (o), which contradicts the
assumption o € Sopt. Hence, (i) holds.

Consider now the case where (o, g) € Sp. Argue by contradiction and assume
that (o, g) > 0. Define o’ as in (3.27)—(3.28). Once again, we claim that the con-
straints (3.10)—(3.12) are satisfied for o”’. The argument following (3.28) applies,
and it remains only to check (3.10) for the vertices v and vg. The validity of (3.10)
in this case follows from (3.27), (3.28) and Lemma 1, since we have oy, ,, <0,
O,y < 0 and O'l-/j < 0 holds for all (i, j) € & with o;; < 0. This shows that
o’ € S. The rest of the argument is as in the previous case.

Next we prove part (ii). The desired ¢’ is, in fact, the one constructed in the
proof of part (i). Indeed, we have proved that ¢’ € S. Moreover, since (o, g) =0
and o € Sopt, we have by (3.29) that o' e Sopt- By (3.27) and (3.28),

ai//j/zO for all (i’, j') € argmin |0y,
(i,])€E,

and, therefore, statement (ii) holds. [J

PROOF THAT STATEMENT 1 OF THEOREM 2 IMPLIES STATEMENT 2. Let
0 € Sopt. Let g be such that (o, g) € S¢ U Sp. Set (o9, go) = (o, g) and define a
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FI1G. 2. Simple paths for Examples 1 and 2: On the left p is a closed simple path, while on the right
p is open. For Example 1, up1 > 0 and (2, 1) is a nonbasic activity. For Example 2, uy1 = 0 and
(2, 1) is not an activity.

finite sequence (o”, g") € Sc U Sp recursively as follows. If u(c”, g") < 0 then set
R = r and terminate. Otherwise, by Lemma 3(i), u(c”, g") = 0. Let o’ ! denote
the matrix o’ from Lemma 3(ii) corresponding to (6", g"). Since o' tle Sopt =
Sc U So, it follows from the definition of S and S¢ that there exists g such that
(0", g) € Sc U So. Let g" ! be such a good path.

The finiteness of R follows from Lemma 3(ii) and the finiteness of the set &,.

By construction, (oK, gR) € ScUSp and pu(ok, gR) < 0. Lemma 2 thus im-
plies that there exists a simple path p such that i(p) < 0. This concludes the proof
of the theorem. [

We end this section by revisiting the three examples from Section 2.3. We can
now use Theorem 2 to determine throughput suboptimality for each example.

EXAMPLE 1. The simple path p corresponding to Example 1 of Section 2.3
(see Figure 2, left) satisfies u(p) = —4 < 0. Hence Theorem 1 applies. Moreover,
p is a closed simple path, and one checks that [3], Theorem 2.3, is valid, also.

EXAMPLE 2. In the case of Example 2 of Section 2.3, the simple path p is
open (see Figure 2, right). We have u(p) = —3 < 0. Theorem 1 applies. Since p
is open, [3], Theorem 2.3, does not apply.

EXAMPLE 3. To see that the static fluid model of Example 3 of Section 2.3 is
throughput optimal, we use Proposition 1 and solve the linear optimization prob-
lem (3.10)—(3.13), to find that My,x = 0. Hence, throughput optimality holds.

4. Dynamic fluid model. As a tool for analyzing the probabilistic model, we
consider a model with deterministic arrival and service rates, and deterministic
perturbations. The model is a deterministic analogue of a model that will be studied
in Section 5, which corresponds to our original probabilistic model at fluid scale
[see equations (5.3)—(5.9)]. The deterministic model that we now introduce will be
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referred to as a dynamic fluid model. It consists of cadlag functions X;, ¥;, Z;,
Vi, Wi,ied, je g, satisfying the equations below, for all 7 > 0.

t
4.1) Xi(z)=x;"+Wi(r)+x,-t—ZM,-J-/O W, (s)ds, ied,
j€d

(42) Yi()+ > W) = Xi(0), ield,

j€d
43) Zjt)+ Y Wii(t)=v;+6;, jeg,
ied
“4.4) W, (t) =0, (i, )) €&,
(4.5) Yi(1) >0, Zi(t) >0, Wi (1) >0, icd, jeg.

Above, the constants {x/, A;, ij, vj;i € I, j € §} are as in Section 2, and {6;; j €
4} are additional real constants. We refer to (W, 0) as data for the model. The term
W; is analogous to the process (5.8) of the probabilistic model, representing pertur-
bations in the arrival and service processes that are eventually shown to converge
to zero. The term 0 corresponds to a discretization error due to the fact that the
quantities N ;l take integer values.

DEFINITION 4. Given o > ¢ > 0, we will say that the data (W, 6) for the
dynamic fluid model (4.1)—(4.5) is an (¢, o )-perturbation if

(4.6) W <e forall0<t<o and |6 <e.

Let Assumptions 1 and 2 hold and, in addition, assume that the static fluid model
is throughput suboptimal. Let ¢ > 0 and o > 0 be given and assume that the data
(W, 0) is an (e, o)-perturbation. Below we will construct functions {X;(¢),i € 4},
(Yi(0),i €4}, {Z;(®),j € g}and {¥;;(1), (i, j) € & x §} that satisfy (4.1)—-(4.5),
such that [J l.y(s)>0;ds and || X (1) — x*||% are o(1) as & becomes small. The
precise statement will be formulated in Theorem 3.

Since the static fluid model is throughput suboptimal, we have from Theorem 2
that there exists a simple path p with u(p) < 0. Fix such a path p. Set

&y ={G,)e&s(pi, D=1}, & ={G,))€&:s(p.i,j)=—1},
and note that
4.7) wp)y= Y. s(p.i, uij =%, — %, <0,
(i,))e€p
where

E;:Z Z Wij, E;:Z Z Hij-

(i,))e&f (i,j)e&y
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In addition, set

(4.8) 0= > i
(i,/)€E5NER

Define the constant

(4.9) a=3(1+3%7/3,).
The following inequalities follow from (4.7) and (4.9)
(4.10) I<a<l, T —aX, =5(E) - %) <0.

We will need the following result from [2], Proposition A.2 (that follows from the
tree structure of &,): the system of equations

Zd),‘j =a;, ied,

JEF
(4.11) > ¢ij=bj, Jj€F,
ied
¢ij =0, (i, ]) € &,

in the unknown ¢ has a unique solution, whenever a and b satisfy > ; a; =3_; b;
With

(4.12) DG:{(a,b)eRlxRJ:Zai=ij},

ied JjEZ
denote by G : Dg — R*/ the solution map, namely
(4.13) ¢ij = Gij(a,b), (i,j) €€,

and note that this map is linear. Let
(4.14) Ce = sup{maXIGij(a, b)|:(a,b) € Dg, |la| Vv ||b|| < 1}.

Recall that by the definition of basic activities, ¥* has the property that z//* >0
for (i, j) € Epa. Set

4.15) 81 =1 min sy

1 ap= (2Cg) '8y,
2, 0=02Cs) &

ij =

aXT — %t
81min{# (1— a)}, ifzg>o,
P

0, if 29 =0.
By (4.10), we have 0 < § < 4.

Recall that there exists a simple path p with p(p) < 0 and let such p be fixed.
Let 8 = B(¢) € RE be a constant matrix satisfying

(4.17) Bl:= max_|ijl < &%,
)eé

(4.16) 82
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Define the constant matrix ¥ € R€ as

Vi +adi + Bij, (i,))€E,,

> 5 — 01+ Bij, i, )) €&,
4.18 =1 1 ! ¥
(4.18) Vij Vi =8+ Bij, (i, J) € &, N Epa,
0, (i,)) €&, N &,

The term B will be required in Section 5 where the results are translated to the
probabilistic model, in which the process W” takes integer values.

Throughout, we use X, for e - X, and use a similar convention for x, v,
and 6,.

We now explain the main idea of the construction. Recall that our goal is to
come up with functions X, Y, Z, W satisfying the dynamic fluid model equa-
tions, where in addition, (i) the function Y takes the value zero “most of the
time,” and (ii) the function X is kept close to the quantity x* of the static fluid
model. The construction will be based on alternating between two different be-
haviors. On intervals that will be denoted by [nx_1, k), equation (4.20) will
be in force. These intervals will be short, and the function Y will not neces-
sary vanish on them, but they will achieve a quick reduction of the value of
X., so that at the end of such an interval, X, < 0. As a result, at the end of
the interval, one will be able to find W with ¥ = 0 (because X, < O corre-
sponds to the number of customers in the system being smaller than the total
number of servers). The quick reduction of X, will be achieved by using an
allocation matrix under which the total processing rate is greater than the to-
tal arrival rate (2.11), which exists, by throughput suboptimality. On intervals
[¢k, nk), equation (4.22) will be valid. These intervals will be relatively long.
The deviation of W from the value * of the static fluid model will be small,
and as we shall prove this will achieve the closeness of X to x*. It will also be
shown that the function Y, that starts at zero, is kept zero on these intervals. The
combination of the shortness of the intervals [nx_1, {x) and the vanishing of Y
on the intervals [, nx) will finally yield the desired result regarding Y being
zero most of the time (4.27). The construction of the functions is carried out in
Lemma 4. In the proof of Theorem 3, the properties alluded to above are estab-
lished.

Fix ig € 4 and jp € 4. Set np = 0. Let k > 1 and consider the system of equa-
tions (4.19)—(4.23):

(4.19) T=% Ao, T=inf{r >0, | X (1) — x*| > &'/?},
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Xi(t) = Xi(Mk—-1) +tVVi(t) — Wi(mk—1) +Ai (& — nk—1)
- Z/Mj Wij(s)ds, i€d, t€nk-1,8k),
j€d Nk—1
(4.20) () =1, t € [Mk—1, Ck)»
Yi(t) = Xi(6) — ) Wi(1), ied, telm—1, ),
JEF
Zi)y=vj+0; — > W), J€F. 1 €lm-1. %),
iel
where
(4.21) G =1nf{t > nr_1: Xe (1) — Xe(i—1) < —Te} AT,
and
Xi(t) = Xi (&) + Wi[(l) = WiGk) +2i (¢ — &)
—ZMU/ W;i(s)ds, i€d,t ek,
(4.22) jed T
Y1) = (Xe(t) — Ve — ee) €ip»
Z(t):(Xe(t)—ve—Qe)_ejo, te[{k? 7’)k),
V() =G(X@)—Y(@),v+60—Z(1)), t €[Sk, nk)s
where
(4.23) nk =inf{t > & | X (@) — X (G|l = 3e} AT

LEMMA 4. Assume that the data (W, 0) for the dynamic fluid model is
an (&, 0)-perturbation. Then for all ¢ > 0 sufficiently small, equations (4.19)—
(4.23) uniquely define a number t € (0,0], a finite sequence ni, ¢ and func-
tions X,Y,Z and ¥V on t € [0, T). Moreover, these functions satisfy (4.1)—(4.5)
on [0, 7).

PROOF. In what follows, the functions X,Y,Z and W are constructed re-
cursively. The fact that these functions and the number t, satisfying (4.19),
are uniquely determined by the data will follow by construction. The positiv-
ity of v will follow from the bound ¢; > &2, proved in the paragraph that fol-
lows.

Note next that if £k > 1 and nx—; and X (nr_1) are given, then the first two
equations in (4.20) define X and W uniquely on [nx—1, ). The last two lines
of (4.20) define Y and Z on the same interval. Moreover, it is easy to see that
equations (4.1)-(4.4) are satisfied on [0, ¢), provided that they are satisfied on
[0, nk—1). The validity of the constraints (4.5) is argued later. Next, let ¢ and
X (&) be given. Substituting into the first equation in (4.22) the values for Y, Z
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and ¥ from the last three equations of (4.22) results with an equation of the
form

t
X () = Xi(G0) + Wi () — Wi (Go) + /; Fi(X(s)ds, ied,
k

where F;:R! — R are globally Lipschitz. This uniquely defines X, and in turn,
Y, Z and ¥ on [&, k). Thus, X, Y, Z and W are uniquely defined on [0, ),
provided that they are on [0, £x). Let

(4.24) K =inf{k > 0:np =1 or {41 = 1}

We show that K < oo. To this end, observe that for ¢ > 0 sufficiently small, we
have ¢ > €2 > 0. Indeed, if ¢1 =0, K =0. Otherwise, (4.6), (4.3) and (4.5) imply
the inequality W;; () < v; + ¢, and as a result, from (4.20) and (4.6), it follows that
forany 0 <t < ¢,

(4.25) X (1) = X (0)] = 1 X (1) = X(O) ]| =26 + (c1 + 20)1,

where ¢; =3; Ai + 3 pijvj and ca =3 _;; pij, and the first inequality above is
due to the relation |a.| = |a| + - - - + aq| < |lal|, a € R?. By right-continuity of X
and (4.21), we have that | X,.(¢1) — X.(0)| > 7¢. Thus, ¢1 > 5¢(c) + )~ > g2
for ¢ sufficiently small. For k < K, denote

(4.26) L =Tne-1, &), I = (&, M), L=L'UIZ.

An argument similar to the one for ¢; > &2 shows that each of the intervals kl and
Ik2 has a length of at least ¢2. Hence, K is finite. The inductive argument given
above thus shows that the functions X, Y, Z and W are uniquely defined on [0, 7)
and satisfy (4.1)—(4.4). We now show that the relations (4.5) hold. The two interval
types are treated separately.

Intervals I}': Let k and t € I} be fixed. By (4.20), W;;(¢) is given by ¥, defined
in (4.18). The nonnegativity of each v;; for all sufficiently small ¢ follows from
(4.15) and 0 < &, < §; [cf. (4.16)]. To show that Z; are nonnegative, note that by
(4.20) and (4.18),

Zj(l‘) =v; +9j —Z\Ifij(t) =v; +9j — ZJU
ied ied
>0; —CIBl+81{i: (i, )) € 8;}|
—adi{i: @, j) €&, H+0lli:G j) €€,N Ewnll

where C = |&,|, and we have used (2.10) in the last line. By Definition 2 and
(3.1), for any vertex j € g in 'V, there exists exactly one edge, (i1, j) € &, with
s(p, i1, j) =1, and there exists at most one edge (i2, j) € &, withs(p, iz, j) = —1
(in the case where p is an open simple path and j is a leaf, such i, does not exist).
Thus, the positivity of 1, nonnegativity of 5, and the bounds on 8 and 6 show that
Z;(t) > (I —a)dy — (C + 1)e > 0 for all ¢ sufficiently small and j € §.
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Given i € {, by similar considerations,
Z ;i) = Z 1/71']'
j€d j€d
<x{+CIBl—=8il{j: G, j) € &S}
+adil{j: G )€€, —&l{j: G, j) € &,N Enll
<x'4+Ce—(1—-w)d.
Since 1 < T, we have by (4.19) that || X (r) — x*| < £!/2. By (4.10) and (4.15), (1 —
)81 > 0. We conclude that Zjegl W;;(t) < X;(1), and in turn by (4.20), ¥;(¢) > 0,
provided that ¢ is sufficiently small.

Intervals Ikz: Fix k and r € Ikz. The nonnegativity of Y;(¢) and Z;(z) is im-
mediate from (4.22). Also, (4.22) and (4.11) imply W;;(¢) =0 for (i, j) € &;,. It
remains to show that W;;(r) > 0 for (i, j) € Epa. By (4.19), | X (t) — x*|| < ay for
t < 7 and ¢ sufficiently small. By uniqueness of solutions to (4.11) and by (2.10),

*=G(x*,v). Also (2.10), (4.6), (4.19) and (4.22) imply that ||[Y ()|| V | Z(®)]| <
| X (¢) — x*|| + € for t < t. Hence, by linearity of the map G on the domain Dg
(4.12), by (4.22) and (4.13)—(4.15), we have

Ui (1) =Gij(x*,v) + Gij (X () —x* =Y (1),0 — Z(1))
>y —Co(IX®) —x* =Y VIO - Z®))
> ¥ — 2CG (I1X (1) — x*|| +¢)
> 1//,?;. —2Cgap —2Cge
=y — 81 —2Cge
>0,
where the last inequality holds by the definition of §; (4.15) and provided that ¢ is

sufficiently small. This concludes the proof of Lemma 4. [J

THEOREM 3. Let Assumptions 1 and 2 hold. Assume that the static fluid model
is throughput suboptimal. Then there exist functions y; and y, from (0, 00) to
itself, satisfying limg_, o y1(e) = 0 and limg_, o y2(e) = 00, such that the follow-
ing statement holds. If the data (W, 0) for the dynamic fluid model is an (e, 0)-
perturbation, then the functions X, Y, Z and V that are uniquely defined by
(4.19)—(4.23), satisfy

o Ay2(e)
4.27) fo Le-v(s)=01ds < y1(e),
(4.28) IX(@#) —x* <yi(e)  forall0 <t <o Ayae).

The proof of the following lemma appears at the end of the section.
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LEMMA 5. Recall the definitions of K (4.24) and intervals Ik1 and Ik2 from
(4.26). There exist constants my, mp, m3 € (0, 00), not depending on ¢, o and k,
such that for any k < K :

Lol <me;
2. 1X = x*|I}, <kmae;
3. |IF| > m3/k.

PROOF OF THEOREM 3. We begin by showing that

(4.29) Y(#) =0 forallt € [{k, ni), k < K.
By (4.22), it suffices to show that
(4.30) X (t)—v,—6,<0 forall t € [¢k, ni), k < K.

Indeed, from (4.21), (4.6) and using v, = x; [by (2.10)], we have
Xe(81) —ve — 00 < Xo(81) — Xe(0) + (Xe(o) _xj) -0, <—-T¢e+¢e—0, <—5e¢.

Then by (4.23), taking into account the possibility of jumps of at most 2¢ for W,,
we have for r € [¢1, n1):

Xe(t) =ve =0 = Xe(§1) —ve — O + 1 X (1) — X (G| = —5¢ + 5¢ < 0.

A proof by induction that repeats the above argument, using (4.21) and (4.23)
shows that (4.30), and in turn (4.29), holds for k > 1.
Next, let us show that

4.31) T>0 Aya(e),

where y»(g) 1= %|loge|, for sufficiently small ¢. Consider the number kg =
ko(e) := [(2m2e'/*)™11 A K [where K is as in (4.24)]. If ko = K and 7 = ng
then from (4.19), (4.24) and using Lemma 5(2), we have t = o, since then
| X — x*||,, <&'/2. Otherwise, if ko = K and T = k41, or ko = [(2mae!/?)71],
one uses (4.19), (4.24) and Lemma 5(2), (3) to obtain
ko(e)
T =1k = Z — = —|10g8|

Hence, (4.31) follows.
Let Ko = Ko(¢) = max{k: ¢y < o A y2(e)}. By Lemma 5(3), for sufficiently
small ¢,

Ko—1 1
Z kK< mglyz(s) =-7 loge.

This implies that % log Ko < —5 logs hence, Ko < ¢~'/2, provided that ¢ is small.
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Now, using (4.29), Lemma 5(1) and the estimate on Ko, we have
o Ay2(€) 12
/0 Lie.v(s)=01ds < (Ko(e) + 1)mie < 2mye/= < y1(e),
where yi (g) :=2(m; v 1)e!/2, establishing (4.27). As a result of (4.19) and (4.31),
we obtain that
X (@) —x*|| <e'/?  forallr <o A pa(e).

Asaresult, [ X —x*[|7 ., ) < e!/242¢ < yi(g). This shows (4.28) and completes

the proof of Theorem 3.

PROOF OF LEMMA 5. By (4.18) and (4.20), the dynamics of X on the inter-
vals Ik1 is given by
(4.32) X(@)=Xk-1) +W@t) = W(ik—1) + (¢ — nk—1)(r + b),

where

ri=hi— oy il — et Y i

j€d i, j)es,
(4.33)
+81 Y miHs Y i
Jii,)e&r J:(,))EENEDa
and

bi=bi(,B):=— Y wiBij— Y, wijBij

J:,))EE) J:(A, )EEFNERa
By (2.10), (4.10), (4.15)—(4.16) and (4.33), we have
_ 1 _
@34) > ori= 5222 +8Z) —adi X, < 5(512; —a812,) <0.
ied
Note that by (4.6) and (4.1), |AX,| < 2¢. From (4.20) and (4.21), and using (4.34),
we thus obtain for Ikl, k>1,

—10e < Xe(é‘k) - Xe(nk—l)
< Weo(&k) — We(k—1) + (e - 7 + 1B (G — Mk—1)
<2+ (e-r+c18)(Ck — k1),

for ¢y = Zij wij, and where we also used (4.6) and (4.17). Therefore, for ¢ suffi-
ciently small,

(4.35) | =& — mk—1 <mye,

where m = 24/|e- r|. This proves part 1 of the lemma.
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From (4.32) and (4.35), fort € I kl and sufficiently small &,
I1X(@#) — X (=)l <2e 4 co(t — nk—1) < 2+ camy)e,
where ¢y = 2||r||. We therefore have

(4.36) sup | X(#) = X(r—D|l = 2+ comy)e.
t€lnr—1,8k]

By (4.23), | X (t) — X (¢r)|| <3eforallt e 12, and taking into account a possible
jump at ng, we have

(4.37) sup || X () — X (&)l < Se.
1€k ni]

Since by (4.1) and (4.6), || X (0) — x*|| < ¢, part 2 of the lemma follows from (4.36)
and (4.37).
In view of (4.22), (4.29) and (4.30), we have on Ik2

Y(t) =0,
(4.38) Z(1) = —(Xo(t) — ve — Oe)ej,
W) =G (X (1), v+0 — Z(1)).

Define X (t) = X (t) — x*. From the definition of map G (4.11)—(4.13), we have
Gij(X(t) +x*,v+60 —Z(1))
=G;j(x",v)+ Gij()?(f) — Oceiy, —Z(1)) + Gij(Beeiy, 0).

Due to (2.10), we have G;; (x*,v) = wi";. Now consider the second term in (4.39).
Using (4.38),

Gij(X(1) = Ooeiy, —Z (1)) = Gij (X (1) — Oeeig, (X (1) = ve — Oc)ejy)
(4.40) =Gij(X(1), Xc(1)ejy)
+ Gij(—0.€iy, —Oeejy),

where we used )?e = X, — v, due to xJ = v, (2.10). Finally, from (4.38)—(4.40),
we have

(4.39)

Wi (1) =i + Gij (X (1), Xo(t)ej)
+ Gij(—beeiy, —beejy) + Gij(Beei, 0),  teI.
Define the map H by

(4.42) Hi(x) ==Y ijGij(x, xcej,), xeR! ield,
j

(4.41)

and the constant H? by

443) HY == 1ijlGij(—0ceiy, —bcjy) + Gij(Beeiy, 0)], i€ L.
J
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By Assumption 1, Zjeg Mij wi’; = A;. Hence, using (4.1), (4.38)—(4.43), we have

X(t) = X)) + W) — W)
(4.44)

t ~
+/ HXw)du+Ht—-¢", rel?
Sk
By (4.11)—(4.13) and (4.6), there exist constants cy > 0 and [y > 0, such that
(4.45) IHO <enlixl,  I1HI <lne,

for ¢ sufficiently small. Therefore, applying (4.6), (4.45) and Lemma 5(2) to (4.44),
we have from (4.23)

3e < X (i) — X @)l = 1 X () — X (@l < 26 + (ckma + L) (i — &),
for an appropriate constant m,. The above implies
& < (cgkmy + 1) (i — Sk)e.
Therefore, for k > 1

ms3 1
ms3 = <1,
c3cygmo

1
446) |Rl=m—G>——— >,
(4.46)  |I| = nk e = &

where the constant c3 satisfies (c3 — 1)cgmo > Iy, and where we assumed, without
loss of generality, that /g > 1 [cf. (4.45)]. This concludes the proof of Lemma 5.
O

5. Estimates on the probabilistic model. In this section, we prove Theo-
rem 1. We begin by introducing a rescaled version of the processes defined in
Section 2 as follows. For n € N and ¢ > 0, let
G XM =n"'XMN), Y'(t) =n"'Y (1), iel,

52 Zio=n"'Zj®), Yo =n""Vi@), il jeg.
Denote X" = ()_( .1 € J), and use a similar convention for Y", Z" and W". Follow-

ing a straightforward calculation, relations (2.1)—(2.5) can be rewritten in terms of
the rescaled processes, as equations (5.3)—(5.7) below, holding forn € Nand ¢ > 0:

(5.3) L) =0,  (,j) €&,
X!t = xF+ W) + At
(5.4) ;
_ ZMU/ Wi(s)ds,  iedjed,
; 0
j€d

(5.5)  Y'O)+ ) Vi) = X[ @), ield,
j€d
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(5.6)  Zi(@)+ ) Wi(t) =v;+6], jed,

ied

Yi(t)>0,  Z;(t)>0,
(5.7) )
\ij(t)zo, ied, jed,

where we set

Wi (1) ;= n~ 1 [AT(t) — AM1]

(5.8) —n_IZ[Si”( /qln(s)ds) nu,][ \D"(s)ds}

jed

+(n —1X0ﬂ_x )+(n_1)ﬂ—)\)t Z(MU Mz])/ \I’U(s)ds
jed

and
_ 1 .
(59 o =n"INT ).

The above equations resemble the dynamic fluid model studied in Section 4, and
the proof of Theorem 1 will rely on the results of this section.

LEMMA 6. Under any SCP, for any given T € (0, 00), {n1/2||W”||’;, n € N}
are tight random variables.

PROOF. Relations (2.4), (2.5) and (2.7) imply that 0 < \I/” (t) < ¢y, where ¢
is a constant independent of i, j, n and ¢. Hence by (2.15), the last three terms in
(5.8) are bounded by co(T + 1)n™ 172 where ¢, is a constant independent of i, j, n
and 7. Denote A (1) :=n~"/2(A” (t) — A't) and S;} (1) :=n=2(S (nt) — nplit).
Theorem 14.6 of [4] shows that {Al’-‘, n € N} converges weakly to a Brownian mo-
tion (with zero mean and variance that depends on i), and that a similar statement
holds for {S’l”j n € N}. It follows that {|A”|T, n € N} and {|Su ~r» 1 € N} are tight
random variables, for each i, j, whenever c is a constant that is independent of .
By (5.8), we obtain that

(5.10) n 2 WIS < | AT 4 |SEIE 4 eo(T + 1.

il
As aresult, {n'/?] Wi” |7, n € N} are tight random variables, and the lemma follows.
0

PROOF OF THEOREM 1. Forn e N, let ¢” =n~!/?logn. By (2.15), for suffi-

ciently large n,

(.11 6" < &".
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Forn e N, let
SAasi Bl ()€ gi,
(5.12) g =1 Vi 1+/3,r{, ({,{)e ,
/ l'ﬁij_(SZ'i‘,Bij, (l,])egpﬂgba,
0, (i, j) € €5 N &L,

where ,Bl”j are constants chosen in such a way that for all sufficiently large =,
one has | /31."j-|2 < (8”)2, and n{ﬂs has integer values, for each i, j and n. Below,

we write a system of equations for the processes (X", Y”, Z", ¥") that uniquely
defines them. We then let the processes (X", Y", Z", W") be defined through (5.1)
and (5.2). These processes will then be shown to form a SCP, and to satisfy the
statement of the theorem.

Fix ig € 4, jo € §. Set ny =0, and consider the system of equations:

X2y = XPGI_ ) + W) — WGl + At — )
[ —_—

~Yw [, Weds. iedrelny.gh.
Mk—1

i _jed
(5.13) W) =y, ] reni_y, ¢,
Y = X[ () = Y W), ied,tent_y, ¢,
- jeg -
ZhHo)y=vj+67 =Y W), Jjeg.teln_y &),
ied

where W” is given by (5.8),

(5.14) gl =inf{t > nl_ X)) — X"(nf_)) < —Te"} AT,
and
X} () = XP (g + W;'"(” — W + it =)
= S [, W) ds, ied telg,n),
(5.15) jed
Y1) = (X2 (0) = ve — 67) ey, te g,
Z"(t) = (X, (1) —ve —07) ejy, ) telgdnp),
V') =G(X"()=Y"0),v+0"=Z"(1)),  relg.np),

where
(5.16)  np =inf{t > g | X" (1) = X" (¢ = 3"} AT,
(5.17) " =F"Ao", T =inf{t > 0: | X" (t) — x*|| > (M2},

(5.18)  o" =inf{t > 0:|W" ()| > &"},
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and finally,

X; () =X} (@) +n” (A} (1) = A} (=), =71,
(5.19) { Y0 =X}@®),  Zi@)=n"'N},
\Ijl.nj(;):o, ied, jegd, t>1"

The above equations mimic the deterministic model (4.19)-(4.23). Note carefully
that unlike in the case of (4.19)—(4.23), W" should not be regarded here as data to
the equations, since it depends on past values of W" (5.8). However, this will not
create problem in applying the results of Section 4. Another difference is the defin-
ition of the processes for times ¢ > t”. Note that by definition of T”, || W" (1) < &"
holds for all ¢+ < ". This and (5.11) provide a bound that is similar to (4.6)
over [0, 7"). As a result, Lemma 4 implies that given the primitive processes A7
and S7 i the processes X", Y", Z" and W" and the random times N> ¢ and "
are uniquely defined by equations (5.13)—(5.19). It also follows from Lemma 4
that the processes (X", Y", Z", W™) satisfy (5.3)=(5.7) over [0, t"). In turn, the
processes (X", Y", Z", W) satisfy (2.1)—(2.5) on this interval. It is also easy to
check that these equations are satisfied for ¢+ > t”. We show that the processes
(X, Y n Z" \IJ”) take values in Z. Since we have proved that (2.1)—(2.5) are

satlsﬁed it sufﬁces to show that \I!l”J take integer values. By construction of v, \Ill”]
take integer values for # € [}_,, ¢{'). On the intervals [, n}), by (4.22), \Ilfj will
be the solution of the system of equations (4.11) with integer right-hand sides. In
this case, a simple argument (the details of which are omitted) that uses the tree
structure of &, shows that lIJl.”j are all integer valued.

To show that the constructed processes form a SCP, it remains to prove that for
every ¢, W"(¢) is measurable on o {X"(s), A"(s):s <t} (cf. Definition 1). Fix ¢.
We will show in steps (a)— (d) below that the value of W" (¢) is uniquely determined
by the sample path A[O, ¢] :={X"(s), A"(s):s € [0, t]}.

(a) By (2.2), the sample path A[O, ] uniquely determines the sample paths
> jed Sl.”j(fo' \Ill."j(u)du), iedonl0,z].

(b) By (5.14), (5.16), A[O, ¢] along with the value " A ¢t uniquely determine
the values ny At, ¢ At,k=1,..., K. Thus, by (5.13), (5.15) and (5.19), A[O, ¢]
and t" At uniquely determine W" on [O t]. Equation (5.8), along with (a) above,
shows that the same data, A[O, ¢t] and " A ¢, uniquely determine W" on [0, 1].

(c) We next show that A[O, 7] determines ¥” and W” on [0, 7). Let (¥”, W1 ),
(w7, W2 ) be two sample paths that correspond to the same data A[O, ¢]. Argue by
contradiction and assume that on [0, ¢) they do not agree. It follows from (b) that
the corresponding values of 7", that we denote by z{' and 7', do not agree, and
that 7' A 7y < t. Without loss of generality, assume that 7' < 7y’ A t. Using (b)
again, we have that (W7, Wf) = (V7, W;) on [0, 7{']. In particular,

(5.20) Wiz = Wi (z]).
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Since " is defined in terms of X",
(5.21) T At=Ty AL.

Recall that o is the time when W” leaves an open set of R (5.18). Thus, Wl"(rf
is either inside the open set, in which case 7' = 7| < o]’ A ¢} and, therefore, by
(5.21) t{ =1, or it is outside the open set, in which case 7{' = o', and by (5.20),
we have that o' = 03 and 7{' = 7. In both cases, we obtain a contradiction to
7{' < 7;'. We conclude that statement (c) holds.

(d) By (5.8) and (a) above, W(t) is uniquely determined by A[O, ¢] along
with the values of W” over [0, r). Hence in view of (c), W"(¢) is determined by
A0, £]. Thus, the right continuity of W” and the definition of o™ imply that " A ¢
is determined by A[O, ¢]. Hence, so is 7" A t and by (a), so is W" ().

Finally, we show that (2.16) and (2.17) hold for any fixed T € (0, 0co) and o >
1/2. To this end, note that

P(o" < T) <P(|W"||} > &") =Pn/2|W" |} > logn) — 0,

by Lemma 6. On the event 6" > T, we can use Theorem 3. On this event, for
all n sufficiently large, we have T < y»(g,) A ¢”, thus Theorem 3 implies that
fOT Lie.yn(s)>0yds < y1(&"). Since " — 0 and y;(0+) =0, (2.16) follows.

The second and third parts of Lemma 5 imply that there is a constant C(7T") <
oo, independent of n, such that || X" — x*|I; < C(T)e" on the event 0" > T. On
this event, we therefore have

n=ex" — X015 < c(Tn'Y?PClogn +n=Cn "1 X% — x¥|,

where the last term on the above display converges to zero by (2.15). Since P(c" >
T) — 1, (2.17) follows. This completes the proof of Theorem 1. [J
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