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Abstract

The Geometry of Divisors on Matroids
by
Christopher Whan Eur
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor David Eisenbud, Chair

Matroids are combinatorial abstractions of hyperplane arrangements, and have been a
bridge for fruitful interactions between combinatorics and algebraic geometry. In partic-
ular, the recent development of the Hodge theory of matroids in [AHK18] showed that
the Chow ring of a matroid satisfies properties enjoyed by cohomology rings of smooth
complex projective varieties. Namely, these are the Poincaré duality property, the hard
Lefschetz property, and the Hodge-Riemann relations. The validity of these properties
resolved several major conjectures in matroid theory.

In this thesis, we introduce a presentation of the Chow ring of a matroid by a new set of
generators, called "simplicial generators." These generators are analogous to nef divisors
on projective toric varieties, and admit a combinatorial interpretation via the theory of
matroid quotients. Using this combinatorial interpretation, we (i) produce a bijection
between a monomial basis of the Chow ring and a relative generalization of Schubert
matroids, (ii) recover the Poincaré duality property, (iii) give a formula for the volume
polynomial, which we show is log-concave in the positive orthant, and (iv) recover the
validity of Hodge-Riemann relations in degree 1, which is the part of the Hodge theory
of matroids that currently accounts for all combinatorial applications of [AHK18]. Our
work avoids the use of "flips," which is the key technical tool employed in [AHK18]. We
also apply the tools developed here to study two particular divisor classes motivated by
the geometry of wonderful compactifications of hyperplane arrangement complements.
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Chapter 1
Introduction

"It is as if one were to condense all trends of present day mathematics onto
a single finite structure, a feat that anyone would a priori deem impossible,
were it not for the fact that matroids do exist."

— Gian-Carlo Rota, Foreword in [Kun86].

Matroids are combinatorial objects that capture the essence of linear independence.
Because they admit diverse interpretations, matroids appear throughout mathematics.
For example, matroids arise as graphs in discrete mathematics and as diminishing-return
functions in optimization. In particular, the interpretation of matroids as hyperplane
arrangements has led to fruitful interactions between algebraic geometry and matroid
theory. A notable example is the development of the Hodge theory of matroids [AHK18],
a breakthrough that resolved many long-standing conjectures in matroid theory.

The central object in the Hodge theory of matroids is the Chow ring A®*(M) of a
matroid M, which can be considered as a matroid theoretic analogue of the cohomology
ring of a smooth manifold. The authors of [AHK18] showed that the Chow ring A*(M)
satisfies properties enjoyed by the cohomology rings of smooth complex projective vari-
eties. Namely, these are the Poincaré duality property, the hard Lefschetz property, and
the Hodge-Riemann relations, which together form the "Kdhler package." The validity
of these properties for Chow rings of matroids has far-reaching implications, including
resolutions of major conjectures in matroid theory and applications to computer science
[Huh18a; HW17; HSW18; AOV18].

We present a new approach to studying Chow rings of matroids. The key idea behind
our approach is to establish combinatorial counterparts of two particular phenomena
in algebraic geometry. The two phenomena are described in §1.1, along with tables
summarizing their combinatorial counterparts. While we apply this idea only in the
context of Chow rings of matroids in this thesis, we speculate that our approach will be
useful in contexts of other combinatorial analogues of Hodge theory.
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In Chapter 2, we review tropical intersection theory, which is a suitable language for
establishing combinatorial counterparts of the two geometric phenomena, and review
relevant notions about Chow rings of matroids. We assume no knowledge of tropical
geometry, but assume familiarity with the fundamentals of matroid theory. A brief
account of matroids can be found in Appendix A.

In Chapter 3, we illuminate some structural properties of Chow rings of matroids via
the theory of matroid quotients. The key result here is that under a new presentation
of the Chow ring of a matroid, the variables now carry a combinatorial meaning as an
operation in matroid theory known as principal truncations (Theorem 3.2.3).

In Chapter 4, we use our structural understanding of Chow rings of matroids from
the previous chapter to recover the Poincaré duality property for Chow rings of matroids.
Unlike its proof in [AHK18], our proof is not inductive.

In Chapter 5, we give a formula for volume polynomials of Chow rings of matroids,
and we further show that the volume polynomials are log-concave by showing that they
are Lorentzian in the sense of [BH19].

In Chapter 6, we give a simplified proof of the combinatorially relevant portion of the
Hodge theory of matroids in [AHK18]. Our proof avoids using a technical tool called
"flips" in [AHK18]. Thus, in contrast to the proof in [AHK18], our proof involves only
classical Bergman fans associated to matroids and takes the form of a single induction
instead of a double induction.

In Chapter 7, we study the properties of some geometrically distinguished divisors on
a matroid M, motivated by the geometry of wonderful compactifications of hyperplane
arrangement complements.

Chapters 2 through 6 are reproduced from [BES19], whereas Chapter 7 is all new.

1.1 Two motivating geometric phenomena

The first phenomenon is a simple observation.

Phenomenon L. Let X be a projective variety whose Chow ring A®(X) is well-understood.
More precisely, suppose that A®(X) is generated by the degree one elements A!(X), and
suppose further that we have a distinguished collection of base-point-free divisor classes
l1,--.,Cs € A(X) that generate A'(X). Let Y C X be a subvariety whose Chow ring
A*(Y) is an interest of study. If the pullback map A®(X) — A*(Y) is surjective, then!

A*(Y) ~ A*(X)/ann([Y]) where ann([Y]):={¢ec A*(X)|¢-[Y]=0}.

ITechnically, one needs few additional assumptions on X and Y for the relation to hold. In our case,
we may assume that rational and numerical equivalence coincide for these varieties, which is a feature
shared by all varieties that inspire the combinatorics of this thesis. See the first footnote in §2.1.



CHAPTER 1. INTRODUCTION 3

In other words, the principal ideal ([Y]) of A*(X), considered as a ring with the multi-
plication &[Y] - &'[Y] = (& - &')[Y], is naturally isomorphic to the Chow ring A®(Y). Thus,
the study of A®(Y) reduces to the study of intersection products of Y with divisor classes
C1,-..,0s, and moreover, these intersection classes can be described by hyperplane pull-
backs of the maps |{;| : Y — IP™ (which exist because {1, ..., (s are base-point-free).

Because base-point-free divisors are nef, and because the pullbacks of nef divisor
classes along closed embeddings are again nef, this first observation is particularly useful
in conjunction with the following second phenomenon.

Phenomenon II (Inequalities of Hodge type). [Laz04, §1.6.A] Let {3,...,{s € AY(X) be
nef divisor classes on a smooth projective variety X of dimension d. Let [, : ANX) > Z
be the degree map, and consider the polynomial vol(t) € Z[t, ..., ts] defined by

vol(ty,...,ts) == /X(tlgl + 1)

Then the polynomial vol(t), as a real-valued function on IR%, is nonnegative on the or-
thant R%;, and its logarithm, as a function log vol : R%; = R U { —o0}, is concave.

Objects in Phenomenon I Their counterparts for a matroid M on {0,...,n}

The variety X and its Chow ring | The braid fan ¥4, and its Chow cohomology ring
A*(X) that is well-understood. A*(X4,). Equivalently, its toric variety X4, also
known as the permutohedral variety, and A®(X,4,).

The distinguished base-point-free | Divisor classes s € A'(Z4,), one for each nonempty
divisor classes (1, ..., (s of Al(X). subset S of {0,...,n}, corresponding to (negative)
standard simplices in R"*!.

The subvariety Y C X of interest. The Bergman fan X5 of M, a subfan of X4, .

When M has a realization #Z (M), the wonderful com-
pactification Yy () C X4,

The Chow ring A*(Y) of Y. The Chow ring A®*(M) of M, which is the Chow co-
homology ring A®(Xp1) of .

When M has a realization #Z(M), the Chow ring
A*(Ya(m)) of Ya(m)-

The algebraic cycle [Y] € A*(X). The Bergman class Ay € MW, (24,) of M, which is
a Minkowski weight on X4,

When M has a realization #(M), the algebraic cycle
Y] € A*(Xa,)-

Table 1.1: Combinatorial counterparts of the objects in Phenomenon I
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Features in Phenomenon I

Their counterparts for a matroid M on {0,...,n}

If A*(X) — A*(Y), then one has an
isomorphism

A*(Y) ~ A*(X)/ ann([Y]).

The properties of A*(Y) are thus de-
termined by how (j,...,{s "inter-
sect" Y.

If further ; is base-point-free, then
the product g; - [Y] can be described
as a hyperplane section of a map
Y — P™.

(Theorem 4.2.1) By construction there is a surjection
ity A®(Z4,) - A®(M), and we establish?

A*(M) = A*(Z4,)/ ann(Apm).

(Theorem 3.3.8) A monomial basis in the images of
hs’s under 1}, acquires a combinatorial interpretation
as "relative nested quotients" of M.

(Theorem 3.2.3) The cap product hs N Ay can be de-
scribed as a principal matroid truncation of M, an
operation in matroid theory that models intersecting
a hyperplane with a linear subspace.

Table 1.2: Combinatorial counterparts of geometric features in Phenomenon I

Features in Phenomenon II

Their counterparts for a matroid M on {0,...,n} of
rank d + 1

The polynomial vol(t) is positive on
the positive orthant RY ).

In particular, every term has non-
negative coefficients.

The polynomial vol(t) is log-concave
on the positive orthant.

(Theorem 5.2.4) Let {Sj,...,S;} be a multiset of
nonempty subsets of {0,...,n}, then

/ hs, (M) - - hs, (M) =1 or 0,
M

and the value is 1 if tkp(Uje; Sj) > [J| + 1 for every
@ CJCA{1,...,d}, and 0 otherwise.

(Theorem 5.3.1) The polynomial VPy(t) is Lorent-
zian in the sense of [BH19], and hence log-concave
on its positive orthant.

Table 1.3: Combinatorial counterparts of features in Phenomenon II

2Such isomorphism fails in general for a surjection of Chow cohomology rings of fans A®(%Z) —»
A*(¥'). See [MS15, Example 6.7.13] for an example.



Chapter 2

Tropical intersection theory

In this chapter, we set up the language of tropical intersection theory, and review
relevant background materials on Chow rings of matroids. While these notions originate
in toric geometry, whose connection to tropical geometry is given in [FS97], familiarity
with toric or tropical geometry can be helpful but not necessary. As references we point
to [Ful93] and [CLS11] for toric geometry, and to [FS97], [MS15, Chapter 6], and [AHK1S,
§4-§5] for tropical geometry.

In §2.1, we describe Chow cohomology rings and Minkowski weights of fans, and in
§2.2, we illustrate these notions in the setting of matroids. These first two sections are
purely combinatorial. In §2.3, we provide the underlying geometric picture that moti-
vates many of the combinatorial constructions, but this section is not logically necessary
for future chapters except the last Chapter 7.

2.1 Chow cohomology rings and Minkowski weights

We give a brief account of Chow cohomology rings and Minkowski weights of smooth
tans, which are combinatorial analogues of cohomology rings and homology classes of
algebraic varieties'.

We set the following notations and definitions for rational fans over a lattice.
e Let N be a lattice of rank 7, and NV the dual lattice. We write NR := N @7 R.

e For X~ C Ny a rational fan, let X(k) be the set of k-dimensional cones of X.

1We use real coefficients for Chow cohomology rings and Minkowski weights, although Chow rings of
algebraic varieties initially take intrgral coefficients. The algebraic varieties that motivate the constructions
here—smooth complete toric varieties and wonderful compactifications—share the feature that the Chow
ring, the integral cohomology ring, and the ring of algebraic cycles modulo numerical equivalence all
coincide [EH16, Appendix C.3.4]. Hence, not much is lost by tensoring with R. In this paper, while most
of our arguments work over Z, we will always work over R for convenience.
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e For aray p € X(1), write u, € N for the primitive ray vector that generates o N N.

e A fan X is smooth if, for all cones ¢ of %, the set of primitive ray vectors of ¢ can be
extended to a basis of N. A smooth fan is simplicial in that every k-dimensional
cone is generated by k rays.

e A fan ¥ is said to be complete if its support |X| is equal to Ng.

Convention. Throughout this section, we assume that 2 C N is a smooth fan of dimen-
sion d, not necessarily complete.

Definition 2.1.1. The Chow cohomology ring A®(X) of X is a graded R-algebra
Rix, : p € X(1)]
<HP€S Xp ) S C %(1) do not form a cone in Z> + <me(up)xp ’ m e Nv>

A*(R) =

Geometrically, the ring A®*(X) is the Chow ring A®(Xy) of the toric variety Xy asso-
ciated to the fan >.. See [Dan78, §10.1] for the case where X is complete, and [BDP90] or
[Bri96] for the general case. From this geometric description of A®(X), or directly from
the algebraic definition above, one can check that A*(X) = 0 unless 0 < ¢ < d.

We call a linear combination of the variables x, a divisor on X because geometrically
it corresponds to torus-invariant divisors of Xy. Divisors of special interest in algebraic
geometry are nef and ample divisors. They have the following combinatorial description
for a complete fan X (equivalently, a complete toric variety Xy).

A divisor D = } cx(1) CpXp on a complete fan % defines a piecewise-linear function
¢p : NrR — R, determined by being linear on each cone of X with ¢p(up) = c,. We
say that D is a nef divisor if ¢p is a convex function on Ny, that is, ¢p (1) + ¢p(u') >
o(u+u') for all u,u’ € Ng. If further the inequalities ¢p (1) + ¢p(u') > ¢(u+ 1) are
strict whenever u and u’ are not in a common cone of X, we say that D is ample. Nef
(resp. ample) divisors on X correspond to polytopes in N whose outer normal fans
coarsen (resp. equal) X.

Theorem 2.1.2. [CLS11, Theorems 6.1.5-6.1.7] Let X be a smooth complete fan. A nef
divisor D = } ,cx(1) €pXp On X defines a polytope Pp C Ny by

Pp := {m € Ny | m(u,) < ¢, Yo € £(1)},

whose outer normal fan coarsens L. Conversely, such polytope P C Ny defines a nef
divisor
Dp:= Y max{m(up) | m € P}x,.
peZ(1)

A nef divisor D is ample if the outer normal fan of Pp is equal to X.
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A divisor D defines an element [D] € Al(Z), which we call the divisor class (of D)
on . We say that a divisor class { € A'(X) is nef (resp. ample) if any divisor D such
that [D] = { is nef (resp. ample). This is well-defined because two divisors D and D’
define the same divisor class if and only if ¢p — ¢p is a linear function on Ng. In terms
of polytopes, two nef divisors D and D’ define the same divisor class in if and only if
Pp and Pp are parallel translates.

Remark 2.1.3. We note that any nef divisor class [D] € A!(Z) is effective; that is, it can
be _Wl_ritten.as non_—negative linear combination D = Zp_ez(l) CpXp (Wit_h cp>0Vpe Z(l))
This is an immediate consequence of Theorem 2.1.2: Given a nef divisor D, translating if
necessary one can assume that the polytope Pp contains the origin in its relative interior.

With A®(X) as an analogue of a cohomology ring, we now describe an analogue of a
homology group.

Definition 2.1.4. An /-dimensional Minkowski weight on ¥ is a function A : £(¢) — R
such that for each 7 € %(¢ — 1), the function A satisfies the balancing condition

Y A(0)ug ; € spang(7),
T<0

where ¢\ T denotes the unique ray of an /-dimensional cone ¢ that is not in 7. The
support of A, denoted |A|, is the union of cones o € %(¥) such that A(c) # 0. We write
MW/, (%) for the group (under addition) of /-dimensional Minkowski weights on X.

The groups of Minkowski weights are analogues of homology groups because they
are dual to the Chow cohomology ring in the following way.

Lemma 2.1.5. [MS15, Theorem 6.7.5]* For 0 < ¢ < d, we have an isomorphism
ts : MW,(Z) = Hom(A%(X),Z), determined by A ((Hpeg(l) Xp) > A(O’)).

This isomorphism is an analogue of the Kronecker duality map in algebraic topology.
We use it to define combinatorial analogues of some standard operations in algebraic

topology.
Let us define the cap product by

AK(EZ) X MW, (Z) = MW, (), (&8) = ENA = (0 (128)(E  Tlaeo) %) ),

which makes MW, (X) a graded A®*(X)-module. When X satisfies MW, (%) ~ R, the
fundamental class Ay is defined as its generator (unique up to scaling), and the cap
product with the fundamental class defines the map

Oy : A.(Z) — MWd,.(Z), ¢C— CNAy.

2Currently [MS15, Theorem 6.7.5] has a typo—it is missing Hom(+, Z). The statement here was made
implicitly in [Ful+95], and follows the notation of [AHK18, Proposition 5.6].
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In particular, noting that MWy (X) = R, the degree map is defined as
/ CAYE) SR, s ENAx
z

If ¥ is complete, one can check that MW, (X) ~ R, where the fundamental class Ay,
is Ay(0) = 1 Vo € X(n). In this case, we have the following analogue of the Poincaré
duality theorem in algebraic topology.

Theorem 2.1.6. [FS97, Theorem 3.1, Proposition 4.1.(b), Theorem 4.2] For £ a smooth
complete fan, the cap product with the fundamental class Ay,

oyt AK(Z) S MW, _((Z), &~ ENAs

is an isomorphism for each 0 < k < n. Equivalently (by Lemma 2.1.5), the pairing
AKE) x ATKE) SR, () / Y
z

is non-degenerate for each 0 < k < n.

These isomorphisms make MW, (X) = @} MW;(X) into a graded ring when X is
complete. We write MW*(Z) := MW,,_,(X) for this graded ring. The resulting multipli-
cation structure on the Minkowski weights is known as the stable intersection, denoted®
Mst, in tropical geometry. We will only need a special case of stable intersections, which
we provide explicitly in the context of matroids in §3.1 (Proposition 3.1.8).

We will need the following explicit description of the map Jx : A'(Z) = MW,,_1(X)
for nef divisor classes on a complete fan X. It is familiar to tropical geometers as the
description of tropical hypersurfaces [MS15, Proposition 3.3.2 & Theorem 6.7.7].

Proposition 2.1.7. Let D be a nef divisor on X, and Pp the corresponding polytope
whose outer normal fan Xp, coarsens ¥. Then the Minkowski weight Ap, := dx([D]) €
MW,,_1(X) given by Theorem 2.1.6 is defined by

P if 2 — 1) with -
Ap,(T) = {g( p(0)) if 3o €Zp,(n—1) with [7] C |o] foreacht € X(n—1),

0 otherwise

where Pp(c) is the edge of Pp corresponding to the cone ¢ € L£o(n — 1), and ¢(Pp(0))
is its lattice length, i.e. the number of lattice points on Pp(c) minus one.

We end this subsection by noting the functoriality of the constructions here. An
inclusion of fans / : ¥’ < % defines the pullback map /*, which is a surjective map of
graded rings
xp if p e X'(1)

LAM(R) > AC(E), —
: (Z) () Yo {0 otherwise.

31t may help to note the suggestiveness of the notations here—we have ¢ N A = 6x(&) Ngt A.
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Comparing the presentations of A*(X) and A®(X'), one checks easily that this map
coincides with the quotient of A®*(X) by the ideal (x, | p € X(1) \ /(1)) C A*(Z).
Dually, a Minkowski weight A’ on ¥’ is naturally a Minkowski weight on X. In this case
we often abuse the notation and write A’ for both Minkowski weights.

Remark 2.1.8. Unraveling the definitions, one checks that the cap product is functorial
in the following sense: The pullback map i* : A*(X) — A*(X’) makes MW, (X') into a
A*(X)-module. Explicitly, if € A®*(X) and A" € MW,(Y/), then *¢ N A" = N A/, where
A’ on the right hand side is considered as a Minkowski weight on X.

2.2 Bergman classes and Chow rings of matroids

We now specialize our discussion to matroids. We begin with the braid fan, on which
matroids will arise as certain Minkowski weights.

First, we fix some notations. Let E := {0,1,...,n}, and for a subset S C E write
es := ) jcs e, wWhere ey,..., e, is the standard basis of ZE. Let N be the lattice N =
ZF /| Zeg, and write us for the image of es in N. The dual lattice of N is N = (Zeg)* =

{(o, - yn) € Z" [ Tiloyi = 0}

The braid fan (of dimension 1), denoted ¥4 , is the outer normal fan of the standard
permutohedron (of dimension 7), which is the polytope

q = Conv(w(0,1,...,n) € RE | all permutations w of E).

Concretely, the braid fan X4, is a complete fan in Ngr whose cones are Cone(us,, ..., us,) C
NR, one for each chain of nonempty proper subsets @ C S; C --- C 5S¢ C E. In particular,
the primitive rays of X4, are {ug | @ C S C E}. This fan is also known as the Coxeter
complex of the type A root system, hence the notation X4, .

Matroids will arise as certain Minkowski weights on X4 . We assume familiarity
with the basics of matroids, and refer to [Wel76; Oxl11] as general references. We fix the
following notation for matroids: We write U, g for the uniform matroid of rank r on E,
and we set a matroid M to have

e ground set E = {0,1,...,n},
e B(M) the set of bases of M,

rkps the rank function of M, or simply rk when the matroid in question is clear,

2 the lattice of flats of M, which we also use to denote the set of flats,

2A(M) the set of atoms of %), that is, the flats of rank 1,

clpr(S) the closure of a subset S C E, that is, the smallest flat of M containing S,
Q(M) the base polytope of M, which is the polytope Conv(ep | B € B(M)) C RE.
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Matroids define elements of MW, (Z,,) in the following way. For the underlying
geometry and a reason for the loopless condition for matroids here, see Theorem 2.3.1
and the discussion above it.

Proposition 2.2.1. Let M be a loopless matroid M of rank r = d + 1.
(1) [MS15, Theorem 4.4.5] A function Ay : X 4,(d) = R defined by

1 ifSy,...,S, are flats of M

Apm(C ooy =
m(Cone(us, sq)) {O otherwise

for each chain of nonempty proper subsets @ C S; € --- C S € E is a d-
dimensional Minkowski weight on 24, .

(2) [AHK18, Proposition 5.2] Let X be the smooth fan structure on the support
|Ap| inherited from X4 . In other words, %) is a subfan of £, whose cones
are Cone(ur,,...,ur,) C Ng, one for each chain of nonempty proper flats @ C
F, C --- C F € E of M. Then the Bergman class Ay is the unique d-dimensional
Minkowski weight on X (up to scaling).

Definition 2.2.2. With notations as in Proposition 2.2.1 above, we call the Minkowski
weight Ay, the Bergman class of M, and we call the fan X the Bergman fan* of M.

We will need the following description of supports of Bergman classes in Chapter 3.

Lemma 2.2.3. [MS15, Corollary 4.2.11] Let M be a loopless matroid, and Q(M) its base
polytope. The support |Ays| of its Bergman class is equal to the union of cones ¢ in the
outer normal fan of Q(M) satisfying the following condition: The corresponding face
Q(M)(o) of ¢ is a base polytope of a loopless matroid.

The Chow ring of a matroid is defined as the Chow cohomology ring of its Bergman
tan. Explicitly, we have the following.
Definition 2.2.4. The Chow ring of a loopless matroid M is the graded ring

Rlxr : F € %\ {@,E}]

AT (M) = A®(Zm) = (xpxpr | F, F’ incomparable) + (Y p, Xr — YgopXc | 4,b € A(M))"

We call linear combinations of the variables xr divisors on M, and the elements of A'(M)
divisor classes on M. The divisor class of }_r-, xr for any atom a € 2(M) is called the
hyperplane class of M, and is denoted a(M).

“We remark that some define the Bergman fan of M as a coarser smooth fan structure on the support
|Zpm|. A smooth fan structure on |Zj;| that coarsens X correspond to a choice of a building set on the
lattice of flats £ [AKO6; FSO5]. Here we will always take the smooth fan structure for X, as a subfan of
Z4,-
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Remark 2.2.5. The ring A®(M) was first studied in [FY04] under a slightly different
presentation, which for clarity is denoted A}, (M) and is given as

Rzr: F € Ly \ {D}]
(zrzp | F, F' incomparable) + (Y-, zr| a € A(M))

Apy(M) =

That is, we have xr = zr for every nonempty proper flat F € %), and zg = —a. As both
presentataions A®(M) and A}, (M) are relevant for us, we will use the variable names
X,z in a consistent manner; for example, in the summation ) p~p xr it is implied that
F C E, whereas ) p~p zr includes zg as a summand. -

Since MW (2)1) ~ R by Proposition 2.2.1.(2), with the Bergman class as the funda-
mental class, the Chow ring of a matroid M has the degree map [, : AY(Zy) — R,
defined by the cap product ¢ — ¢ N Aps. Explicitly, it is determined by

/M XF,XF, - - Xp, = 1 for every maximal chain F; C --- C F;in % \ {9, E}.

Note that the braid fan %4, is the Bergman fan of the Boolean matroid U g g, and
its fundamental class Ay, is the Bergman class of U} g. We will thus always identify
A*(Za,) = A*(Ujg E)-

We end this subsection with a discussion of nef and ample divisors on the brain fan,
and the resulting analogous notions for Bergman fans. The following characterization
of nef divisors on X4, , which is a specialization of Theorem 2.1.2, was recognized in
various works [Edm70; Mur03; Pos09; AA17]; for a modern treatment and generalization
to arbitrary Coxeter root systems we point to [Ard+20].

Proposition 2.2.6. The following are equivalent for a divisor D = } ¢cscg ¢sxs € AL(Z4,).
(1) D is anef divisoron X4,
(2) the function c(.) : 2F — R satisfies the submodular property

ca+cp>caup+canp forevery A,B C E where cpy = cg =0,

(3) the normal fan of the polytope Pp = {m € Ny | m(us) < cs V@ C S C E} coarsens
DIy

(4) every edge of Pp is parallel to e; — e; for some i # j € E.

Remark 2.2.7. Often the polytope Pp is constructed in an affine translate of Ny in RE, for
which the presentation Apy(X4,) is useful. Given a submodular function c.) : 2f 5 7
with ¢y = 0 but cg possibly nonzero, the generalized permutohedron associated to ¢,
is the polytope

P(c) == {y € (R®)" | y(eg) = cp and y(es) < ¢s VO C 5 < [n]}.
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This polytope lives in the translate of Njj where the points have coordinate sum cg. One
translates P(c) to Ny as follows. Fix an element i € E. We have

P(c) —cpe; = {m € Ng | m(us) < cs — cEagi) VS} C Ng
where ocgi) = 1ifi € S and 0 otherwise. Since the divisor class of ) zcscE ocgi)xs is the
hyperplane class a in A’ (Uige) = Al(Z4,), the nef divisor class that the polytope P(c)
corresponds to is

—cpa+ Y csxg= Y. cszs.
@OCSCE @OCSCE

The notion of nef and ample divisors on a matroid is inherited from the braid fan.
First, note that for a loopless matroid M, the inclusion of fans iys : £y < X4, induces
the pullback map

xg ifSCEisaflatof M

i A%(X ) — A (M), defined b —
M (Ea,) (M), defined by xs {0 otherwise.
When we wish to clarify whether a variable xg is an element of A*(M) or A*(Z,,), we
write

XS(M) = l}‘\/ij/

in which case xs is considered as an element of A*(X,4,) and xs(M) of A*(M).

The pullback map motivates the following notions regarding divisors on M. We say
that a divisor (class) on M is combinatorially nef if it is a pullback of a nef divisor
(class) on X 4,. A combinatorially ample divisor (class) is defined in a likewise manner.
Explicitly, a divisor Y_rc ¢\ {2,£} ¢F - X¢(M) is combinatorially nef (resp. ample) if there
exists a function agy: 2F & Z with ap = ap = 0 such that ar = cf for all flats F € 2Ly,
and

ap+ap > aaup +aang for every A,B C E
(resp. with strict inequality whenever A, B incomparable).

Combinatorially nef (resp. ample) divisor classes on M are closed under nonnega-
tive linear combinations, since nef (resp. ample) divisor classes on complete fans are in
general. We thus let 7 ) (resp. %)) be the cone in A'(M) of combinatorially nef (resp.
ample) divisor classes on M, called the combinatorially nef (resp. ample) cone of M.

Remark 2.2.8. It follows from Remark 2.1.3 that a combinatorially nef divisor class [D] €
AY(M) is effective; that is, it can be written as D = Y pcrxr where c¢ > 0 for all
F € %u \ {@, E}.
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2.3 The geometry of matroids via wonderful
compactifications

We provide the underlying algebraic geometry of the combinatorial constructions in
the previous two subsections §2.1 and §2.2. While this section is not logically necessary
for future chapters except Chapter 7, it may provide helpful motivation for geometrically
oriented readers.

We begin by sketching how Minkowski weights arise as Chow homology classes. Let
Tn =~ (k*)" be the algebraic torus of a lattice N over an algebraically closed field k, and
let Y be an /-dimensional subvariety of Ty. An operation in tropical geometry called
tropicalization assigns to Y a pure /-dimensional polyhedral complex in N, denoted
trop(f/), with a weight function on the /-dimensional cells, such that any smooth fan
structure X/ on the support of trop(Y) defines a Minkowski weight on ¥'. Let us denote
this Minkowski weight by Ay/(trop(Y)).

For any complete fan ¥. C Np containing X' as a subfan, let Y be the closure of
Y in the toric variety Xy, and let [Y] be the class of Y in the Chow ring A*(Xy).
Then, under mild assumptions, the isomorphism dy : A*(Xx) = MW,,_o(X) of The-
orem 2.1.6 satisfies dx([Y]) = Ag/(trop(Y)). In other words, the Minkowski weight
Ay (trop(Y)) can be considered as the Chow homology class of the variety Y in Xs.
Furthermore, if [Y7] and [Y;] are two such Chow homology classes, then dx([Y1] - [Y2]) =
Ass(trop(Y1)) Nt Ags (trop(Y2)), the latter being the stable intersection® of Ay (trop(Y7))
and Ay (trop(Y2)). See [MS15, §6.4 & §6.7] for proofs and further details.

Matroids arise in this context by setting Y to be linear subvarieties. Let us now
describe this in detail, and describe the connection to Bergman classes and Chow rings
of matroids.

Let M be a loopless matroid on E of rank r = d + 1 realizable over a field k, which
we may assume to be algebraically closed. A realization % (M) of M consists of any of
the following equivalent pieces of data:

e a list of vectors E = {vg,...,v,} spanning a k-vector space V ~ k',
e a surjection k"t! — V where e; — v;, or

e an injection PV* — IP{, dualizing the surjection k"t — V.

SA sketch of the definition of stable intersections of Minkowski weights, reminiscent of the moving
lemma in intersection theory, is as follows. Considering Minkowski weights as weighted polyhedral
complexes in NR, generically translate the Minkowski weights an € > 0 amount, so that all the resulting
weighted cones intersect transversally, and then take the limit of these transversal intersections as € — 0.
See [FS97], [MS15, §3.6 & §6.7], or [JY16] for details
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For a realization Z(M) of M with PV* — IP", the coordinate hyperplanes of IP" in-
tersect with PV* to give the associated hyperplane arrangement .4,;) on PV*, which
is encoded by the flats of M in the following way. For each nonempty flat F of M, let Lr
be a linear subspace of V* defined by

Lp:={feV"|f(v;) =0Vov; € F},

and let PLf be the linear subvariety of PV*. The hyperplanes of Ay are {IPLa }oco(m)
corresponding to the atoms, and more generally, a flat F of rank c corresponds to the
c-codimensional linear subvariety IPLr.

We denote by 10/%( M) the hyperplane arrangement complement PV* \ U Az It
is a linear subvariety of an algebraic torus in the following way. The algebraic torus
Tn = (k*)"T1/Kk* of the lattice N = Z"*1/Z(1,1,...,1) is the complement of the union
of coordinate hyperplanes in P, and hence 10/%( m) 18 the intersection of PV* with Ty.

Theorem 2.3.1 below relates the linear subvariety f(@( m) C Tn to the Bergman class
of M via tropicalization. Note that if M had loops, then IPV* is contained in a coordinate
hyperplane of IP", so that Yy, is empty, hence our loopless assumption for M.

Theorem 2.3.1. [MS15, Theorem 4.1.11] Let % (M) be a realization of a loopless matroid
M, and let Yy be the associated hyperplane arrangement complement. Then the

support of trop(lo/%( m)) equals the support of the Bergman fan Ay, and hence we have

As,, (Yamn) = Ay

In other words, the Bergman class Ay corresponds to the Chow homology class of the
closure Yy ) of f(@( M) in the toric variety Xy, ~of the braid fan 24,. The variety Yz
is called the wonderful compactification of the hyperplane arrangement complement

Yoo ()

Remark 2.3.2. The wonderful compactification Yz, can be described in two equivalent
ways [DP95, §3.2].

(1) The variety Yy () is obtained as a series of blow-ups on PV* by the following
process: First blow-up the points {IPLF } F)=rk(E)—1, then blow-up the strict trans-
forms of the lines {H)LF}rk(F):rk(E)—2f and continue until having blown-up strict
transforms of {IPLf}(p)—1. We denote by a1y @ Yy — PV* be the blow-
down map.

(2) For each nonempty flat F of M, the projection away from the linear subvariety
PLp C PV* is a rational map PV* --» P(V*/Lp). The variety Y,y then is the
(closure of) the graph of the rational map

PV*-—» J] P(V*/Lp).
FeZy\{0}
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When U,,41 ,41 is realized as the standard basis of k"1, the associated wonderful
compactification is the toric variety Xy, of the braid fan. It is obtained from P" by
blowing up the coordinate points, then the (strict transforms of) coordinate lines, and
so forth. Let us write 714, : Xy, — IP" for the blow-down map. Then for a realization
PV* — IP" of a loopless matroid M, Remark 2.3.2.(1) above expresses the wonderful
compactification Yy as the strict transform of PV* C P" under the sequence of blow-
ups 74, . In other words, we have a diagram

Yo > Xz,
TT(M) l lﬂAn
PV*—— P",

The boundary of Yy ) \ f@( M) consists of the exceptional divisors £ obtained by blow-
ing up (strict transforms of) IPLr. These divisors have simple-normal-crossings [DP95],
and consequently the intersection theory of the boundary divisors of Yz, is encoded
in the matroid. More precisely, the Chow ring A®(Yy () of the variety Yy is isomor-
phic to the Chow cohomology ring A®(M) of the Bergman fan of M [FY04, Corollary
2].

Remark 2.3.3. We note the following geometric observations about the presentation

Rlxr : F € %\ {@,E}]

A Wau)) = A*(M) = (xpxp: | F, F incomparable) + (Yo, XF — Lgop XG | 4,0 € A(M))

(1) The variables xr correspond to the exceptional divisors £ obtained by blowing up
(strict transforms of) PLg.

(2) The quadric relations xpxp = 0 reflect that two exceptional divisors from blowing
up two non-intersecting linear subspaces do not intersect.

(3) The linear relations defining A®(M) reflect that for any atom a € A(M), we have
—zg = a(M) = Ypo, Xr = T ()t Where b = c1(Opy+(1)) is the hyperplane class
of PV*.

(4) Under A®*(Ypm)) ~ A*(M) and A®*(Xy, ) ~ A*(Z4,), the pullback map i :
A*(Xs, ) = A*(Ygpm)) along the closed embedding iy @ Yopar) < Xz, is the
pullback map of Chow cohomology rings of ¥); and X4, induced by the inclusion
of fans Xy — X4,

(5) A divisor class D € A'(M) is an combinatorially ample (nef) if and only if there
exists an ample (nef) divisor class L on X4, such that /3,L = D. Combinatorially
ample (nef) divisors are ample (nef) on the variety Yy ).
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Remark 2.3.4 (Relation to Phenomenon I). The toric variety Xy, is also called the per-
mutohedral variety (of dimension 71). The geometry and the combinatorics of the permu-
tohedral variety have been widely studied in various contexts including moduli spaces
[LMOO; BB11], convex optimization [Edm70; Mur03], Hopf monoids [DF10; AA17], and
lattice polyhedra [PRW08; Pos09].

In our case, the variety Xy, plays the role of "the variety whose Chow ring has been
well-studied” in Phenomenon I, and the wonderful compactification Y1) plays the role
of "the subvariety Y whose Chow ring is an interest of study." Moreover, since we have
a surjection A*(Xy, ) - A®(M) =~ A*(Yp(m)), we have an isomorphism A® (Y (yr)) =~
A*(Xy An) / ann([Y%( M)])- We will realize this isomorphism combinatorially in §4.2 as
Theorem 4.2.1.
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Chapter 3

The simplicial presentation and its
monomials

We now introduce the main object of study: a new presentation of the Chow ring
of a matroid which we call the simplicial presentation A%, (M) of A*(M). While alge-
braically this involves only an upper triangular linear change of variables, its geometric
and combinatorial implications are far-reaching as we will see in subsequent chapters.

After a combinatorial preparation in §3.1, we introduce the simplicial presentation
in §3.2 and show that its variables correspond to a matroid operation called principal
truncations. In §3.3, we extend this correspondence to establish a combinatorial inter-
pretation of a monomial basis of the Chow ring of a matroid.

3.1 Matroid quotients, principal truncations, and matroid
intersections
We first prepare by reviewing the relevant combinatorial notions. We point to [OxI11,
§7] and [Ham17, §2.3] for further details.
Let M and M’ be matroids on a common ground set E.

Definition 3.1.1. The matroid M’ is a (matroid) quotient of M, written f : M’ « M, if
any every flat of M’ is also a flat of M. In particular, if M and M’ are loopless, then
f:M « Mifand only if Xy C Xp.

Example 3.1.2. Any matroid on ground set E is a quotient of the Boolean matroid U k.
Any Bergman fan of a loopless matroid is a subfan of the braid fan.

Example 3.1.3 (Realizable matroid quotients). Matroid quotients model linear surjections
(dually, linear injections) in the following way. Let M and M’ have realizations by kF —
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V and kF — V’ (respectively). Then having a commuting diagram

KE sV PL «+—— PV~
H l or dually, H ]
kE —— V/ Pf «— PV

implies that M’ is a matroid quotient of M. Matroid quotients M’ «~ M arising in this
way are called realizable matroid quotients. A matroid quotient M’ «~ M with M’ and
M both realizable over a same field need not be realizable (for an example, see [BGWO03,
§1.7.5]).

For a matroid quotient f : M’ « M, the f-nullity of a subset A C E is defined to be
Tlf(A) = I‘kM(A) — I‘kM/(A).

We say that M’ is an elementary (matroid) quotient of M if n¢(E) = 1, or equivalently
if rk(M') = rk(M) — 1. An elementary quotient of M corresponds to a modular cut
of M, which is a nonempty collection of flats K C .Zj; satisfying

1.if F e Kand F; C F,, then F, € K, and

2. if [, F € K and I'kM(Fl) + I'kM(PQ) = I‘kM(Fl U Fz) + rkM(F1 N Fz), then FFNF €
K.

A modular cut K of M defines an elementary quotient M’ «~ M by
Ly = {F € £ : F is not covered by an element of X} U K.

Conversely, given an elementary quotient f : M’ « M, one recovers the modular cut K
of M defining the elementary quotient by

K = {F € Lw an(F) = 1}.

K
We write M’ <~ M to denote an elementary quotient of M given by a modular cut K.

Example 3.1.4. Let M have a realization kf — V. For K a modular cut of M, let vx be a
general vector! in Mg spany (F). Dually, with the notation as in §2.3, we have a general
hyperplane Hx = {f € V* | f(vx) = 0} in V* containing Urcic Lr. Let us consider the
commuting diagram

KE sV PE «+—— PV~
H l or dually, H ]
kE —— V/ spany (vx) PE «—— PPHy.

!For vy to be sufficiently general and nonzero, the field k must be large enough (let us assume infinite),
and the elementary matroid quotient defined by the modular cut K must be realizable.
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The map kf — V/ spany (vx) is a realization of the matroid M’ of the elementary quo-

tient M’ L M defined by K. Dually, with the notation as in §2.3, the associated hyper-
plane arrangement Ay is the intersection of IPHy with the coordinate hyperplanes
in IPL. Equivalently, the hyperplane arrangement Az is the intersection of P Hi with
the hyperplanes in the hyperplane arrangement A4,y under the inclusion PHx C PV*.

Of particular interest in our case is when K is the interval [F,E] C %), since an
interval in %) is always a modular cut. We call the resulting elementary quotient,
denoted Tp(M), the principal truncation of M associated to the flat F. We note an
explicit description of principal truncations.

Proposition 3.1.5. [Ox111, Exercise 7.2.4.] The principal truncation Tg(M) of a matroid
M associated to a nonempty flat F € Zj; has bases

B(Tr(M)) = {B)\ f such that B € B(M) and f € BNF # @},

and the flats of Tr(M) partition into two sets Zr, () = K U L according to their f-
nullities by

K={Ge Zrm | ns(G) =1} ={G e Zu | FCG},
L={G € L, m) | nf(G) =0} = {G € Ly | G not covered by an element in [F, E]}.

Remark 3.1.6. In Example 3.14, if = [F, E] for some flat F, then we can set v = vp,
a general vector in span, (F), and dually, we can set Hx = HF, a general hyperplane in
V* containing Lr.

We end our combinatorial preparation by illustrating the relevance of matroid quo-
tients to Minkowski weights on braid fans via the notion of matroid intersections.

Definition 3.1.7. The matroid intersection of two matroids M and N on a common
ground set E is a new matroid M A N on E whose spanning sets S(M A N) are {SN
S"|SeS(M), S"eS(N)}.

The matroid M A N is a matroid quotient of both M and N. Matroid intersection
behaves well in relation to Minkowski weights in the following way. Recall that the
isomorphism A®(X4,) ~ MW, _4(Z4,) of Theorem 2.1.6 makes MW, _(X4,) into a
graded ring, with multiplication called the stable intersection Ns;. The following propo-
sition states that stable intersections of Bergman classes are Bergman classes of matroid
intersections.

Proposition 3.1.8. [Spe08, Theorem 4.11], [Ham17, Remark 2.31] Let M and N be two
matroids on a common ground set E, and let Aj; and Ay be their Bergman classes, which
are Minkowski weights on X4 . Then we have

[ Apman if M AN is loopless
AmNst An = { 0 otherwise.
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3.2 The variables of the simplicial presentation

We now define a new presentation A%, (M) of the Chow ring of a matroid M, and
discuss its first properties. The key result here is that the variables of A%, (M) correspond
to principal truncations of M.

We prepare by noting a distinguished set of nef divisors on ¥4, and their polytopes
considered in [Pos09]. For a nonempty subset S of E, denote by

Vs := Conv(—e; | i€ S) c RE

the negative standard simplex of S. As the edges of Vs are parallel translates of e; — e;
fori # j € S, Proposition 2.2.6 (in the form of Remark 2.2.7) implies that Vs is a polytope
with the corresponding nef divisor

hg := — Z ZT € Aﬁy(ZA”).
SCT

These divisors were considered in [Pos09]? and implicitly in [Ham17]. We now consider
the presentation of A®*(M) given by pullbacks of these nef divisors of (negative) standard
simplices. For M a loopless matroid on E, and @ # S C E, denote hs(M) := i}3,hg. If
F = clp(S) is the smallest flat containing S, note that we have

hs(M) = L7\4h5 = — Z ZT(M) = — Z ZG(M) = l}k\/jhp, (31)
SCT FCGeZy

as zr(M) = i3zt = 0 for all T C E not a flat of M. By construction, the elements
hp(M) € AY(M) are (combinatorially) nef divisor classes on M. We will simply write hr
for hp(M) when there is no confusion.

Definition 3.2.1. For M a loopless matroid on E, the simplicial presentation AY, (M) of
the Chow ring of M is the presentation of A*(M) whose generators are {hr}rc 4\ (2}
where
hp:=—)_ zg € A}y(M).
FCG

The variable & here stands for “hyperplane"; for the geometric origin of the simplicial
presentation see Remark 3.2.6. The linear change of variables from {zr}rc 4\ (o) to
{hr}re 2\ (o} is evidently invertible, given by an upper triangular matrix. Explicitly, by
Mobius inversion we have

—zp= Y u(F,G)hg (3.2)
FCG

2We note a minor difference that in [Pos09] the author uses Ys to denote the nef divisor of the standard
simplex of S instead of the negative standard simplex.
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where p is the Mobius function on the lattice £ys. Thus, the explicit presentation of
AY (M) is
AY(M) :=Rlhg: F e Ly \ {2}/ (I1+])

where

[=(hg:aeA(M)) and

J = < ( Y. ]/t(F,G)hG> ( Y u(F, G’)hg) :F,F incomparable> .

FCG FICG

Denote by Zﬁz the set of flats of M of rank at least 2. Noting that h, = 0 € A, (M) for
any atom a € (M), we define {hr | F € Z7*} to be the simplicial generators of the
Chow ring of M. They form a basis of AL (M).

Remark 3.2.2. When the matroid M is the cyclic matroid of the complete graph K;,_; on
n — 1 vertices, the Chow ring of M is the cohomology ring of the Deligne-Knudson-
Mumford space My, of rational curves with n marked points [DP95, §4.3], [MS15,
Theorem 6.4.12]. In this case, after suitable modifications® the simplicial presentation
recovers the Etingof-Henriques-Kamnitzer-Rains-Singh presentation of the cohomology
ring of Mo,n [Eti+10; Sin04]. In this presentation, the author of [Dot19] showed that the
cohomology ring of My, is Koszul because it has a quadratic Grébner basis. In the
classical presentation, the Chow ring of any matroid with rank > 3 has no quadratic
Grobner basis.

The following theorem, which relates the variables of the simplicial presentation
to principal truncations, is the key property of the simplicial presentation that we use
throughout this paper.

Theorem 3.2.3. Let M be a loopless matroid on E, and S a nonempty subset of E. Denote
by Hg be the matroid whoses bases are B(Hs) = {E\i : i € E}, and write F for
the smallest flat of M containing S. Then Hs A M = Tr(M), and the nef divisor class
hs € AL(Z4,) satisfies

0 otherwise.
The theorem will follow mostly from the following lemma.

Lemma 3.2.4. Let M be a loopless matroid on E, and S a nonempty subset of E. Denote
by Hs be the matroid whoses bases are B(Hs) = {E \i : i € E}, and write F for the
smallest flat of M containing S. Then we have

Hs AM = Tr(M),

30ne uses the minimal building set instead of the maximal building set.



CHAPTER 3. THE SIMPLICIAL PRESENTATION AND ITS MONOMIALS 22

and hence we have

A Nst Ay = { 0 otherwise.

Proof. A matroid is loopless if and only if the emptyset @ is a flat, and by Proposi-
tion 3.1.5, the matroid Tr(M) is thus loopless if and only if @ is not covered by an
element in the interval [F, E]. This happens if and only if rky(F) > 1, and hence the
second statement follows from the first by Proposition 3.1.8.

By definition of Hs A M, the minimal elements in the set of spanning sets S(Hr A M)
are B\ i where B € B(M) and i € BN'S # @. Since minimal spanning sets are bases, we
have

B(Hs A M) = {B\isuchthat B€ B(M), i€ BNS # @}.

When S = F, this is the description of the bases of Tr(M) in Proposition 3.1.5, so it
remains to show Hs A M = Hp A M. Evidently, we have B(Hs A M) C B(Hp A M) since
S C F. For the other inclusion, suppose we have a basis B\ f of Hr A M where B € B(M)
and f € BNF # @. Note that rky((B\ f)US) = rkp((B\ f) UF) = rky(E), where the
first equality follows from F being the closure of S. Since B\ f is independent in M, we
thus conclude that there exists an element s € S such that (B \ f) Us is a basis of M, so
that B\ f is a basis of Hs A M also. O

Proof of Theorem 3.2.3. Let b5, : A*(X4,) = MW, _+(X4,) be the isomorphism map in
Theorem 2.1.6. We claim that dy, (hs) = Ap,, which is proved in Lemma 3.2.5 below.
Our desired statement then follows immediately from Lemma 3.2.4, since hg N Ay =
(65, (hs)) Nst Ay by definition of stable intersection Ns;. O

Lemma 3.2.5. Let dz, : A*(Xa,) = MW, o(X4,) be the isomorphism map in Theo-
rem 2.1.6. Then we have
o5, (hs) = Ap

Proof. We claim that the support |Ap,| of Ay, is equal to the support of the (n —1)-
skeleton of the outer normal fan of negative standard simplex V. If this is the case,
then Proposition 2.1.7 implies 5, (hs) = Ap, because all the edges of the negative
standard simplex Vg has lattice length 1.

Now, for the claim, note first that the translate Vs + er of Vs is Conv(eg\; |i € S) C
RE, which is equal to the base polytope Q(Hs) of Hs. Since every face of Q(Hs), except
for the vertices, are base polytopes of loopless matroids, by Lemma 2.2.3 the support of

|Ap,| equals the support of the (n — 1)-dimensional skeleton of the outer normal fan of
Vs. O]

Theorem 3.2.3 encodes the combinatorics of the following geometric motivation for
the simplicial presentation.
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Remark 3.2.6. We recall the following standard fact in algebraic geometry. Let L C V* be
an inclusion of vector spaces, so that IPL is a linear subvariety of PV*. Let X = Blp; PV*
be the blow-up of PV* along IPL, which is also the graph of the rational map PV* --»
P(V*/L), and let 7 : X — PV* be the blow-down map. Denote by h = ¢1(0pn(1))
the hyperplane class, and by £ the exceptional divisor of the blow-up. Then the map
Blp, PV* — P(V*/L) corresponds to the linear series |Ox(7*h — £)|, so the sections of
the line bundle Ox(7t*h — &) correspond to the hyperplanes in IPV* that contain PL.

Now, suppose M has a realization Z(M) over an algebraically closed field k as
PV* < PP", and let notations be as in §2.3. The geometry of A®*(Y, ) =~ A*(M)
in Remark 2.3.3 implies

hp = Z —ZG = —ZE — Z XGg = ﬂ%(M)h — Z 5(;,
GDF GDF GDF

and hence hr represents the divisor class of the strict transform of a general hyperplane
in PV* containing the linear subvariety IPLr. Thus multiplying by hr corresponds to
intersecting by a general hyperplane in IPV* containing IPLr, which corresponds to the
principal truncation Tr(M) by Example 3.1.4 (in the form of Remark 3.1.6). More pre-
cisely, we have hr - [Yp )] = [Ya(1:(m))] € A*(Xs,, ). Theorem 3.2.3 is the combinatorial
generalization of this geometric observation.

Remark 3.2.7 (cf. Phenomenon I). Suppose M has a realization #Z(M) by PV* — P".
By the second description in Remark 2.3.2.(2), the wonderful compactification Yy, is
embedded in the product of projective spaces [Trc ¢\ (o} P(V*/LF). We described hr
as a divisor class represented by the strict transform of a general hyperplane in PV*
containing IPLr in the previous Remark 3.2.6. Alternatively, the variable hr thus repre-
sents the base-point-free divisor obtained as the hyperplane class pullback of the map
Yom) — P(V*/Lg). In particular, the divisor classes hs € A®*(Xy, ) play the role of
"distinguished base-point-free divisor classes" in Phenomenon I, and their intersection
product with [Yy ()] can be described by their hyperplane pullbacks, which we have
interpreted combinatorially as principal truncations.

Remark 3.2.8. In the classical presentation A®(X,,), the cap product xg N Ay is almost
never a Bergman class of a matroid—it is a Minkowski weight that usually has negative
weights on some cones. This reflects the geometry that the divisor xg is effective but
usually not nef.

Notation. Let us fix a notation for the rest of the paper: For a nonempty subset S C E,
we denote by Hg the matroid with bases

B(Hs) :={E\i:i€ S},

or equivalently, Hg = u|E\S|,E\S S¥ U\S|—1,S'
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3.3 A monomial basis of the simplicial presentation and
relative nested quotients

We introduce the notion of relative nested quotients, which are relative generaliza-
tions of (loopless) Schubert matroids in matroid theory, and we show that they are in in
bijection with elements of a monomial basis of A%, (M).

We start by producing a monomial basis of A}, (M) via the Grobner basis computa-
tion in [FY04]. Pick a total order > on elements of £y such that F > G if rky(F) <
rky(G), and take the induced lex monomial order on A}, (M). A Grobner basis for
A%y (M) was given as follows.

Theorem 3.3.1. [FY04, Theorem 1] The following form a Grobner basis for the ideal of
AI.TY(M):
Zrzg F and G are incomparable nonempty flats
2 (ZHEG ZH)rk G—rk F
(Ch>czH) ke

The Grobner basis computation in [FY04] carries over to the simplicial presentation
easily. Again, pick a total ordering > of % such that if rky(F) < rky(G), then F > G.

F C G nonempty flats .
G a nonempty flat

Proposition 3.3.2. The following is a Grobner basis for the defining ideal of A%, (M) with
respect to the lex monomial ordering induced by >:

(Crce H(F,G)hg)(Xpce w(F, G )he) F,F incomparable
(Yrcg u(F,G)hg) .hrlfF’—rkF FCP

CGH v
JikF bt (o)

Proof. Let Spy = Rlzp : F € Xy \ {@}] and Sy = R[hr : F € %\ {D}], and define
¢ : Sy — Sy to be the substitution zr — — Y pcg #(F, G)hg.

Observe that ¢ is lower triangular with —1’s on the diagonal when the variables zr
and hr are written in descending order with respect to >. Hence, if f € S with initial
monomial z?l > Z;}; , then the initial monomial of ¢(f) is h?l e h;’;{ The proposition now
follows from the fact that the elements of the Grobner basis above are the images under
@ of the elements of the Grobner basis given in Theorem 3.3.1. O

As a result, we obtain a monomial basis of A%, (M).

Corollary 3.3.3. For ¢ € Z>(, a monomial R-basis for the degree c part A (M) of the
Chow ring A% (M) of a matroid M is

{]’lg . I’l?}i | ZLZZ' =g Q= FO g_ Fl _'C,_ tee _'C,_ Fk/ 1 < a; < I‘kM(FZ) — rkM(Pi,l)}.
We call this basis of A%, (M) the nested basis of the Chow ring of M.
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While the nested basis of A% (M) looks identical to the one given for A}y (M) in
[FY04, Corollary 1], we show here that with the simplicial presentation the monomials
in the basis now allow for a combinatorial interpretation as a distinguished set of matroid
quotients of M.

Let f : M — M’ be a matroid quotient on a ground set E.

Definition 3.3.4. An f-cyclic flat of f is a flat F € Z)y such that F is minimal (with
respect to inclusion) among the flats F' € %y such that n¢(F') = n(F). A matroid M’
is a relative nested quotient of M if the f-cyclic flats of M’ form a chain.

Relative nested quotients are relative generalizations of (loopless) Schubert matroids:

Example 3.3.5. If M = U  then any matroid M’ is a quotient f : M" «~ M. In this case,
the f-cyclic flats of M’ are precisely the cyclic flats of M’, which are flats F of M’ such
that M'|r has no coloops. Moreover, the relative nested quotients of Uy ¢ are called
nested matroids, which in the literature also go by (loopless) Schubert matroids. See
[Ham17, §2.2] for more on cyclic flats and nested matroids.

The data of cyclic flats of a matroid and their ranks determine the matroid [Bry75,
Proposition 2.1]. We generalize the statement to f-cyclic flats of a matroid quotient.
We first need the following fact about obtaining any matroid quotient as a sequence of
elementary quotients.

Lemma 3.3.6.

(1) [Hig68], [Bry86, Exercise 7.20] Any matroid quotient f : M’ «— M can be obtained
as a sequence of elementary quotients in a canonical way called the Higgs factor-
ization of f. The Higgs factorization of a quotient f : M’ « M with ns(E) = cisa
sequence of elementary quotients

, K1 K2 Ke
M =My« M)« -« M=M
where the bases of M; fori =1,...,c are defined as
B(M;) = {A C E | A spanning in M’, independent in M, and |A| = tk(M') +i}.
(2) [KK78, Theorem 3.4] The modular cuts K; of the Higgs factorization are
K, = {G S "E’ﬁMi | Ylf(G) > Z}
Proposition 3.3.7. The data of the f-cyclic flats, their f-nullities, and the matroid M
determine the quotient f : M’ « M. More precisely, writing ns(E) = c, the data

K K Ke
recovers the Higgs factorization M’ = M) &My« oo & Mo = M of f by specifying
the modular cuts C; to be

Ki={G € £, | G 2 F for some F € cyc(f) with n¢(F) > i}

foreachi=1,...,c.
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Proof. Lemma 3.3.6.(2) implies that the modular cut K; is {G € 2y, | n¢(G) > i} for
eachi = 1,...,c. This can equivalently be written as {G € %), | G 2 F for some F €
cyc(f) with ng(F) > i} by the definition of f-cyclic flats. O

We now show that the nested basis of A%, (M) given in Corollary 3.3.3 is in bijection
with the set of relative nested quotients of M.

Theorem 3.3.8. Let M be a loopless matroid of rank r = d + 1. For each 0 < ¢ < d, the
cap product map
AG(M) = MWy_c(Zm), ¢ GNAM

induces a bijection between the monomial basis for A (M) given in Corollary 3.3.3
and the set of Bergman classes A,y of loopless relative nested quotients M’ «— M with
rk(M') = rk(M) —c.

Proof. Let h’g e h;ﬁ be an element of the monomial basis given in Corollary 3.3.3. By
repeated application of Theorem 3.2.3, we have
hg---h‘;’;ﬂAM = App
where
M =MA%Hg, -+ N"Hp, := MAHpg A---ANHp A--- NHp A--- AN Hp, .

~~

ay times a; times

By Lemma 3.2.4, we can consider the matroid M’ to be the result of a sequence of
principal truncations on M, first by F; repeated a; times, then by F;_; repeated aj_q
times, and so forth. Taking a principal truncation by F; in this process makes sense
due to the following observation: The description of the flats in a principal truncation
(Proposition 3.1.5) implies that the inequalities on the 4;’s in Corollary 3.3.3 ensure that
F;is a flat in M A" H, - -- A"*! Hp, ,, and in particular rk(F;) — a; > 0 ensures loopless.

The flats that decrease in rank under a principal truncation by F; are exactly those
that contain F;. Hence, our consideration of M’ as the sequence of principal truncations
implies that f : M’ «- M is a matroid quotient with cyc(f) = {Fy,..., F} and ns(F;) =

2521 a;. We have thus shown that an element of the nested basis defines a relative nested
quotient by the cap product.

Conversely, Proposition 3.3.7 implies that the f-cyclic flats and their f-nullities of a
relative nested quotient f : M' « M recovers the Higgs factorization

. ki K K
M =My« My« -« M. =M
of f by specifying the modular cuts to be
Ki={G € %, | G 2 F for some F € cyc(f) with ng(F) > i}.

Thus, if cyc(f) = {F € -+ € F}, then M' = M A" H, --- A"t Hp, where a; = n¢(F;) —
ne(Fi_1) for j > 1, and a; = n¢(Fy).
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Moreover, the bijection given in the previous theorem respects linear independence.

Proposition 3.3.9. The elements
{Ayy : M’ is a loopless relative nested quotient of M}

are linearly independent in MW, (X4, ).

The proof given below is a modification of the one given for nested matroids in
[Ham17, Proposition 3.2].

Proof. For a loopless nested matroid quotient f : M’ «- M of corank ¢ = rk(M) — rk(M’)
given by a sequence of (Fy := @, 1o :=0), (F1,71), ..., (Fg, 1) of the f-cyclic flats and their
ranks, define

L . L ri—7ri1 1f1§k
W= @i A= {7 e

Denote by .#, the set of loopless nested matroid quotients f : M’ « M of rank rk(M') =
r. Assume that we have a linear relation

2 LZM/AM/ =0.
f:M «—Me.t,

We show by lexicographic induction on 7y(f) that ayy =0 VM’ € 4.
For the base case, consider the case of f : M’ «~ M with f-cyclic flats @ = Fy C F; C
-+ - C F satisfying
v(f) =(1,.. .,1,0,...,0).

k many

Extend the chain of cyclic flats of M’ to any maximal chain of flats in M', and consider
a loopless nested matroid quotient ¢ : N’ «- M also containing this chain as a maximal
chain of flats. We show that N’ = M'. Note that by construction rky/(F;) = rkyy (F;) for
all 0 < i < k. By induction assume Fy, .. ., Fj—1 are g-cyclic. If F; is not g-cyclic, then it
contains a g-cyclic flat G with the same g-nullity as that of F;. But then n¢(G) = ng(F;) =
n(F) > ng(Fi_1) = ng(Fj_1), implies G 2 F;_1, which contradicts rky/(G) < rkyy(Fj) =
rky/(Fj—1) + 1. Thus, all F’s are g-cyclic as well with rkyy(F;) = i, and there are are no
other g-cyclic flats since ny(E) = ng(E).

Now suppose v(f) = (dy,...,dr) > (0,...,0) and consider ¢ : N’ « M that has a
maximal chain of flats that is also a maximal chain in .%); containing the f-cyclic flats.
We show that if N # M’ then y(g) <jx ¥(f), thereby completing the induction to
conclude that apy = 0 VM'.

Let 7(g) = (c1,---,¢r), and suppose 1 < j < k is the minimum j such that F; is
not g-cyclic, which exists since N’ # M’. By the same arguments given in the case of
v(f) =(1,...,1,0,...,0), we then have a g-cyclic flat G such that Fi_1 € G ¢ F;, which
decreases c; by at least one. Hence, v(g) < v(f), as desired. O
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Chapter 4

The Poincaré duality property

In this chapter, we recover the first component of the Kahler package for the Chow
ring of a matroid, called the Poincaré duality property. We review some facts about
Poincaré duality algebras in §4.1, but we will only need a small portion of these facts in
this chapter—the rest will be needed only later in Chapter 6. We establish the Poincaré
duality property of Chow rings of matroids and discuss some consequences in §4.2

4.1 Poincafe duality algebras and their transports
We review some general algebraic notions about Poincaré duality algebras. Let k be
a field.

Definition 4.1.1. A graded finite (commutative) k-algebra A® = EB?:O Alis a (graded)
Poincaré duality algebra of dimension d if (i) A° = I, and (ii) there exists an isomor-
phism [ : A? = I, called the degree map of A®, such that the map

AF S Hom(A4K LK), & (0 /éj 0)
is an isomorphism for all 0 < k < d, or equivalently, the pairing
Al x AT AT g, (é‘,é)H/@C

is a non-degenerate for all 0 <i <d.

We write (A®, [) for a Poincaré duality algebra with a chosen degree map [. In
Chapter 6, we will often drop the degree symbol [ when the context is clear; in particu-

lar, for { € A we will often write ¢ to mean J 7.

We will use the following construction to establish that Chow rings of matroids are
Poincaré duality algebras.
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Proposition 4.1.2. If (A®, [) is a Poincaré duality algebra of dimension d, and f € A® a
homogeneous element of degree k. Then the k-algebra

A*/ann(f), where ann(f)={a € A®|af =0}

is a Poincaré duality algebra of dimension d — k with the induced degree map [ f defined
by [;(a+ann(f)) := [af fora € AdK,
Proof. This is a straightforward check; see [MS05, Corollary 1.2.3.] for example. O

It will sometimes be convenient to identify elements of the ring A®/ann(f) to el-
ements of the principal ideal (f) C A®, with multiplication is by af - bf = (ab) - f.
The construction in Proposition 4.1.2 will arise in next subsection §4.2 with f being the
Bergman class.

The rest of this subsection on Poincaré duality algebras will not be needed until
Chapter 6.

We describe another way the construction in Proposition 4.1.2 arises in the context
of Chow cohomology rings of fans. Let X be a d-dimensional smooth rational fan in
NR for a lattice N, and let p € %(1) be ray. Denote by % the image of u € Nr under
the projection Ng — NR/span(p). The star of X at p is a (d — 1)-dimensional fan in
NRr/ span(p) defined by

star(p,X) := {0 | o € X contains p}.

By definition of the Chow cohomology ring, one can check that there is a surjection
A*(X) — A®(star(p, X)) determined by
X s {xp, if p’ and p form a cone in % for each o/ £ p.

0 otherwise

Since (x, | p" and p do not form a cone in ¥) C annye(s)(x,), thus we get an induced
map
Ty + A®(star(p, X)) - A®(X)/ ann(x,).

Geometrically, a ray p corresponds to a torus-invariant divisor V(p) of the toric va-
riety Xy via the orbit-cone correspondence [CLS11, Theorem 3.2.6], and the toric va-
riety Xgar(px) Of the star is the subvariety V(p). The map A®(X) — A*(star(p,X))
described above is the pullback map of algebraic cycles along the closed embedding
Xstar(p,Z) = V(p) — Xs.

In Chapter 6, we will use the following criterion for when the map 7, is an isomor-
phism.
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Proposition 4.1.3. [AHK18, Proposition 7.13] Suppose that the Chow cohomology ring
A®(X) is a Poincaré duality algebra. Then, the map 77, : A®(star(p,X)) - A®*(X)/ ann(x,)
is an isomorphism if and only if A®(star(p,X)) is a Poincaré duality algebra.

Proof. The algebra A®(X)/ ann(x,) is a Poincare duality algebra by Proposition 4.1.2. The
statement thus follows from Proposition 4.1.4.(2) below, which states that a surjection of
Poincare duality algebras of same dimension is an isomorphism. O

Two useful facts about Poincaré duality algebras follow. Both are straightforward to
check.

Proposition 4.1.4. Let (A*, [,) and (B®, [;;) be Poincaré duality algebras of dimension
d 4 and dpg over a common field k.

(1) The tensor product (A ® B)* = @, (P; +ime A' @ Bi) is also a Poincaré duality
algebra of dimension d4 + dp with degree map

/ : (A® B)%atds = Ada @ Bl 5k, a®bn—>/a-/b.
A®B A JB

(2) A surjection A®* — B® of Poincaré duality algebras of the same dimension (that is,
if d4 = dp) is an isomorphism.

4.2 Poincaré duality for matroids

We show that the Chow ring A®*(M) of a loopless matroid M is a Poincaré duality
algebra with f M as the degree map. While this was proved in [AHK18, Theorem 6.19],
we give a non-inductive proof by using the simplicial presentation that avoids flips, a
technical tool in [AHK18] which introduces combinatorial objects from outside the realm
of matroids.

Our main theorem of the section is the following.

Theorem 4.2.1. Let M be a loopless matroid of rank r = d +1 on a ground set E =
{0,1,...,n}, and consider the Bergman class Ay; € MW,;(X,4,) as an element of A*(Z,,)
via the isomorphism A®*(X,,) >~ MW,,_4(24,) in Theorem 2.1.6. Then, we have

A*(M) >~ A®*(X4,)/ ann(Apy).

Since A®(X,,) is a Poincare duality algebra (Theorem 2.1.6), Proposition 4.1.2 imme-
diately implies the following corollary.

Corollary 4.2.2. The Chow ring A®(M) is a graded Poincaré duality algebra of dimension
rk(M) — 1 with [}, as the degree map.
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Remark 4.2.3. Because ¥4, is a smooth projective fan, there exist a purely combinatorial
proof of the Poincaré duality for its Chow cohomology ring via the line shelling of the
fan; see [FK10]. While Bergman fans of matroids are also shellable [Bjo92], they are
not complete (and hence not projective), and the arguments of [FK10] does not readily
modify to give Poincaré duality for Chow rings of matroids.

We also obtain the following generalization of [Ham17, Corollary 3.13].
Corollary 4.2.4. For each 0 < ¢ < d, the cap product map

A (M) = MW,y_(Zm), $—=ENAm

is an isomorphism of R-vector spaces. Thus, the Bergman classes of relative nested
quotients form a basis of MW, (Xy1).

Proof. The first statement follows from Corollary 4.2.2 and the fact that Hom(A°(M), R) ~
MW, _(2p) (Lemma 2.1.5). Theorem 3.3.8 then implies the second statement. O

Proof of Theorem 4.2.1. Recall that the isomorphism A®*(Z,4,) ~ MW, _4(X4,) makes the
set of Minkowski weights into a graded ring, denoted MW* (X 4,). Let 1} be the pullback
map of the inclusion 1p : Xpr < L4,. A formal property of cap products, given below
in Lemma 4.2.5, gives us a commuting diagram of surjections

A*(Z4,) ———— MW*(Z4,) (— {NAhs,,
A*(M) —— MW*(X,,)/ ann(Ay) il —— CNApM.

(Here we have identified the elements of MW* (X4 )/ ann(Aps) with the elements of the
principal ideal (Ay;) C MW®(XZ,,).) Proposition 3.3.9 states that the bottom horizontal
map preserves linear independence, and hence is injective. O

Lemma 4.2.5. Let /* be the pullback map of an inclusion of fans ¢ : X' < X where X is
complete, and let dy, : A*(X) = MW?*(Z) be the isomorphism in Theorem 2.1.6. Suppose
A is a Minkowski weight on ¥ whose support |A| is contained the support |~'|. Then we
have a diagram

A* (X)) ————— MW*(Y) {—— {NAy

| } ! !

A*(X) —» MW?*(X)/ ann(A) o —— CNA.
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Proof. We need show that the kernel (x, | p € (1) \ /(1)) C A®*(X) of the pullback map
1* is contained in the kernel of the map A*(Z) = MW*(Z) - MW*(Z)/ ann(A). Since
|A| C |¥/|, we may consider A as a Minkowski weight on ¥/, and thus by functoriality
of the cap product (Remark 2.1.8), we have x, N A = 1*x, N A = 0 for x, € A®(XZ) where
pe€X(1)\X(1). O

Remark 4.2.6 (cf. Phenomenon I). Let Y51 be the wonderful compactification of a
realization of M. Since the pullback map A*(Xy, ) — A®*(Yp)) along the closed
embedding Yy (y) <> Xa, is surjective (Remark 2.3.3), we have A®*(M) ~ A*(Yyp(ar)) =~
A*(Xs,, )/ ann([Yn])-

Remark 4.2.7. Let M be a loopless of rank d = r +1 < n + 1. Then the isomorphism
A*(M) ~ MW,_(Zp) that we have established makes MW® (X)) := MW,_, (X)) into
a graded ring. We caution that the resulting multiplication structure is not the usual
stable intersection of Minkowski weights.
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Chapter 5

Log-concavity of the volume polynomial

A presentation of a graded Poincaré duality algebra A® can be encoded via the
Macaulay inverse system of commutative algebra into a single polynomial VP4 called the
volume polynomial of A® [Eis95, §21.2]. In geometric contexts, the volume polynomial
takes on an additional meaning: if A® is the ring of algebraic cycles modulo numerical
equivalence of a smooth projective variety, then VP4 measures degrees of ample divi-
sors (see [Ein+05] for a survey), and if A® is the Chow cohomology ring of a complete
smooth fan ¥, then VP4 measures the volumes of polytopes whose normal fans coarsen
% [CLS11, §13]. Furthermore, in both geometric contexts, the volume polynomial of A*®
is positive and log-concave on the ample cone when considered as a function A — R
[Laz04, Corollary 1.6.3.(iii)].

In this chapter, we give a combinatorial formula for the volume polynomial VPY
of the Chow ring A%, (M) of a loopless matroid M, and show that, as in the geometric
cases, the volume polynomial V Py when regarded as a function AL (M) — R is both
positive and log-concave on a subcone %,y of the ample cone .#); generated by the
simplicial generators. While the results of [AHK18] imply that the volume polynomial
of a matroid satisfies such properties, we give here an independent and more direct
proof by establishing that VP is a Lorentzian polynomial as defined in [BH19]. In the
next Chapter 6, we build upon the results of this chapter to conclude that VP is both
positive and log-concave on the entire ample cone 7).

5.1 Volume polynomials and Lorentzian polynomials
Here we review the notion of volume polynomials and how they generalize to Lorent-
zian polynomials.

One can encode a graded Poincaré duality algebra into a single polynomial called
the volume polynomial as follows.
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Definition 5.1.1. Let (A®, [) be a graded Poincaré duality algebra of dimension d that
is generated in degree 1, with a chosen presentation A®* = k[xy,...,x]/I and a degree

map [ : A% — k. Then its volume polynomial VP, is a multivariate polynomial in
k[ty,...,ts] defined by

VPA(tl,. . .,ts) = /(t1x1 + -+ tsxs)d

where we extend the degree map [ to A[ty,...,ts] — k[ty,..., L.

If (A°, f ) is a Poincaré duality algebra with a presentation A® = k[xi,..., x5/,
then the defining ideal I can be recovered from the volume polynomial VP, as follows
[CLS11, Lemma 13.4.7]

I= {f(xl,...,xs) € Ik[xl,...,xs] ’f(%”aits) . VPA(tl,...,ts) = O}

In [BH19], the authors define Lorentzian polynomials as a generalization of volume
polynomials in algebraic geometry and stable polynomials in optimization. Here we
briefly summarize the relevant results.

Definition 5.1.2. A homogeneous polynomial f € R[xq,...,x,]| of degree d is strictly
Lorentzian if its support consists of all monomials in x of degree d, all of its coeffi-
cients are positive, and any of its (d — 2)-th order partial differentiation 0;, - - - 9;, , f has
Hessian matrix with Lorentzian signature (+, —, —, ..., —). Lorentzian polynomials are
polynomials that can be obtained as a limit of strictly Lorentzian polynomials.

To characterize Lorentzian polynomials, we need a combinatorial notion that mirrors
the exchange axiom for matroids: a collection of points | C ZZ ; is M-convex if for any
a,B € Jand i € [n] with a; > B; there exists j € [n] such that a; < B;and & —¢; +¢; € ].
When the elements of | all have the same coordinate sum, this is equivalent to stating
that the convex hull of | is a generalized permutohedra [Mur(03, Theorem 1.9].

The following characterization can be seen as a linear algebraic abstraction of the
proof of Teissier-Khovanskii inequalities via the Hodge index theorem for algebraic sur-
faces.

Theorem 5.1.3. [BH19, Theorem 5.1] A homogeneous polynomial f € R[xy, ..., x,| of
degree d with nonnegative coefficients is Lorentzian if and only if the following two
conditions are satisfied:

(1) The support of f is M-convex, and

(2) The Hessian matrix of 9d; ---d;, ,f has at most one positive eigenvalue for any
choice of (d — 2)th order partial differentiation.

Proposition 5.1.4. We note some operations that preserve the Lorentzian property of
polynomials.
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(1) [BH19, Corollary 5.5] Products of Lorentzian polynomials are Lorentzian.

(2) [BH19, Theorem 2.10] If a polynomial f € R[xy,...,x,] is Lorentzian, then so is
f(Ax) € R[xq,...,xn| for any n x m matrix A with non-negative entries.

Implications to log-concavity phenomena in combinatorics arise from the following
properties of Lorentzian polynomials.

Theorem 5.1.5. Let f € R[xy,...,x,] be a homogeneous polynomial with nonnegative
coefficients. The Lorentzian property of f can be characterized via log-concavity prop-
erties as follows.

(1) [BH19, Theorem 5.3] A homogeneous polynomial f is Lorentzian if and only if f
is strongly log-concave, in the sense that if ¢ is any partial derivative of f of any
order, then either g is identically zero or log g is concave on the positive orthant
R”,.

>0

(2) [BH19, Example 5.2] If n = 2, so that f = Zlf:o akx'fxg_k, then f is Lorentzian if
and only if (ag,ay,...,a4) has no internal zeroes and is ultra log-concave, that is,

A, g, 70 = a, #0forall 0 < k; <k <kz <d, and

2
a ar_10a
k> ’;1 ";1 forall 0 < k < d.

(Z)2 - GG

We remark that (strictly) Lorentzian polynomials arise in classical algebraic geometry
whenever one has a set of nef (ample) divisors on a smooth projective variety.

Remark 5.1.6. Let {Dj, ..., Ds} be nef (ample) divisors on a smooth projective k-variety
X of dimension d, and A(X) its Chow ring. Let [y : A?(X) — R be the degree map
obtained as the pushforward map along the structure map X — Speck. Then

s . dimy H(q ¥; ;D;) d
VOIX(ZtiDi) = qh—>nolo k qd/qd' Gt :/X(;tZDz)

i=1

is a (strictly) Lorentzian polynomial [Laz04, Corollary 1.6.3.(iii)] or [BH19, Theorem 10.1].

5.2 The Dragon Hall-Rado formula

We prepare our formula for the volume polynomial of A% (M) by describing the
combinatorial notions in [Pos09] that we generalize to arbitrary matroids.

We first recall Hall’s marriage theorem and Rado’s generalization; for proofs we point
to [Ox111, §11.2]. Let E = [n] = {0,1,...,n}. A transversal of a collection {Ay,..., Ay}
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(repetitions allowed) of subsets of E is a subset I C E such that there exists a bijection
¢ : {Ao,..., Am} — I satisfying ¢(A;) € A; for all 0 < i < m. Hall considered the
following problem:

Given Ay, ..., An C E, when does { Ay, ..., Ay} have a transversal?

The well-known Hall’s marriage theorem [Hal35] answers this problem: a transversal
exists for { Ay, ..., Ay} if and only if ‘Uje] Ai‘ > |J| for all ] C [n]. The following theorem
of Rado gives a matroid generalization of the condition given in Hall’s theorem.

Theorem 5.2.1 (Rado’s theorem [Rad42]). Let M be a matroid on E. A family of subsets
{Ay,...,Ap} of E has a transversal I C E that is independent in M if and only if

rky [ A7 | =11, V] C [m].
j€l

Hall’s condition can be recovered from Rado’s by setting M = U and m = n.

See [OxI11, Theorem 11.2.2] for more information and a proof of Rado’s theorem. The

following variant of Hall’s marriage theorem was investigated by Postnikov as a com-
binatorial interpretation of a formula for volumes of generalized permutohedra [Pos09,

$5, §91.

Proposition 5.2.2 (Dragon marriage condition). Let {Ay,..., Ay} be a collection of sub-
sets of E = {0,1,...,n}. There is a transversal I C E \ {e} of {Ay,..., A} for every
e € E if and only if

Uaj|>l+1, vocjc{L2...,n}.
j€l
The dragon marriage theorem above follows easily from the original Hall’s marriage
theorem, and conversely, one can obtain Hall’s marriage theorem from the dragon mar-

riage theorem as follows: given Ay,..., A, C E as in Hall’s theorem, set E' = EU {x}
and A := Ag U {*} for each 0 < i < n and apply Postnikov’s theorem to {A(,..., A} }.

We now consider a variant of Rado’s theorem in the same spirit.

Proposition 5.2.3 (Dragon Hall-Rado condition). Let M be a matroid on E, and let
{A1,...,An} be a collection of subsets of E. Then there is a transversal I C E \ {e}
of {Ay,...,An} for every e € E if and only if

rky (UA]) > |]|+1, V@g]g{l,,m}

j€]

and when this condition is satisfied, we say that {A1,..., A, } satisfy the dragon Hall-
Rado condition of M, or DHR(M) for short.
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Proof. This follows from Theorem 5.2.1 and the observation that independent transver-
sals I C E\ {e} of {Ay,...,An} are the same as independent transversals of {A; \

{e}, ..., Am\ {e}}. O

We can obtain Rado’s theorem from the dragon Hall-Rado theorem by an argument
analogous to how Hall’s marriage theorem is obtained from dragon marriage theorem.
In summary, the combinatorics introduced in this subsection thus far can be schemati-
cally laid out as follows with the indicated logical implications:

Hall’s marriage theorem <= Rado’s theorem

| |

Dragon marriage theorem <——= Dragon Hall-Rado theorem
We are now ready to compute the intersection numbers of the variables hir in the
A% (M) presentation of the Chow ring of a matroid M.

Theorem 5.2.4. Let Ay,..., A; be a collection of subsets of E, and M a loopless matroid
on E of rank d + 1. Let Hya,, ..., Ha, be matroids as defined in Proposition 3.2.4. Then

M A HAl VANCIRIEIVAN HAd = U g <~ {Alr---/Ad} satisfy DHR(M)
Thus, we have

1 if {Aq,..., Ay} satisfy DHR(M)
0 otherwise.

/ hA1<M>---hAd<M>={
M

Proof. For the first assertion, we begin by making two easy observations.
1. M A Hg has a loop if and only if rkp;(S) = 1, and

2. [Ox111, Exercise 7.3.10] for the elementary quotient f : M — M A Hg we have by
Proposition 3.1.5 that

{TCE|ng(T)=1} = {T CE| cly(T) D S}.

For the necessity of the condition, note that if rky(Ujej Aj) < k for some | =
{ji,---,jx} €{1,...,d} (k > 0), then for M := M/\HA]A1 AR /\HAM1 we have
rkii(Ujes Aj) < k= (k—1) =1, so that M A\jcj Ha, already has a loop.

For sufficiency, we induct on d. The base case d = 1 is trivially satisfied. Now, we
claim that if {Ay,..., Ay} satisfy the dragon Hall-Rado condition for M, then so does
{A1,...,Aj_1} for M := M A Nj,. For the sake of contradiction, suppose rk 5 (A;U---U
Ag) < k, then we must have had rky;(A1 U--- U Ag) = k+1 with clpy(A1U---UAg) D
Ay. But then rky (A1 U---UArUA,) = k+ 1, violating DHR(M).
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For the second assertion, we note that [, ha, (M) ---ha, (M) = fZA hay - ha,NAM,
and the (unique) loopless matroid Uy g of rank 1 on E defines the Bergman class Ay, . by
Ay, (0) =1, where 0 is the zero-dimensional cone of X 4, so that fZA (Ay,,) =1 O

We obtain as an immediate corollary the promised generalization of [Pos09, Corollary
9.4]. Recall that .,?A%Z denotes the flats of M of rank at least two.

Corollary 5.2.5. Let M be a loopless matroid on E of rank 4 4 1. The volume polynomial
VPY(t) € Q[tr | F € Z%] of AL(M) is

VPy(t) = ) trooctp
(Fy,...F)

where the sum is over ordered collections of nonempty flats F, ..., F; of M satisfying
DHR(M). Alternatively, we have

d

\Y d d

VEa(t) = ) (d1 dk>tF1"'tF'£
(Fh, ey S

where the sum is over size d multisets {F", .. ., F]f “1 of flats of M satisfying DHR(M).

One recovers the following central result of [Pos09] by setting M = U/ .

Theorem 5.2.6. [Pos09, Corollary 9.4] The volume polynomial VPLYn+1 o (1) of AG(X4,)
is '

\Y —
VPunJrl,nJrl (t) - (S ZS ) tSl T tsn
17--9n

where the sum is over ordered collections of nonempty subsets Sq, Sy, ..., S, such that
|Ujes Sjl = [J| +1forany @ C J C {1,...,n}.

The volume polynomial V Py of the more classical presentation A®*(M) of the Chow
ring of a matroid M by generators {xp | F € %y \ {Q, E}} was computed in [Eur20].
While the two polynomials V Py; and VP]\V/I are related by a linear change of coordinates,
it is not clear at the time of writing how one formula can be derived directly from the
other.

5.3 Volume polynomial of a matroid is Lorentzian

Motivated by Remark 5.1.6 and the fact that the simplicial generators of A}, (M) are
combinatorially nef divisors, we prove here that the volume polynomial VPy of the
simplicial presentation AY, (M) is Lorentzian.
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Theorem 5.3.1. The volume polynomial VPy; € R[tg | F € .5,”]\%2] of a loopless matroid
M is Lorentzian.

As an immediate corollary, by applying Theorem 5.1.5 to Theorem 5.3.1 we obtain:
Corollary 5.3.2. The volume polynomial VPY,, as a polynomial in R[tr | F € %7,

>2
is strongly log-concave in the positive orthant ]ngf . In other words, as a function
AY(M) — R, the polynomial V Py, is strongly log-concave in the interior of the cone .,y
generated by the simplicial generators.

We will show that the volume polynomial V P} of a loopless matroid M satisfies the
two conditions listed in Theorem 5.1.3. First, we see that the dragon Hall-Rado condition
description for the support of V Py, implies that VPy; has M-convex support.

Proposition 5.3.3. Let {Fy,..., F;} and {G;,...,G;} be two multisets of flats of M such
that both tp, ---tp, and tg, - - - tg, are in the support of VPy. If (without loss of gener-
ality) Gy is a flat which appears more times in {Gy, ..., G;} than it does in {Fy,..., F;},
then there exists another flat F,, which appears more times in {Fj,...,F;} than it does
in {Gy,..., G} such that tf, - - - tf,tg,/tr, is in the support of VP]\Z.

Proof. We borrow standard language from (poly)matroid theory. Let us call a multiset
of flats {Ay,... A} dependent if rkM(U;‘:1 A;) < k. We claim that the multiset of flats
{Fy,...,F;, G4} contains a unique minimally dependent multiset of flats X, which we
call a circuit. The theorem will follow from this claim because the cirucuit X is not fully
contained in {Gy, ..., G;}, hence we can let F,, be any flat in X which appears more
times in {Fy, ..., F;} than it does in {Gq, ..., G;}.

To prove the claim, suppose to the contrary that {Ry,...,R,},{S1,...,S,} are two
distinct circuits which are subsets of {F,...F;, G;}. Let {Ty,...,T.} = {Ry,...,R;} N
{S1,...,Sp}. We claim that {Tj,...,T;} is dependent. Suppose to the contrary that
ks ( i-1Tj) = ¢+ 1. By assumption rky(Uj_; Rj) = a and rkM(U?:1 Sj) = b. Let
R and S be the joins of the elements in {Ry,...,R,} and {Sy,...,S;}, respectively.
Submodularity gives that rky(RUS) < rkpy(R) + rky(S) —tkpy(RNS) = a+b —
tkpy(RNS) < a+b—rkpy(Uj1 Tj) < a+b—c—1. Without loss of generality, as-
sume that G; = R, = S, = T.. We have that R = \/;-:11 Rj = Vi1 R; and S =
\/]b-:_l1 S; = \/]b:1 S;. Otherwise {Ry,...,R;_1} and {Sy,...,S,_1} would both be depen-
dent in {Fy,...,F;}. Therefore the join of the elements in {Ry,...,R;-1,51,...,Sp_1} \
{Tl,. .. chl} is RUS and |{R1,. . .,Ra,l,Sl,. . '/Sb—l} \ {le- .. chl}l = (El - 1) + (b —
1) —(¢c—1) =a+b—c—1.But, as calculated above rky;(RUS) < a+ b —c — 1, therefore
the set {Ry,...,R;-1,51,---,Sp_1} \ {T1,... T,—1} is dependent in {Fy, ..., F;}, a contra-
diction. O
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Remark 5.3.4. Suppose M has a realization Z(M). By Remark 2.3.2.(2), the wonderful
compactification Yz, is embedded in the product of projective spaces

[T ™PV*/Lp).

Fe 2 \{2}

Our simplicial generators are pullbacks of the hyperplane classes of the projective spaces
IP(V*/Lg) (see Remark 3.2.7). Thus, in this case, that the support of VPy; is M-convex
follows from the result of [CLZ16] that the multidegree of an irreducible variety in a
product of projective spaces is has M-convex support.

Proof of Theorem 5.3.1. Let M be a loopless matroid of rank r = d + 1. There is nothing
to prove if d = 1, so we assume d > 2. The support of VP, is M-convex by the previous
proposition. Observe that for a flat G of rank at least 2, we have

0 d—1

Sveg=d [ ne (L k) = (X trha )
atG ! M FEXA%Z Te(M) Fefﬁz CTG(M>( )

Now, suppose {Fy, ..., F;_»} is a multiset of size d — 2 consisting of flats of M with rank
at least 2. If {Fy,...,F;_»} does not satisfy DHR(M), then atpl . 'athfz VPZ\YI =0, so we

may assume that {Fy,..., F;_,} satisfies DHR(M). One computes that

d! ?
\Y —
Qs Iy, ,VEN(D) = 5 /M( ) tphclM/(F)>

Fe.Z?

where M’ = M A Hf, A -+ A Hg, _, is a loopless matroid of rank 3. By Proposition 5.1.4,
it suffices to check that VPAZ, is Lorentzian. For any loopless matroid M’ of rank 3, the
degree 1 part AL (M) of its Chow ring has the simplicial basis {hg} U {hF : tkyy (F) = 2}.
Noting that [, hg-hg =1, [\, he-hp =1,and [, hp -hp = 1if F # F" and 0, otherwise
the Hessian matrix of the quadratic form VP]\Z, is two times the matrix

1 1 1 --- 17

10 1 -1 1 )

11 : | , which reduces to

| 1
11 - 1 0

by symmetric Gaussian elimination. O
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Chapter 6

The Hodge theory of matroids in
degrees at most one

The reduced characteristic polynomial of M is defined as

d
Tn(t) = g L (@ EpO k) = 3 (v
t—1 Fe %y k=0
where 1(—, —) is the Mobius function of the lattice %1 and u/(M) is the absolute value
of the ith coefficient of Y)(t). The Heron-Rota-Welsh conjecture stated that

LMY (M) < Wb (M)? for 0 < k < d.

In [AHK18] the authors show that the Chow ring of matroids satisfy the Kdhler package,
a property enjoyed by the cohomology ring of a smooth projective complex variety.
A particular portion of the Kahler package, the Hodge-Riemann relation in degree 1,
implies the Heron-Rota-Welsh conjecture [AHK18, §9]. This observation was among the
main motivations for the development of the Hodge theory of matroids in [AHK18].

To prove that the Chow ring of a matroid satisfies the Hodge-Riemann relations, the
authors of [AHK18] adapt a line of argument that originally appeared in McMullen’s
work on simple polytopes [McM93]. Their method employs a double induction on the
rank of the matroid and on order filters in the matroid’s lattice of flats: the outer induc-
tion on rank shows that the Hodge-Riemann relations hold for all ample classes if they
hold for a single ample class, and the inner induction on order filters is then used to
construct an ample class for which the Hodge-Riemann relations can be verified.

In this chapter, we independently establish the Hodge-Riemann relations in degree
one using a similar argument. As we have established in the previous chapter that the
volume polynomial VPY of a matroid M is strongly log-concave in the subcone 7}y
of the ample cone %), we are able to avoid working with generalized Bergman fans
induced by order filters and the flipping operation which interpolates between them.
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Thus our proof involves only classical Bergman fans associated to matroids and takes
the form of a single induction on rank alone.

6.1 The Kahler package in degree one and log-concavity

We begin by discussing here the statements of the Kédhler package, and how in degree
one they relate to log-concavity. We then provide some generalities on the inductive
paradigm for proving Kahler package for Chow cohomology rings of fans, which was
given in [AHK18] adapted from the earlier work [McM93].

Definition 6.1.1. Let (A®, [) be a Poincaré duality k-algebra of dimension d with degree
map f .For/e Aland0<i< L%J, we define L’g to be the Lefschetz operator

Lyt AT — AT gy (972,
and define QZ to be Hodge-Riemann symmetric bilinear form
QA x Al 5 Kk, (x,y) — /xyéd_m.

We define the set of degree i primitive classes of ¢ to be Pé = {x € Ak 0?21 = 0},

Definition 6.1.2. Let (A®, [) be a Poincaré duality R-algebra of dimension d, and let
¢ € Al. For 0 <i < |4], we say that (A®, [) satisfies

e HL! if L@ induces an isomorphism between A’ and A?~/, and
¢ HR) if the symmetric form (—1)'Q} is positive-definite when restricted to P.

Moreover, for J# a convex cone in Al, we say that (A°, f , ) satisfies the hard Lefschetz
property (HL!,), resp. the Hodge-Riemann relation (HR, ), in degree i if A® satisfies
HL), resp. HR}, for all ¢ € %"

The Poincaré duality property (PD) of (A®, [) implies that the form Q) is non-
degenerate if and only if HLZ holds. The properties (PD), (HL), and (HR) together
are called the Kihler package for a graded ring A®. We will write HL=' to mean hard
Lefschetz property in degrees at most i, and likewise for HR. The relation between log-
concavity and the Kahler package in degree < 1 was realized in various contexts; for
a survey we point to [Huh18a]. We will only need the following, adapted from [BH19,
Proposition 5.6]. It also appeared in [AOV18, §2.3], and is a consequence of the Cauchy
interlacing theorem.

Proposition 6.1.3. Let A® be a Poincaré duality R-algebra of dimension d with degree
map [, and % a convex cone in Al. Suppose (A®, [, %) satisfy HLY, and HR%,. Then
the following are equivalent:
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(1) The volume function vol : A = R, ¢+ | 0% is log-concave on %, and
(2) for any ¢ € %, the symmetric form Q} has exactly one positive eigenvalue.

In particular, if the volume polynomial VP4 of A®* = R]x,...,xs]/I is Lorentzian, then
(A®, f , ) satisfies HR}1 where .7 is the interior of Cone(x, ..., Xs), provided that A®
satisfies HLE;.

We now turn to an inductive paradigm for establishing (HL) and (HR). We assume
all Poincaré duality algebras to be over R. We begin by noting an easy linear algebraic
observation also made in [AHK18, Proposition 7.16].

Proposition 6.1.4. Let (A®, [,.#) be a Poincaré duality algebra which satisfies HL!,, for
2 in a convex cone in Al. Suppose that (A*®, [) satisfies HR}, for some ¢ € #. Then A®
satisfies HR',,.

Proof. Let ¢’ € ¢, and let I(t) = t{ + (1 —t)¢ for t € [0,1] be a line segment connecting
¢ and ¢'. By convexity of %, we know that every point on [ is in .#". If the signature
of the bilinear pairing Q, ) changes along I(t) starting at ¢, then it must degenerate at

some point [(tg) for ty € [0,1], but this violates HL',,. O

We now note how properties (HL) and (HR) behave under tensor products and trans-
ports. While these are adapted from [AHK18, §7] where they are phrased in terms of
Chow cohomology rings of fans, because we restrict ourselves Kahler package up to de-
gree 1, we can provide here easier and more direct proofs for general Poincaré duality
algebras.

Proposition 6.1.5. Let (A*, [,) and (B®, [;) be two Poincaré duality algebras of dimen-
siondy > 1 and dp > 1. Suppose that A® and B*® satisfy HR?Al and HRES;, respectively,

then ((A® B)*, [, p) satisfies HRZSA1®1+1®€B'

Before giving the proof, we remark that if 44 = 0 then (A ® B)® ~ B*® (likewise
if dg = 0) so that the statement in the proposition is trivially satisfied after suitable
modifications.

Proof. Set £ := {4 ® 1+ 1® (. First, note that HR) follows easily from the description
of the Poincaré duality algebra (A ® B)® in Proposition 4.1.4.(1). Now, we verify that
(A ® B)*® satisfies HR%. Let vq,...v, and wq, . .. w, be orthonormal bases for Pl}A and Ple’
respectively. Then

m

A= Do) @ (L) and B = Dw) B (£s).
=1 i=1
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Noting that (A ® B)*® is a Poincaré duality algebra of dimension d = d4 + dp, we
expand

gd—ZZ ((£A®1)+(1®£B))d_2: Z (d Z 2)(£A®€d i— 2)
i=0

The symmetric matrix for Q) with respect to the above basis is given by

(

~(%3) a=b=(y;®1)
(13 a=b=(1ouw)
AMi3) a=b=(la®1)
1 _ )‘(ddf) a=0b=(1®!g)
Qula,b) = AJE) a=(la®1) and b= (1@ Lp)
Mi2) a=(1®ep)andb=(ly@1)
0 a=(v;®1)and b= (1Qwj) or (1®{p)
L0 a=(v;®1)or ({4,®1)and b= (10 w)

where A := ([, EiA)(fB K%B).

So the matrix Q}(a,b) is a block matrix comprised of 3 blocks. By HR}A and HR}B,

the first two blocks are negative identity matrices induced by {(v; ® 1)} x {(v; ® 1)}
and {(1®wj)} x {(1®w;)}. The third and only nontrivial block is induced by {({4 ®
1),1®/p)} x {(fa®1),(1® L)}, which gives the 2 x 2 matrix

(i) <f;i>]
M= A[m_l) (2|

One computes that det(M) < 0, and hence M has signature (+, —). We conclude that

Q} (a,b) is nondegenerate and has exactly one positive eigenvalue completing the proof.
O

Proposition 6.1.6. Let (A®* = R[xy,...,x]/I, [) be a Poincaré duality algebra of dimen-
sion d, and let ¢ € Al be an effective divisor—that is, a non-negative linear combination
of {x1,...,xs}. Denote by ¢ the image of £ in A®/ann(x;). For 0 < i < [47], if
(A®/ ann(xy), ka) satisfies HR), for every k =1,...,s, then (A®, [) satisfies HL;.

Proof. Let £ = Y5 _, cyxx with ¢x € Rs, and suppose (=2 f = 0 for some f € Al. We
will show that f = 0 necessarily. Let f; the image of f in A*/ ann(x;). As 0 = (972 f, we
have 0 = €d 2 £, and because A®/ann(x;) is a Poincaré duality algebra of dimension
d—1, we conclude that fx belongs to the primitive space Pék. Now, we note that

0= [672f2 = [(Ceoxx) 271 f2 = V([ el ') and [, el 271 f2 <0V,
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where the last inequalities follow from HRZk. Moreover, as Q%k is negative-definite on

Pék, we conclude each fi to be 0, that is, x,f = 0 forall k = 1,...,s. Since {x1,...,xs}
generate A®, the Poincaré duality property of A® implies that if f # 0 then there exists
a polynomial g(x) of degree d — i such that [ g(x)f # 0, and hence we conclude that
f=0. ]

6.2 Kihler package in degree at most one for matroids

We now specialize our discussion to the setting of matroids, and establish Ké&hler
package in degree at most one for Chow rings of matroids. As a consequence, we
recover the proof of Heron-Rota-Welsh conjecture as in [AHK18].

Theorem 6.2.1. The Chow ring of a matroid (A®*(M), [, ,, %) satisfies HL;;M and HR;;M.

We will prove the theorem by induction on the rank of the matroid. The key combi-
natorial observation that allows one to reduce the rank is the following, adapted from
[AHK18, Proposition 3.5]. It underlies the well-known Hopf algebraic structure for the
lattice of flats of a matroid; see [KRS99; AA17] for a detailed discussion of Hopf algebraic
structures in combinatorics.

Lemma 6.2.2. Let M be a loopless matroid, and F a nonempty proper flat of M. Let pr
be the ray corresponding to F in the Bergman fan ¥); of M. We have

(1) star(Zpm, pF) >~ Zpr X Zpm/r, and consequently,

(2) an isomorphism of Poincaré duality algebras
A*(M)/ ann(xp) ~ (A(M|F) ® A(M/F))*

such that if £ € )y then its image in A®*(M)/ann(xf) is in (Fpr®@1) ® (1®

Proof. A face of X is in star(Xyy, F) if an only if it corresponds to a flag of flats which
contains F. Any such flag naturally factors as the concatenation of two flags, one with
maximal element strictly contained in F, and the other with minimal element F. This
geometrically corresponds to the factorization of fans in the statement (1). For the second
statement (2), first note that M|F and M/F are loopless since F is a flat. Then, combine
Proposition 4.1.4 and Proposition 4.1.3 with the easily verifiable fact that A*(X x ¥/) ~
(A(X) ® A(X))*® for rational fans X,Y’. Lastly, (3) follows from the fact that restriction
of submodular functions on lattices remain submodular under restriction to intervals in
the lattice. O

The remaining key part of the induction in the proof of Theorem 6.2.1, in light of
Proposition 6.1.4, is to establish HR} for some divisor ¢ € #};. In [AHK18] the authors
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employ the method of order filters and flips for this purpose; in our case, the Lorentzian
property of the volume polynomial provides the desired key step.

Lemma 6.2.3. Let M be a loopless matroid of rank r = d + 1 > 2, and recall that 7}y is
the interior of the cone generated by the simplicial generators of A (M). It is a subcone
of ;. For any ¢ € XY, we have fM ¢ >0, and when r = d +1 > 3, the form Q} has
exactly one positive eigenvalue.

Proof. The statement [, ¢4 > 0 follows from our dragon Hall-Rado formula (Corollary
5.2.5). The second statement follows from combining Theorem 5.3.1 and Proposition
6.1.3. ]

Proof of Theorem 6.2.1. We proceed by induction on the rank of the matroid M. The base
case consists of rank 1 matroids, for which the stated properties are trivially satisfied.
Let M now be a loopless matroid of rank » = d + 1 on a ground set E.

Observe that both properties HLng and HRggM hold together if and only if [}, >0

for all £ € )y, and that given HL}, the property HR} holds if and only if Q} has exactly
one positive eigenvalue. Combined with Lemma 6.2.3 and Proposition 6.1.4, these facts
imply that proving HLE;M is sufficient to establish HR;}M. By Remark 2.2.8, any element
¢ € ) can be written as a non-negative linear combination of {xr | F € %y \ {Q, E}};
therefore, by Proposition 6.1.6, to establish HLE;M, it suffices in turn to prove HRS!
for A*(M)/ann(xp) for every nonempty proper flat F. Finally, A*(M)/ann(xp) =~
(A(M|F) ® A(M/F))® by Lemma 6.2.2(2), so by the induction hypothesis and Propo-
sition 6.1.5, the proof is complete. O

We conclude by recounting the argument in [AHK18, §9] that the K&hler package in
degree one implies the Heron-Rota-Welsh conjecture.

Lemma 6.2.4. [AHK18, Lemma 9.6] Let £1, /> € A'(M). If £, is nef, then

2
MH) ( / MH) < ( / ¢ MH) .
</M12 M22 = M122

Proof. Suppose first that ¢, is ample. By Theorem 6.2.1, A*(M) satisfies HL?;, SO we
obtain a decomposition A'(M) = (¢,) @ P}Z that is orthogonal with respect to the Hodge-
Riemann form Q}z. By HRil, Q}z is positive definite on Pl}z and negative definite on (/»);
therefore, the restriction of Q}z to the subspace (f1, () C A'(M) is neither positive nor

negative definite, so
Zzﬁd_z) (/ Ezﬁd_z) < (/ 5% £d_2).
(/M 12 M 22 M2
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If /5 is merely nef rather than ample, then for any ample element ¢, the class ¢»(t) :=
ly + tl is ample for all t > 0. An ample ¢ exists by Lemma 6.2.3. Now, taking a limit as
t — 0 in the inequality

( /Mﬁez(t)d—z) ( /Mzz(t)%(t)d—z) < ( /M zlez(t)zz(t)d—z).

yields the desired inequality.

Corollary 6.2.5. For each 0 < k < d,
HHMEE (M) < p (M)

Proof. This proof is reproduced from [AHK18, Proposition 9.8]. We proceed by induction
on rk(M). When k < d — 1, the induction hypothesis applied to the truncation Tr(M)
implies the inequality because the absolute values of the lower coefficients of X,y are
the same as those of xp;. Now, consider k =d — 1. For any i € E, denote & := ) ;cpxr €
AY(M) and B := Y.i¢r xp. Both a and B are independent of the choice of i and are

nef. Proposition 9.5 of [AHK18] states that p*(M) = [, a?*pF; therefore, the desired

inequality is :
(/M oczﬁd2> (/M ,32,3d2> < (/M “55012) .

Since « and f are nef, this inequality holds by Lemma 7.2.13. O
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Chapter 7

Geometrically distinguished divisors on
matroids

In this chapter, we study the properties of some geometrically distinguished divi-
sors on a matroid M. Due to the nature of the material in this chapter, we freely use
toric geometry and materials from §2.3 on wonderful compactifications of hyperplane
arrangement complements.

Throughout, let us fix E = {0, 1, ..., n} as before, and notate by (E ) the set of r-subsets
of Efor0<r<mn+1.

7.1 The permutohedral divisor of a matroid

In this section, we study a divisor class on a matroid that is obtained as the pullback
of a distinguished very ample divisor on the permutohedral variety. We show that the
degree of this divisor is connected to an operation in matroid theory known as Dilworth
truncation.

Recall that the permutohedral variety X4, is defined as the toric variety of the braid
fan ¥4 , and the braid fan X, is the normal fan of the standard permutohedron (of
dimension n)

I1, := Conv(w(0,1,...,n) | all permutations w of E) C RE.

Among the polytopes whose normal fans equal X4 , the standard permutohedron is a
distinguished one in the following sense. The braid fan X4, is the Coxeter complex of
type A, and it is well-known (see for example [Pos09, Proposition 2.3]) that the standard
permutohedron (up to translation) is the Minkowski sum of all positive roots of the type
A root system. That is, we have

II,= ) Conv(ejej) C RE.

0<i<j<n
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The standard permutohedron I1,, by Theorem 2.1.2, defines an ample divisor class (yj,
on X4 . Let us describe this divisor class {17, in terms of the simplicial generators. First,
we translate IT,, by —(n 4 1)eg, which yields

I, — (n+1)eg = —II, = ), Conv(—e;—ej) C RRE.

0<i<j<n

Since the simplicial generator hy;;y € A'(X4,) corresponds to the standard simplex
Conv(—e;, —ej) where i # j € E, we conclude that

i, = Y hr € Ay(Za,).
Te(5)

Definition 7.1.1. We call the divisor class {17, the (standard) permutohedral divisor
class on X4 . For a loopless matroid M on E, denoting 1 : X1 < X4, for the inclusion,
we define the pullback {11, (M) := 1},{11, permutohedral divisor class on M.

Since the braid fan ¥4 is smooth, an ample divisor class is also very ample [CLS11,
Theorem 6.1.15]. In other words, (7, is a very ample divisor on X4, defining an em-
bedding |y, | : X4, < PMNZE=1 If 3 Joopless matroid M has a realization %(M) by
PV* < Py, then the permutohedral divisor class on M is a very ample divisor class
defining an embedding |{11,(M)] : Ypm) = Xa, < PITNZE[=1 of the wonderful com-
pactification Yzyp). The degree of this embedding motivates the following definition for
general matroids.

Definition 7.1.2. For a loopless matroid M on E, the permutohedral volume of M,
denoted PVol(M), is defined to be the volume of the permutohedral divisor class, i.e.

PVol(M) := /M (Cm, (M))".

We will compute the permutohedral volume via the Dragon Hall-Rado formula (The-
orem 5.2.4). Before we do so, we need the following combinatorial notion in matroid
theory called Dilworth truncation.

Definition 7.1.3. Let M be a matroid of rank r = d + 1 on E, and write 92”]\72 for the set
of flats of M with rank 2. The Dilworth truncation of M, denoted DT (M), is a new
matroid whose ground set is .%;;% and is characterized by the following property: If
G € Yy with tky(G) > 2, then {F € %52 | F C G} is a flat of DT(M).

Proposition 7.1.4. [Bry86, Theorem 7.7.5] The bases description of the Dilworth trunca-
tion DT (M) of a matroid M of rank » = d + 1 is given by

B(DT(M)) = {{F,...,F;} C %> | {F,...,E;} satisfies DHR(M)}.
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Example 7.1.5. The Dilworth truncation of the Boolean matroid U g g is the cyclic ma-
troid of the complete graph on |E| vertices. More generally, the Dilworth truncation
DT (U, ) has bases consisting of forests with r — 1 edges on |E| vertices.

We refer to [Dil44; Bry85; Tum85] for more on Dilworth truncations.

In our case, we will need the following minor variant of the Dilworth truncation. For
a matroid M, let us denote by DT (M) the matroid that has ground set (]25 ) and is obtained
from DT(M) by replacing each F € Z;;2 with the parallel class {T € (5) | cly(T) = F}
and adding a loop for each T € (5) with rkp(T) < 2.

Theorem 7.1.6. For a loopless matroid M of rank r = d + 1 on E, we have
PVol(M) = d! - |B(DT(M))|

where /D\T(M ) is the minor modification of the Dilworth truncation as notated above.

Proof. We justify the computation

PVol(M) = |{ordered collections (A, ..., A;) in (5) satisfying DHR(M)}|
= d!- |{size d subsets {Ay,..., Ay} of (5) satisfying DHR(M)}|
= d!-|B(DT(M))|

as follows. The first equality follows from the Dragon Hall-Rado formula (Theorem 5.2.4).
The second follows from observing that DHR(M) cannot be satisfied if A; = A; for some
i # j, since the rank of a two-element subset in any matroid is at most 2. The last equal-

ity then follows from the construction of DT(M) and the description of the bases of
Dilworth truncation in Proposition 7.1.4. O

Corollary 7.1.7. Among matroids on E with rank » = d + 1, the permutohedral volume
is uniquely maximized at the uniform matroid U, g, with the value being

PVol(U, g) = d! - #{forests with d edges on vertices E}.

Proof. For the first claim, we note that in order for {Ay,..., A} to satisfy DHR(M), it
must first satisfy [Ujc; Aj| > [J|+1forall @ C ] C {1,...,d}, since tky(A) < [A|
for any A C E. In other words, we have DHR(U, ) O DHR(M) for any matroid M
of rank r on E. If every collection {Ay,...,A;} C (5) that satisfies DHR(U, ) also
satisfies DHR(M), then M = U, ¢ necessarily: In this case, every A = {ay,...,a,} € (£)
is independent in M because the collection {A; = {ay,a2}, Ay = {a,a3},..., Ay =
{a,_1,a,}} satisfies DHR(M) and hence rkM(U;?l:l Aj=A)>d+1=r. O

One recovers the classical result that the volume of a standard permutohedron equals
the number of spanning trees on a complete graph by setting r = |E|.
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An aside: Mason’s conjecture for Dilworth truncations

Mason stated the following conjectures for the log-concavity of the f-vector of inde-
pendent subsets of a matroid [Mas72].

Conjecture 7.1.8. Let M be a matroid of rank r on a ground set E, and let Z; (M) be the
set of independent subsets of M of cardinality k. Then for all 0 < k < r we have

@) |Z(M)> > | Ty (M) || iy (M),

(b) [Ze(M)[? = BT 1 (M) || Ze1 (M),

(@) |ZM)P > B 5 Ty (M) | Zia (M)

The implications (c)=-(b)=-(a) are clear. The weakest form of the conjecture (state-
ment (a)) was proved in [AHK18, Theorem 9.9.(3)]. The strongest form (statement (c)) of
the conjecture was later proved independently in [Ana+18] and [BH18]. Here, as a side
note, we establish the second strongest form (statement (b)) for any restriction of a Dil-
worth truncation of a matroid by showing that an associated generating polynomial is a
specialization of our volume polynomial. One my consider the result here as a partial
progress towards [EH20, Conjecture 5.6].

Theorem 7.1.9. Conjecture 7.1.8 holds for any restriction of a Dilworth truncation of a
matroid.

Proof. Let M be a loopless matroid of rank ¥ = d + 1 on E, and let N := DT(M)|s be the
restriction of the Dilworth truncation DT(M) to a subset S C £37. By Theorem 5.2.4,

the evaluation of the volume polynomial VPy,(tr) by setting tr = 0 for all F # E and
F&Sis

i &l
/ (tEhE + Z tphp) = Z a—n1 Z f%_kHtF.
M Fes i=o (d—k)! I€T(N) Fel
Up to the coefficients ﬁ, it follows from Proposition 7.1.4 that the right hand side

above is the generating polynomial of the independent subsets of N, homogenized by
the variable tz. This polynomial is a nonnegative specialization of VPy;, and is hence
Lorentzian by Proposition 5.1.4 since VP]\YI is Lorentzian (Theorem 5.3.1). The desired
statement then follows from Theorem 5.1.5. O

7.2 The rank divisor of a matroid

Let M a be matroid on E. Its base polytope Q(M) = Conv (Y ;cpe; | B € B(M)) C
RE can be described alternatively as

QM) ={yeRF| Y y; =rky(E) and } y; < rkum(A) forall A C E}
i€cE i€A
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(see [EAm70; Gel+87] for a proof). By Proposition 2.2.6 (in the form of Remark 2.2.7), the
submodular property of the rank function rky, : 2F — Z implies that Q(M) corresponds
to the nef divisor class

Com) = Y. rtkum(S)zs € Ay (Za,)-
@CSCE

Definition 7.2.1. For M a matroid of rank r = d +1 on E, let {om) € Al(Z4,) be the

nef divisor class corresponding to the base polytope Q(M), which we call the divisor
class of Q(M) on X 4,. If M is loopless, then the pullback {q(ar) (M) of o(ar) to AY(M)
is called the rank divisor class of M. Explicitly, we have

Com) = Z rkp1(S)zs € ALy (Z4,), and
®CSCE

CQ(M) (M) = Z I'kM(F)ZI: S Aﬁy(M).
FeZu\{2}

(7.1)

We define the rank volume of M to bel
d
RVol(M) := /M (o (M) = T N A

In this section, we study the rank divisor class of a matroid in three ways:

(a) We define the canonical divisor class and relate it to the rank divisor class.

(b) We give an expression for the rank divisor class in terms of the simplicial genera-
tors, yielding a formula for the rank volume.

(c) We investigate the extremal values of the rank volume as the matroid varies. For
the maxima, we answer positively a conjecture from [Eur20]; for the minima, we
state and make a partial progress towards a conjecture.

The canonical divisor class and the rank divisor class

Definition 7.2.2. For M a loopless matroid of rank r on E, we define the canonical
divisor class of M, denoted K}, to be

Ky:i=rzg+ Y. (rkm(F) —1)zp € A2y (M).
Q@CFCE

The following remark motivates our definition of the canonical divisor of a matroid.

!We caution that the rank volume of M is not the same as the volume of the base polytope Q(M).
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Remark 7.2.3. If 77 : Bly X — X is the blow-up of a smooth projective variety X along a
smooth subvariety Y C X, then we have the following formula for the canonical divisors
[Ful98, §15.4.3]:

KBlyX = m"Kx + (codimy Y — 1)Ey. (7.2)
Now, let M be a loopless matroid of rank r on E, with a realization Z(M) and PV* —
IP". Recall from §2.3 that the wonderful compactification Yy is constructed as a series
of blow-ups from PV*. Moreover, divisor class —zp € A}y (M) ~ Apy(Yypn)) is the
hyperplane class pullback from IPV*. Hence, by the formula above in Equation (7.2), the
canonical divisor of the wonderful compactification is

KY%(M) =71z + @C;CE (I‘kM(F) — 1)21:.

Let us now relate the rank divisor class of a matroid to canonical divisor classes.
Algebraically, the following proposition is almost a triviality; its geometric significance
is contained in the two remarks that follow.

Proposition 7.2.4. Let us write K4, for the canonical divisor class Kul ELE of the Boolean
matroid Ujg| g. Then

Ka, = Y, —x5€A%(Zy,) (recall A*(Zy4,) = A*(Ug ).
OCSCE

Hence, for a loopless matroid M on E, denoting K4, (M) to be the image of K4, under
the pullback map A®*(X,4,) — A®*(M), we have

Km = Com) (M) + Ka, (M).

Proof. For the Boolean matroid U,g| g, we have

QCSCE @CSCE OCSCE

and

Y ISks=Y (Xzs) =Y 0=

@CSCE i€E "~ S3i icE

by the linear relations defining A®(X,4,), and hence,

KAH = KU\E\,E = Z —Xg € A.(ZAn)/ and KAn(M) = Z —Xr € A.(M)
@CSCE @CFCE

The second statement now follows from the definition of { () (M) and K. O

The first of two geometric contents of Proposition 7.2.4 is the following remark.
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Remark 7.2.5. Suppose X is a rational fan. Then the canonical divisor class of the toric
variety Xy, is Kx; = — Y pex(1) Xp € A° (X) ~ A*(Xy) [CLS11, Theorem 8.2.3].

When the matroid M is the Boolean matroid U g, the wonderful compactification
of a realization of M is isomorphic to the permutohedral variety X4 . As X4, is the toric
variety of the braid fan © 4, its canonical divisor class is Kx, = Y pcscp —Xs € A®(Z4,),
which agrees with our Ky, , by the first part of Proposition 7.2.4.

Now, suppose a loopless matroid M is not the Boolean matroid, and has a realization
Z(M). Despite the Chow equivalence A®(Yy ) ~ A®(Xy,) between the wonderful
compactification Yy, and the toric variety Xy,, of the Bergman fan X,, their canonical
divisor classes are evidently different: The canonical divisor class of Xy, is Ky,, =
Yocrce —Xxr = Ky, (M) € A*(M), and hence the second part of Proposition 7.2.4 implies
that the difference between the canonical divisor class of Ysm) and Xy, is exactly the
rank divisor class {q(pr) (M)

The following remark uses Proposition 7.2.4 to interpret the rank divisor class as the
tirst Chern class of a normal bundle.

Remark 7.2.6. Let M be a loopless matroid on E with a realization #Z(M). Consider the
conormal sequence of the embedding tp1 : Yop(a1) < Xa,

V *
00— —>lMQXAn —>QYFZ(M — 0,

)
from which we see that the first Chern class c1(.#") of the normal bundle .4 of Yy C
X4, satisfies —c1 (A7) + Ky = Ka,(M). Hence, Proposition 7.2.4 implies that

Comy(M) = c1(A).
In fact, we can express the Chern roots of ./ in the following way. Suppose M has the

Higgs factorization

K Ko K1
MCéé".éHMléHMO:ulEllE

where K;’s are the modular cuts of the elementary quotients and .%; the corresponding

K
modular filters. (For an elementary quotient M’ « M, its modular filter is % := {S C
E |tk (S) = tkp(S) — 1}, and we have K = F N %y and .F = {S C E | clyy(S) € K}.)
As before, let & € Al(X,,) be the hyperplane class pullback, and let us denote a g, :=

Ysez Xs € AN(X 4,)- Suppose all the elementary quotients in the Higgs factorization are
realizable, so that we have a filtration of the inclusion Yy ) C X4, as

Yo = Yame) C - CYgan) C Yooy = Xa,-
At each step, one can show that [Y, ] = (¢ —az) - [Ypi1)] in A®(X4,). Hence, the
images of {&# —a# };—1, . under the pullback A®*(X,4,) — A®*(M) are the Chern roots of
the normal bundle of the embedding Y1) C X4,. It is interesting to note that

C

C
Com) = Y (x—wg) while Ay =]J(a—agz) aselementsin A*(Xy,).
i=1 i=1
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Rank divisor classes in terms of the simplicial generators

We now turn to expressing a1y and {o(y) (M) in terms of the simplicial generators.
Our computation here closely mirrors that of [ABD10]. Let us prepare by reviewing the
beta invariant of a matroid, studied in [Cra67].

Definition 7.2.7. The beta invariant of a matroid M of rank r on E is defined as

B(M) = (=1)" 1 (=1 rku(A).

ACE

Some properties of the beta invariant follow. For proofs see [Cra67].
Theorem 7.2.8. Let M be a matroid of rank r on E.
1 (4
W M) = (1) T (@, Fyrku(F) = (<1 (w0

Fe 2y

) = oy,

(2) B(M) > 0 and equals 0 if and only if M is disconnected or is a loop.

Let us define the signed beta invariant of a matroid M of rank r to be

B(M) = (1) 'B(M),

which is also equal to );;(1), the sum of coefficients of the reduced characteristic poly-
nomial of M, by Theorem 7.2.8.(1). We can express the rank divisor class by the signed
beta invariants in the following way.

Proposition 7.2.9. Let M be a loopless matroid of rank r on E. Then one has

Comy = ), B(M|s)hs, and  Jom(M)= ) B(M|p)hy.
@OCSCE Fes2?

The second statement for {p) (M) is not immediate from the first, since hs(M) =
Ry (s)(M).

Proof. We first recall the definition hr := } c5p —zr. One computes that

if Y. aphp= ) bpzp, then
re£y\{2} Fe2m\{2}
Y —ag =br, equivalently by Mobius inversion, ar= Y —u(G,F)bs. (1)
o GeF @CGCF

=
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We now compute:

Com) = grkM(S)Zs Comy(M) = ZrkM( )ZF
—Y(— % (1) () s - 2( H(F, G) tku(G) ) e
S\ olTcs T @CGCF
= Z ((—1)rk(M|S)+1‘B(M|S)>hS — Z ( rk (M|p)+1 (M’F)>hF
5 T
= ;ﬁ(”ﬂs)hsf and = ;5 M|p)hg

In both cases, the first equality is Equation (7.1); the second equality is our observation
(1), where @ is included in the summation because rky; (@) = 0; and the third follows
from either the definition of  or Theorem 7.2.8.(1). O

A formula for the rank volume immediately follows by applying Theorem 5.2.4 to
the above proposition, and is further simplified by applying Theorem 7.2.8.(2).

Corollary 7.2.10. Let M be a loopless matroid of rank r = d + 1 on E. Then

d ~
RVol(M)= Y T]BM]F)
(FuFg) i=1

where the summation is over all ordered sequences of flats (Fy,...,F;) that satisfies
DHR(M) and M|, is a connected matroid for each 1 <i < d.

Extrema of rank volumes

We now consider the extremal values of the rank volume RVol(M) as M ranges
over all loopless matroids with fixed rank and ground set, and ask when those extrema
are achieved. Despite a formula for the rank volume (Corollary 7.2.10), the presence
of signs in the formula makes it difficult to be applied to the questions here. Some
of our arguments here are inherently geometric, and formulating their combinatorial
counterparts remains open.

We start with the maximum.

Theorem 7.2.11. Among all loopless matroids of rank r = d + 1 on E, the rank volume is
maximized at the uniform matroid U, ¢ with the value RVol(U, g) = ¢/ where ¢ = |E| —r.

A similar statement appeared in [Eur20] for the "shifted rank volumes" of matroids.

The shifted rank volume of a loopless matroid M of rank ris [}, (¢ o) (M) + roc(M))r_l.
The author of [Eur20] showed that shifted rank volumes are maximized at uniform
matroids among realizable matroids, and conjectured that the same statement holds
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without the realizability condition. The proof of Theorem 7.2.11 here carries over with
essentially no change to the shifted rank volumes, and hence resolves this conjecture
from [Eur20]. The conjecture was partially motivated by the search for analogues of
Newton-Okounkov bodies for matroids; see [Eur20, Remark 1.2].

We prepare for the proof of Theorem 7.2.11 with the following manipulation.
Lemma 7.2.12. Let M be a matroid of rank r on E, with corank ¢ := |E| — r. Recall the
notation « = —zp € A}(Z4,) as the hyperplane class. Then

Com) = ca — E, where E = Y. (IS —rkm(S))xs € AY(X,,) is an effective divisor.
OCSCE

Proof. Let us start by noting that ) g5;zs = 0 for any i € E by the definition of A®*(X,4,),
and hence, we have Y .5 [S|zs = Yicp (Lssi2s) = Licg 0 = 0. We now compute

Zomy = Y, tkm(S)zs

@CSCE
= ) (tkm(S) — [S[)zs + }_[Slzs
S S
= cao— Y (S| —rkum(S))xs.
OCSCE

That |S| —rkp(S) > 0 for all S C E is a defining property of rank functions of matroids.
O

We will use this lemma in conjunction with the following geometric observation.

Lemma 7.2.13. Let D; and D, be nef divisors on a smooth projective variety X of dimen-
sion d such that D; — D, is effective. Then we have [, Df > Jx D4.

Proof. Since Dj is nef, we have

W (0x(mDy))
d __ 1. X 1
/xDl I T

and likewise for D, [Laz04, Corollary 1.4.41]. The desired inequality thus follows from
the fact that Dy — D, effective implies H(0x(mD;)) 2 H°(0x(mD,)) for allm > 0. O

Proof of Theorem 7.2.11. From Lemma 7.2.12, we first note that {o(y, ) (Ure) = ca (U, E).

Recall that the hyperplane class a(U, ) = —zp(U,g) = he(U,g) € Alv(ur,g), so that by
Theorem 5.2.4

RVol(U, ¢) = ¢ /M he(Uy ) = .
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Now, let M be a loopless matroid of rank 7 on E. Let us denote { := ca € A}(X,,). Since
N Ay = [y (ca(M))? =c? [, hg(M)? = ¢, we are done once we show

To finish the proof by using Lemma 7.2.13, we first use [Huh14, Corollary 34], which
states that the Bergman class Ay, considered an element of the Chow ring A®*(Xy,, ),
is effective. That is, letting 6 : A®(X4,) — MW, _¢(Z4,) be the isomorphism from
Theorem 2.1.6, one can write

s'am= Y a[V(0)] € A%(Xn,) witha, >0 forall g,
T€X ,(C)

where V(o) is the torus orbit closure in X4, corresponding to o € 4, (c). Thus, for any
divisor class ¢ € A'(X,,), we have

dnsu=[ ¥ &alve)= L aa/ Clvie)

Xan T€X ,(C) oEL A,

The theorem now follows from Lemma 7.2.13 since ¢ and () are nef divisor classes
on X4, whose difference is effective by Lemma 7.2.12, and the same is true for their
pullbacks to any torus orbit closure V(o). O

We now consider the minimum. Since {q(j) (M) is combinatorially nef, the Hodge-
Riemman relations in degree 0 (Theorem 6.2.1) implies that RVol(M) > 0. We have the
following conjecture for when 0 is attained.

Conjecture 7.2.14. For a loopless matroid M, one has RVol(M) = 0 if and only if M is
disconnected.

One direction follows from the fact that base polytopes of disconnected matroids
are not full dimensional. Recall that the dimension of the base polytope Q(M) of a
matroid M on E is |E| — comp(M), where comp(M) is the number of components of M
(see [FS05, Proposition 2.4] for a proof). In particular, the base polytope Q(M) is full
dimensional in the (affine translate of) the dual space N of Ng = RE/Reg if and only
if M is connected.

Proposition 7.2.15. If M is disconnected, then RVol(M) = 0.

Proof. Let Ag(m) € MW!(Z,,) be the Minkowski weight of codimension 1 correspond-
ing to the divisor o). By Proposition 2.1.7, it is the 1-codimemsional skeleton of the
normal fan Xy with all weights equal to 1, since the edges of Q(M) all have lattice
length 1. We have RVol(M) = @ my N Am = =N o(m) - Am, where in the last expression the
multiplication is the stable 1ntersect10n of Minkowski weights. If M is disconnected, then
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the base polytope Q(M) has dimension < 7, and thus Lemma 2.2.3 implies that Ag

and Ay share a nontrivial lineality space, so that if the stable intersection A‘é( M) Ap is
nonzero, then it must also have this positive dimensional lineality space. But A‘é (M) Apm
has to be a zero-dimensional Minkowski weight. O

We provide a proof for the converse when M is realizable.

Proposition 7.2.16. If M is realizable and connected, then RVol(M) > 0.

Proof. Let M be a connected realizable matroid of rank r = d 41 on E with a realization
Z(M) by PV* < P". Let Yy be the hyperplane arrangement complement, which
is a subvariety of the torus Ty = (k*)"*!/k*. Let Xq( be the toric variety of the
lattice polytope Q(M). Its torus is Ty because M connected implies that Q(M) is full-
dimensional. (If M is disconnected, then Q(M) is not full-dimensional, so that the torus
of the toric variety X)) is a nontrivial quotient of Ty).

As the normal fan of Q(M) coarsens ¥ ,4,, we have a map Xa, — Xg(m), and the
distinguished very ample divisor Dgsr) on Xg(pr) corresponding to the polytope Q(M)
pulls back to the divisor class {o(ar) on X4,. Thus, the rank divisor class {o(p) (M) on
the wonderful compactification Yy, is a base-point-free divisor class defining the map
¢ Ypm) — Xa, = Xom) = PIQIMINZE| -1 1 gt Y, be the image of this map. The
variety Y, has dimension d because the map X4, — Xg(u) is identity on the torus Ty
and so Y, contains 10@2( m)- Thus, the degree of Y, as a subvariety of PIRMMINZE-1 g
given by fY@(M) Com (M)4 = RVol(M), and hence the rank volume is positive. O
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Appendix A

A brief tour of matroids

We review the fundamentals of matroid theory in this appendix. For a detailed treat-
ment of matroids, along with proofs of statements here, we point to [Wel76], [Whi86], or
[Ox111]. Geometrically oriented readers may also enjoy [Kat16], [Bak18], and [Huh18b].

Notation. As it is customary in matroid theory, for a subset S C E and i € E we write
SUifor SU{i} and write S\ i for S\ {i}.

A.1 Linear subspaces and matroids

Matroids admit several equivalent characterizations. Here we review characteriza-
tions of matroids by (i) bases, (ii) rank functions, (iii) flats, and (iv) base polytopes.

Definition A.1.1 (Bases). Let E be a finite set and 0 < r < |E|. A matroid M of rank r
on the ground set E is the data of M = (E, B(M)), where B(M) C (f) is a collection of
r-subsets of E satisfying

(Bl) B(M) # @, and

(B2) for any B,B’ € B(M) and x € B\ B, there exists y € B’ \ B such that B—x Uy €
B(M).

The collection B(M) is called the set of bases of M.

Example A.1.2 (Realizable matroids). Let E = {vg,...,v,} be a set of n + 1 vectors
spanning a k-vector space V of rank r. The subsets of E that are bases of V form a basis
of a matroid of rank r on ground set E.

In other words, given a surjection v : kE — V where e; — v; for i € E, or equivalently
an r-dimensional linear subspace V* C kF, we denote M(V*) to be the matroid whose
ground set is identified with the image of the standard basis under kf — V. In this
way, matroids of rank 7 on a ground set E are combinatorial models of r-dimensional
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linear subspaces in kE. Matroids that arise in this way are called realizable matroids.
A realization of a matroid M is the data of k¥ — V (equivalently V* < KkF) such that
M(V*) = M.

Example A.1.3. Let G = (V(G),E(G)) is a finite connected graph with the incidence
matrix Ig. The columns of I; define a matroid of rank |V(G)| — 1 on the ground set
E(G). The bases of this matroid are the spanning trees of G. Matroids that arise in this
way are called graphical matroids.

The graphical example motivates the following terminologies. For a matroid M on a
ground set E, an element e € E is a loop if it not contained in any basis of M, and ¢ is a
coloop if it is contained in every basis of M.

Example A.1.4. For 0 < r < |E|, the uniform matroid of rank r is a matroid U, r whose
bases are all r-subsets of E. When r = |E|, the uniform matroid U,  is also called the
Boolean matroid on E.

The rank function rky; : 2F — Z of a matroid M on E is defined by
rkp(S) = max{|SNB|: Be B(M)} for all subsets S of the ground set.

It combinatorially models dimensions of linear subspaces, because if M has a realization
v : kB — V then rky satisfies rky(S) = dimy(spany{v; | i € S}). Matroids can be
characterized in terms of rank functions in the following way.

Proposition A.1.5. A function rk : 2F — Z on a finite set E is a rank function of a matroid
on E if and only if

(R1) 0 <rk(S) < |S| forany S C E,
(R2) rk(S7) < rk(Sy) for any S C S, C E, and
(R3) rk(51USy) +rk(S1NSy) < 1k(S1) 4+ rk(Sy) forany S C E, S, C E.

A subset F C E is a flat of a matroid M if rky(F U x) > rkp(F) for all x € E \ F. The
set of all flats of M is denoted .Z5;. With respect to inclusion, the set £} is a poset that
is a geometric lattice. The atoms of this lattice, that is, flats F of M with rky(F) = 1, are
called the atoms of M. The set of atoms of M is denoted 2((M).

When M has a realization v : kF — V, the flats of M correspond to linear subspaces
of V obtained as spans of subsets the vectors {v; | i € E} C V. Dually, a flat F of M with
rkyi(F) = ¢ corresponds to a c-codimensional linear subspace Ly C V* by

Le={feV"| f(v;)) =0Vie F}.

In particular, an atom a € (M) corresponds to the hyperplanes L, in V*, and we thus
have a hyperplane arrangement {L,},co(p) on V*. Often one projectivizes this, and
consideres the hyperplane arrangement {IPLg },co(p) on PV*.

Matroids can be characterized in terms of flats in the following way.
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Proposition A.1.6. Let .Z be a collection of subsets of a finite set E. Then .Z is a set of
flats of a matroid if and only if

(F1) the ground set E is in .Z,
(F2) if F,F, € L then FFNF, € £, and
(F3) for each F € .Z, let £> be the set of flats that cover F, i.e.
P ={GeZ|GDF,andGDG DF=G' ¢ ¥}
Then for every F € .Z, the collection {G \ F | G € .#>F} partitions E \ F.

Example A.1.7. Let us consider the uniform matroid U4 of rank 3 on a ground set
{0,1,2,3}. The matroid Uz 4 can be realized as four general vectors in k3. For instance,
it is realized as the columns of the matrix

The lattice of flats of M and the (projective) hyperplane arrangement (of a realization of
M) are drawn below.

Figure A.1: The lattice of flats and the hyperplane arrangement in Example A.1.7

Example A.1.8. Let us consider the matroid on M on a ground set {0,1,2,3,4} of rank 4
with bases {0123,0124,0134}. The matroid M can be realized as five vectors in k* where
three vectors vy, v3,v4 are in a common plane and two other vectors vy, v; are in general
position. For instance, it is realized as the columns of the matrix

10000
01000
00101
00011
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The lattice of flats of M and the (projective) hyperplane arrangement (of a realization of
M) are drawn below.

Figure A.2: The lattice of flats and the hyperplane arrangement in Example A.1.7

The study of Chow rings of matroids is motivated by certain compactifications of
hyperplane arrangement complements. Hence, it heavily utilizes the properties of the
flats of a matroid, as can be seen in [FY04], [AHK18], and this thesis. We now mention
another route through which matroid theory interacts with algebraic geometry.

The base polytope Q(M) of a matroid M on E is the polytope

Conv ( Y e:Be B(M)) C RE,
i€B
When M of rank r has a realization V* — kF, let us consider V* as a point on the Grass-
mannian Gr(r,E) of r-dimensional planes in kf. The standard action of the algebraic
torus T := (I*)F on KkF induces an action of T on Gr(r,E). One can thus consider the

torus orbit closure of the point V*, which is well-known to be isomorphic to the toric
variety of the base polytope Q(M) [Gel+87].

Matroids can be characterized in terms of base polytopes in the following way.
Proposition A.1.9. Let . be a collection of r-subsets of a finite set E, and define a
polytope

Qg := ConV(Zei: S e Y) C RE.

ieS
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Then Q. is a base polytope of a matroid if and only if every edge of Q& is a parallel
translate of e; — e; for some i # j € E.

We point to [GS87; Spe09; FS12] as some examples of studying the geometry of
matroids through their base polytopes.

A.2 Linear operations and matroid operations

We describe three central matroid operations here, which are (i) direct sums, (ii)
restrictions, and (iii) contractions.

Definition A.2.1. Let M and M’ be matroids on E and E’ (respectively). Then the direct
sum M @ M’ is a matroid on E LI E’ whose bases are {BLIB': B € B(M), B’ € B(M')}.

If k¥ — V and kF' — V are realizations of M and M’ (respectively), then kF @ kEF' —
V @ V' is a realization of M & M’. A matroid M is said to be connected if it is not a
nontrivial direct sum of two or more matroids.

Definition A.2.2. Let M be a matroid on E, and A a subset of E. Then the restriction of
M to A, denoted M|y, is a matroid on A whose rank function determined by

ki, (S) = 1km(S) for S C A.

The contraction of M by A, denoted M/ A, is a matroid on E \ A whose rank function is
determined by

rkp/a(S) = rky(SUA) —rky(A) for SCEN\ A.

If v : k¥ — V is a realization of M, then the restriction v|a : k4 — v(k?) of the

map v is a realization of the matroid M|4. The map kF\4 ~ KkE/Kk4 — V/V, where
V4 = v(k?) is a realization of the matroid M/ A.

Restriction and contraction by a flat of a matroid behave well with respect to the
lattice of flats. If F is a flat of a matroid M, then the lattice of flats of the restriction M|
is isomorphic to the interval [0, F] C %y where 0 is the bottom element of .%);. The
contraction M/F has lattice of flats isomorphic to the interval [F, E] C Zj.

If M has a realization k"*! — V, so that we have a hyperplane arrangement Ay,
on PV* C IP", then the restriction and contraction by flats can be described as follows.
For F a flat of M, let Lr be the corresponding linear subspace {f € V*: f(v;) = 0Vi €
F}. Then the intersections of PLr with the hyperplanes of Ay not containing IPLp
defines a hyperplane arrangement on IPLr. This hyperplane arrangement on IPLr is a
realization of the contraction M/F. Dually, consider the projection PV* --» P(V*/Lp).
The hyperplane arrangement on IP(V*/Lg), where the hyperplanes are the projections
of the hyperplanes of Aj; containing IPLr, is a realization of the matroid M.
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