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0 Introduction

Text: Kunen, Kenneth. Set Theory: An Intro to Independence Proofs
Major outline of course:

e read Chapter 1

e ZFC axioms

e Ordinal and cardinal arithmetic

e V: proper class of all sets

v- U

« an ordinal
where V) =0
Voy1 =P(Va) ={X : X CVo}
Vg = U if # is a limit ordinal

a<f

Note: V, is Kunen’s R(«)

e WF =J,cor B(a). The Foundation Axiom is equivalent to V' = WF'.

Main topics:

1.
2.
3.
4

Relativization (the basic model theory of proper classes)
Reflection Theorem (set theorist’s version of the Downward Lowenheim-Skolem Theorem)

Mostowski collapse theorem

. A1 absoluteness theorem

H (k) hierarchy


http://www.amazon.com/Introduction-Independence-Studies-Foundations-Mathematics/dp/0444868399

6. OD and HOD
Theorem 0.1 (Godel). Con(ZF) = Con(ZFC)

One proof uses HOD.

Continuum Hypothesis (CH): 2% = ;.
Equivalently: If A C R is uncountable then |A| = |R|.
GCH: 2" = gt for all K > Ny.

Theorem 0.2 (Gddel). Con(ZFC) = Con(ZFC+GCH)
Theorem 0.3 (Cohen, 1963). Con(ZFC) = Con(ZFC+ -~ CH)

Combined result: CH is independent of ZFC.
Methods:

e Godel: constructibility.
Lo=10
Loy1 =D(Ly) ={X C L, : X is first order definable with parameters over (L, €)}

Lg= U L, if § is a limit ordinal
a<pf

L:ULa

« is an ordinal
L C V. This says “If V is a model of ZFC then L is a model of ZFC+GCH.”

e Cohen: forcing. Add sets to V' to get V[G]. (Add Nz many reals to kill CH.) (Don’t kill ZFC.) (Don’t
Kill Ro, Ny, Ra, ...)

Infinitary Combinatorics: Trees (Aronszajn and Suslin trees, Suslin lines), graphs, special kinds of
combinatorics related to uncountable cardinals, “the club filter and non-stationary ideal”, “diamond”
Descriptive set theory: (not in Kunen). Definable sets of real numbers

1 Beginnings

Let
R(0)=10 R(a+1) =P(R(a)) R(B) = U R(a) if 3 limit ordinal

a<p

Proposition 1.1. 1. R(a) C R(f) fora <
2. R(B) is transitive
Definition 1.2. A is transitive (a transitive set) <= VY € A(Y CA) < VWY € AVX €Y (X € A4)

Definition 1.3. « is an ordinal <= « is transitive and (o, €) is a well-ordering <= « is transitive and
(o, €) is a linear ordering (assuming foundation).

Definition 1.4. (A, €) means (A, {(X,Y) e AxA: X e€Y})

Recall:
0=20 1={0} 2={0,1} w={0,1,2,...}

Lemma 1.5. If A is transitive then so is P(A).



Proof. Let Y € P(A). Then Y C A. Let X € Y. Then X € A. But A transitive so X C A. Thus X € P(A).
Done. O

Lemma 1.6. If A = Ua<ﬁ A, where every A, is transitive then A is transitive.

Proof. Let Y € A. Pick a< f3s.t. Y € A,. A, is transitive so Y C A, C Ua,<ﬂ Ay = A. O

This gives clause (2) in the proposition above. For (1) R(a) C R(a) so R(a) € R(a + 1). By (2)
R(a) € R(a+1). This easily gives (1).
WF= [J R
acOR

Definition 1.7. For X € WF let rank(X) = the least a s.t. X € R(a+1) = the least a s.t. X C R(«).

Clause (3): R(f) ={X € WF :rank(X) < a}.
Clause (4): For every set X, X ¢ WF «<— X CWF.

Proof. (=) Obvious. Let X € WF. Then X € R(8) for some . Then X C R(«) for some a < . Then
X CWF.

(<) Assume X C WF. For large enough o, X C R(a). Why? Consider a — rank(a) as a “function”
on X. By Replacement Axiom Scheme, f is a function, meaning range(f) is a set, so there’s an ordinal, «,
greather than rank(«) for every o € X. Thus X € R(aw+1) C WF. O

Clause (5): f X € Y ¢ WF then X € WF (Y € R(a) = Y C R(o) C WF) and rank(X) < rank(Y).
Proof. Y CR(f) = X € R(f) = Ja < fst. X C R(w). O
Clause (6): rank(Y) = supycy (rank(X) +1) for Y € WF.

Proof. (<) Let 0 =RHS. Then Y C R(0) so rank(Y) < o.
(>) X €Y = rank(X) < rank(Y) by Clause (5) so o < rank(Y'). O
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