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2 I. TICE

1. INTRODUCTION

1.1. Porous media. Consider a fluid moving in a bounded, open, connected set Q C R?
(d = 2,3) with smooth boundary. If the fluid is viscous and incompressible, we model the flow
with the incompressible Navier-Stokes equations:

p(Ou+u-Vu) = pAu—Vp+ f inQ
divu =0 in (1.1)
u=20 on 0f).

Here u : Q@ xRt — R3 is the fluid velocity, p : @ x RT — R is the fluid pressure, f : @ x Rt — R3
is the external force acting on the fluid, p > 0 is the constant fluid density, and p > 0 is the
constant fluid viscosity. The incompressibility condition corresponds to the second equation:
the divergence-free condition guarantees that the fluid flow is volume-preserving

The term J,u + u - Vu is the acceleration of the fluid. If f doesn’t depend on time, then it’s
reasonable to assume that the net acceleration on the fluid vanishes everywhere in €2, i.e. that
the fluid is in an equilibrium configuration. This leads to the Stokes equations:

—Au+Vp=f inQ
divu =0 in Q (1.2)
u=20 on 0f2.

Here we have set u = 1 for convenience. Doing so is no loss of generality, as we can always
employ a scaling argument so that u = 1 in the scaled coordinate system. Note that we would
also arrive at the Stokes system by linearizing , assuming f is time-independent, and
looking for a static solution for which d,u = 0.

Our goal in these notes is to study the behavior of a fluid flowing in a porous medium
such as sand, soil, or porous rocks. The idea is that, while the fluid domain is assumed to
be connected, it is permeated by a solid microstructure through which the fluid flows. This
structure is assumed to be periodic and very small relative to the size of the domain. The aim,
then, is to derive an equation for the effective dynamics of the fluid in the limit as the size of
the microstructure vanishes.

1.2. Defining the microstructure. Our aim now is to describe how to obtain a model of
a porous medium that is amenable to analysis via homogenization methods. We must first
describe the microstructure.

The periodic unit cell is defined as Y = R%/Z¢. To any subset A C Y we associate the lifted
set L(A) C R?, defined by

L(A) = {z e R?| [z] € A}, (1.3)

where [z] € Y is the equivalence class associated to z € RY. We assume that the cell Y is the
disjoint union ¥ = Y, UY}, where Y; denotes the “fluid part” of the cell and Y, denotes the
“solid part.” To model a porous medium, it is natural to allow L(Y;) to be a connected set,
corresponding to an infinite periodic solid structure in which the fluid flows. For simplicity, in
these notes we will consider only the case in which Y is strictly contained within the unit cell.
This is the case considered by Tartar [4], who was the first to rigorously derive the effective
dynamics. Later work by Allaire [I] and Polisevsky [2] generalized Tartar’s result to handle the
more general case in which the microstructure extends to the boundary of each cell, generating
a connected periodic solid network.

We make the following assumptions on Y.

(1) Y; C Y is a non-empty closed set of positive measure.
(2) L(Y;) N 9[0,1]? = @. That is, the solid part of Y is strictly contained in the unit cell.
(3) 9Y;s is smooth.

(4) RN\ L(Y;) is connected.
We then define Yy = Y'\Y;, which is non-empty and open by virtue of (1) and (2) above. Item
(3) implies that 0Y; and L(Y7) are both smooth. Item (4) guarantees that L(Yy) = R4\ L(Y;)
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is connected. This means that fluid may flow anywhere throughout the porous medium; it does
not get trapped by the infinite solid structure.

We will let € > 0 denote the scale of the microstructure. It is convenient to decompose R?
into e— cells. For m € Z% we write

Y =[emi,e(my + 1)) X -+ X [emg,e(mg + 1)), (1.4)

where we view Y5, C R? as being endowed with the subset topology of R, not with the periodic
topology of Y itself. This then allows us to tile

R = ] V. (1.5)
meZzZd
We will often write
o =cL(Yp) Y5 CR? and Y5, = eL(Y;) N Y, C R (1.6)

to denote the fluid and solid parts of the e—cells, respectively.
Recall that we have assumed that €2 is bounded, open, and connected. Define the set of
interior e—cells to be
7.(Q) = {m e 2% | Y, C Q}. (1.7)
This set is useful because if we restrict to using it to define the microstructure, we never have
to worry about the solid part of Y, intersecting 0§2 and complicating the regularity of the fluid
domain’s boundary. We define
Q. =0\ (J Y. (1.8)
meZ:(Q)
Notice in particular that €. is bounded, open, and connected, and 0f2. is smooth.
We will assume henceforth that € € (0,g¢), with €9 < 1 chosen small enough to guarantee
that the following hold for all 0 < & < &¢:
(1) Z.(2) # @, and
(2) {z € Q|dist(z,00) > e} # @.
The first assumption guarantees that €. # €, i.e. there is microstructure embedded in §2. The
second is a technical assumption made for convenience in proving some lemmas. Since we will
ultimately send € — 0, neither of these assumptions induces a loss of generality.

1.3. Darcy’s law. Consider the Stokes problem in Q. for every ¢ € (0,&¢):

—Au: +Vp-=f in Q.
divu, =0 in Q. (1.9)
u: =0 on 0f)

where f € L%(Q) is some fixed function. Rather than bother with the fine details of each
e—problem, it’s natural to seek an effective equation for w. and p. that is valid in the limit
€ — 0. This is the problem of homogenizing the Stokes system.

A formal two-scale analysis of this problem (see for instance [3]) suggests that

ue ~ 2y and p. = p as e — 0, (1.10)

where u and p solve Darcy’s law in €
u=K(f—Vp) inQ
divu =0 in (1.11)
u-v=>0 on 0f).
Here K € R%9 is a constant symmetric positive definite tensor called the permeability tensor
that can be computed in terms of the microstructure (see Definition [6.1). The system (1.11)
gives rise to a single elliptic equation for p, which determines it uniquely (under the assumption
of zero-average). This in turn determines u uniquely.

Our goal in these notes is to prove this result by following the proof of Tartar [4], who was
the first to derive Darcy’s law rigorously as the homogenization of the Stokes problem. We refer
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to Theorem for a precise statement of the result. In order to make the notes more self-
contained, we have expanded on the arguments used in [4], and we have included a discussion
of how to solve the Stokes problem.

2. FUNCTION SPACES

2.1. Definitions. We need to define various function spaces that will be useful in these notes.
Throughout this section we assume that I" denotes either a bounded, open, connected subset
of R% with smooth boundary, or else Y;. In the latter case, the functions on I' inherit the
periodicity of Y = R} Z.

We begin with the usual L? based Sobolev space

HYT) = {u e L*I') | Vu € L*(T")}. (2.1)

Here we make no notational distinction between scalar or vector valued Sobolev spaces: which
space is intended will always be clear from the context. We write

HY(T) ={uec HYT) | u=0 on 9I'} (2.2)

and
Hg,(T) ={u e Hy(T') | divu = 0}. (2.3)

The symbol ¢ is used here because these vector fields are often called “solenoidal.” Clearly
H&?U () is only for vector-valued functions. We endow H}(I') with the inner-product

(u,v); = /FVu : Vo, (2.4)

where : denotes either the Frobenius inner-product when w is vector valued, or else the usual
dot-product when w is scalar. This is an inner-product by virtue of the Poincaré inequality. We
write

ully = llull o = [lull gy =/ (u,w)y (2.5)
for the norm generated by (-,-);. We adopt the usual convention of writing
H™Y(D) = (Hy(D))", (2.6)

where * denotes the dual space.
We will need the subspace of L? orthogonal to constants:

LX) = {u € L*(I) | /u =0}. (2.7)
r
We will denote the inner-product on L? by

(u,v)y = / u- v, (2.8)
r
where the 0 refers to the fact that L? is the Sobolev space with 0 derivatives in L?. We write
lullg = l[ull2 = HUHLQ(F) =/ (u, u)g (2.9)
for the norm generated by (-, -),. We will also need the solenoidal vectors in L

LA(T) = {u € L*(I") | divu = 0 in the sense of distributions}. (2.10)

When we need to specify the dependence of (u,v); or (u,v), on the space I' over which
integration is performed, we will sometimes write (u,v);  and (u,v)q .
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2.2. Some properties. The solenoidal spaces behave well with respect to smooth approxima-
tion.

Proposition 2.1 (See §1.4 of Temam'’s book [5]). Let
D,(T) = {¢ € C=(T;RY) | divp = 0}. (2.11)

The following hold.

(1) Dy(T) is dense in L2(T') with respect to the L? norm.
(2) Dy(T) is dense in H&U(I‘) with respect to the H' norm.

o
The space L%(T) is nice in the sense that it comes with a version of the trace theorem, even
though the space provides very little control of the derivatives.

Proposition 2.2. Let u € L2(T) and write v : OT — S~ for the outward-pointing unit normal
on OT. Then u - v is well-defined as an element of H=Y/2(0T) = (HY?(T"))*, and moreover
u-v=0.

Proof. Assume initially that u is smooth and satisfies u,divu € L%. Let f € Hl/Q(F) and let
f € H'(T') denote an extension of f such that Hf , SISl 2 Then

/aru.uf /Fdiv(fu) /va'qufdivu

< |17, rallo + iativ ullg) S 151 Clully + lidivall). — (2:12)
This shows that the normal trace map wu - v is well defined in H —1/2(dr) for every u in the
closure of C*°(T") with respect to the norm

(v, ) _1yo] =

HuH?:/Fyu\?Hdiqu. (2.13)

In particular, Proposition implies that u - v € H~Y2(9T). But since u € Dy(I') requires
(w-v,f)_1p=0forall fe H'/2(ar), we find that u - v = 0.
O

3. PRESSURE AS A LAGRANGE MULTIPLIER

Here we continue to let T be a set of the form described at the start of Section 2

3.1. A splitting of H}(TI'). Our goal here is to orthogonally decompose H}(T') in a way that
lets us understand the role of the pressure in the Stokes system. We begin by defining a special

operator. Let @ : L*(T') — H}(T') be defined via

(p,divu), = (Qp,u), for every u € Hg(T). (3.1)
The operator () is clearly linear, and it is bounded since
1QpIIT = (Qp, @p); = (p,divQp), < [Iplly div Qplly S lIplly |QP], (3.2)
implies that
1Qplly < llpll - (3.3)

Our aim is to show that the range of Q splits H}(I") nicely. Before we can prove this we need
a technical lemma.

Lemma 3.1. Let p € L*(T"). Then there exists u € H}(T) such that divu = p, and

lally < llpllo - (3.4)
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Proof. Let ¢ solve

{Acp =p inl (3.5)

Oyp=0 onOl.

A unique weak solution exists in H*(I')NL?(I") since p € L?(T") guarantees that the compatibility

condition
/ p=0 (3.6)
r

is satisfied. The usual elliptic regularity guarantees that actually u € H?(I'), and we have the
estimate

lelly < llpllo- (3.7)

This H? estimate guarantees that Vi x v € HY/2(9I'), and so the usual trace theory in H?(I")
allows us to find v € H?(T') such that

{guv i —Vp xv ZE gll: (38)
Moreover, we may do so in a bounded way:
[olly S IV x vl S llelly S llpllo - (3.9)
Set u = Vy + curlv. By construction
divu=Ap=pinTl, and u =0 on O (3.10)

(the latter equality is most easily seen by writing curlv in an orthogonal frame determined by
v and tangent vectors). We know that v € H(T') since ¢ € H?(I') and v € H?(T'), and we have
the estimate

[ully < IVelly + llearlvlly S llelly + llvfly < flpllo - (3.11)
O

With this lemma in hand, we can study the range of Q in H}(T).

Proposition 3.2. The following hold.
(1) We have the inequalities

Ipllo < 1@l < llpllg (3.12)

for every p € EQ(F).
(2) Let R(Q) = {Qp | p € LX(T)}. Then R(Q) C HL(T) is closed.
(3) Q: EQ(F) — R(Q) is an isomorphism.
Proof. It suffices to prove the first item since the second and third follow easily form it. Let

p € L*(T'). Set u € H}(T) to be the function given by Lemma . Since divu = p, we may
estimate

Ipll§ = (p:p)g = (p,divu)y = (Qp,u), < Qplly l[ull, S 1@l 2l (3.13)

where the last inequality follows from the estimate in Lemma[3.1] Since @ is a bounded operator,
we deduce that

Ipllo < l@plly < lIpllg for all p € L*(T). (3.14)
(]

Now we decompose H}(T).

Proposition 3.3. We have the orthogonal decomposition

Hy(T) = R(Q) @ Hy,(T). (3.15)
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Proof. Since R(Q) is a closed subspace of H}(T'), it suffices to prove that R(Q)* = H&U(F).
Let u € Hj ,(T'). Then
0= (p,divu), = (Qp,u), for every p € L*(I), (3.16)
and so u € R(Q)*. Hence H;,(I) € R(Q)*.
On the other hand, if u € R(Q)*, then
(p,divu), = (Qp,u), = 0 for all p € L*(T), (3.17)

and so divu = C for some constant C € R. Then

cyry:/cz/divu:/ wev=0=C =0, (3.18)
I I or

and so we find that u € H&,U(F). Hence R(Q)* C H&U(F).
O

3.2. Finding the pressure. With the orthogonal decomposition of Proposition [3.3] in hand,
we can completely characterize the functionals that vanish on H&U ().

Theorem 3.4. Suppose that A € H™'(T) satisfies A(v) = 0 for all v € Hj ,(T). Then there
exists a unique p € L*(T') such that A(v) = (p,divv), for allv € H}(T). Also,
Ipllo < HAHH—l(F) : (3.19)

Proof. According to the Riesz representation theorem, there exists u € H¢(T) such that A(v) =
(u,v), for all v € H}(T). The decomposition given by Proposition guarantees that u € R(Q).

Then u = Qp for some unique p € L*(T), and

A(w) = (u,v), = (Qp,v); = (p,divv), for all v € Hy(T). (3.20)

Let v € H}(T) be given by Lemma Then
912 = (b, div o)y = Aw) < IAl sy el S 1AL 2l (3.21)
which implies (3.19)). O

Remark 3.5. It is often said that this theorem shows that the pressure in the Stokes problem
arises as a Lagrange multiplier. This will be justified in the next section (see Remark .

4. SOLVING THE STOKES PROBLEM

Our goal now is to produce weak solutions to the Stokes problem in domains I" of the
form considered above. Let’s assume for the moment that we have a smooth solution pair (u, p)
to for some smooth f. Taking the dot-product of the first equation with v € H}(T") and
integrating over I', we find that

/f-v:/(—Au+Vp)-UZ/Vu:VU—pdivv+/ —v-Oyu+pv-v
r r r ar
= / Vu:Vv—pdive. (4.1)
r
We may rewrite this in a manner suitable for defining weak solutions:

(u,v); — (p,dive)y = (f,v)_4, (4.2)

where (-,-)_, denotes the dual pairing between H{(T') and H~1(T"). The equality seems
like a good starting point for defining a notion of weak solution. We also want to enforce the
incompressibility condition divwu = 0, so it’s natural to require u € H& »(I'). This leads us to a
definition.
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Definition 4.1. Let f € H~Y(I'). A weak solution to the Stokes problem is a pair (u,p)
with
we HY (T) and p € L3(T) (4.3)
such that
(w,v); — (p,dive), = (f,v)_; for everyv e HY(T). (4.4)

[}
Remark 4.2. The inclusion p € L*(T') is natural since (1.2)) only requires that p is determined
up to a constant. As such, we might as well require that frp = 0 in order to choose that
constant.

The difficulty with the weak formulation is evident when we realize that we have to find u
and p simultaneously, and the usual weak solution machinery (namely Lax-Milgram), produces
only a single function. A resolution to this problem comes when we think about how we would
get energy estimates: we use u as a test function and notice that

HUH% = (u,u); = (u,u); — (p,divu)y = (f,u)_; . (4.5)

The key to this equality is that if we use v € H&U (T") as a test function, then the pressure term
completely disappears. That is, if (4.2) holds, then

(u,v); = (f,v)_, for every v € H&G(F). (4.6)

Since u € H&U(I’) as well, this looks a lot more amenable to an application of Lax-Milgram
(or Riesz or the direct method in the calculus of variations). The big question is: can we work
directly with and then somehow recover the pressure to produce a weak solution? The
answer is yes, and the reason is entirely due to Theorem [3.4]

Theorem 4.3. Let f € H 1(T'). Then there exists a unique weak solution (u,p) to the Stokes
problem ([1.2]). Moreover,

lolly + ol 1 -1 (47)
Proof. Since Hj ,(I') € Hg(T'), we have the natural inclusion
HY(T) € (L, (T))". (48)

As such, f defines a bounded linear function on H&U(F). The Riesz representation theorem,

applied to the Hilbert space H&va(F), guarantees the existence of a unique u € H&J(F) such
that

(u,v); = (f,v)_, for every v e H&U(I’). (4.9)
Choosing v = u, we arrive at the estimate
lullf = (u,w)y = (fou)_y < N lpg=a gy lully s (4.10)
and hence
lally < UM prs - (4.11)

Notice here that we don’t have equality due to the fact that H—!(T") is smaller than the dual
of Hg ,(I).
Now define A € H~(T") via

A(v) = (u,v), — (f,v)_, for all v € H}(T). (4.12)
We know that A is bounded since
IA@)] < Nlully + 1=y S Wl -1 (4.13)

whenever v € Hi(T) satisfies |[v]|; = 1, and hence

A =10y S W1y - (4.14)
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According to (4.9), A(v) = 0 for all v € H&’U(I‘). Theorem then provides us with the
existence of a unique p € 12 (T") such that
(p,divv) = A(v) = (u,v), — (f,v)_, for all v € Hy(T) (4.15)
and
Ipllo < 1AM =2 ry S W lar-1ry - (4.16)
We have now found a pair (u,p) € H&U(I‘) X EQ(F) such that
(u,v), — (p,dive), = (f,v)_, for every v € Hy(T). (4.17)

This constitutes a weak solution to the Stokes system (|1.2). Combining (4.11)) and (4.16) yields
the estimate

lully +1lpllo < 1112y - (4.18)

It remains to prove uniqueness. If (uj,p1) and (ug,p2) are both weak solutions, then u =
u1 — uo and p = p; — po satisfy

(u,v); — (p,divev), = 0 for every v € Hy(T). (4.19)
Choosing v = u €€ H& »(I') leads us to the equality
lull? = (u,u)y = (u,u), = (p,divu)y =0, (4.20)
and hence u = 0. Choosing v € H}(T') such that divv = p as in Lemma shows that
||pH(2) = (pap) == (U, U)l + (p7 diVU)O = 07 (421)
and hence p = 0.
O

Remark 4.4. As we mentioned above, it is often said that the pressure in the Stokes problem
1s determined as a Lagrange multiplier. This would have been more evident if we had employed
the direct method to produce u € H&’O(F) in the first step of the proof. Indeed, we could have
found u via a minimization argument:

E(u)= min FE(v), where E(v) = 1 Ivl|F = (f,v)_; . (4.22)
veH} (I) 2

We can view this as a constrained minimization on H}(T'), where the constraint is the solenoidal
condition divu = 0. Constrained minimization gives rise to Lagrange multipliers, and so the
equation

(w,v); — (f,v)_y = (p,divv), for everyv € H&(F) (4.23)

tells us that the pressure term on the right is the Lagrange multiplier corresponding to the
divergence-free constraint.

5. TECHNICAL PRELIMINARIES FOR DARCY’S LAW
Here we develop some of the main technical results from Tartar’s paper [4].

5.1. The Poincaré inequality in €2.. The first result specifies the dependence of the constant
in Poincaré’s inequality on €.

Lemma 5.1. Let Q. be given by (1.8). There exists a constant C > 0, independent of €, such

that
/ fuf? gc&/ Vuf? (5.1)

for every u € H} ().
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Proof. Notice first that, by construction,
K= |J Y5;CQ.. (5.2)
meZ: ()

The usual Poincaré inequality yields a constant Cy > 0 such that

/ luf? < 00/ IVl (5.3)
Yl Yl

0;f 0;f
for every u € H l(Yol; f) such that u = 0 on the solid boundary, 8Y01;5. Upon making the change
of variables © — e(z + m), we find that

/ fuf? §0052/ IVl (5.4)

m;f m; f
for every u € H (Y2, ) such that u =0 on the solid boundary, Y},
On the other hand, if we write S = {z € Q | dist(x, 0Q) < V/de}, then we have the inclusion

O\K® C S°. (5.5)

By flattening the boundary and employing the fundamental theorem of calculus and an ap-
proximation argument, we can prove a variant of the Poincaré inequality in S°: there exists a
constant C7 > 0, independent of €, such that

/ fuf? 50152/ Vuf? (5.6)
Se Se

for every u € H'(S%) such that v = 0 on 9.
Suppose now that u € H}(2.). Then v = 0 on Y5, for every m € Z.(Q2), and so we can
sum (5.4) over m € Z.(f2) to find that

/ uf? < 0052/ V. (5.7)
£ KE

The restriction of u to S° N Q. vanishes on 9 and on 9Y};, ; for each m € Z.(2) such that
Yi5.s NS # 0. As such, we may extend u by 0 in each such Y7 to view it as element of H'(S%)
such that u = 0 on 092. Applying (5.6)) then gives the estimate

/ W= [ P < 0152/ Vuf? :0152/ V. (5.8)
SeNQe Se Se SENQe

We sum (5.7) and (5.8)) to arrive at the estimate

/ |u|2:/ 2 SCosz/ |Vu|2+C’152/ Vul? < (00+cl)s2/ IVl
. KeU(SenQe) Ke SenQ. Q.

(5.9)
Here we have used the fact that Q. C K€U (S° N Q). This is the inequality (5.1).
O

5.2. Extension and restriction operators. Our goal in this section is to construct a restric-

tion operator R. : H}(Q) — H} () and an extension operator & : L%(€2.) — L*(Q). The
latter is essential in Tartar’s derivation of Darcy’s law since it allows us to extend the pressure
from the Stokes problem in 2. to all of 2.

We begin with a technical construction from [4].

Lemma 5.2. Suppose that ¥ C Yol is a smooth surface that encloses Yol;s C Yol such that
6Y01;s NY = @. Write Yas for the open set contained between 8Y01;S and ¥. Then for each

u € HY (YY) there exist a unique pair (v,q) with v € HY(Yyr) and q € L*(Yar) such that
—Av+Vg=—-Auin Yy (5.10)
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in the weak sense:

(v,w), — (g, divw), = (u,w), for allw € Hy(Yar). (5.11)
Additionally,
1
dive =divu + —— divu in Yy (5.12)
Y] Yo,
and
v=uonX andv =0 on 8Y01;s. (5.13)
Moreover,
10l 1 (vagy S Null vy - (5.14)

Proof. We will exploit linearity to construct v as a sum

v=04+ VU +E. (5.15)
We first use the usual trace theory to choose ® € H!(Y),) such that
® =won ¥ and ¢ = 0 on 9y, (5.16)
with
120y S llullgrirzgavy ) < Nl - (5.17)

Next we notice that (writing v for the normal vector pointing out of Yj/)

1
/ —div® +divu + —— divu
Y Yarl Jyg,

:/aYOl.S(—QJ-1/+u-V)+/E(—<I>-V+u-I/)—l—/ div (5.18)

Yl
:/ u-u+/0+/ —u-v=020.
Y, by Y,

0;s
Here the negative sign appears in the third term of the third inequality because —v is the vector
pointing out of Yol, s This means that

1 o
—div® 4+ dive + —— divu € L3(Yy,). (5.19)
Yl Jyy,

This allows us to use Lemma in order to find ¥ € HE(Y)) satisfying

1
div¥ = —div® +divu + —— divu in Yy (5.20)
Yl Jyy,
and
11y S 1@l A+ [lully < flell; - (5.21)
Finally, we use f = —A(u — ® — W) € H1(Y),) in Theorem to find = € H&J(YM) and

q € L?(Yy) such that

(Z,w); — (q,divw)y = (u — & — ¥, w), for all w e Hy(Ya) (5.22)

and
IEll + llallo S =AM =@ = W)y < flully + 12y + Wy < full, - (5.23)

Then v = ® + U + = satisfies
(v,w), — (g, divw), = (u,w), for all w € Hy(Yar), (5.24)
1
divo=div(d+ VUV +Z) =divu + — divu in Y)y, (5.25)
Yarl Jyg,
and

v:<I>+\I/—|—::u+O+0:uonEandv:00n8Y01;8 (5.26)
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in addition to the estimate
[vlly < 1@lly + 1Pl + =l S Ml - (5.27)

It remains only to prove uniqueness. This can be done as in the uniqueness proof from
Theorem [£.3] We leave the details as an exercise.

O

This construction allows us to define a special restriction operator.

Theorem 5.3. There exists a restriction operator R : H}(Q) — HY () satisfying the follow-
ing properties.
(1) We have the estimates
[Rewll 200,y S Nwllr2) + € Vw2 (5.28)
and

1
IVRewlip20,) S 2 llwllzze) + V@l (5.29)

for all w € H}(Q).
(2) If w € HY(Q) is extended by zero to w € H (), then R = w.
(3) Ifwe H&U(Q), then R.w € H&U(Qg).

Proof. We again write

K= |J Y5;CQ.. (5.30)
meZ.(Q)
We also write
z7= |J Y5cQ. (5.31)
meZ:(Q)

for the union of all the e—cells contained in 2.
Let ¥ and Yj; be as in Lemma Given a function u € H(Yy) we define Ru € H(Yy)
vi
’ 0 ifzeYy,
Ru(z) =< v(z) ifzeYy (5.32)
u(e) i e Y\(Yar UYG,),
where v is the function constructed in Lemma The lemma guarantees that

IRl gy S Nl - (5.33)
Clearly Ru € Hl(Yol;f), Ru =0 on OYol;s, and
IRullgss ) S Nl g (534)
Consider the mapping
s, 1 Y5 — Y, given by ¢, (y) = e(y +m). (5.35)
By employing the change of variables z = ¢¢,(y), we find that that for any w € H(Y,%),
€_d/ \w|? dz = / lw o ¢, 1> dy (5.36)
Y vy
and
a“/ \Vwl|® do = / IV (w o ¢5,)|* dy. (5.37)
™ Yy
Then ((5.34) implies that
[R(w o Qﬁn)”?{l(YOl;f) S llwo ¢in||?{1(y01) Se? ”w||%2(y7§l) +e7d ||Vw]|%2(y7%) . (5.38)

On the other hand, for g € H'(Y;',) the change of variables y = (¢, )~ (x) shows that
0;f m

/ g0 (¢5) [ da = e / 92 dy (5.39)
Ye 1

m; f YO;f
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and

| o) de=ct2 [ . (5.40)
Yos Yo.r
Hence ((5.38) implies that
112
[ R(w o ¢5,) o (5,) lHLz(y;L_f) =& |R(wo ¢fn)|li2(y0{f) Slwltasy+e IVwlZapyey  (5.41)
and

£ (3 — 2 —_ e
[V(R(wo é5) 0 (67 Dzaqre ) =2 IVR@w o )l Favy )
Se? ||w||%2(y;1) + ”VU’H%z(an) - (5.42)
We now define R.w for any w € H}(Q2) according to
w(z if x € QN\Z°
Rew(z) = (z) . I . 66\ (5.43)
R(wo ¢r,) o (¢5,)" (z) ifxe Yy , for m e I ().
Upon summing (5.41)) over m € Z.(Q2), we find that

IRcwlZarey S lwllze(ze) + € Vwllga(ze) - (5.44)
Similarly, we may sum ((5.42)) to find that
IV Rel2ascey S €2 0l ey + V002, (5.45)
Since
IRwl 7200 ze) = w7202y and [VRew[|F2( 20y = V0l F2 (00 2¢) (5.46)
Q. = K°U(Q\K?), and € < 1, we deduce from ([5.44]) that
IRwllZ 20 S lwlleiy + € IVwllZ2q) (5.47)
) ) (
while we deduce from ([5.45) that
IVR-w[|72(0.y S €% lwllf2q) + I Vwll72) - (5.48)

The estimates (5.28) and (5.29) follow easily from (5.47)) and (5.48]), and the fact that w = 0 on
082 follows from the fact that w = 0 on Q2 and Rew = 0 on 9Y,;, ; for each m € Z.(2). This

completes the proof of the first item.

To prove the second item we first note that if u € H 1(Yol;f) vanishes on aY(};S, then its
extension by zero @ belongs to H!(Yy}). Then the pair (v, q) produced by Lemma is in fact
(u,0), as can easily be checked. Then Ru = u. Accordingly, whenever w € H}(€).) is extended
by zero to w € HE(Q), the construction of R. guarantees that R.1w = w in each cell Yo
and hence R.w = w in €.

The third item follows from a similar argument. If u € H(Y{) satisfies divu = 0 in Y, then
the function v produced by Lemma [5.2] also satisfies dive = 0. This in turn guarantees that
divR.w = 0 in Q. whenever w € H}(Q) satisfies divw = 0 in Q.

O

The main point of the restriction operator R. : Hi(Q) — HE(Q.) is that it induces an
extension operator for the pressure.

(¢] o
Proposition 5.4. There erists an extension operator & : L?(.) — L?(Q) such that

(Ep,dive)y g = / Epdive = / pdivR.v = (p,divRov) . for allv e HY Q).  (5.49)
b Q 9 €

€

Moreover,

1 o
1€epll 20y S z 1Pl L2(q.) for every p € L*(Q.), (5.50)

and
gap’Qg =p+ Ce (5.51)
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for a constant C. € R that depends on €.

Proof. For each p € L%(€2.) we set A,(v) = (p,div Rev)gq, forve HZ(9Q). Then the first item
of Theorem [5.3] allows us to estimate

: 1
[Ap(0)] < pllg [|div Rev]lg S [lpllo IVRev]lg < 2llo <6 [vllo + HVUHO> ) (5.52)

and hence A, € H~(Q). The third item of Theorem guarantees that if v € H(%,U (), then
Rev € H&U(QE), and hence

Ap(v) =0 for all v € Hg ,(€). (5.53)
Theorem then provides us with a unique &.p € L?() such that
(p, divR:v)g o = Ap(v) = (Eep,divv)gq forall v € H}(Q) (5.54)
and )
H56pHL2(9) S ||Ap||H*1(Q) S - ”pHL?(QE)' (5.55)

It remains only to prove that Eplg. and p differ by a constant. For this we use the second
item of Theorem on an element w € H(€2:) extended by 0 to an element @ € Hg(Q2). We
find that

/ pdivw:/ pdivREﬁ):/é}pdiVﬁJ:/ Epdivw, (5.56)

and hence
/ (p — E-p) divaw for all w € HJ (). (5.57)

€

According to Lemma for any ¢ € L%(2.) we may find w € H}() such that divw = q.
Using this above shows that

/ (p— Ep)g =0 for all ¢ € L*(€), (5.58)
Qe
and so
p—&. = C; in Q. for some constant C. € R. (5.59)
O

6. DERIVING DARCY’S LAW
6.1. The cell problem and the permeability tensor. The cell problem seeks solutions

(ks qr) € Hg o (Yy) x L*(Yy) for k =1,2,3 to the Stokes problem

—Av, + Vg, = e in Yf
divog =0 in Yy (6.1)
v =0 on 9Y;

where ey, is the unit vector in the &k direction. Unique solutions exist for k = 1,2,3 by virtue
of Theorem and the solutions (v, qx) inherit the periodicity of Y.

Definition 6.1. We define the constant permeability tensor K € R¥? yia
1
Ki]‘ = / vj - €; = ? Uj - €. (62)
Yy ’ | Yy

Our next result shows that the permeability tensor is symmetric and positive definite, which
is essential, as it will appear as the coefficient matrix in an elliptic problem later.

Proposition 6.2. The permeability tensor K € R¥*? is symmetric and positive definite.
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Proof. For i,j = 1,...,d we may use v; as a test function in the weak formulation of the
equation for (v;, ¢;) to see that

K;; = / vj - e; = (vi,v5); — (i, divy), = (vi,v5); = (vj,v:),
Yy

= (Uj,Ui)l — (pj,diVUi)O = /Y Vi €5 = Kj'. (6.3)
f

Hence K is symmetric. '
Let ¢ € R%. Then, writing & for the components of ¢, we find that

d d d d d
KE-¢=) Y Kiy&'d =YY (vj,0),6¢ =D &,
=1

i=1 j=1 i=1 j=1

2
(6.4)
1

This shows that K is positive semi-definite, but we can do better.
Set

d d
V= Zfivi and g = Zﬁiqi. (6.5)
i=1 i=1

Taking linear combinations of the weak formulations of the problems for (vg, g;) leads us to the
identity

(v,w); — (g,divw), = (& w), for all w € HJ(Yy). (6.6)
If v = 0, then in particular
— (g, divw), = (&, w), for all w € H(Yy). (6.7)
Choosing w = Vi for ¢ € C°(Yy) proves that
(¢; —Ap)y = (§, Vi) = 0 for all ¢ € C°(Yy), (6.8)

which means that ¢ is weakly harmonic. Weyl’s lemma then implies that ¢ € C°°(Y}), and then

(6.7)) tells us that
Vg=¢in Yy, (6.9)

Since Yy is connected, we deduce that
q(x) =& -2+ C for all x € Yy, where C' € R is some constant. (6.10)

We now know that ¢ is smooth and respects the periodicity of Y; this is only possible if £ = 0.
Hence v = 0 implies that £ = 0. Returning to (6.4]), we find that

K&-€> 0 for all €0, (6.11)

which means that K is positive definite.
O

6.2. Darcy’s law. Assume that f € L?(Q) is given and is independent of . For each e € (0, &),
Theorem provides us with a unique pair (ue, p:) € H&U(QE) x L%(Q.) that is a weak solution

of the ). —Stokes problem
—Aus. +Vp. = f in Q.
divus, =0 in € (6.12)
ue =0 on 0.

We extend these solutions as follows.
Definition 6.3. Let (uc,p:) € H&U(QS) X 22(95) be as above. We define their extensions

(e, pe) € Hg »(2) x 22(9) according to
Ue = e and p: = Epe, (6.13)

[0} o
where . denotes the extension by zero of ue from Qe to Q, and & : L?(Q:) — L2() is the
extension operator constructed in Proposition [5.4.
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Next we derive a priori estimates for (i, ;).

Proposition 6.4. Let (e, p:) € H&U(Q) x L2(Q) be as in Definition . Then

1. 1. .
22 ||U6HL2(Q) + - ||VU6||L2(Q) + ”pa”L2(Q) S Hf||L2(Q) : (6.14)
Proof. Since (u., p-) are weak solutions of (6.12) and f € L?(2), we know that
(ue, )1 . — P, div)g g = (f,v)g g, for every v e HY (). (6.15)
We may use v = u, to arrive at the estimate
Vel = [ e < Iz el (6.16)
Lemma [5.1] them implies that
IVuelZe.) S e lfll e Vel 2. (6.17)
and hence
Vel 20y S €llfll2 - (6.18)

Chaining together this estimate and Lemma then yields the estimate
HUEHLQ(QE) Se HVUEHL2(QE) <é? ||f||L2(Q) : (6.19)
Since 4. is the extension of u. by zero, we deduce from ((6.18) and (6.19) that

1. 1 .
=2 lellr2i) + Z IVaelr2) S 112 q) - (6.20)

Since p. = E.p., Proposition [5.4] implies that
(P, divv)g g = (Ecpe, divv)g g = (Pe, diVR:v)y o for all v € H3(Q), (6.21)

where R. is the restriction operator constructed in Theorem Combining (6.15)) and (6.21))
yields the equality

(Pe, divv)g g = (ue, Rev)y . — (f, Rev)g g, for every v € HY(). (6.22)

According to Lemma there exists v. € H} () such that divv. = p. in Q and ||v5||H1(Q) <

C'[|Pell 2y for a constant C' > 0 independent of . Using v = v in (6.22) and recalling the
estimates (5.28)) and ([5.29)) of Theorem as well as (6.18]), we find that

”]58”%2(9) = (ﬁsvdiVUE)QQ = (UsaRsvs)l,Qe - (f7 Revs)oﬂa
< HVUEHL2(QE) HVREUEHL2(QE) + ||f”L2(Q) HRSUSHL2(Q€)

1
S el 3 Mooy + 1V eelaey ) + 15 imi@) (Iodzagoy + €190l

S 22 @) ozl )y S W ez 1Pell 2y - (6.23)
Then
1Pell 202y S 11 20 - (6.24)
The estimate ([6.14]) now follows by summing (6.20) and (6.24)).
(]

o
An immediate consequence of Proposition [6.4]is that there exist (u,p) € L?(Q) x L?(Q) such
that, up to the extraction of a subsequence,

~

u—; — u weakly in L*(Q) and p. — p weakly in L?(Q) as ¢ — 0. (6.25)
€

Our next result derives some extra information.

Proposition 6.5. Let (i.,p.) € H&U(Q) x L%(Q) be as in Definition . Assume that (6.25))
holds for (u,p) € L*(2) x L?(2). Then the following hold.
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(1) w € L2(). In particular divu = 0 in the sense of distributions and u-v = 0 on 0%,
where the equality is understood in the sense of H_l/z((?Q) via Proposition .
(2) Actually, p. — p strongly in L*(9).

Proof. We have the inclusion Hg,(Q) C L3(2) C L*(Q). It’s easy to see that LZ(Q) is a

weakly closed subspace of L?(Q): if {wg}2, C LZ(2) and w. — w weakly in L?(Q), then for
p € C(Q),

Oz/wk-V<p—>/w-V90:>/w-Vg0:0, (6.26)
Q Q Q

and so divw = 0 in the sense of distributions. Since 4. /c% € H& - (9) for each €, we deduce that
u € L2(Q).
To prove that p. — p strongly it suffices to prove that

tim 12 220y = Ipl0 (6.27)
We may use Lemma to find v. € H}(2) such that divv. = p. in Q and
10ell g1y < CllPell o) S Il L2 - (6.28)

where for the last inequality we have used Pr0p081t10n From weak compactness and Rellich’s
theorem we know that, up to the extraction of another subsequence,

v, — v weakly in H}(Q) and v. — v strongly in L*(Q). (6.29)
Since divv. = p. and p. — p weakly in L?(2), we find that divv = p. Then
151172 () — Pl 72() = (=, divee)g g — (p, dive), g
= (pe — p, div 'U)O’Q + (Pe, div(ve — v))QQ . (6.30)
From (6.22)), (5.28), (5.29)), and Proposition we may estimate
(Pe, div(ve — v))o,ﬂ = (ue, Re(ve — U))l,ﬂa — (f, Re(ve — v))O,QE
< Vel g2, IVRe(ve = 0)ll 20y + 1l 20 1Re(ve = )l 12(q,)

1
Sl (2 loe = vl + 190 = Dl

+ 1122y (e = vz + € 190 = )l 2y

(6.31)
S 1y (e = vl 2y + € IV (e = V)l 2(qy)
< 1y (v = oll oy + € el + € el
< W2y (lloe = llzzqy + & 19 2y + 2 Nollan o
S I zaqy (e = 0l gz + € 171 oy + € 0l ey ) -
Since v. — v strongly in L?(£2), we see that along this second subsequence

;15% (Pe, div(ve —v))gq = 0. (6.32)

On the other hand (p. — p,divv), o — 0 by weak convergence. Hence, along this second subse-
quence

. L2 2

tim (11p72() — Ipll72(@)) = 0. (6.33)
Since this works for any possible choice of second subsequence, we deduce that the convergence
holds along the original subsequence, and so p. — p strongly in L?(€2). O

We have now developed all of the tools needed to prove the main result, which derives Darcy’s
law as the homogenization limit of the {2.—Stokes problem.
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Theorem 6.6. Let (i, p.) € Hg,(Q) x L*(Q) be as in Definition . Assume that (6.25])
holds for (u,p) € L*(2) x L?(Q2). Then the following hold.

(1) p € HY(Q) N L3() is the unique zero-average solution to the elliptic problem

—div(KVp) = —div(Kf) inQ (6.34)
K(f—Vp)-v=0 on 082 .
i the weak sense:
/KVp-Vw—/Kf-Vw for all w € H(Q). (6.35)
Q Q
Here K € R4 js the permeability tensor given by Definition .
(2) u=K(f —Vp) in Q.
Since (u,p) are uniquely determined, we actually have the convergence results
Ye u weakly in L?(Q) and p. — p strongly in L*(Q) (6.36)

2
€
along any sequence of € values in (0,&g).
Proof. We divide the proof into several steps.
Step 1 — Tilings of the cell problem solutions

Let (vg, qx) € H(Yy) N L3(Yy) be as in (6.1]), and write 9, € H'(Y) for the extension of vy
by zero. Define the functions v§ € H} (R?) and ¢f € L2 (L(Y})) according to

loc loc
vi(z) = vr([x/e]) and gi(z) = qr([z/¢]), (6.37)
where [y] € Y is the equivalence class of y € R? under the quotient R?/Z?. Notice that div v = 0
in R? and that v{ = 0 on OL(Y7).
Step 2 — Estimates
Let us write J.(Q) = {m € Z¢ | Y5 N Q # @}. Since Q is bounded, it is contained in some
large cube, and hence there exists a constant Cq > 0 such that

C
#7:(Q) < —. (6.38)
A simple rescaling shows that
e? qu‘i\liz(y;;f) = ”%H%%Yf) ; e? ||Ui||%2(yyg) = Hka%Q(Y) ;
and £ | Voi|[T2y2) = [ Vokl[72yy - (6:39)

We may then use this to estimate

il < S0 IoilZewey = S0 e lonlZay = e vl Ze) #I-(2) < Ca okl 2ayy

meJe(Q) meJe ()
(6.40)
and
||VU§||%2(Q)§ Z |inf;”i2(y,g): Z 60172||V11k||3:2(y)
meJ: () meJe(Q)

_ Coq
=72 | Vulla ) #=(D) < —5 [ Voklzay - (6:41)

Similarly, for K¢ = UmEIg(Q) Y. s, we may estimate

2 2 d 2
Il = D Mailieps = D e larlliagy,)
mel. () ’ mel. ()

= e grl3 vy #1(9) < e lawlaqyy) #7:(9) < CallaslZagy,) - (6.42)
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Since v, and g do not depend on €, we deduce that

[0kl L20) + € VORIl L2y + gkl L2y S (6.43)

Step 8 — A weak limit
We claim that v{ — vy, weakly in L?(£2), where v, € R? is the constant vector

@k:/ ’Dk:/ V. (6.44)
Y Yy

Indeed, for p € C°(Q2)

/Q (vf(z) — ) - S / ok () — ) - olelm + y))eldy

meJ:(Q

- /Y () =) S plem+y)ldy= 3 an) b(n) (6.45)

meJ- () neza\{0}

where the Fourier coefficients on Y are given for n € Z¢ by

an) = [ (00(w) = 02) exp(—2rin - )dy (6.16)
and
/ Z e(m + y))e? exp(—2min - y)dy. (6.47)
meJ: ()

Notice that a(0) = 0 by the choice of 7. We then compute

be(n) = / Z (m +y))e? exp(—2min - y)dy

mEJs(Q)

= Z /y o(z)exp(—2min - (x/e —m))dx

meJo(Q) Y Ym

= Z /ch(x)exp(—an-:c/s)dx

meJ.(Q) Y Ym

:/ o(x) exp(—2min - x/e)dx
Ra

= Fe(n/e)

where F denotes the Fourier transform, and the second-to-last equality follows from the fact
that

(6.48)

supp(p) C Q C U Y5, (6.49)

Since ¢ € C(Q), it is also in the Schwartz class, which means that Fy is Schwartz class as
well. Then there exists Cy, > 0 such that

C
[F(€)| < m for all £ € RY, (6.50)

which in particular implies that

[be(n)] = | Fe(n/e)| < (6.51)

(¢ + In|")
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Now, since
2 1/2 o2 2 1/2
S lam) b < [ a(n) PP
neZd\{0} neZ\ {0} neza oy (0 +(nl%)
1/2
i 1 i
< Ccpgd |vg, — UchLz(y) Z —57 < Eng, llog — kaLQ(Y)
nezavoy 17!

(6.52)
we deduce from ([6.43) and the fact that vy is independent of e that

/ (v5(2) — ) - p(a)de
Q

< Y laln) ()] S eCyllok = Bill 2y S €%Cp (6.53)
neZ\{0}

Hence
/Q(vz(a:) — ) - p(x)dx — 0. (6.54)

The density of C°(€2) in L?(€2) then guarantees that v§ — v, weakly in L?*(Q2), as claimed.
Step 4 — Passing to the limit
Let ¢ € C°(£2). When ¢ is sufficiently small we must have the inclusion supp(¢) C K¢. This
allows us to deduce from that

" 1 . 1
(Vks ‘PUE)LQ = (v, @UE)LQE -z (Qi>d1V(<PUs>)o,QE + ) (ek, @Us)o,gs

U U
=¢ (qi, V- ;) + (ek, g0§> . (6.55)
€7/ 0,0, € /00
The estimate (6.43]) and Proposition then imply that
. e . _
21_1)% (Vs 90u€)1,§2 = (e, @“)0,9- (6.56)

On the other hand, we may use v = pvf as a test function in the weak formulation (6.12)) to
see that (using the fact that p. = p. + C: on 2,)

(e, ‘PUZ)LQ = (e, 90”2)1,95 = (pe, diV(‘P”}i))o,Qg + (f, Spvli)o,gg
= (P, div(pvp))g . + (s 90k)o0. = (e, Vo - vi)oq. + (f, 0Vi)o 0.
= (ﬁ&v VSO ! UI‘&;)O,Q + (f7 SOUISC)QQ . (657)

Since p. — p strongly in L?(€2) and v§ — 7 weakly in L?*(Q2), we deduce that
lim (@z, pvi)y o = (0, Ve - U)o 0 + (fs 00k (6.58)
We rewrite
(e 1)y 0~ (e i = [ Vie: Vlgnh) - Vi s Vigi)
Q

= / Vi : (v @ Vo + oVug) — Vg @ (4. ® Vo + Vi)
Q

= [ Vi : v, @ Ve — Vi : 4. @ Vi
0

25/ Vuazv,i@V(p—EQ/ Vg : %@V(p. (6.59)
Q ¢ Q €
Then ((6.43) and Proposition imply that

lim ( (i1, 007), 0 = (v, 9c)1 ) = 0. (6.60)

e—0
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Combining (6.56)), (6.58)), and then yields the equality
(erspu)g o = (P, Vo - U)o o + (f, pVk)g o for every v € C(Q). (6.61)
This implies that
/ ou = K/ pV + fo for every p € C°(Q), (6.62)
Q Q

where K is the permeability tensor.
Step 5 — Equations for (u,p)
Proposition [6.2] guarantees that K is symmetric and positive definite, so we deduce from

(662 that
/ oKy — f) = / pV for every p € C°(Q), (6.63)
Q Q
which means that p is weakly differentiable on €2, and
—Vp=Ktu—feL*Q). (6.64)
Since we already knew that p € L%(Q), we have that p € H'(Q). Then for any v € H'(Q) we
have
/KVp-VU:/Kf-Vv—/u-Vv, (6.65)
Q Q Q
but since u € L2(2) and C*°(Q) is dense in H'(2), we have that
- / u- Vo =0. (6.66)
Q

Then p € HY () N lOLZ(Q) satisfies
/ KVp-Vuv = / Kf-Vu for all v e H(Q), (6.67)
Q Q

which means that p is the unique solution to (6.34). Then u = K(f — Vp) is also uniquely
determined, and we deduce the convergence results along any sequence € — 0.
O
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