ON HANF NUMBERS OF THE INFINITARY ORDER PROPERTY DRAFT

RAMIGROSSBERGANDSAHARONSHELAH

ABSTRACT. Westudyseveral cardinal, andordinal�valuedfunctionsthat are relativesofHanfnumbers. Letκ be an inΘnite cardinality and let T � L_• +_{;!}

be a t he ory of c a rdi na l i t y • κ and let γ be an ordinal ‚ κ + . C ons ide r

(1) μ^∗_T (γ,κ) := min f μ^∗ : 8 φ 2 L∞ ;! , wi t h rk(φ ) < γ if T has the (φ, μ^∗ )- order property then there exists a formula φ^′(x;y) 2 L_• +_{;!} , s uc h t ha t for

e v e ry χ ‚ κ, T has the (φ ′ ,χ)-order property g .

(2) μ^∗ (γ,κ) := sup f μ^∗_T (γ,κ) j T 2 L_• +_{;!} g .

W e di s c us s s e v e ra l ot he r re l a t e d func t i ons , s a m pl e re s ul t s a re :

¢ It t urns out t ha t i f T has the (φ, μ

∗ (γ,κ))-order propery for some φ 2 L∞ ;! , wi t h rk(φ ) < γ then for every χ > κ we have that I(χ, T) = 2^´

hol ds .

¢ F or e v e ry κ and γ as above there exists an ordinal δ

∗ (γ,κ) such that μ^∗ (γ,κ) = ℶ_– ∗_{( � ;• )} , ¢ δ^∗ (γ,κ) • ( j γ j^• )^+ ,

¢ for κ with uncountable coΘnality we have that δ

∗ (γ,κ) > j γ j^• a nd

¢ t he ordi na l δ

∗ (γ,κ) is bounded below by the Galvin�Hajnal rank of a reduced product. For many cardinalities we have better bounds, some of the bounds obtained using Shelah’s pcf theory▷ The function μ^∗ (γ,κ) is used to compute bounds to the values of the function μ(λ, κ) we studied in a previous paper.

Date: June 9, 1998. The authors thank the United States - Israel Binational Science foundation for supporting this research as well as the Mathematics department of Rutgers University where part of this research was carried out.

Partially supported by the United States-Israel Binational Science Foundation and by the National Science Fundation, NSF-DMS97-04477.

This paper replaces item # 259 from Shelah’s list of publications. 1

2 RAMIGROSSBERGANDSAHARONSHELAH

1. INTRODUCTION

Let χ be an inΘnite cardinality and suppose that T ⊆ L_{χ,ω} ↼not ice tha t

w he n χ = ω we are dealing with Θrstorder theories↽▷

The fundamental metaproblem in the area of classiΘcation theory can be stated as.

Problem �▷�▷ What is the structure of Mod(T)?

A more precise (and concrete) test-question is:

Problem 1.2. What are the possible functions I(·,T) : Car d → Car d⋆ ↼where I(λ, T) stands for the number of isomorphism types of models for T of cardinality λ↽▷ A much more precise ↼and a very difΘcult↽ particular case of �▷� is the following

Conjecture �▷�▷ ↼Shelah about �↽ Let ψ ∈ L_{ω 1,ω} be gi ven▷ If the re exi sts a

cardi na lity μ > ℶ ω_1 s uc h t ha t I(μ, ψ) = 1 then for every μ > ℶ ω_1 , I(μ, ψ) = 1

holds.

A possible approach to Problem 1.1 and its relatives, is to try to imitate ClassiΘcation theory for elementary classes (see [Sh c]). Namely it would be desirable to Θnd properties parallel to stability, superstability etc. Much work has been doneinthelast25years(seeforexample�[Sh 48],[Sh 87a], [Sh 87b],[Sh 88],[Sh 300], [Sh 394] [MaSh],[GrSh2], or [Sh 299] for a general survey). In this article we concentrate in dealing with the parallel (for inΘnitary languages) to instability. The following can be viewed as a deΘnition of stability for Θrst-order theories:

Fact 1.4. ([Sh 16]) Let T be a complete Θrstorder theory▷ The following are equivalent.

↼�↽ T is unstable ↼�↽ There exist a formula φ (x;y) ∈ L(T), a model M for T and a set {a_n :

n < ω } ⊆ M such that ℓ(x) = ℓ(y) = ℓ(a_n ) for every n < ω and for all n, k < ω we have n < k ⇐ ⇒ M |= φ [a_n ;a_k].

Condition � in Fact �▷� is called the orderproperty▷ One of the important properties of unstable theories is the following.

Fact �▷�▷ ♭Sh �♯ Let T be a complete Θrstorder theory▷ If T is unstable then for everyμ > |T| ⊒⌉ ⟨⊣⊑⌉ ⊔⟨⊣⊔ I(μ, T) = 2^μ ▷

A n ins pe ction of the pr oof of �▷� sho w s tha t the hypot he sis tha t T is a

complete Θrstorder unstable theory could be replaced by the following property.

ONHANFNUMBERSOFTHEINFINITARYORDERPROPERTY DRAFT 3

(∗)_T

The r e i s a n e xpa ns i on L′ ≀{ L(T) with built-in Skolem functions and an

L^′↖∫⊔∇⊓⌋ ⊔⊓∇ ⌉ M a �formula�φ (x;y) , and there exists I := {a_i : i < ω } ⊆ M asequenceofL^′↖⟩\⌈⟩ ∫⌋⌉∇\⟩ ⌊↕ ⌉∫ ∫⊓⌋ ⟨ ⊔⟨⊣ ⊔ ℓ(x) = ℓ(y) = ℓ(a_n ) for all n < ω M is the Skolem Hull of I M ↾L(T) |= T and n < m ⇐ ⇒ M |= φ [a_n ;a_m ] holds for every n, m < ω .

By �formula� we mean that φ is in any logic ↼over the vocabulary L^′⇒ ∫⊓⌋ ⟨ ⊔⟨⊣ ⊔ φ is preserved by isomorphisms of L(T)-structures.

The condition in Fact 1.4 seems to be a natural candidate for a deΘnition of instability for inΘnitary logics. Since the compactness theorem fails even for L_{ω 1,ω}

the ne xt de Θ ni tion is the repl acem ent of the ↼the Θ rstor de r↽ or de rpr ope rty▷

D eΘ n ition �▷�▷ Le t T ⊆ Lχ,ω φ (x;y) ∈ L∞ ,ω and let μ be a cardinality▷

↼�↽ We say that M has the (φ, μ)-order propertyiff there exists {a_i : i < μ} ⊆ M such that ℓ(x) = ℓ(y) = ℓ(a_i) < ω and for every i, j < μ we have i < j ⇐ ⇒ M |= φ [a_i;a_j ].

↼�↽ T has the (φ, μ)-order propertyiff there exists M |= T such that M has the (φ, μ)-order property.

(3) T has the (φ, ∞ )-order property iff T has the (φ, μ)-order property for every μ▷ ↼�↽ Let λ and μ be cardinalities we say that

T has the (L_{λ,ω} ,μ)-order propertyiff there exists φ ∈ L_{λ,ω} suc h tha t T has the (φ, μ)-order property.

Remar k 1.7. (1) In light of the last deΘnition, Fact 1.4 can be restated as (for Θrst-order complete T↽. T is unstable iff T has the (L_{ω ,ω} ,ℵ_0)-order property.

(2) It is not difΘcult to see (using [Mo], see 1.10 below) that the following implication is true: If T has the (L_λ+_{,ω} ,∞ )-order property then (∗)_T hol ds ▷

A na tur al que stion to ask in thi s cont ext is. G iven a the or y T and a cardi

nality μ does T have the (L_λ+_{,ω} ,μ)-order property? The main object of study in [GrSh1] was the function μ(λ, κ). The following μ^∗(λ, κ) is a relative of μ(λ, κ) from [GrSh1].

DeΘnition 1.8. Let κ ≤ λ▷

↼�↽ Let ψ ∈ L_κ+_{,ω} μ^∗_ψ (λ, κ) := min{μ^∗ : ∀φ ∈ L_λ+_{,ω} if ψ has the (φ, μ^∗)- order property, then there exists a formula φ^′(x;y) ∈ L_κ+_{,ω} suc h tha t ψ has the (φ^′,∞ )-order property }↙ ⇐∈⇒ μ^∗(λ, κ) := sup{μ^∗_ψ (λ, κ) | ψ(x;y) ∈ L_κ+_{,ω} }↙

4 RAMIGROSSBERGANDSAHARONSHELAH

Remark 1.9. TheideabehindDe�nition1.8isthat when ψ has the (L_λ+_{,ω} ,μ^∗(λ, κ))-order property then (by Remark 1.7 and (∗)_ψ ↽ for every χ > κ I(χ, ψ) = 2^χ ▷

A lready in ♭S h � ♯ S he lah realized the im por tanc e of the abo ve conc ept

it di d not appe ar the re expl icitly▷ O nl y in ♭G r♯ ↼see ♭G rS h� ♯↽ the se func tions w ere

ide nt iΘ ed▷ The pr evi ous de Θ ni tion is a ge ne ralization of one from ♭G rS h� ♯ see

D eΘ ni tion �▷�▷ S he lahφ s funda m ent al resul t from ♭S h � ♯ can be restated as.

F ac t �▷�▷ ↼♭S h � ♯↽ For every κ ≤ λ we have μ∗(λ, κ) ≤ μ0(λ, 1)1.

R ecall tha t μ0(λ, 1) ≤ ℶ (2λ )+ a nd f or s om e λφs we have equality▷ The

function μ^∗ ⟩∫ ⊑⌉∇† ⌈⟩ {{⌉∇⌉\⊔ {∇≀⇕ μ_0: The fol low ing is a dr am atic im pr ovem ent

(for κ = ℵ0) of Fact 1.10:

T h eor em 1.11. ([G rS h1 ]) For every λ ≥ ℵ0, we hav e μ∗(λ, ℵ0) ≤ ℶ λ+ .

I t t ur ns out t ha t e v e n f or Θ r s t - or de r t he or i e s t he a bo v e que s t i on i s i nt e r e s t -

i ng ( f or κ = |L| = ℵ0, T is a complete Θrstorder theory in L we could ask what

is an upper bound of μ^∗_T (λ, ℵ_0)?). Since there are cases when T is stable ↼i▷e▷ there is no Θrstorder formula deΘning an ω sequence in a model of T↽ but still T has a hidden instability ↼like in the case of stable theories without the omittingtypes order property↽▷

ThereisanaturalclassofexamplesoftheoriesthatdonothaveaΘrstorder formula exemplifying the orderproperty but do have an inΘnitary order property▷ Any stable Θrstorder theory that has the omitting types orderproperty has the (L_{ω 1,ω} ,∞ )-order property but not the (L_{ω ,ω} ,ℵ_0)-order property (see [Sh 200]).

Already from Morley’s omitting-types theorem it follows that given T and φ as above there exists μ := μ(T,φ ) such that if T has the (φ, μ)-order property then ∀λ ≥ χ T has the (φ, λ)-order property. The bound obtained from repeating the argument in the proof of Morley’s omitting types theorem (see [Sh 16]) is: μ(T,φ ) ≤ max{Hanf (T),Hanf (φ )}↙ W⟨⌉∇⌉ Hanf (T) and Hanf (φ ) are the Hanf numbers of T and the logic containing φ ↼respectively↽▷

Let χ > ℵ_0 (T still may be Θrstorder↽▷ Our object is to Θnd upper bounds on μ▷ It turns out that for φ ∈ L_{∞ ,ω} − L_{χ,ω} the re is a cardi na lity μ^∗ := μ^∗(T,φ )^2,

suc h tha t the fol low ing im pl ication hol ds : If T has the (φ, μ∗)-order property then

there exists a formula φ^′ ∈ L_{χ,ω} ↼it is a col laps e of φ ↽ such that T has the (φ^′,λ)- order property for every λ ≥ χ▷

1μ0(λ, λ) is the usual Morley number to be introduced in DeΘnition 2.2 below. It is known that μ0(λ, λ) = μ0(λ, 1) 2 The surpri se is tha t oft e n μ

∗ (T,φ ) is much smaller than μ(T,φ ).

ONHANFNUMBERSOFTHEINFINITARYORDERPROPERTY DRAFT 5

In this paper we present a systematic studyof several cardinal and ordinal valued functions related to the in�nitary order property. This is a continuation of [GrSh1], we deal with similar problems and improve many results. This is achieved via a generalizationof the original problem (dealingwith new cases) whileobtainingoftenbetterestimatestoearlierbounds. Thereaderisnotexpected tobefamiliarwith[GrSh1].

Notation : Everything is standard. Often x, y, and z will denote free variables or Θnite sequences of variables, when x is a sequence ℓ(x) denote its length. It should be clear from the context whether we deal with variables or sequences of variables. L will denote a similarity type ↼also known aslanguage or signature↽ Δ will stand for a set of L formulas▷ M and N will stand for L structures |M| ⊔⟨⌉ ⊓\⟩⊑⌉∇∫⌉ ≀{ ⊔⟨⌉ ∫⊔∇⊓⌋⊔⊓∇⌉ M ‖M‖ ⊔⟨⌉ ⌋⊣∇⌈⟩\⊣↕⟩⊔† ≀{ ⊔⟨⌉ ⊓\⟩↖ ⊑⌉∇∫⌉ ≀{ M▷ Given a Θxed structure M subsets of its universe will be denoted by A B C and D▷ So when we write A ⊆ M we really mean that A ⊆ |M|⇔ ⊒⟨⟩↕⌉ N ⊆ M stands for �N is a submodel of M�▷ Let M be a structure▷ By a ∈ M we mean a ∈ |M|⇔ ⊒⟨⌉\ a is a Θnite sequence of elements then a ∈ M stands for �all the elements of the sequence a are elements of |M|�↙ F≀∇ ⌋⊣∇⌈⟩↖ \⊣↕⟩⊔⟩⌉∫ κ ≤ λ let S_{<κ} (λ) := {X ⊆ λ : |X| < κ}↙ W⟨⌉\ T is a Θrstorder theory Γ denotes a set of Ttypes over the empty set ↼not necessarily complete types↽▷ EC(T,Γ) := {M : M |= T, ∀p ∈ Γ M omits the type p}↙ W⟨⌉\ T is Θrstorder L ⊆ L(T), and Γ is a set of Ttypes by PC(T,Γ,L) we denote the following {M ↾ L : M |= T, ∀p ∈ Γ M omits the type p}∅ \⊣⇕⌉↕† EC(T,Γ) = PC(T,Γ,L(T)). λ, μ, κ and χ will stand for inΘnite cardinalities, α,β,γ,δ,ζ and ξ are ordinals▷ References of the form �Theorem IV �▷� are to ♭Sh c♯▷ For φ ∈ L_{∞ ,ω} let Sub(φ ) be the set of subformulas of φ now let

rk(φ ) := � � �~ φ is atomic Sup{rk(χ) + 1 : χ ∈ Sub(φ )} ≀⊔⟨⌉∇⊒⟩∫⌉↙

6 RAMIGROSSBERGANDSAHARONSHELAH

2. REVIEW

C.C. Changin[Ch]havemadethefollowingfundamental observation:

Fact 2.1. Let κ be an inΘnite cardinality and let L be a similarity type of cardi nality no more than κ▷ Given ψ ∈ L_κ+_{,ω} the re exist a sim ilar ity type L^′ ⊇ L a Θrstorder theory T in L^′⇔ ⊣\⌈ ⊣ ∫⌉⊔ ≀{ Ttypes Γ (all three of cardinality less or equal to κ↽ such that Mod(ψ) = PC(T,Γ,L).

Instead of studying Mod(ψ) directly for an inΘnitary theory ψ it is enough to consider a class of reducts of models of a Θrstorder theory that omits a set of types▷

W▷ Hanf and M▷ Morley ♭Mo♯ have recognized the importance of the fol lowing concept.

DeΘnition �▷�▷ Let T be a Θrstorder theory and let Γ be a set of Ttypes▷ The Morleynumber^3 of T and Γ, is the following:

(1) μ_0(T,Γ) := min{μ : ∃M ∈ EC(T,Γ) ‖M‖ ≥ μ ⇒ ∀χ ≥ |T| ∃N ∈ EC(T,Γ) of cardinality ≥ χ}↙ ⇐∈⇒ L⌉⊔ λ, κ be cardinalities▷

μ_0(λ, κ) := sup{μ_0(T,Γ) : |T| ≤ λ, Γ a set of Ttypes of cardinality ≤ κ}^4.

M or ley (am ong ot he r thi ngs ) ha ve sho w n tha t μ0(ℵ0,ℵ0) = ℶ ω_1 . H i s m os t

ge ne r a l r e s ul t i s s t a t e d a s The or e m 2.4 be l o w . S he l a h i n [ S h 78 ] ha v e de a l t w i t h

w ha t i s a n i nt e r pol a nt of μ0(T,Γ) and μ0(λ, κ):

μ_0(T,κ) := sup{μ_0(T,Γ) : Γ a set of Ttypes |Γ| ≤ κ}.

It is not difΘcult to conclude from the proof of Morleyφs categoricity theo rem that when T is a countable and ℵ_0-stabl e the or y the n μ_0(T,·) ≤ ℵ_1. S he lah in

[S h 78 ] studi ed the effect tha t stabi lity of T has on the upper bounds on μ0(T,κ).

This work was continued about ten years later by Hrushovski and Shelah in [HrSh].

In this paper, since our main goal is the study of unstable theories (or theories that are not stable in a weak sense) we will ignore the effect that the stability of T may have on the function μ_0(T,κ).

The modern era in the study of Hanf numbers begun with the paper of Barwise and Kunen [BaKu]. They studied systematically the relationship between the function μ_0 and the Θ rst or di na l tha t exem pl ify the unde Θ na bi lity of w ell or de ring 3 S om e a ut hors c a ll thi s the Ha nf num be r of T and the Γ 4 W e hope tha t the re a de r is not bot he re d by thi s a b us e of not a tion. W e a re us ing the sa m e le tte r

μ0 to de not e e nt ire ly di ffe re nt (b ut re la te d) func tions . The y c a n be di stingui she d by the type of the

a rgum e nt s the y ta k e .

ONHANFNUMBERSOFTHEINFINITARYORDERPROPERTY DRAFT 7

in classes of models that omit a set of types. Below we recall an ordinal-valued functionδ_0(λ, κ) that is related to μ_0(λ, κ) in a nice way. DeΘnition 2.3. Let λ and κ be inΘnite cardinalities T varies over consistent Θrst order theories such that L(T) ⊇ {P,< } ⊒⟨⌉\ P is a unary predicate and T ⊢ �< linearly orders P �▷ δ_0(λ, κ) := min{δ : |T| ≤ λ, Γ a set of Ttypes |Γ| ≤ κ if for every δ^′ < δ there exists M ∈ EC(T,Γ) such that otp(P^M ,<^M ) ≥ δ^′ ⊔ ⟨⌉ \ ⊔ ⟨⌉ ∇ ⌉

⌉ §⟩ ∫ ⊔ ∫ N ∈ EC(T,Γ) s.t. (P N ,< N ) is not well ordered }↙

T⟨⌉ {≀↕↕≀⊒⟩\} ⟩∫ ⊣ ∇⌉∫⊔⊣⊔⌉⇕⌉\⊔ ≀{ M≀∇↕⌉†≃∫ �≀⊔⟨⌉∇�⟩⇕√≀∇⊔⊣\⊔ ⊔⟨⌉≀∇⌉⇕¬ F⊣⌋⊔ ∈↙△↙ ⇐T⟨⌉≀∇⌉⇕ VII ▽↙▽⇒ μ_0(λ, κ) = ℶ_{δ0(λ,κ )}.

The fol low ing or di na l and cardi na l-value d func tions are from §△≀{∪G∇S⟨∞⊎¬

D⌉×\⟩⊔⟩≀\ ∈↙▽↙ S⊓√√≀∫⌉ T is a Θrstorder theory such that L(T) is containing the predicates {<, P } ⊣\⌈ T ⊢ [< is a linear order] ∧ [ < ↾P is a linear order on the unary predicate P ].

↼�↽ δ_1(θ,λ, κ) := min{δ : Γ a set of Ttypes |Γ| ≤ λ, |T| ≤ κ if ∀δ^′ < δ ∃M ∈ EC(T,Γ) with otp(P^M ,<^M ) ∈ On ∩ θ^+ and otp(M − P,<^M ) ≥ δ^′⇔ ⊔ ⟨⌉ \ ∃N ∈ EC(T,Γ) s.t. otp(P^N ,<^N ) ∈ On ∩ κ^+ and (N − P^N ,<^N ) is not well ordered }↙ ⇐∈⇒ μ_1(θ,λ, κ) := min{μ : Γ| ≤ λ, |T| ≤ κ Γ a set of Ttypes if ∃M ∈ EC(T,Γ) ‖M‖ ≥ μ with otp(P^M ,<^M ) ∈ On ∩ θ^+ the n for every χ ≥ κ ∃N ∈ EC(T,Γ) of cardinality at least χ such that otp(P^N ,<^N ) ∈ On ∩ κ^+ }↙ ⇐∋⇒ W⟨⌉\ θ = λ we will omit the Θrst parameterθ

In an analogous way to Fact �▷� we can prove the following equality. Theorem �▷�▷ For everyκ ≤ λ ≤ θ we have μ_1(θ,λ, κ) = ℶ_{δ1(θ,λ,κ )}.

F rom no w on w e conc ent rate on the case tha t θ = λ and work with the

functions δ_1(λ, κ) and μ_1(λ, κ). The arguments for the functions with three parameters are essentially similar (they require an additional technical effort, but require no new ideas). Note that by 2.1 working with two parameter functions is sufΘcient for L_λ+_{,ω} ▷ The ne w poi nt is tha t w e are abl e to sho w tha t μ_1(λ, κ) ≥ ℶ_{δ1(λ,κ )}. The

pr oof of The or em 2.6 is sim ilar to tha t of The or em V II 5.5, w e ski p its pr oof , sinc e later w e w ill pr ove a related the or em (Th. 3.6) w hos e pr oof is sim ilar (but is little ha rde r).

The ne xt pr opos ition pr ovi de s a low er bound for δ1(λ, κ), it follows im-

mediately from the deΘnitions (in Theorem 3.8 a better lower bound is obtained). Proposition 2.7. For λ ≥ κ we have that δ_1(λ, κ) ≥ δ_1(κ, κ) ≥ δ_0(κ, κ) = δ_0(κ, 1).

8 RAMIGROSSBERGANDSAHARONSHELAH

Inthefollowingpropositiontheconnectionbetweenthelastde�nitionand theorderpropertyisclari�ed. Theorem 2.8. Let κ ≤ λ be cardinalities▷ ℶ_λ+ ≤ μ^∗(λ, κ) ≤ μ_1(λ, κ).

Proof. First we show that μ^∗(λ, κ) ≤ μ_1(λ, κ). Let ψ ∈ L_κ+_{,ω} and φ (x;y) ∈ L_λ+_{,ω} be gi ven▷ S uppos e ψ has the (φ, μ_1(λ, κ))-order property we need to Θnd a formula φ^′ ∈ L_κ+_{,ω} suc h tha t ψ has the (φ^′,∞ )-order property.

By Fact 2.1 there exists a Θrst-order theory T in a similarity type L(T) that extendsL andthereisasetΓ ofTtypesofcardinality≤ κ suchthatPC(T,Γ,L) = Mod(ψ). By following the inductive deΘnition of the formula φ we may identify φ with a function f from the set P into the set L ∪ {∧ ,¬ ,(,),= }∪ {x_i : i < κ}↙

L⌉⊔ χ be a regular large enough such that {L_λ+_{,ω} ,L_κ+_{,ω} ,T,Γ,L, φ, f ,P,ψ,λ^+ ,μ_1(λ, κ),δ_1(λ, κ)} ∪ μ_1(λ, κ) ⊆ H(χ).

In addition we require that the structure ⟨H(χ),∈⟩ ∇⌉∗⌉⌋⊔∫ ⊣↕↕ ⊔⟨⌉ ∇⌉↕⌉⊑⊣\⊔ √∇≀√↖ ⌉∇⊔⟩⌉∫ ≀{ ⊔⟨⌉ ⊣⌊≀⊑⌉ ∫⌉⊔∫↙ L⌉⊔ P be the rank of the formula φ note that it is an ordinal less than λ^+ . Le t A^′ ≺ ⟨H(χ),∈,...⟩ ≀{ ⌋⊣∇⌈⟩\⊣↕⟩⊔† μ_1(λ, κ) such that μ_1(λ, κ)^{A′} = μ_1(λ, κ) (so μ_1(λ, κ) + 1 ⊆ A^′⇒⇔ × § ⊣ ⌊⟩ |⌉⌋⊔⟩≀\ G from μ_1(λ, κ) onto the universe of A^′⇔ ⊣\⌈ ↕⌉⊔ A := ⟨A^′,G⟩↙ B† ⊔⟨⌉ ⌈⌉×\⟩⊔⟩≀\ ≀{ μ_1(λ, κ), for every χ ≥ κ there exists B_χ ≡ A of cardinality χ such that B_χ om its the type s

from Γ, κB^χ = κ and P is an ordinal less than κ+ (jus t appl y the M os tow ski

col laps e on B χ ↽▷ U sing P B^χ a nd f B^χ w e kno w ↼ i n B χ ↽ tha t φ B^χ ∈ L

B_χ κ^+ ,ω but sinc e κB^χ = κ we have that φ B^χ ∈ Lκ+ ,ω is a for m ul a as requi red in the de Θ ni tion

of μ^∗(λ, κ).

To see that μ^∗(λ, κ) ≥ ℶ_λ+ : I t i s e nough t o s ho w t ha t f or e v e r y α < λ^+

the re exi st a sent enc e ψ α ∈ Lκ+ ,ω and a for m ul a φ α ∈ Lλ+ ,ω suc h tha t ψ α ha s the

(φ_α ,ℶ_α )-order property and ψ_α doe s not ha ve the ↼L_κ+_{,ω} ,∞ )-order property.

Before proving this we need several tools.

Notation : The sentence ψ_α w ill be de Θ ne d as a the the or y of a w ell

founde d tree▷ W e de al w ith w ellfounde d trees w hos e vertices are de creasing se que nc es of or di na ls the root of the tree T ℶ∼ �⋉⋊≈� �↷ rt(T), for an element

x ∈ T ⋖�≈ Suc_T(x) stand for the set of immediate succssesors of x and T[x]stands for the subtree of T �⋊⋉∼ℶ∼≈ℶ⋉ð ⋊℧ ≈≂� �⋖�⋗�⋉≈∼ ≈≂⅁≈ ⅁∖� ð∖�⅁≈�∖ ⋊∖ �≊⅁⋖ ≈⋊ x▷

DeΘnition �▷�▷ Let T � ⅁ ≾�⋖⋖ ℧⋊≊⋉� ≈∖�

⊊⊮⊋ F⋊∖ x ∈ T ⋖�≈ Dp_T(x) = β the depth ofx in T �≰⋉� �↷ ℶ⋉�≊�≈ℶ⋊⋉ ⋊⋉ β.

↼a↽ if Suc_T(x) = then Dp_T(x) = 0. (b) if for every y ∈ Suc_T(x) we have Dp_T(y) < β and for every γ < β there exists z ∈ Suc_T(x) of such that Dp_T(z) ≥ γ then Dp_T(x) = β▷

ONHANFNUMBERSOFTHEINFINITARYORDERPROPERTY DRAFT 9 (2) ThedepthofT ℶ∼ Dp(T) := sup{ Dp_T(x) : x ∈ T}↙ P∇≀√≀∫⟩⊔⟩≀\ ∈↙∞′↙ L⌉⊔ T � ⅁ ≾�⋖⋖∤℧⋊≊⋉� ≈∖�∦ Dp(T) = Dp_T(rt(T)).

Proof. Trivial. □_{2.10}

C lai m. For every α there exists a wellfounded tree Tα of de pt h α such that

‖T_α ‖ ≤ |α| + ℵ_0.

Pr oof . B y induc tion on α.

For α = 0; Simply let T_0 := ⟨⟩↙ F≀∇ α = β + 1; Suppose T_β is a tree of de pt h β▷ Let T_α := {⟨⟩} ∪ {⟨⟩^η : η ∈ T_β }↙ T⟨⌉ ≀∇⌈⌉∇ ≀\ T_α is the ob vi ous ▷ For α a limit ordinal, By the induction hypothesis let {T_β : β < α} ⌊⌉ √⊣⟩∇⊒⟩∫⌉ ⌈⟩∫|≀⟩\⊔ ⊔∇⌉⌉∫⇔ ⌉⊣⌋⟨ ≀{ ⌈⌉√⊔⟨ β▷ DeΘne T_α to be the tree {⟨⟩} ∪ {⟨⟩^η : η ∈ T_β ,β < α}. □_2

D eΘ n ition 2.11. (1) Le t T1, T2 be w ell-founde d trees, and let α be an ordinal▷

By induction on α deΘne when T_1 ≈_α T_2:

(a) For α = 0, always T1 ≈ α T2. (b) For α ≠ 0, if for every β < α and for every x1 ∈ SucT_1 (rt(T1))

there exists x_2 ∈ Suc_{T2} (rt(T_2)) such that T_1[x_1] ≈_β T_2[x_2], and for every x_2 ∈ Suc_{T2} (rt(T_2)) there exists x_1 ∈ Suc_{T1} (rt(T_1)) such that T_2[x_2] ≈_β T_1[x_1].

(2) A tree T ℶ∼ �⅁⋖⋖� ∼ℶ⋗�⋖� ℶ℧℧ ≈≂�∖� ⅁∖� ⋉⋊ �ℶ∼≈ℶ⋉�≈ x_1,x_2 ∈ Suc_T(rt(T)) such that Dp_T(x_1) = Dp_T(x_2) and T[x_1] ≈_{DpT(x1)} T[x_2].

Proposition 2.12. Let T_1,T_2 be trees, and let α be an ordinal▷ If T_1 ≈_α T_2 the n

one of the fol low ing condi tions hol ds :

(1) Dp(T_1) = Dp(T_2), or (2) Dp(T_1) ≥ α and Dp(T_2) ≥ α▷

Proof▷ Easy by induction on α▷ □_{2.12}

C lai m. For every or di na l α there exists a family of simple trees {Ti : i < ℶ α }⇔

∫⊓⌋⟨ ⊔⟨⊣⊔ {≀∇ ⌉⊑⌉∇† i < ℶ_α

↼�↽ ‖T_i‖ ≤ ℶ_α ↼�↽ i ≠ j ⇒ T_i ≉_{ω + α} T_j ↼�↽ Dp(T_i) = ω + α + 1.

Proof. By induction on α.

For α = 1; First construct ℵ_0 sim pl e trees {T_n ⊆^{ω >} ω : n < ω } ∫⊓⌋⟨ ⊔⟨⊣⊔ T_0 := {⟨⟩}, T_{n+1} := {⟨n + 1⟩} ∪ T_n w he n the or de r is an ext ent ion of the

10 RAMIGROSSBERGANDSAHARONSHELAH

order onT_n , ⟨⟩ ⟩∫ ⊔⟨⌉ ∇≀≀⊔⇔ ⊣\⌈ ⟨n + 1⟩ ⟩∫ ⊣ \⌉⊒ ⟩⇕⇕⌉⌈⟩⊣⊔⌉ ∫⊓⌋⌋⌉∫∫≀∇ ≀{ ⊔⟨⌉ ∇≀≀⊔ ⟩\⌋≀⇕√⊣∇⊣⌊↕⌉ ⊒⟩⊔⟨ ⊔⟨⌉ ⌉↕⌉⇕⌉\⊔∫ ≀{ Suc_{Tn} (⟨⟩). Now for every A ⊂ ω let

T_A := {⟨ω ⟩^η : η ∈ T_n , n ∈ A} ∪ {ν ∈ T_k : k ∉A}.

The order of T_A is de Θ ne d as fol low s. ⟨ω ⟩ ⟩∫ ⊣ \⌉⊒ ⟩⇕⇕⌉⌈⟩⊣⊔⌉ ∫⊓⌋⌉∫∫≀∇ ≀{ ⊔⟨⌉ ∇≀≀⊔⇔ ⊔⟨⌉ ⌉↕⌉⇕⌉\⊔∫ ⟨ω ⟩^η and ν are pairwise incomparable when η ∈ T_n , (n ∈ A) and ν ∈ T_k, (k ∉A), and we require that ⟨ω ⟩^η_1 < ⟨ω ⟩^η_2 ⇔ η_1 <_{Tn} η_2.

In or de r to see tha t A ≠ B ⊆ ω ⇒ TA ≉ω + α TB . W ▷l▷o▷g▷ w e m ay assum e tha t

∃n ∈ A− B▷ Since T_A[⟨ω ,n⟩] ≉_ω T_B [ν]for any ν ∈ Suc_{TB} (⟨ω ⟩) (this is because T_k and T_n are ine qui valent for k ≠ n↽▷

For α ≠ 1; By the inductive hypothesis let {{ T^β_i : i < ℶ_β } : β < α} ⌊⌉ ⌈⟩∫|≀⟩\⊔ ⊔∇⌉⌉∫ ∫⊣⊔⟩∫{†⟩\} ⊔⟨⌉ ∫⊔⊣⊔⌉⇕⌉\⊔ ≀{ ⊔⟨⌉ T⟨⌉≀∇⌉⇕↙ D⌉\≀⊔⌉ ⌊† S the set {⟨β,i⟩ : i < ℶ_β , β < α}↙ F⟩§ ⊣\ ⟩\|⌉⌋⊔⟩⊑⌉ ⇕⊣√√⟩\} {∇≀⇕ S into On − Sup( � β,i T^β_i ), denote by γ_{β,i} the im age of the pa ir ⟨β,i⟩↙ F≀∇ ⌉⊑⌉∇† γ < α and for every A ⊆ S cardinality ℶ_γ de Θ ne

T_A := {⟨⟩} ∪ {⟨γ_{β,i}⟩^η : η ∈ T^β_i , ⟨β,i⟩ ∈ A}.

The order on T_A is de Θ ne d in the na tur al w ay. ⟨⟩ ⟩∫ ⊔⟨⌉ ∇≀≀⊔⇔ ⊣\⌈

⟨β,i⟩^η_1 <_{TA} ⟨β,i⟩^η_2 iff η_1 <_Tβ_i η_2.

The veriΘcation that Dp(T_A) = ω + α + 1 is left to the reader. Suppose A ≠ B ⊆ ℶ_α bot h of cardi na lity ℶ_β for som e β < α▷ We need to show that T_A ≉_{ω + α} T_B ▷

W ▷l▷o▷g▷ the re exi sts γβ,i ∈ A − B▷ Since ⟨γβ,i⟩^η : η ∈ T β i } ⟩∫ ⊣ ∫⊓⌊⊔∇⌉⌉ ≀{ T_A

and for all j < ℶ β w e ha ve tha t j ≠ i ⇒ T β i ≉_{ω + β} T^β_j from the de Θ ni tion of the

relation ≈ ⇔ ⊣\⌈ ⊔⟨⌉ {⊣⌋⊔ ⊔⟨⊣⊔ ⟩⊔ {≀↕↕≀⊒∫ ⊔⟨⊣⊔ ⊔⟨⌉∇⌉ ⟩∫ \≀ ≀∇⌈⟩\⊣↕ ϵ such that the tree

{ϵ̂η : η ∈ T^β_i } ⌈≀⌉∫ \≀⊔ ⊣√√⌉⊣∇ ⊣∫ ⊣ ∫⊓⌊⊔∇⌉⌉ ≀{ T_B it is clear tha t T_A ≉_{ω + α} T_B ▷ □_2

B ack to the pr oof of The or em 2.8: Le t α < λ+ be gi ven. B y C laim 2 the re exi sts a fam ily of none qui valent sim pl e trees {Ti : i < ℶ α }↙ B† ∇⌉\⊣⇕⟩\}⇔ ⊒⌉

⇕⊣† ⊣∫∫⊓⇕⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ⊣⌊≀⊑⌉ ⊔∇⌉⌉∫ ⌈≀ \≀⊔ ⌋≀\⊔⊣⟩\ ∫⌉∐⊓⌉\⌋⌉∫ ≀{ ≀∇⌈⟩\⊣↕∫ ⊒⟨⟩⌋⟨ ⊣∇⌉ ↕⌉∫∫ ⊔⟨⊣\ ℶ_α ▷ W e de Θ ne a ne w tree. M_α its set of elem ent s cons ists of

{⟨⟩} ∪ {⟨i⟩ : i < ℶ_α } ∪ {⟨i, i^′⟩^η : η ∈ T_i′, i^′ < i, i < ℶ_α }.

WecanviewM_α as a pa rtially or de red set ↼by �be ing ini tial segm ent �↽▷ W e

vi ew Mα as a m ode l in a languge cons isting of singl e func tion sym bol . A una ry func tion f whose interpretation is the predessor of its argument ↼if the argument is

the root than the value is deΘned to be the root↽▷ Notice that the following formula

ONHANFNUMBERSOFTHEINFINITARYORDERPROPERTY DRAFT 11

(ofL_{ω 1,ω} ↽ � k<ω [x = f^k(y)]^5 de Θ ne s the relation of �be ing an ini tial segm ent � on

w ell founde d trees.

Le t ψ α := � Th_{ω ,ω} (M_α ) ∧ (∀x) � n<ω [f^n (x) = ⟨⟩]. Namely ψ_α is the

Θ rstor de r the or y of Mα toge the r w ith the statem ent tha t say tha t every elem ent is

of Θ ni te di stanc e from the root ▷

Le t φ α (x,y) be the following statement: x,y ∈ Suc(⟨⟩), and for every

x^′ ∈ Suc(x) there exists y^′ ∈ Suc(y) such that T[x^′] ≈_{ω + α+1} T[y^′], and there exists y^′ ∈ Suc(y) such that for every x^′ ∈ Suc(x) we have that T[x^′] ≉_{ω + α+1} T[y^′]holds.

In order to complete the proof of Theorem 2.8, it sufΘces to prove the following:

Sub Claim 2.13. (1) φ_α (x, y) ∈ L_λ+_{,ω}

↼�↽ M_α ha s the (φ_α ,ℶ_α )-order property, (3) There do not exist a formula φ^′(x, y) ∈ L_κ+_{,ω} suc h tha t

ψ_α ha s the (φ^′(x,y),∞ )-order property.

Proof. (1) Let T � ⅁ ≾�⋖⋖ ℧⋊≊⋉� ≈∖�∦ ⅁⋉� ⋖�≈ α < λ^+ be gi ven, it is enough

to sho w by induc tion on α that there exists a formula χ(x, y) ∈ Lλ+ ,ω suc h

tha t for every a, b ∈ T ≾� ≂⅁≿� ≈≂⅁≈ T |= χ[a, b] iff T[a] ≈ α T[b]. It is easy

to check that the relation ≈_α is de Θ na bl e in L_λ+_{,ω} ▷

↼�↽ C he ck tha t for every i1,i2 < ℶ α w e ha ve tha t

i_1 < i_2 iff M_α |= φ_α [⟨i_1⟩,⟨i_2⟩]. (3) For the sake of contradiction suppose that there exists a formula φ^′(x,y) ∈ L_κ+_{,ω} suc h tha t ψ_α ha s the (φ^′,∞ )-order property. Suppose that γ is a limit ordinal < κ^+ suc h tha t the for m ul a φ^′ ⟨⊣ ∫ ∐⊓⊣ \⊔ ⟩× ⌉∇ ⌈⌉ √⊔ ⟨ < γ▷ Denote by μ the cardinality (ℶ_{γ+1} (|L|))^+ . Le t N |= ψ_α be a m ode l of cardi na lity μ such that there exists {a_i : i < μ} ∫⊓⌋⟨ ⊔⟨⊣⊔ ℓ(x) = ℓ(y) = ℓ(a_i) = n < ω and for every i_1,i_2 < μ we have i_1 < i_2 ⇐ ⇒ N |= φ^′[a_{i1} ,a_{i2} ] holds. For every i < μ Θx ⟨b^i_l : l < n⟩ = a_i▷ B y the L_{ω 1,ω} pa rt of the de Θ ni tion of ψ_α w e ha ve tha t N |= (∀x) � m<ω f^m (x) = f^{m+1} (x). For every c ∈ N let m(c) := min{m : N |= f^m (c) = f^{m+1} (c)}↙

S⟩\⌋⌉ μ is regular after renaming we may assume that for every l < n there are k_l < ω such that for every i < μ we have m(b^i_l) = k_l▷ B y

inc reasing n we may assume that for every i < μ we have that f (bil) ∈

{b^i_k : k < n}⇔ ⊣\⌈ {≀∇ ⌉⊑⌉∇† i_1,i_2 < μ and every l_1,l_2 < n we have

N |= f (b^{i1}_{l1} ) = b^{i1}_{l2} ⇐ ⇒ N |= f (b^{i2}_{l1} ) = b^{i2}_{l2} � N |= b^{i1}_{l1} = b^{i1}_{l2} ⇐ ⇒ N |= b^{i2}_{l1} = b^{i2}_{l2} .

We may also assume that ⟨b_l : l < n⟩ ⟨⊣∫ \≀ ∇⌉√⌉⊣⊔⟩⊔⟩≀\↙ B† ⊔⟨⌉ Δ -system lemma there exists s ⊆ n such that for every i_1,i_2 < μ and every l_1,l_2 < n we have that b^{i1}_{l1} = b^{i2}_{l2} ⇐ ⇒ l_1 = l_2 ∈ s▷ 5 W he n f

k (y) stands for f ( ¢ ¢ ¢ f (y) ¢ ¢ ¢ ) kmany times▷

12 RAMIGROSSBERGANDSAHARONSHELAH Let Φ_γ be the set of L_{∞ ,ω} for m ul as of qua nt iΘ er de pt h < γ with Θnitely many free variables▷ Clearly |Φ_γ| ≤ ℶ_γ(|L|) and |P (Φ_γ)| ≤ ℶ_{γ+1} (|L|) < μ = cf (μ).

Let tp_γ(b_0,... ,b_{m− 1};M) := {φ (x̄) ∈ Φ_γ : M |= φ [b_0,... ,b_{m− 1}]}↙ W⟩⊔⟨≀⊓⊔ ↕≀∫∫ ≀{ }⌉\⌉∇⊣↕⟩⊔† ⊒⌉ ⇕⊣† ⊣∫∫⊓⇕⌉ ⊔⟨⊣⊔ {≀∇ ⌉⊑⌉∇† i, j < μ we have tp_γ(b^i_0,... ,b^i_{m− 1};N) = tp_γ(b^j_0,... ,b^j_{m− 1};N).

We will obtain a cotradiction to the assumption that ψ_α ha s the (φ^′,∞ )- order property by proving the following: Claim. For every i, j < μ we have N |= φ^′[b^i_0,... ,b^i_{n− 1},b^j_0,... ,b^j_{n− 1}] ⇐ ⇒ N |= φ^′[b^j_0,... ,b^j_{n− 1},b^i_0,... ,b^i_{n− 1}] Proof. Let B = {b^α_l : l ∈ s} □_{2.13}

R emar k 2.14. In D eΘ ni tion 2.5 w e ha ve int roduc ed a thi rd pa ram eter, but sinc e it doe s not add anyt hi ng of subs tanc e (jus t com pl icates the not ation tha t m ay be already little he avy) w e de cide d to lim it our treatm ent to the abo ve pa rticul ar case. A t the end of thi s section w e di scus s several ge ne ralizations .

The or em 2.8 pr ovi de s a be tter uppe r bound tha n the one in Fact 1.10:

C or ol lar y 2.15. For every κ ≤ λ we have μ∗(λ, κ) ≤ ℶ δ_1(λ,κ ).

R emar k 2.16. U sing Facts 1.10 and 2.15, one can sho w tha t δ1(λ, κ) ≤

δ_0(λ, κ) for κ ≤ λ▷ In ♭GrSh�♯ we have shown that in many instances the ordinal δ_1(λ, κ) is much smaller than δ_0(λ, λ) [e.g. when κ = ℵ_0, w e ha ve

tha t δ1(λ, κ) = λ+ , w hi le for λ = ℶ ω_1 , w e ha v e δ0(λ, λ) > 2λ▷ ♯

ONHANFNUMBERSOFTHEINFINITARYORDERPROPERTY DRAFT 13

3. CONNECTIONWITHTHEGALVIN-HAJNALRANK In Theorem2.6we reduced theproblemof�ndingestimates for μ_1(·,·) to Θnding bounds for δ_1(·,·). In Fact 3.2, below we state a result from [GrSh1], Θrst we need the following: DeΘnition 3.1. For uncountable κ and λ ≥ κ denote by

κ^∗ := � κ if cf κ = ℵ_0 κ^+ if cf κ > ℵ_0.

cov(λ, κ) := min{|F | : F ⊆ S_{<κ} ∗ (λ), ∀X ∈ S_{<κ} ∗ (λ) ∃{ w_l : l < ω } ⊆ F such that X ⊆ � l<ω w_l}↙ C↕⌉⊣∇↕† cov(λ, κ) ≤ λ^κ▷ B ut of ten cov(λ, κ) < λ^κ▷ In ♭S h g♯ S he lah ha s

a m or e ge ne ral func tion▷ O ur cov(λ, κ) is the same as cov(λ, κ∗,κ∗,ℵ1)

from DeΘnition II 5.2 of [Sh g]. Fact 3.2. (Theorem 4.4 of [GrSh1]) Let κ ≤ λ be inΘnite cardinalities▷ ↼a↽ if κ = ℵ_0 the n δ_1(λ, κ) ≤ λ^+ .

(b) if cf κ > ℵ0 the n δ1(λ, κ) ≤ (cov(λ, κ) + 2κ)+ . (c) if cf κ = ℵ0 the n δ1(λ, κ) ≤ (cov(λ, κ) + 2<κ + ℵ0)+ .

N ot e tha t the abo ve inoc ent looki ng resul ts are qui te po w erful l! E.g. B y a resul t of [S h g] (from C ha pt er X I),

if (∀μ < χ)[μ^κ < λ] � cf (χ) = ℵ_0 � χ ≤ λ < χ^{δ+ ω 1} t he n w e ha v e t ha t cov(λ, κ) = λ thus μ_1(λ, κ) ≤ ℶ_λ+ , w hi l e us i ng M or l e y’ s m e t hods w e ge t

onl y μ1(λ, κ) ≤ ℶ (2λ )+ .

The f ol l o w i ng i s a ge ne r a l i z a t i on of t he c a r di na l �v a l ue d f unc t i on w e ha v e

i nt r oduc e d i n D e Θ ni t i on 1.8. H e r e i ns t e a d of a s s um i ng t ha t φ (x;y) is an

L_λ+_{,ω} for m ul a w e look at all φ ∈ L_{∞ ,ω} w ith qua nt iΘ er de pt h < γ we take into consideration only the rank of the formula φ ▷ DeΘnition �▷�▷ Let κ be an inΘnite cardinality and let γ be an ordinal greater or equal to κ^+ , T ∈ L_κ+_{,ω}

↼a↽ μ^∗_T (γ,κ) := min{μ^∗ : ∀φ ∈ L_{∞ ,ω} w ith rk(φ ) < γ if T has the (φ, μ^∗)-order property, then ∃φ^′(x;y) ∈ L_κ+_{,ω} suc h tha t T has the (φ^′,∞ )-order property}↙ ⇐⌊⇒ μ^∗_2(γ,κ) := sup{μ^∗_T (γ,κ) | T ∈ L_κ+_{,ω} }^6.

The im pr ovem ent in com pa rison to w ha t w e ha ve seen be for e is tha t instead of lim iting attent ion to for m ul as w ith the or de r-pr ope rty to be from

L_λ+_{,ω} w e cons ide r w ha t m ay look as a w eaker or de rpr ope rty by cons ide r

ing for m ul as w ith the or de r pr ope rty to be from the logi c L∞ ,ω ↼w ith rank bounde d by γ↽▷ 6 Not e tha t sim ila rl y to wha t we di d in the pre vi ous se c tion wi th the func tion μ0( ¢ , ¢ ) above, the

functionsμ^∗ (γ,κ) andμ^∗ (λ, κ) aredifferentobjects, wedistinguishbetweenthembyusingdifferent arguments.

14 RAMIGROSSBERGANDSAHARONSHELAH

De�nition3.4. Let T,<, <^P ,P be as in DeΘnition �▷�▷ For an ordinal γ > κ let

↼a↽ δ_2(λ, γ,κ) := min{δ : Γ is a set of Ttypes |Γ| ≤ κ, |T| ≤ λ if ∀δ^′ < δ ∃M ∈ EC(T,Γ) with otp P^M ,<^{P M} ) < γ and otp M − P,< ) ≥ δ^′ ⇔ ⊔⟨⌉ \ ∃N ∈ EC(T,Γ) s.t. otp(P^N ,<^{P N} ) ∈ On ∩ κ^+ and (N − P^N ,<^N ) is not well ordered}↙ ⇐⌊⇒ μ_2(λ, γ,κ) := min{μ : Γ is a set of Ttypes |Γ| ≤ κ, |T| ≤ λ if ∃M ∈ EC(T,Γ) ‖M‖ ≥ μ with otp(P^M ,<^M ) < γ then for every χ ≥ κ ∃N ∈ EC(T,Γ) of cardinality at least χ such that otp(P^N ,<^N ) ∈ On ∩ κ^+ }↙ ⇐⌋⇒ W⟨⌉\ λ = κ we may omit λ▷ By the discussion after Theorem �▷� this case is interesting enough▷

The following is an analog of Proposition �▷�.

Proposition �▷�▷ Let κ and μ be cardinalities and let γ be an ordinal ≥ κ▷ Then (1) ⇒ (2) ⇒ (3) where

(a) μ ≥ μ_2(γ,κ) (b) for every ψ ∈ L_κ+_{,ω} and for every φ (x;y) ∈ L_{∞ ,ω} of quant iΘe r

de pt h < γ if ψ has the (φ, μ)-order property then there exists φ ′ ∈

L_κ+_{,ω} suc h that ψ has the (φ^′,∞ )-order property. (c) μ ≥ ℶ_γ▷

T h eor em �▷�▷ For every κ and every ordinal γ ≥ κ we have μ2(γ,κ) =

ℶ_{δ2(γ,κ)}.

The or em 3.6 w ill be pr oved in the ne xt section.

The fol low ing the or em conne cts δ2 to the G alvi n�H ajna l rank and pr o-

vi de s a low er bound for δ2(γ,κ):

Theorem 3.7. (A lower bound): Suppose κ is an uncountable regular car dinality▷ Let J be the ideal of nonstationary subsets of κ▷ For every ordinal γ > κ we have ‖γ‖_J < δ_2(γ,κ), when ‖γ‖_J is the G al vin�H aj nal rank of

the cons tant func tion f : κ → γ + 1 whose value is γ▷

Instead of proving the above theorem we prove a more general result▷ It turns out that the ideal J of nonstationary subsets can be replaced by almost any other ideal satisfying rather weak conditions.

Theorem �▷�▷ ↼A better lower bound↽. Suppose J is an ℵ_1-com pl ete ide al on κ such that ↼⇀↽ J as an ideal is generated by≤ κ sets or at least we have ↼⇀⇀↽ there exists a model B (of an expansion of set theory) with universe κ, |L(B )| ≤ κ and ψ(P ) ∈ L_κ+_{,ω} whe n L = L(B ) ∪ {P }⇔ P is a unary predicate, having the following property. � J for every A ⊆ κ we have that A ∈ J ⇐ ⇒ ⟨B ,A⟩ |= ψ(P )

ONHANFNUMBERSOFTHEINFINITARYORDERPROPERTY DRAFT 15

or at least

�_−

J for every A ⊆ κ wehavethat A ∈ J ⇐ ⇒ f orsomeAφwehav ethat A⊆

A^′ ∈ J, ⟨B ,A^′⟩ |= ψ(P )

then for everyordinal γ > κ we have that ‖γ‖_J < δ_2(γ,κ).

Remar k 3.9. (a) One way to see that Theorem 3.7 is a special case of Theorem 3.8 is by using the same argument. Another formal argument (using the statement of 3.8) we can take B := ⟨κ, < ⟩ ⊣\⌈ ψ(P ) will say that {x : P (x)} ⟩∫ ⊣ ⌋↕≀∫⌉⌈ ⊓\⌊≀⊓\⌈⌉⌈ ∫⌉⊔↙ T⟨⟩∫ ∫⊣⊔⟩∫{† �_−

J but not � J ▷ ↼b↽ N ot e tha t

�_−

J is equi valent to. for som e ψ(P,R̄) ∈ Lκ^+ ,ω w e ha ve tha t A ∈ J ⇐ ⇒ (∃R̄)⟨B ,A⟩ |= ψ(P,R̄).

Proof. Let γ^∗ := ‖γ‖_J and let ds(γ^∗) stand for the set {ν|ν is strictly decreasing sequence of ordinals < γ^∗}↙ T⟨⌉∇⌉ ⌉§⟩∫⊔∫ ⊣ {⊣⇕↖ ⟩↕† ≀{ {⊓\⌋⊔⟩≀\∫ {f_η : κ → On | η ∈ ds(γ^∗)} ⊒⟩⊔⟨ ⊔⟨⌉ {≀↕↕≀⊒⟩\} √∇≀√⌉∇⊔⟩⌉∫¬ ⇐⊣⇒ f_{⟨⟩} ⟩∫ ⌋≀\∫ ⊔⊣\⊔ ↕† γ▷ ↼b↽ if η^i ∈ ds(γ^∗) then f_{η^i} <_J f_η and for every ζ < κ we have ¬ [f_{η^i}(ζ) < f_η(ζ)] ⇒ f_{η^i}(ζ) = f_η(ζ) = 0.

(c) if η ≠ ⟨⟩ ⊔⟨⌉\ ∀ζ < κ[f_η(ζ) < γ]. (d) η^i ∈ ds(γ^∗) ⇒ ‖f_{η^i}‖_J ≥ i▷ ↼e↽ ‖f_{⟨⟩}‖_J = γ^∗↙

T⟨ ⟩∫ ⟩∫ √ ≀ ∫∫⟩⌊ ↕⌉ ¬ D ⌉× \⌉ ⊔⟨⌉ {⊓\⌋ ⊔⟩≀\ f η by induc tion on ℓ(η):

For ℓ(η) = 0; Let f_{⟨⟩} ⌊⌉ ⊔⟨⌉ ⌋≀\∫ ⊔⊣\⊔ {⊓\⌋ ⊔⟩≀\ ⊣∫ ⟩\ ∇⌉∐⊓⟩ ∇⌉⇕ ⌉\⊔ ⇐∞⇒ ↙ F≀∇ ℓ(η) > 0; If η^i ∈ ds(γ^∗) then f_η is de Θ ne d and by the induc tive

hypot he sis w e ha ve tha t ‖f η^i‖J > i ↼as η^i ∈ ds(γ∗) and ‖f ⟨⟩‖J = γ∗⇒⇔

⌊† ⊔⟨⌉ ⌈⌉ × \⟩ ⊔⟩≀\ ≀{ ⊔⟨⌉ G ⊣↕⊑⟩ \�H ⊣|\⊣ ↕ ∇⊣\‖ ⊔⟨⌉ ∇⌉ ⌉§⟩ ∫⊔∫ f ′ < J f η suc h tha t

‖f^′‖_J ≥ i▷ Now for ζ < κ let

f_{η^i}(ζ) := � f^′(ζ) if f^′(ζ) < f_η(ζ) 0 otherwise.

This is enough: Denote by f the sequence ⟨f_η : η ∈ ds(γ^∗)⟩↙ L⌉⊔ χ^∗ ⌊⌉ ⊣ ∫⊓{ × ⌋⟩⌉\⊔ ↕† ↕⊣∇}⌉ ∇⌉}⊓↕ ⊣∇ ⌋⊣∇⌈⟩ \⊣ ↕ ∫⊓⌋ ⟨ ⊔⟨⊣ ⊔ H(χ^∗) conatins all relevant sets and the structure ⟨H(χ^∗),∈⟩ ∇⌉∗⌉⌋⊔∫ ⊣↕↕ ∇⌉↕⌉⊑⊣\⊔ √∇≀√⌉∇⊔⟩⌉∫↙ L⌉⊔ C := ⟨H(χ^∗),∈,<^∗_χ ∗ ,f ,κ, D,B ,ψ(·),J,Q, P,i⟩_{i≤ κ} w he n <^∗_χ ∗ ⟩ ∫ ⊣

⊒ ⌉ ↕ ↕ ≀∇ ⌈⌉ ∇ ⟩ \} ≀{ ⊔ ⟨⌉ ∫ ⌉ ⊔ H(χ∗), P is the unary predicate {i : i < γ}⇔ Q

is the unary predicate interpreted by the set {j : j < γ^∗}⇔ D interpreted by ds(γ^∗). Let T := Th(C), and Γ is a set of types consisting only of the following type � {x ∈ κ ∧ x ≠ i : i < κ}↙ S⊓√√≀∫⌉ N ∈ EC(T,Γ) is such that (P^N ,<^{P N} ) is well ordered, and we will show that (Q^N ,< ) is well ordered.

W.l.o.g. we may assume that A^N := {x ∈ N : N |= rk(x) ∈ P } ⟩∫ ⊣ ⊔∇⊣\∫⟩⊔⟩⊑⌉ ∫⌉⊔ ⊣\⌈ ∈^N ↾ A^N = ∈↾ A^N ↼by taki ng the M os tow ski φs col laps e↽▷

16 RAMIGROSSBERGANDSAHARONSHELAH

SoP^N = γ^′{≀∇ ∫≀⇕ ⌉ γ^′⇔ ⊣\⌈ ∫⟩\⌋ ⌉ N omits the type in Γ we have κ^N = κ since the universe of B is κ we have B^N = B . So necessarily ψ(·)^N = ψ(·).

By the axioms of T it follows that ↼⇀↽ if N |= η^x ∈ D then N |= (∃X ⊆ {i < κ : f_η(i) ≤ f_{η^x}(i)}) B |= ψ(X). Now since η^x ∈ D^N w e ha ve f^N_η , f^N_{η^x} ∈ A^N ▷ S o by the func tions

from κ into γ′↙ A ↕∫≀ ψ N = ψ by absoluness we have N |= (∃X ⊆ {i <

κ : f_η(i) ≤ f_{η^x}(i)}) B |= ψ(X). So by (**) we have (*) η^x ∈ D^N ⇒ f_{η^x} <_J f_η▷

N ow if (QN ,< ) is not well ordered then we can Θnd {xn ∈ QN : N |=

[x_{n+1} < x_n ]}↙ F∇≀⇕ Tφs axioms it follows that there are {y_n : n < ω } ∫⊓⌋⟨ ⊔⟨⊣⊔ y_0 = ⟨⟩, y_{n+1} = y_n^x_n ∈ D for all n < ω ▷ So we have that {f_{yn} : κ → γ^′ | n < ω } ⊣\⌈ {≀∇ ⌉⊑⌉∇† n < ω f_{yn +1} <_J f_{yn} ↼ i n V↽▷ Since J is an ℵ_1-com pl ete ide al w e ha ve a cont radi ction. W e ha ve sho w n tha t the re

exi sts a pa ir T,Γ of the aproperiate cardinalities such that

(a) N ∈ EC(T,Γ), (P^N ,< ) is well ordered ⇒ (Q^N ,< ) is well ordered.

(b) there is N ∈ EC(T,Γ) with otp(P^N ,< ) ≤ γ and (Q^N ,< ) of order type γ^∗ ⇐⊔⊣‖⌉ N = C).

This establishes that γ^∗ < δ_2(γ,κ). □_{3.8}

ONHANFNUMBERSOFTHEINFINITARYORDERPROPERTY DRAFT 17

4. CONCLUDINGREMARKS

ItisnaturaltoaskwhetherthelowerboundfromTheorem3.8isequalto theoneinFact 3.2.Thefollowingseemstobeareasonable

Conjecture4.1. Forcardinalitiesκ ofuncounablecoΘnalityandλ suchthat 2^κ < λ we have δ_1(λ, κ) = (cov(λ, κ) + 2^κ)^+ .

R emar k 4.2. (a) N ot ice tha t w he n κ is strong limit singular of coΘnality

ℵ_0 the n the conj ectur e hol ds .

(b) W hy 2κ < λ � See BarwiseKunen for independence results▷

↼c↽ The conjecture can to a large extent be traslated to a one on pcf , it is evident that e▷g▷ ↼⇀⇀⇀↽ below is a sufΘcient condition.

↼⇀⇀⇀↽ for any set a of ≤ κ regular cardinals which are > 2^κ the set pcf (a) has cardinality at most κ or at least the set pcf_{ℵ1-c om pl ete} (a) has cardinality at most κ▷

This is because by ♭Sh g♯ II �▷� if 2^κ < λ then μ = cov(λ, κ) is the Θrst μ such that if {λ_i : i < κ} ⟩∫ ⊣ ∫⌉⊔ ≀{ ∇⌉}⊓↕⊣∇ ⌋⊣∇⌈⟩\⊣↕↖ ⟩⊔⟩⌉∫ ⟩\ ⊔⟨⌉ ⟩\⊔⌉∇⊑⊣↕ (2^κ,λ) and J is an ℵ_1-com pl ete ide al on κ and cf ( � i<κ λ_i,<_J ) is well deΘned then it is ≤ μ▷ The problem is that the ideal may not satisfy even

�_−

J ▷ H ow ever by ♭S h g♯ V II �▷� the ide al J is generated by a family of

≤ |pcf {λ_i : i < κ}| ∫⌉⊔∫ ⊣\⌈ ⌉⊑⌉\ ⌊† ⊣ {⊣⇕⟩↕† ≀{ |⊓∫⊔ ≤ |pcf_{ℵ1-c om pl ete} {λ_i : i < κ}| ∫⌉⊔∫⇔ ∫≀ ⊒⌉ ⟨⊣⊑⌉ |pcf ({λ_i : i < κ}| ≤ κ ⇒ � J

18 RAMIGROSSBERGANDSAHARONSHELAH

REFERENCES [BaKu]K.J. BarwiseandK.Kunen,HanfnumbersforfragmentsofL∞ ;! , Is r ae l J . of

Mat he mat i c s , 10 , 306�320, 1971

[C h] C . C . C ha ng, S om e re m a rks on t he m ode l t he ory of i n� ni t a ry l a ngua ge s , T h e S yn tax

an d S e man ti c s of I n � n i tar y L an gu age s , S pri nge r -V e rl a g Le c t ure Not e s i n M a t he m a t -

i c s 72 , e di t e d by J . B a rwi s e (1968) pa ge s 36�63.

[Gr] R a m i Gros s be r g, Cl as s i � c ati on th e or y f or n on e l e me n tar y c l as s e s , P h.D. The s i s (i n

He bre w), The He bre w Uni v e rs i t y of J e rus a l e m 1986.

[GrS h1] R a m i Gros s be r g a nd S a ha ron S he l a h, On t he num be r of noni s om orphi c m ode l s of

a n i n� ni t a ry t he ory whi c h ha s t he i n� ni t a ry orde r prope rt y . I, T he J our nal of Sy mbol i c

L o gi c , 51 : 302�322, 1986. � M R: 87j : 03037, (03C 45)

[GrS h2] R a m i Gros s be r g a nd S a ha ron S he l a h, A nons t ruc t ure t he ore m for a n i n� ni t a ry t he -

ory whi c h ha s t he uns upe rs t a bi l i t y prope rt y , Il l i noi s J our nal of Mat he mat i c s , 30 : 364�

390, 1986. V ol um e de di c a t e d t o t he m e m ory of W .W . B oone ; e d. Appe l , K., Hi gm a n,

G., R obi ns on, D. a nd J oc kus h, C . � M R: 87j : 03036, (03C 45)

[HrS h] Ehud Hrus ho vs ki a nd S a ha ron S he l a h, S t a bi l i t y a nd om i t t i ng t ype s , Is r ae l J our nal

of Mat he mat i c s , 74 : 289�321, 1991. � M R: 92m : 03049, (03C 45)

[M a ] M e na c he m M a gi dor , C ha ng’ s c onj e c t ure a nd po we rs of s i ngul a r c a rdi na l s , T he J our -

nal of Sy mbol i c L o gi c , 42 : 272�276, 1977.

[M a S h] M i c ha e l M a kka i a nd S a ha ron S he l a h, C a t e gori c i t y of t he ori e s i n L

•! , with κ a compact cardinal Annals of Pure and Applied Logic �.� �▷ � MR. �a.� ↼�C�↽ ♭Mo♯ Michael Morley Omitting classes of elements The Theory of Models edited by Addison Henkin and Tarski NorthHolland Publ Co ↼�↽ pages �▷ ♭Sh �♯ Saharon Shelah▷ The number of nonisomorphic models of an unstable Θrstorder theory▷ Israel Journal ofMathematics �.� �▷ � MR. �▷ ♭Sh �♯ Saharon Shelah A combinatorial problem, stability and order for models and the ories in inΘnitary languages PaciΘc Journal of Mathematics �.� �▷ � MR. �.� ↼�H�↽ ♭Sh �♯ Saharon Shelah Categoricity in @ 1 of se nt e nc e s in L !_1 ;! (Q), Israel Journal of Mathematics, 20:127�148, 1975. � MR: 52:83, (02H10) [Sh 78] Saharon Shelah, Hanf number of omitting type for simple Θrst-order theories, The Journal ofSymbolic Logic, 44:319�324, 1979. � MR: 80k:03031, (03C50) [Sh 87a] Saharon Shelah, ClassiΘcation theory for nonelementary classes I, The number of uncountablemodelsofψ 2 L !_1 ;! . P a rt A, Is r ae l J our nal of Mat he mat i c s , 46 : 212�240,

1983. � M R: 85m : 03024a , (03C 45)

[S h 87b] S a ha ron S he l a h, C l a s s i � c a t i on t he ory for none l e m e nt a ry c l a s s e s . I. The num be r of

unc ount a bl e m ode l s of ψ 2 L

! 1^{;! . P a rt B , Is r ae l J our nal of Mat he mat i c s , 46 : 241�273,}

1983. � M R: 85m : 03024b, (03C 45)

[S h 88] S a ha ron S he l a h, C l a s s i � c a t i on of none l e m e nt a ry c l a s s e s II, Abs t ra c t e l e m e nt a ry

c l a s s e s , In C l as s i �c at i on t he or y (C hi c a go, IL , 1985) , v ol um e 1292 of L e c t ur e N ot e s i n

Mat he mat i c s , pa ge s 419�497. S pri nge r , B e rl i n, 1987. P roc e e di ngs of t he US A�Is ra e l

C onfe re nc e on C l a s s i � c a t i on The ory , C hi c a go, De c e m be r 1985; e d. B a l dwi n, J .T . �

M R: 91h: 03046, (03C 75)

[S h 200] S a ha ron S he l a h. C l a s s i � c a t i on of � rs t -orde r t he ori e s whi c h ha v e a s t ruc t ure t he o-

re m . Ame r i c an Mat he mat i c al Soc i e t y . Bul l e t i n. N e w Se r i e s , 12 : 227�232, 1985.

[S h 299] S a ha ron S he l a h, T a xonom y of uni v e rs a l a nd ot he r c l a s s e s , In Pr oc e e di ngs of

t he Int e r nat i onal C ongr e s s of Mat he mat i c i ans (Be r k e l e y , C al i f ., 1986) , v ol um e 1,

pa ge s 154�162. Am e r . M a t h. S oc ., P ro vi de nc e , R I, 1987. e d. Gl e a s on, A.M . �

M R: 89e : 03006, (03-02)

[S h 300] S a ha ron S he l a h, Uni v e rs a l c l a s s e s , In C l as s i �c at i on t he or y (C hi c a go, IL , 1985) ,

v ol um e 1292 of L e c t ur e N ot e s i n Mat he mat i c s , pa ge s 264�418. S pri nge r , B e rl i n, 1987.

ONHANFNUMBERSOFTHEINFINITARYORDERPROPERTY DRAFT 19

ProceedingsoftheUSA�IsraelConferenceonClassi�cationTheory,Chicago,December1985;ed.Baldwin,J.T.� MR: 91k:03088,(03C52) [Sh394] Saharon Shelah, Categoricity of abstract classes with amalgamation. Annals of PureandAppliedLogic,submitted.

[Sh460] SaharonShelah,TheGeneralizedContinuumHypothesisrevisited,IsraelJournal ofMathematics, submitted.

[Shc] SaharonShelah,Classi�cationTheoryand the Number ofNonisomorphic Models, Rev. Ed.,North-Holand,1990,Amsterdam.

[Shg] SaharonShelah,Cardinal Arithmetic, volume 29ofOxford Logic Guides. Oxford UniversityPress, 1994.

E-mailaddress, RamiGrossberg: rami@cmu.edu

DEPARTMENT OF MATHEMATICAL SCIENCES, CARNEGIE MELLON UNIVERSITY, PITTSBURGH, PA15213, USA

E-mailaddress, SaharonShelah: shelah@math.huji.ac.il

INSTITUTEOFMATHEMATICS, THEHEBREWUNIVERSITY, JERUSALEM, ISRAEL, & RUTGERS UNIVERSITY, MATHEMATICS DEPARTMENT, NEWBRUNSWICK, NJ 08903 USA