The approximate Euler method for Lévy driven stochastic
differential equations

Jean Jacod* Thomas G. Kurtz! Sylvie Méléard*and Philip Protter $

Abstract

This paper is concerned with the numerical approximation of the expected value
IFE(g(X:)), where g is a suitable test function and X is the solution of a stochastic differ-
ential equation driven by a Lévy process Y. More precisely we consider an Euler scheme
or an “approximate” Euler scheme with stepsize 1/n, giving rise to a simulable variable
X', and we study the error §,(g9) = E(g9(X}")) — E(9(X3)).

For a genuine Euler scheme we typically get that d,(g) is of order 1/n, and we even
have an expansion of this error in successive powers of 1/n, and the assumptions are some
integrability condition on the driving process and appropriate smoothness of the coefficient
of the equation and of the test function g.

For an approximate Euler scheme, that is we replace the non—simulable increments of
X by a simulable variable close enough to the desired increment, the order of magnitude
of d,(g) is the supremum of 1/N and a kind of “distance” between the increments of Y
and the actually simulated variable. In this situation, a second order expansion is also
available.
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1 Introduction

1) Approximating Markov process expectations. In applications of Markov pro-
cesses, it is frequently necessary to compute IE(g(X;)), where X is the process modelling
the system of interest. While this expectation can sometimes be obtained by direct nu-
merical computation, for example, by applying numerical schemes for partial differential
equations, Monte Carlo methods may provide the only effective approach. In the simplest
Monte Carlo approach, the desired expectation is approximated as

JREAA
B(g(X:) ~ 7 > 9(X)),
=1

where the th are simulated, independent copies of X;. In practice, it may not be possible
to simulate draws from the distribution of X; exactly, so the Monte Carlo approximation

may introduce a bias
Ag = Eg(Xy) — Eg(Xy),

where X is a simulatable approximation of X. We are interested in developing methods
for estimating this bias for a large class of Markov processes and corresponding approxi-
mations.

The simulated process used in the Monte Carlo approximation will typically be a
discrete time Markov chain in which the discrete time-step is identified with a small
interval on the real-time axis. To simplify notation, we take the length of this interval
to be 1/n for some integer n and assume that ¢ = 1. We will denote the approximating
process by X" to emphasize the dependence on the time-step in the simulation. We also
note that the bias will depend on the initial state z, particularly if ¢ is unbounded, so we
want to estimate the bias

Ang(z) = Eg(XT) — Eg(X1). (1.1)
as a function of z and n.

Let (P;)¢>0 denote the transition semigroup for the process X and let Q7 denote the
one-step transition operator for the approximating process X™ and Q}‘ = (Q7)’ the j-step
operator, that is,

Qjh(z) = E[h(X]),)| Xy = z].
Defining P/ = Q,, ([nt] is the integer part of the number nt), we can write the bias as

Ang(x) = Plg(z) — Pig(z) (1.2)

= > P (@ = Puyn) Py mg(2)
j=1

1
= ‘/0 P{L—nn(S)—l/nEnPnn(s)g($)dS7

where n,,(s) = [ns]/n and
E"h(x) = n(QT — Pyyn)h(x).



If X™ is a good approximation of X, then the operator P/* is “close” to the operator P;.
Hence the identity (1.2) suggests that the rate of convergence of A, g(z) to 0 is governed
by the rate at which the error operator E™ goes to 0. More precisely, one might expect to
obtain estimates of the form

[E"h(z)| < enp(x)]|h]l£

for some sequence €, — 0 and function p > 0 and for A in some collection of functions
Dpg with || - ||z a norm on Dg. If further P, maps Dp into itself (a requirement which,
for diffusion processes, is sometimes implied by regularity results for partial differential
equations but, as we shall show, can also be obtained by direct probabilistic calculations),
then we may expect a bound of the form

Bug@] < e [ P PPy yolpds

This analysis suggests the possibility of an exact asymptotic limit of the form

rWg(x) = lim ¢, "Ang(z / P,_sEPsg(zx)ds,

where

Eh(z) = nango e, \E"h(z),

for h € Dg. One can also consider the rate of convergence in this limit or attempt to
derive higher order expansions.

2) Euler approximations for solutions of stochastic differential equations. We
develop the desired estimates for solutions of a stochastic differential equation

Xi=a+ | (X )Y, (1.3)

driven by a Lévy process Y. The process X is d—dimensional, while Y is d’—dimensional,
so f takes its values in R¢ ® lel, and we systematically use (column) vector and matrix
notation. The initial value is some given z € IR?. The precise assumptions are stated
later.

The process X" will be given by an Euler approximation with stepsize 1/n defined
recursively at times i/n by

X =z, B = XU+ f(XD) (Yz+1 Y%) : (1.4)

or since the true increment Y(; 1)/, — Y7/, may be difficult to simulate, in practice, we may
substitute the i.i.d. random variables (* which are close enough to the true increments,
and are exactly simulatable. That is, instead of the genuine Euler scheme given by (1.4),
we consider the approrimate Fuler scheme, still denoted by X™, given by

Xp =z, Xl = XD+ FXDC (L5)



In this approximation, we have two sources of error, the discretization error and the error
due to the approximation of the increment. The latter error does not have a natural
generic characterization, so we will simply assume that we have estimates for

On(h) = E(h((T)) — E(h(Yi/n)) (1.6)

of the form
Ku,

[0 (R)] = [E(R(CT') = BE(h(Yi/n)) = —

1Pl

for h in a sufficiently large space Dg with an appropriate norm and a sequence u, going
to 0. For higher order results, we need an expansion of d,(h) around 0.

The space Dg will be of the form C¥(IR?) for some integer £ > 0 and some function
a > 1, where C¥(IR?) is the space of k-times continuously differentiable functions on IR?
with norm

[hllak = inf{a > 0:|V'h(z)| < aa(z) for i =0,...k}.

For all p > 0 we introduce the function

L+ |zP if p>0
ap(z) = (1.7)
1 if p=0,
and we write C;f(ZRd) and ||A||, % instead of Cgp (R%) and [|h]|ap k-
3) The basic problems. We are interested in results of the following type:
(A) An estimate of the bias, that is
C(g,x
g < C02) (1.9

for some constant C(g,x) depending on ¢ and on z, and also of course on the
characteristics of the driving process Y and on the coefficient f.

(B) A first order expansion, that is the existence of an operator I'M) such that

1 Ci(g,x)
Apg(z) — = T ‘ < L2 1.
Aagla) - 5 TWg(w) < 5 (19)
(C) Higher order expansions, that is, the existence of operators I’ ®) for k = 1,...,m,
such that
LCR | Cnlg,x
‘Ang«c) Y r<k>g<x>‘ < Cnlgz) (1.10)
—n n

If f is bounded, then versions of our results for (A) and (B) can be stated in a
straightforward manner; the rates 1/n and 1/n? respectively are obtained for genuine
Euler schemes, while rates may be different for approximate schemes. Results for (C) and
for unbounded f require somewhat more cumbersome assumptions.



Theorem 1.1 Assume that the coefficient f is in C§(IRY), that Y; has finite moments up
to order 8, and that

Ku,
n

he CHRY) = |6,(h)] < [ (1.11)

for some constant K and some sequence (uy) of positive numbers. Then

geCHRY = M) <K (V) Nl (112

for another constant K' which depends on K, on f and on the law of Y, but not on the
starting point x.

Remark 1.2 For the genuine Euler scheme (i = Y} /,, (1.12) with u,, = 0 is obviously
satisfied, hence we recover the results of Protter and Talay [13], under stronger assumptions
(but we will see weaker assumptions below). The comparison between the rate 1/n due
to the Euler scheme and the rate u, due to the approximation of Y;,, by (f (in law) is
instructive: since the time needed for the simulation is proportional to n and is also usually
an increasing function of 1/u,, from a practical point of view it is best (asymptotically)
to choose u,, = 1/n. This is why we assume u,, = 1/n in the next result, which allows for
a Romberg—type method of simulation:

Theorem 1.3 Assume that the coefficient f is in CA°(IRY), that Y; has finite moments
up to order 20, and that we have (1.11) with w, = + and also

. 1 Ku'
heCY(RY) = |ou(h)- > <h>\s “n 1o (1.13)

n? n

for some constant K, some linear map 3 on C§(IRY) and some sequence (ul,) with nu!, —
0. Then there is a linear map v, on C§(IRY) (where x is the starting point), such that

JECHERY) = [Alg) -~ u) <K (1 5)

0,6 (1.14)
for another constant K' depending on K, on f and on the law of Y, but not on x.

Remark 1.4 For the genuine Euler scheme, we have (1.13) with u], = 0, so we again
recover the results of Protter and Talay [13] under stronger assumptions. It is noteworthy
to observe that, except for genuine Euler schemes, we have in general (1.13) with n?u}, —
00, unfortunately, as we will see in the examples below.

4) Relationship to other work. The results above, starting with (A), are in deep
contrast with “pathwise” rates of convergence obtained for example in [9], [5], or [6],
where one looks for sequences v,, increasing to infinity and such that v, (X" — X) is tight
(as processes, or at some time t) with non-zero limits. The rate v, depends on the
characteristics of the Lévy process Y, ranging from v,, = \/n when Y has a non—vanishing
Wiener part to v, = (n/logn)® when Y is a symmetric stable process with index «, and



even to “v, = oo” (that is X" = X for n big enough, depending on w of course) when
Y is a compound Poisson process. The mathematical reason for this discrepancy is a
lack of uniform integrability which prevents exchanging limits of random variables and
expectations. It is interesting to observe that A,g(x) is always of order 1/n, irrespective
of the characteristics of Y, provided Y has some integrability. The reason for that is quite
clear when Y is a compound Poisson process, and we will devote some space to that special
case (although from a practical point of view there is a way to simulate X “exactly” in
that case and one should not use an Euler scheme).

The identity (1.2) has been used by a number of authors to estimate the error in
Markov process approximation. See for example [11], [3], and Section 1.6 of [4].

5) Implications for simulation. The main motivations for these types of results are
practical: we want to estimate JE(g(X1)). We run the Euler scheme N times, giving rise to
the simulated numbers X7, ..., X[*" and we take the estimate GNn =5 2N, g(XT7).
When g is bounded, for example, and if (A) holds, the error |G n,,) —IE(g(X1))| is of order
TIN + %, while the time required for the procedure is proportional to n/N. Consequently,

it is best to take N = O(n?) and, in order to achieve an expected error £ we need a time
T. of order 1/&3.

If (B) holds, we can use a Romberg-type method: we can run N simulations of the
Euler scheme twice, once with stepsize 1/n and once with stepsize 1/2n. We then take the
estimate to be Gy, = & S, (2g(X12n’i)) - g(X{“))) Since 2IE(g(X3")) — IE(g(XT)) —
IE(g(XY})) is of order 1/n?, the error |Gy, — IE(g(X1))] is of order \/% + #, while the
time required for the procedure is still proportional to n/N. Consequently, it is best to
take N = O(n%). Hence in order to achieve an expected error ¢, we need a time T. of
order 1/¢5/2 which can be substantially less than the time O(1/e%) required if we do not
use the Romberg approach. Observe that we can do no better than T. = O(1/£?), the
error in the case one can exactly simulate g(X7) without any bias.

The expansion (C) is mathematically interesting, but its practical relevance is more
dubious: in principle it lays the foundation for studying higher order Romberg schemes,
but these are probably quite unstable from the numerical point of view, especially for a
discontinuous Lévy process Y.

6) Organization of the paper. In Section 2 we state the main results in full gener-
ality. Some “practical” examples are expounded in Section 3, with emphasis put on the
evaluation of the time necessary to perform simulations. In Section 4 we state and prove
a version of the first order expansion when the driving process Y is a compound Poisson
process and for the genuine Euler scheme: this is easy to prove and serves as a good in-
troduction to the general case. Section 5 is devoted to recalling some more or less known
results on Equation (1.3). In Section 6 we prove various technical lemmas, and the last
three sections are devoted to the proof of the main results.



2 The main results

1) Some notation. We suppose that the time interval is bounded, and without loss of
generality that it is [0,1]. The starting point z plays a role in the results, and a crucial
role in the proofs. So, instead of X; we write X in (1.3). Similarly, we write X" for
the solution (1.5) to the approximate Euler scheme. For more coherent notation, we also

define X;"* for all t € [0, ], by setting X;"* = X:;:j when i < nt <i+ 1.

We consider also the processes
[nt]

yr=> ¢ (2.1)
i=1

where [s] denotes the integer part of s. For a genuine Euler scheme, we have of course
Y = Yjni)/n- In general, Y™ is a non-homogeneous process with independent increments,
however its increments over intervals of length a multiple of 1/n are stationary. If we use
the notation ¢, (t) = £ when i < nt <14+ 1, then we can rewrite (1.5) as

t
XM — g /0 JXTE )aYT. (2.2)

Therefore, by well known results on the stability of stochastic differential equations
(plus the fact that a sequence of processes with independent increments converging in
law to a Lévy process is “predictably uniformly tight” (PUT): see Stominski [15], or also
Theorem IX.6.9 of [7]), we readily obtain that:

v Ly 5 xw £ oxe

2.3
n _ n,x x P ( )
Y= Y[nt]/n = SUPtelo,1] |Xt - X | — 0

(the second case corresponds to the genuine Euler scheme).

JFrom time to time we need a filtration. For the genuine Euler scheme we take for (F;)
the filtration generated by Y. Otherwise, we have convergence in law only (see (2.3)), so it
is no restriction to assume that all processes are defined on the same probability space and
that the Y™’s are mutually independent and independent of Y, and (F;) is the filtration
generated by all processes Y and Y for n > 1.

2) Assumptions on f and Y. We now state our assumptions, starting with those on
the coefficient f:

Assumption H(l, N): The coefficient f is N times continuously differentiable and all
partial derivatives of order [, 4+ 1,..., N are bounded. O

Here N is an integer, and [ will be either 0 or 1. We usually assume H(1,1) at least,
except when Y is a compound Poisson. Clearly H([, N +1) = H(l, N).

Next, we denote by (b, ¢, F') the characteristics of the Lévy process Y, in the sense that

+ [FlnE= —1-i < urly) ).

) <u,cu >
E(e<"Yt>)=expt <z <u,b> ——



where 7 is a truncation function on R?, that is a map from IR? into itself, which is
bounded and coincides with the identity near 0, and whose components can be assumed
to be in C§°(IRY) without loss of generality. Then we need the following integrability
assumption, where p is some nonnegative real:

Assumption F(p): We have [(, -1y [y[PF(dy) < oo (equivalently, Y; € IL? for all ¢). O

3) Assumptions on the variables (. As said before, for each n the sequence of d'—
dimensional variables (j* for i = 1,...,n is i.i.d. The discrepancy between (i and Y, is
measured by the quantities d,,(g) of (1.6), and we make different assumptions according
to the kind of result (of type (A), (B) or (C)) which we want to prove. Below, p € R4
and N € IN* are arbitrary, and (u,)n,>1 and (u},),>1 are arbitrary sequences of positive
numbers tending to 0 and such that «}, /u, — 0:

Assumption G({uy},p): We have F(p), and there is a constant K such that

Ku,
n

heCp(RY) = [du(h)] < IR

p.a. (2.4)

Observe that we put u,,/n and not u,, on the right: this is because the variable Y; /n 18 close
to 0, and indeed “of order 1/n” already as n — oo in the sense that IF(h(Y7,)) = 0(1/n)

for any h € C) (RY) under F(p). We will see later that this assumption is enough to
ensure the first convergence in law in (2.3).

Assumption G’({u,},{ul},p): We have G({u,},p), and there are a constant K and a
linear map ¢ on the space C’g (IR?) such that

/
Ku,,
n

he CY(RY) =

Sl = 2 ()] < 22 (25)

Assumption G”(N,p): We have F(p) and there are a constant K and linear maps ¢y,
on the spaces Cgk“(]Rd/) for k =1,..., N, such that (with an empty sum set equal to 0):

o K
on(h) — ZW <Z5z‘(h)‘ S 2 I

i=1

k=0,...,N, he C2**YR") =

lp2k+a- (2.6)

Clearly G”(N,p) = G”(N —1,p), and G”(1,p) = G’({1/n},{1/n?},p), and also
G ({un}, {un},p) = G({un},p).

Finally, observe that for the genuine Euler scheme we have ¢, (h) = 0 for all h, hence
all the above assumptions are trivially fulfilled in this case.

4) The main results. Our aim is to evaluate the “error” involved by the — approximate
or genuine — Euler scheme, and measured through the quantity

Anag(@) = Blg(X[5, ) — B(g(XF,p ) (2.7)

7



for suitable test functions g.

Our first result is an estimate on A, ;g(x), that is, it solves problem (A) for approximate
Euler schemes:

Theorem 2.1 Letp >0 andl =0 orl=1. Assume H(l,4) and G({un},4+ 4\ p) for
some sequence u, decreasing to 0. Then there is a constant K depending on p, f, Y only,
such that for any g € Cg(]Rd) we have, for allt €[0,1], n > 1, x € IR%:

Bnsg(@) < Kt (12 1) lglhs (1+ o). 29

As said before, for the genuine Euler scheme F(p) implies G ({uy},p) with u, =0, so
we recover the estimates of Protter and Talay in [13]. For the approximate Euler scheme
this result allows us to single out the contributions of the error of the Euler scheme on the
one side (that is, 1/n), and of the simulation discrepancy on the other side (which is wy,).

The second main result is a first order expansion for A, ;g(x). The result goes as
follows, and we see that there are in fact two “first order terms” corresponding respectively
to the Euler scheme error and to the simulation discrepancy.

Theorem 2.2 Let I =0 orl = 1. Assume H(l,10) and G’({up}, {u,},10 4+ 10V p) for
some p > 0 and some sequences uy, and u,, with u, — 0 and u,,/u, — 0. Then there is a
constant K depending on p, f, Y only, and linear operators Uy and Vi on C’;O(Rd), such
that for any g € C;O(Rd) the functions Uyg and Vig belong to C§+61(Bd), and also that
for allt €[0,1], n > 1, x € IR%:

|Uigllpre1a < Ktl|g

Ip,10s IVigllp+er,a < Kt||gllp,10- (2.9)

A sgr) — unUig(x) — = Vig(a) <Kt( AR )ngp,m (L+ 2] ™). (2.10)

For the genuine Euler scheme and under F(10+10\/ p) we have the previous hypotheses
with u, = u}, = 0, so the first order term is 2 V;g(x) and the remainder is of order 1/n>.

Theorems 1.1 and 1.3 are Theorems 2.1 and 2.2 respectively, when [ = 0 and p = 0.

Finally we state the result about Problem (C), that is expansions of arbitrary order,
of the form:

N
1 1
Apig(z Z ok [nt n9(@) + N RN ntg(z). (2.11)

Theorem 2.3 Let p > 0 and ! = 0 orl = 1 and N > 1, and assume H(I,6N + 4)
and G”(N,6N + 4 + (6N + 4)\/p). Then there is a constant K depending only on p,

f, Y and N, and linear operators ng) on Cgk(ﬂ%d) for k =1,...,N, such that if r =
6k,6k +1,...,6 N + 4 we have

k k
g GRY) = T{Mge OghRY, T glpronr—on < Ktlglpr,  (212)
and moreover if g € C’SN+4(]Rd) we have the expansion (2.11) with a remainder satisfying

BN ntg(2)] < Ktllgllpon+a (14 |2fPHVTI, (2.13)



Remark 2.4 Inasense (2.11) is not a true expansion because the “coefficients” I‘[(Q] /ng(a;)
depend on n, except when t = 1 of course. But, except for ¢ = 1 again, A, ;g(x) is not
really a function of ¢ but rather of the discretized time [nt]/n, so having an expansion
which depends on time through [nt]/n is also natural.

For the genuine Euler scheme, one could also use Y instead of Y™ in (2.2) (the two
Euler approximations coincide at all times i/n). Instead of (2.7) one naturally takes
Apig(z) = E(9(X;"")) — E(g9(X})). Then we have (2.8), but not (2.10), essentially
because nt — [nt] oscillates (when ¢ # 1) between 0 and 1 as n varies. O

Remark 2.5 For the genuine Euler scheme one can slightly improve the result of Theorem
2.3: we only need H(l,4N + 2) and F(4N + 2+ (4N +2)V p), and g € C;VNT2(IR?), and

then I‘Ek)g € C;ivglf_%(]Rd). Similarly, Theorem 2.2 holds under H(l,6) and F(6 + 6/ p)

and for g € C’g(]Rd) (and of course Uzg does not show up in that case). O

Remark 2.6 When u, = 1/n in Theorem 2.2, the sum U; + V; is equal to the operator
Fgl) of Theorem 2.3. O

Remark 2.7 At the end of the paper (Remark 9.1) we give an “explicit” form for ') in
the 1-dimensional case. This operator is well defined under F(2) only, so it is likely that
we cannot drop integrability assumptions, even when g is bounded (but the assumption
that Y; has finite moments of order 20 (or 12 in the genuine Euler case, see Remark 2.5)
is obviously too strong !). O

Remark 2.8 From a practical point of view, only the first two theorems are interesting:
the first one for the plain (approximate) Euler scheme, and the second one if one wishes to
use the Romberg method. And, in the latter case, this method can be applied only when
the two “first order” terms are comparable, that is when w, = 1/n. This is not a true
practical restriction since the probabilist or statistician can indeed choose the accuracy
uy, (at the price of a more or less long time for the simulation of a single variable (7'): we
explain in Section 3 below how this works on a particular example. O

5) Let us end this section with another set of assumptions, in a particular case. Actually,
checking Assumptions G({u,},p) or G'({un}, {ul},p) if we have a procedure to approxi-
mate Y}/, by variables ({* when we know only the laws of the latter may be quite difficult
(not to mention G” (NN, p)).

However there is a situation which occurs often in practice and for which we have
simpler conditions: we will say that we have a restricted approximate Euler scheme if
each (' is (in law) the value at time 1/n of a Lévy process Y (equivalently, the law of
(' is infinitely divisible). That is, for each n we have a Lévy process Y, and we take
= Yl’% - Y(’z."_l)/n. Then of course the process Y of (2.1) is the discretization of Y™,
that is Y} = [/r:;]/n'

In this situation it is usually the case that the characteristics of Y’ are known, and
they are denoted by (¥, c),, F) (w.r.t. the same truncation function 7 than Y’). We also



consider the second modified characteristics of Y and Y, given by

c=c+ F(rm), é =c + F.(r7") (2.14)

n —

(here and below, we write F(g) instead of [ ¢(y)F(dy)). With this notation, and if we
further denote by C/F(IRY) (for k > 2) the set of all h € CK(IRY) such that V’h(0) = 0
for i =0, 1,2, we can introduce the following two assumptions (we suppose, as above, that
up, — 0 and u), /u, — 0):

Assumption G({u,},p): We have F(p), and there is a constant K such that

|b), — b < Kup, ¢}, — ¢ < Kup,
(2.15)

he Cﬁ(ﬂ%d/) = |F/(h)—F(h)| < KUthHpA‘

Assumption G/({u,},{u,},p): We have F(p), and there are a vector 3 € R? and a
d' x d’ matrix o and a linear map ® on G} (IR") and a constant K such that

|bl, — b — upfB| < Kul,, &), — ¢ —upo| < Kul,
he CHNRY) = |Fi(h) = F(h)| < Kuy|hllp, (2.16)

he CS(RY) = |Fi(h) — F(h) — u,®(h)| < Kul||h|ps.

n

Proposition 2.9 In the case of a restricted approximate Euler scheme, that is (' = Yz%_
Y(’Zl_l)/n for some Lévy process Y'™ with characteristics and second modified characteristic
(b,,c.,,F) and ¢,

ny»-n? n’

a) G({un},p) implies G({u, \V 1},p).
b) If up > 1/n, then G'({uyn}, {u,},p) implies G ({uyn}, {ul, \/ Lot p).

we have for any p > 2:

The proof of this proposition is given in Subsection 6.1.

3 Some examples

In this section we consider some practical examples and compute the time necessary to
achieve a given precision in the computation of IF(g(X1)) via a Monte—Carlo method, as
explained in the Introduction (and especially §5). We draw N independent copies of the
approximation X7 of X; (or N copies of X7 and X?" if we use the Romberg technique).
Assuming g bounded, the expected error e(NN,n) is the sum of the statistical error, of
order 1/+/N, plus the bias Ang(z) (or 2A2,9(z) — Ang(x) for the Romberg method).

Therefore if Theorem 1.1 applies we get

e(N,n)zO(\/lN—l—Tll\/un), (3.1)

10



while for the Romberg method and if we can apply Theorem 1.3, we get

e(N,n) :O<\/1N+n12\/u%) . (3.2)

In both cases the time needed is T'(N,n) = O(Nnay,), where «, is the time necessary to
calculate a single time step.

1) Genuine Euler scheme: If we can simulate exactly the increments of Y, the time
ap is a, = O(1), and we have (2.4) and (2.5) with u, = u}, = 0. Optimizing the choices
of n and N in (3.1), subject to the condition e(N,n) < ¢, leads to take N = O(n?) and
n = 0(1/¢), and injecting into T'(N,n) = O(Nn) gives us a time T necessary to achieve
a precision € which satisfies:

T.=0 (7). (3.3)

If we use the Romberg method, we apply (3.2) instead of (3.1): this leads to take
N = O(n*) and n = O(1/4/2), and injecting into T'(N,n) = 0(Nn) gives us

T.=0(e77?). (3.4)

2) Approximate Euler scheme: We can exactly simulate the drift (of course !) and
the Wiener part of Y, but not the jump part (except when this jump part is compound
Poisson, or is a stable process, but in the latter case the integrability assumptions of this
paper are not fulfilled). Otherwise, we cannot exactly simulate the increments of Y. To
approximate them, most methods resort to deleting in some way or another the “small
jumps” of Y, so for the discontinuous part we are left with a compound Poisson process,
which can usually be simulated. The reader can look at the papers [14] of Rosinski or [1]
of Asmussen and Rosiniski for various possibilities. Below we use the most simple-minded
one, with a view towards minimizing the time needed. This method works if we can
simulate a variable whose law is the (normalized) restriction of F' to the complement of
any neighborhood of 0: since F' is often explicitly known, this is in general feasible.

So we truncate the jumps at some cut—off size v, (going to 0 as n — o0). This
amounts to a restricted approximate Euler scheme, the characteristics (b/,, ¢, F}) and ¢,
being chosen such that G({u,},p) or G/({un},{u/,},p) holds for suitable sequences uy,
and/or uy,, and with F},(dz) = 1{j3|>v,}F (dr). Then we can of course choose b;, = by, and

¢n, in such a way that ¢, = ¢, so only the last parts of (2.15) or (2.16) have to be checked.

Observe that Y’ is the sum of a drift, a Wiener process, and a compound Poisson
process. So we can simulate exactly (" = Y1’7n by using a Gaussian variable, plus a Poisson
variable Z (the number of jumps on the interval (0,1/n]), plus Z variables according to

the law F) (normalized)). The time necessary to do that is random, with expectation

an = O(1+ E(Z)) = O (1 + iF,Q(Rd’)> . (3.5)

Now we introduce the assumptions. First, we suppose F(p) for all the values of p
necessary to apply our theorems. Next, we set 5(t) = F({y : |y| > t}) for t > 0, and we

11



assume that

TlQ

t<1 = B(t) < (3.6)

for some constants C' > 0 and « € [0,2]: this assumption is always satisfied if a = 2,
because F integrates  — |z|? near 0, and if it holds for «y it also holds for any o > ag. If
this holds with ae = 0, then 3(0) < oo and the purely discontinuous part of Y is compound
Poisson. Note also that it holds for some o € (0,2) as soon as the Lévy measure F' in a
neighborhood of 0 is dominated by the Lévy measure of an a—stable process.
For ¢ > 2 we also introduce the functions
N . b Cq
Bq(t) = " F(dy) = q [ s (B(s) — B(t))ds <
{lyl<t} 0

q—«

pa=a, (3.7)

where the last inequality holds under (3.6).
We say that we are in the pseudo—symmetrical case if f{|y|§t} vy ypF(dy) = 0 for all

i, 7,k when t is small enough (here y; is the ith coordinate of y € IRY: this holds e.g. when
F is invariant by all rotations in R%).

Note that, in view of (3.5), we have a,, = O(1 + 1/nv%) under (3.6). Therefore the
expected time necessary to perform the computation, namely T'(N,n) = O(Nnaoy,), is

T(N,n) = O <Nn + i\i) | (3.8)

n

Now we want é({un}, p). As said before, only the last part of (2.15) has to be checked.
For any function h on IR* we have F/(h)—F(h) = — [ h(y) 11y |<v} F'(dy). Ifh € C’I’,‘L(JRd/),
by using a Taylor expansion of i around 0, up to order 4, we obtain

KB4(vy)||h]lpa  in the pseudo-symmetrical case
FAh) - F)| < (3.9)
KBs(vy)||hllpa  otherwise

for some constant K. Hence (3.7) yields G({un},p) with u, = v~ in the pseudo-
symmetrical case, and u, = v3 @ otherwise. Then Theorem 1.3 and Proposition 2.9
yield e(N,n) = O(1/vV'N + u,, \/(1/n)). So in view of minimizing (3.8 ) it is best to take
un = O(1/n) and N = O(n?). This leads to an expected time 7. necessary to achieve an

error smaller than ¢ which is

[\V][9N]

O (e73) in the pseudo—symmetrical case, or if a <
T: = (310)

0 (57 e ) otherwise.

Moreover, it is noteworthy to observe that the expected number of jumps to simulate in
a single interval is always smaller than 1 in the first case above.

If we want to use the Romberg method, based upon Theorem 1.3, we need the last two
parts of (2.16) with u, = 1/n, and for this an assumption like (3.6) is not enough, and
we need an equivalent to 3(t) (or S+(t)) as t — 0. To keep things simple, we consider the
very particular case where d’ = 1 and the Lévy measure F satisfies

A A_
F(dx)1_yy = ﬁ Liow (@) + o L(_y0)(2), (3.11)

—T
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where o € (0,2) and Ay, A_ > 0 and for some number v > 0. This of course implies
(3.6) with the same a. We already know that (2.15) holds with u, = vi~® in the pseu—
symmetrical case (corresponding to A, = A_ here), and with u, = v3~® otherwise.
Hence we take v, = n~1/(4=9) jf Ay =A_ and v, = n~1/B=a) otherwise. Then a simple
calculation shows that the last assertion in (2.16) holds if h € C} (IR"), with

_ At A A =
(I)(h)_24(4—a)h (0), U, =n 1
if Ay = A_, and otherwise
A+ —A_ _dza
d(h) = = 1 e =

Then we can apply Theorem 1.3 and (3.2) to get that e(N,n) = O(1/v/N +1/n(6-)/(4=a))
if Ay = A_, and e¢(N,n) = O(1/V'N 4 1/n(4=)/B=2)) otherwise. Then we take N =
O(n(12-20)/(4=)) in the first case, and N = O(n8=2®/B-2)) in the second case. This
leads to an expected time T, necessary to achieve an error smaller than e which is

16—3«a
Te) i A=A

(
(
(

In all cases we have T. = e ”(®_ and the smaller p(«) is, the better is the result. We
can summarize all the results by stating the behavior of p(a) as a function of «, as follows:

€

11-3«a
g i-a ) if Ay #A_ and a<3/2 (3.12)
c 8

—%) if Ay #A_ and o> 3/2.

a 0 3/2 2
genuine simple 3 — 3 — 3
genuine Romberg 25 — 25 — 25
approximate simple, symm. 3 — 3 — 3
approximate simple, non-symm. 3 — 3 S 4

approximate Romberg, A, = A_ 2.66 \, 255 1\, 25
approximate Romberg, A, #A_ 275 \, 26 7 3

The reader will observe that the rates of convergence are quite reasonable for the
approximate scheme, compared with those for the genuine scheme. Also, the improvement
of the Romberg method is not really significant.

4 The compound Poisson case

In this section we suppose that Y is a compound Poisson process. This can be expressed
through its characteristics as follows: ¢ = 0 and F(IRY) < oo and b = [ 7(y)F(dy). We
only consider the genuine Euler scheme, since we can simulate Y exactly in this situation.
Actually, we can even simulate X exactly, so the result below is given only for the sake
of comparison with the general result and because of the simplicity of its proof, and we
restrict ourselves to the first order expansion.

13



In this situation, Equation (1.3) has a unique solution X?, with no assumption at all
on the coefficient f. This is why we assume nothing like H(I, V) below. Observe also that
there is no integrability assumption on the jumps of Y like F(p) below.

Theorem 4.1 If Y s a compound Poisson process with Lévy measure F', and if V" =
Yint/n (the genuine Euler scheme), for any bounded measurable function g on R we have

the expansion (2.11) for N = 1 with the operator Fgl) given by
W \_ 1/
1—\t g($) - 5 0 PsHtfsg(x)dsv (4'1)

Hyg(y) :/F(dU)F(dv) (Psg(y + f(y)(u+v)) = Psg(y + f(y)u+ fly + fly)u)v)), (4.2)

where (P;)i>o is the transition semi-group of the process X*, and for some constant K
depending on F' and f we have (below ||g|loc denotes the sup-norm).

1
Ringg(@)] <tK[gloo, T4 g()] < tEKg]|oo- (4.3)

The reason such a result holds is simple enough: recall that in this case, we have
X™* = X7 on the set A, where there is at most one jump of Y on each interval I =
(21, 4] and IP(A,) — 1. The set B, on which there is exactly one interval I on which
two jumps of Y occur and Y jumps at most once on all other intervals I3 has a probability
of order 1/n, and the complement of A, U B,, has a probability of order 1/n?. On B,
the values of X" and of X{ are possibly far apart, so E((g(X{"") — g(X¥))1¢,) is 0
when C,, = A,, and of order 1/n when C,, = B, and of course of order 1/n? if C,, is the

complement of A, U By, (when ¢ is bounded).

Proof. We set A = F(IRY) and G = F/\ (a probability measure, which is the law
of all jumps of Y). We denote by N* the number of jumps of Y within the interval
((i—1)/n,i/n], and we set for 1 <i <k < n:

Cpi =N {N} <1}, Dyip= (ﬂj: jin<i<ki NG < 1}) N{N;" =2}.

The sets D, ;1 for ¢ = 1,...,k are pairwise disjoint, with a union denoted by D,, ;. By
well-known properties of Poisson processes, IP(D,, ; ;) does not depend on i, and we have

)\2 9 K /\2 5
—1- < )= 2 _
]P(Cmn) 1 o + O(l/n ), ZP((Cmn U Dn,k) ) S o P(Dn,z,k) o2 + O(l/n )
(4.4)
Set Q;Lg(x) = E(g(Xf/n)lcn’j) and

H}9(y) = [F(dwF(do) (Q9(y+ Fw)(u+0)) = Qgly + S wu+ [+ [m)we))

for j =0,1,...,n. We deduce from the first part of (4.4) that
n K
|Pymg(@) = QFg(@)| <~ llgllsc: (4.5)
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hence if Hy is defined by (4.2) we get
n K
1 9(2) — Hyjug(2)] < 2 [l (4.6

Observe that X[»* = X7 for all s <1 on the set C, ;, so the second part of (4.4) gives:

Apig(z ZE<

K
(X["t]))]‘Dn,i,[nt]>| < ) 9]0 (4.7)

Now, if we denote by W; and W5 the sizes of the two jumps of Y on the interval (%, %],
when there are exactly two of them, we have on the set D, ;; for any k > i:

sz/n = X(z 1)/n + f(X(z 1 /n)Wl + f(X(z 1)/n + f( (i—1 /n)Wl)W27
Xi/n = Xl T L (X1 ) W1+ W)
Moreover, it is obvious that if ¢ < j, then
E(g(X[fzt]/n)an,i,[m] |fz/n) = Q’ﬁlt]—ig(Xix/n)an,i,i?

Therefore, taking into account the fact that conditionally on D, ; (,,s the two variables W
and Wy are 1.i.d. with law G = F/\, we get for ¢ < [nt]:

6—)\/71

[ Qi sl dy) P () F(do) Qg gy + T (w)u+ S+ F@))

E(Q(X[xnit]) 1Dn,i) =

f/\/n

Bg(X3) 1p,) = G [ Q1o dy) F(du) F(d0) Qg oly + fw)u + S (p)v).

Hence we have

e— A/

B (000 ~ 9(Xt )b, ) = 5o Qi Hig - 9(o). (48)

n

Since |e=*/" — 1| < K/n, the previous equality and (4.5), (4.6) and (4.7) yield

—5 19llco-

‘Antg ZPIlH[nt]z g(z)| <

Furthermore it is obvious that for s < r <t we have |Psg(z) — Prg(z)| < K||g||co(r — 5),
hence we also have

1—1
n

<s< - ‘Pil Hipny—i g(x) — Py HM_S g(x)| <

n

s

3| >

Then the sum showing up in (4.7) is in fact equal, up to a term smaller than K||g||s/n?,
to the integral % fo[nt]/ " P, H int]/n—s 9(x)ds, and the result follows. a
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As said before, there is no assumption here on the size of jumps, nor on f. On the
other hand, as soon as Y is not a compound Poisson, and even if it is a “compound Poisson
process with drift” , the previous result becomes wrong, and one needs at least F(1), because
J(y — 7(y))F(dy) comes in the explicit form of the operator Fgl) (see Remark 9.1), and
also H(1,1) of course in order to have a solution to the equation. Evidently, the operator

r §1) of Theorem 2.3 formally takes the expression (4.1) when ¢ = 0 and F(IR¥) < oo and
b= [7(y)F(dy).

On the other hand if g is unbounded then the two terms on the right of (2.7) might be
infinite or not defined: so if we want the previous result to hold for, say, g € Cg (IR?) (or

g€ C;,f (IR%) for some k; the smoothness of g makes no difference here), that is if we want
(2.8) or (2.11) for N =1 to hold in the situation of Theorem 4.1, then F(p) is required.

5 Lévy driven stochastic differential equations

In this section we gather some results on equation (1.3), whose solution is denoted by X*.
These results are part of the folklore of the subject, but we could not find them explicitly
proved, under our needed assumptions, in any paper.

Below, K, (or K(«)) denotes a constant which may change from line to line, and
depends only on the parameter o and on the dimensions d and/or d'.

1) First we need estimates on stochastic integrals w.r.t. Y. The forthcoming result is
taken from [13], but we give here a simpler proof.

Lemma 5.1 For any predictable (matriz—valued) process H and any p > 2, and if 3, =
[ |y|PF(dy), we have (recall that time belongs to [0, 1]):

/ H.dY,
0

Proof. It is enough to prove the result when (3, < co. In this case, b’ = b+ [(y—7(y))F'(dy)
exists and satisfies |b'| < |b| + K+/f2 for a constant K depending on the function A only,
and Y; = b't + Y,© + M; where M is a purely discontinuous martingale. Then it is enough
to prove our inequality separately when Y; = b't, and Y = Y¢ and Y = M. In the
first two cases the result is well known (and easy), so we assume that Y = M. It is also
clearly enough to consider the case where Y and H are 1-dimensional. By a Burkholder—

E (sup

s<t

p) <Ky (17 + |2 + (B2)% + 5, /O " B(H,P)ds,

Davis-Gundy inequality the left side of the inequality is smaller than K,IF(Z} / 2), where
Zy = Y. HIAY?. So it remains to prove that IE(Zf/2) < Kp( 129/2 + Bp)a¢, where
ar = [y IE(|Hy|P)ds.

Set ¢ = p/2 > 1. For all 2,z > 0 we have first (z + 2)? — 29 < 2971 (29712 4 29), and
second 2971z < ex? + 29/£97 ! for all € > 0. Hence for all ¢ > 0 and x,u,v > 0 we have

1
(x +uv)? — 29 < 24—1 (5xqu + T uv? + uqvq> .
(3
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Then if T,,, = inf(¢ : Z; > m), and since Z is non—decreasing and purely discontinuous,
AT 2,2
Zing, = > (Ze+02) - 28) = /0 (Zo + H22)1 — 29 \u(ds, dy),
s<t NTm

where 1 is the jump measure of Y. The predictable compensator of u is v(ds,dy) =
ds ® F(dy), so we get

-1 AT q ,2 1 2q,,2 2q|,,|2
27 [ [(e 2?4 o 1P H ) Fdy) ds
0

201 <e Ba E(m? \ Z? t/\T <€ql_1 B + ﬁp) Gt) ;

because Z is increasing and Zs_ < m if s < T,,. The right side above is finite, hence the
left side as well. Then it remains to take e = 1/(29/3;) and let m — oo and apply the
monotone convergence theorem: we get the result with K, = 20", O

IN

E(Z) 1)

IN

For further reference, we set

o = b1+ lel + [ (IoPLgutsny + 1971 Fldy): (5.1)

so F(p) amounts to saying that 7, < co. With this notation, it follows from the previous
lemma that for any p > 2 and any predictable process H we have

)smpmp) /OtJE<\Hs|p’>ds, (5.2)

2<p' <p = (Sg};
S

where K (p,1n,) denotes a constant which depend only on p and 7, and on the dimensions
of Y and H.

2) Now we turn to estimates on the solution X* of (1.3). We know that it is a Markov
process, whose semigroup is denoted by (P;). The following estimates on P, are crucial
(when we write ||g|l,x < oo for a function g on IR?, this automatically implies that
g€ C;; (IRY):

Proposition 5.2 a) Under H(1,1) and F(2\/ p) for some p > 0, we have for some con-
stant K = K (p, f, n2vp) (recall (1.7)):

E (sup, |X2P) < Koy(o), } 53)

ge CHRY = |Pgllpo < Kllgllpo-

b) Under H(1,N) and F(N + N \/p) for some p > 0 and N > 1, we have for some
constant K = K(p, f, 17N+va)

ge CY(RY = ||Pgllpn < Kllglpn- (5.4)
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The first property in (5.3) is then a consequence of (5.2) and of Gronwall’s inequality
(recall that F(p) < n, < 00). The second property in (5.3) is a trivial consequence of
the first one.

For (b) above we need first some facts about the differentiability of z — X?. We say
that it is continuously differentiable in ILP if there are d x d-dimensional processes X% (1)

which satisfy IE(sup, \Xff’(l)|p) < oo and also I (sups XY — X7 — x2. (y — x)‘p) =
o(ly — zP), and [E (sups xv® _ X;B’(l)‘p> — 0 as y — x. By induction, it is N times
continuously differentiable in IL? if the (N — 1) derivative process X® (V=
continuously differentiable in ILP. Observe that X% is d"-dimensional.

It is well known, using Gronwall’s Lemma and (5.2), that under H(1,1) and F(p) for
some p > 2, then X?* is once continuously differentiable in IL? and X (1) is the unique
solution of the following linear equation (with I; being the d x d identity matrix):

1) exists and is

z,(1) _ ' 2y x ()
xp® =14 [ v pxe)xeWay, (5.5)
0
and further x — IE(sup, | X5 ’(1)]7’) is bounded. More generally, we have:

Lemma 5.3 Under H(1,N) for some N > 1 and F(Np) for some p > 2, then = +—
X7 is N times continuously differentiable in ILP, and we have for some constant K =

K(N7p7 fvan)"
E (sup X§v<N>|p> < K. (5.6)

Proof. Not only do we get (5.6), but we also have that the Nth derivative is the unique
solution of the following linear equation (when the X #() for j = 1,..., N —1 are supposed
to be known):

t
X = [epexe™ ay.
al t 1 1 N—i+1
+Z/ V(X )Py (x2W L x 2Ny gy (5.7)
i=270

if N >2 (and (5.5) if N = 1). Here, the components of Fy;(z™), ... zN="1) are sums
of terms of the form

N—i4+1 o

H H PAC2 where Zjaj:N, (5.8)
j=1 =1 j

and where 2+ is the [th component of z(7) € Rdj, and an “empty” product equals 1.

The proof is by induction on NV, using Gronwall’s Lemma and Lemma 5.1, and as it is
well known it boils down to proving first that by formal differentiation of (5.7) for N — 1
we get Equation (5.7) for N, and to proving secondly that the solution of (5.7) satisfies
the estimate (5.6).
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Hence we assume the result for all N/ < N. By formally differentiating z — X% (N=1)

in Equation (5.7) written for N —1 we readily get (5.7) for IV, with (using matrix notation,
and Fry_11(zM, ... W1y = z(N=1).

Fni(aW,. . aW=itD)y = pOpy o @W, . N —itD)

NE_i 0 1 (N=i)y,.(7+1)
Y ‘ —iN (i

T 5 Fy-14(z',..., a7 7)a

Then if all Fy/; for N’ < N are sums of terms like in (5.8), the same is true of Fy .

Next, we prove that the solution of (5.7) satisfies (5.6) (assuming again this is true for
all N' < N). By Gronwall’s Lemma and the fact that Vf is bounded, the only thing to
prove is that

t . . p
E <sup’/ (VZf(X;”)FN,Z-(X;”"”,...,X;“‘NZ“))dYs‘ ) <K
t 0

for all i = 2,..., N and for some constant K = K(N,p, f,nnp) (in the remainder of the
proof K = K(N,p, f,nnp) varies from line to line). And of course, it is enough to prove
that if G is any monomial like in (5.8), then

t )
E <Sup ‘ / (ViF(xe)Gx=W, L xm Wy gy,
t 0

S S

p) <K (5.9)

For this we use Lemma 5.1 and the fact that V'f is bounded. By (5.2) the left side of
(5.9) is smaller than

N - Ntl-i o NJay/N
KE|{ [] sw (xpOpes | < K 11 <1E(sup\X§w’(3)\Np/J))
j=1 ° j=1 s

by Holder inequality, since > ;jo; = N. The recurrence assumption yields that each
expectation above is smaller than some constant K (p, N, f,nnp), so we obtain (5.9). O

Proof of Proposition 5.2-(b). Let g € Cév(ﬂ%d). By Lemma 5.3, for any k =1,...,N

then z — X7 is k times continuously differentiable in IL"*, where r; = %\/p; further if
X% = xn and X%0) = sup, |Xf’(j)\, then with K = K(N,p, f,nnp):

o K(1+|z|") if j =0 and r € [0,7]
E(1x=0) < (5.10)
K if j=1,...,N and r € [0,7;].

Then any kth partial derivative (for k = 1,...,N) of z — ¢g(X}) exists (in probability),
and is continuous in probability and is smaller than a sum of terms of the form

k k
Zypkfayy = a(l+ | X)) H | X® )| where Zjaj =k, a;c€N
j=1 j=1
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with an empty product equal to 1. Then it is enough to prove that under our assumptions,
each Z, 1 (a,} as above has IE(Z, 1 (o;3) < aK (1 + [z[P). But Holder’s inequality and

2521 jaj =k <ri—p yield
k k jo/k
E(Zx,p,k,{a]} > H ( ‘Xx ])| /J)>

X 2:(0) 1P/ (r1—h)) nk)fr S,(7) pry 129/
+(B(X0) ) 1 (E(X0))
J=1

Then the result readily follows from (5.10). O

3) The generator of X?. As is well known, the “extended generator” of the Markov
process (X[) is the operator A acting on C2 functions g on IR? as follows (where Vg is a
row vector; 7 is the truncation function):

Age) = Ve f@b 4t S I fwet )
g(z) = Vg(x)f(z 2i’:18:ﬂ8x]’ x)ef(x
+/F(dy) (g(z + f(x)y) —g(x) — Vg(x)f(z)T(y)), (5.11)

In the next lemma, we denote by C’I])V’l(le x [0,1]) the set of all families (g¢);[0,1) of
functions on IR? such that g}(z) = % g+(x) exists and is continuous for all z, and that the
functions g; and gf all belong to C2Y (IR?) with sup,(||g¢llp,~ + [|gillp,n) < .

Lemma 5.4 Letl=0o0rl=1andp >0 and N € IN.
a) Under H(l,1\/ N) and F(p+ N) there is a constant K = K(p, N, f,np+n~) such that

g€ CY(RY = | Aglpran < Klgllp vt

b) Under H(l,1) and F(p), for any (g¢) € Cg’l(Rd x [0,1]), the function t — Ag:(z)
is continuously differentiable and its derivative is Agy(x).

Proof. We prove (b) first. Observe that under our assumptions on (g¢) the partial
derivatives of order 1 and 2 w.r.t. x commute with the partial derivative w.r.t. t, hence
the claim readily follows from (5.11) and the dominated convergence theorem. It is even
simpler to check that ||Ag|[p4+21,0 < K||g]|p,2 for some K = K(p, f,n,) when g € C’g(]Rd).

It remains to prove (a) when N > 1, and this is proved by induction on N. For example
if N =1 and if we denote by 0y the derivative w.r.t. the kth coordinate of x, we have
OpAg = AOrg + A}, (by applying (b) and again the dominated convergence theorem, and
using H(/, 1)), where

d
o) = Voo ;z Okl (w)ef (2)")

Z@:UJ

+/F(dy) (Vy(z + f(2)y)0rf(z)y — Vg(x)Orf(x)T(y)).  (5.12)
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We have seen already that || Adkgl/p+21,0 < K||g]|p,n+2, and the same argument shows that
| A%9llp+20 < Kllg|lp,n+2 as well: hence the result for N = 1. We can obviously iterate
the procedure and get the result for N arbitrary; details are left to the reader. O

We denote by AF the kth iterate of A (and A° is the identity). A straightforward
iteration of the above result yields the

Lemma 5.5 Letl=0o0rl=1andp>0 and k > 1, and assume H(l,1\/(N + 2k — 2))
and F(p+ N + 2k — 2) for some N € IN.

a) There is a constant K = K(p, N, k, Np+ N42k—2) such that

g & CzéVHkURd) = 1A%l promn < K|gllp, N+

b) If (q1) € Czk’l(le x [0,1]), then the function t — AFg;(x) is continuously differen-
tiable and its derivative is AFg)(x).

Another very important property for us is the next one, well known in general but
perhaps not under these hypotheses:

Lemma 5.6 Letl=0orl=1 andp > 0.
a) Assume H(l,1) and F(2\/(p+ 21)). For any g € CZ(IR") we have

t
Pigla) = g(@) + [ P.Ag(w)ds. (5.13)
0
In particular, the map t — Pyg(x) is differentiable and

% Pg(z) = PLAg(x) = APg(x). (5.14)

b) Let N,N' > 0 and assume H(I,1\/(2N + N")) and F(2\/(p+21) V(p + 2N + N')).
If g € CPNF2N'(R?) we have

Pig(x) = ﬁv: P kgl + /t(t _ NP AN () ds (5.15)
! = k! (N)! Jo ° ' '

Proof. a) An application of Itd’s formula yields that the process
¢
My = g(X7) — g(@) = [ Ag(XT)ds

is a local martingale. Further Lemma 5.4 yields that Ag € C’I?+2l(Rd), hence sup, | M| <
K (14 |2[P + sup, | X7 [P+?) for some constant K, and this quantity is integrable by (5.3).
Hence M is a martingale, and taking expectations above yields (5.13). This gives that the
map ¢ — Pyg(x) is first continuous, and second differentiable with derivative P,Ag(x). For
any given s the function ¢’ = Psg is also in C’g (IR?) and the derivative of t — Py, sg(x) =
P,¢'(z) at t =0 is PsAg(z) and also Ag¢'(x) = APsg(x), so that (5.14) holds.
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b) Observe that (5.15) for N = 0 is indeed (5.13), and the proof for N arbitrary is by
induction. In fact, it is clearly enough to prove

t
/ (t — )N 1P AN g(2)ds = — AN i / SN P, AN () ds.
0

But this follows from (5.14) applied to ANg, which is in Cp+2lN(Rd) by Lemma 5.5. O

4) The generator of Y. All the previous results hold of course when d’ = d and f(x)
is equal to the identity matrix for all z: we then get X° = Y: so (P;) is the semigroup
of Y, and A is replaced by the generator B of Y which acts on C? functions h on R? as
follows:

Bh(z) = 41 Z a - 8yﬂ (z)c + / F(dy)(h(z +y) — h(z) — Vh(z)T(y)). (5.16)

In this case, observe that in Lemma 5.4-(a) we need only F(p): indeed H(0,N) is
trivially fulfilled for all N; and we have A} g = 0 in (5.12) so Oy Ag = Adkg, hence in order
to have Ag = Bg € C;(]Rd/) we need only F(p) and g € Cg(ﬂ?d/), and our claim follows

by a trivial induction. Therefore, with B* denoting the kth iterate of B, Lemma 5.5 reads
as follows:

Lemma 5.7 Let p >0 and k, N € IN with k > 1, and assume F(p).
a) There is a constant K = K(p, N, k,ny,) such that

he CéVJer(]Rd’) = ||B*hllpn < |hllp.nr2k-

b) If (h) € Cgk’l(le/ x [0,1]), then the function t — B¥h(y) is continuously differ-
entiable and its derivative is BFh}(y).

Similarly, Lemma 5.6 is true with F(2\/p) as the only assumption, and for all N
Therefore, using the previous lemma, we readily obtain:

Lemma 5.8 Under F(2\/p), for any k € IN there is a constant K = K(p,k,np) such
that if h € CH4(IRY), then

k
K
i+1
n (E(h(Yi)) - h(0)) - ?:0: z+1 = BYh(0) < g

p.2k+4- (5.17)

6 Some technical lemmas

6.1 Some consequences of the assumptions on (7

Let us associate with (7' its “normalized” distribution F},, and also the vector b, and the
matrix ¢,, as follows:

Fo(A)=nP((M € A),  by=Fu(r), & = Fp(rr). (6.1)
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By results in [7] (see Theorem VII-3-4), the convergence Y £ Y is equivalent to having

b, — b, ¢, — ¢, h bounded continuous null around 0 = F,(h) — F(h). (6.2)

We also introduce an operator B, acting on C' functions h on IR? as follows:
By (h) = Vh(0)b, + /Fn(dy)(h(y) — h(0) = VR(0)7(y)) = nE(h(¢T') — h(0)).  (6.3)

Let us also recall that CI’)"’(]Rd/) is the set of all functions in C’T'f (IR") which vanish at 0,
as well as their first and second derivatives. The next lemma shows in particular that
G({un},p) for any p > 2 and any sequence u,, — 0 implies (6.2).

Lemma 6.1 If u, is a sequence satisfying u, > % and if p > 2, then Assumption
G({un},p) is equivalent to each one of the following two properties:

(a) We have F(p) and there is a constant K such that

he CHRY) = |By(h) — Bh0)] < Kuy|hl|pa. (6.4)

(b) We have F(p) and there is a constant K such that (recall (2.14) for ¢):
|bn_b| < Kuy, ‘En_a < Kup,
he CHIRY) = |Fy(h) = F(h)| < Kup||h|pa.
Proof. First, we have
Br(0)=b,  Bn(7) =bn,
B(r7)(0) = ¢, B (17%) = ¢y,
4¢ mod’
he CJH(IRY) = Bh(0) = F(h), By (h) = F,(h).
Since the components of 7 and 77* belong to Cﬁ(ﬂ%d/) for all p > 0, we get (a) = (b).
Next, we can rewrite Bh(0) and By, (h) as follows:

BR(0) = Vh(0)b+ » Ed: Oh_ o) 3 4 F () (6.6)
N 2,52 Oy'oy) ’ '
1 & P
where
. 1 & 9%h N
h(y) = h(y) = h(0) = VA(0)7(y) — 5 > W(O)T ()7 (y). (6.7)
ig—1

Observe that there is a constant C such that ||[|,4 < C||h||p.4 and V?A(0) = 0 fori = 0, 1,2
(recall 7 is C*° with compact support and 7(y) =y for |y| small). Thus (b) = (a).

Third, (1.6) and (6.3) yield

Bu(h) = n (B(h(C7)) = h(0)) = ndy(h) +n (E(h(Yyy)) = h(0)) (6.8)
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Combining this with (5.17) for £ = 0 immediately yields the equivalence of G({uy},p)
with (a), since u, > 1/n. O

In the next corollary we use the notation (to be compared with (5.1)):

= sup (Ioal + [ Fuld)(wP Lty + P o1))- (6.9)

Corollary 6.2 Suppose that G({u,},p) holds for some sequence u, — 0 and some p > 2.
Then 1), < oc.

Proof. It is of course no restriction here to assume that u, > 1/n. Hence we have (6.5)
by the previous lemma. Since we can find a function h € C;,4(]Rd/) such that

[Pz + Py < 7@ + hy),
the result readily follows from (6.5) and F(p). O

We have seen that G({u,},p) gives us an estimate on the difference By, (h) — Bh(0).
Our other assumptions will give us expansions of By, (h) around Bh(0):

Lemma 6.3 (a) Under G’({un}, {u,},pV 2) for some p >0 we have a constant K such
that for all h € Cg(le/) (recall (2.5) for ¢):

|6(9)| + [B*1(0)] < K||h

Y } (6.10)
|Bu(h) = BR(0) = ung(h) = 25 B2h(0)| < K (u,V 3% ) [Ihllp:

(b) Under G”(N,pV\ 2) for some p > 0 and some N > 1 we have a constant K such
that for allk=0,...,N+1 and g € C’gk”(le/):

|B®(h)| < KI|hllp2x+2,
|Bu(h) = Sy oty BOM)| < 5 |[hllp ks,

where BU(h) = Bh(0) and B® (h) = B*h(0) + k! ¢p_1(h) for k > 2.

(6.11)

Proof. (a) The first inequality follows from combining (2.4) and (2.5) plus the fact that
ul, /un — 0, and from Lemma 5.7. The second inequality follows from combining (6.8)
with (2.5) and (5.17) for k = 1.

(b) The second inequality follows from combining (6.8) with (2.6) for £k —1 and (5.17
for k. For the first inequality, in view of Lemma 5.7 it suffices to prove that |¢x_1(h)|
K||h||pori2 for k > 2. We set @, = 6, — S0 —Lr ¢;. We know that [, x(h)]
K||hl|pok+2/n*tt and also @, k—1(h)| < K||h||pokr2/nF. Since ¢p—1 = nF(®p g1 — Py
the result is then obvious.

~—

o> IANIA

The operators B®*) and ¢ above are linear, and we need to check that they commute
with differentiation. This is obvious for B() by Lemma 5.7, but otherwise it needs a proof.
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Lemma 6.4 Letp >0 and k > 2 and (ht) € Cgk“’l(]Rd/ x [0,1]).

a) Under G’({un},{u,},p\ 2) and if k = 2, the function t — ¢(h}) is continuous and
is the derivative of t — ¢(hy).

(b) Under G” (k—1,p\/ 2) the functiont — B¥)(h}) is continuous and is the derivative
of t — B®)(hy).

Proof. We prove only (b), since for (a) the proof is similar (simpler in fact because we
do not need the induction step).

In view of Lemma 5.7, it is enough to prove the result with ¢;_; instead of B*), and
for this we use an induction: we suppose that the result holds for all &’ < k — 1. We
consider the operators ®,, ;, of the previous proof, with ®,, 1 = 0.

We have F(p) and (2.4), thus |Y; [P and |(]'|P are integrable. It follows from Lebesgue’s
theorem that t — d,(h}) is continuous and is the derivative of ¢ — 0,(ht). Then the
induction hypothesis yields that

t— @, ,_1(h}) is continuous, and
. (6.12)
Ppi—1(hiys) = Prp—1(he) = Jg Prp—1(hiy,)du =0
Next, (2.6) for k — 1 yields for all ¢, and for some constant K:
, K
|Pn i (he)| + [Pr i (h)] < oy (6.13)

Moreover, ¢j_1 = n*(®,, ;1 — @, ). Hence we first deduce from (6.13) and ¢ € [0, 1] that

|br-1(h) = Pr-1(hY)] < 0¥ | @1 (hy) = P (BY)] + %

If we use the first part of (6.12) and let first s — ¢ and next n — oo, we deduce that
¢r—1(h) — ér_1(h}) as s — t. Second, taking account of the second part of (6.12), we
see that

¢k—1(ht+s)—¢k—1(ht)—/()s¢k—1(h£+u)du =-—nF (q)n,k(ht+s) — &, 1 (hy) _/()S(I)n,k(h;+u)du) :

By (6.13), the right side above is smaller than a constant times 1/n. This being true for
all n, we get dr_1(hits) — dp—1(he) — [ dr—1(hj4,)du = 0: this finishes the proof. O

6.2 Proof of Proposition 2.9

In Case (a) we assume G({u,},p) and u, — 0; in Case (b) we assume (/}\’({un}, {u,},p)
with u, > 1/n and u,, — 0 and u}, /u, — 0; and in both cases we suppose p > 2.

1) Set

1 = sup <|b;! +|c| + /Fé(dy)(\y!21{|y\§1} + |y’p1{'y>1}>) '

Exactly as in Corollary 6.2 we see that in both cases we have 77;’ < 00. In the remainder
of the proof K denotes a constant which changes from line to line and depends on p and
np and 7, only.

25



We denote by B/, the generator of the Lévy process Y. Lemmas 5.7 and 5.8 and the

fact that Y, = Cf', hence By(h) = n (IE(h(Y{},)) = h(0)), yield for k = 0 and k = 1:

6 d’
heCS(RY) = |BLh

pa < Klhllp, (6.14)

K

B h(0)] <~ 1k

k
h c C;l"er‘(Rd/) = | Z p,4+2k - (615)

1:0

' nl
On the other hand, similar to (6.6), we have

(B! — B)h(z) = Vh, (0)(V), = b) + = L Z

«4'Lj

ayzay] & — &)+ (F), — F)(hy), (6.16)

where hy(y) = h(z + y) and h, is the transform of h, given by (6.7). Then, comparing
this with (6.6), and since h € C]],f(]Rd/) yields ||h|lpx < Cllh||pk for some constant C, we
immediately deduce from (6.16) with « = 0 that

he CHRY) = |BLh(0) — Bh(0)| < Kun|hpa (6.17)
in Case (a). In Case (b) we have the same, and also
heCS(RY) = |B,h0) — Bh(0) — uné(h)| < Kul||hl|pe. (6.18)

provided we have set (recall (2.16) for 8, o and ®)

1 & 9% . -
o(h) = Vh(0)5 + = ; 550y (0)o™ + ®(h).

2) In Case (a), the result is then a trivial consequence of (6.17) and (5.17) with k =0
and (6.15) with & = 0 as well, applied to the equality (6.8).

3) Now we assume that we are in Case (b). The assumptions of this case imply those
of Case (a), so (2) above yields G({uy},p) (recall that now u, > 1/n), so it remains to
prove (2.5) with u}, \/(uy/n) instead of u/,.

Let us consider (6.16) with some h € C’g(ﬂ%d/). Exactly as in Lemma 5.7, we can
differentiate up to 2 times in x, and any partial derivative of the left side is given by the
right side applied to the same partial derivatives of x + h; or x — h,, and h; belongs to
C’z’,4(]Rd,) and satisfies ||hz|[pa < (1 + |2|P)||h]|p,6. Then we deduce from (6.17) that

1By, = B)hllp2 < Kunl|hllp-

Next, Lemma 5.7 yields
|B(B,, — B)h(0)| < Kun|lh

On the other hand combining (6.14) and (6.17) gives us

p,6-

(B, — B)B,h(0)| < Kuy||hl|pe
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as well, and since B/? — B? = (B], — B)B,, + B(B,, — B) we finally get:

heCYRY) = |B2h(0) — B2h(0)| < Kuy|hllpe. (6.19)

At this point we can inject (5.17) for k = 1 and (6.15) for k£ = 1 as well into (6.8); in
view of (6.18) and (6.19) we obtain:

u oy,

)~ 22 o) < 1 (24 2 ) I

p,69

and since u, > 1/n the result readily follows.

6.3 Estimates for X™*

Next we turn to studying the solution X™* of Equation (2.2), with Y given by (2.1). We
first give a result similar to Lemma 5.1:

Lemma 6.5 For any adapted (matriz—valued) process H and any p > 2, and if ﬁg =
J lylPF,(dx), we have

E (sup

s<t

s p t
/0 Hy,(odYy )szfp (1bnl” + (35)7 + 33 / E(|H,, (5))ds.

Proof. It is enough to prove the result when ) < oo, and in the 1-dimensional case.
Then b, = b, + [(y—7(y))F(dy) exists and satisfies |b),| < |b,|+ K+/BY for a constant K

depending on the function A only, and Y;" = b%@ + M}, where M]* = Zy;q &' and £ =

¢'—IE(C]'). Asin Lemma 5.1, the result is obvious when Y;* = bg@, hence we can assume

Y™ = M". Note that M" is a martingale w.r.t. the filtration (F [/, )t>0. So we reproduce
the proof of Lemma 5.1 with Z, = Y. H2_,) & and a; = L S (| i1y ml?) <

15!
fg IE(|H,,(s)|P)ds, and we have to prove again that ]E(Zf/2) < K,((83)P/% + By )ar. With
T, as in Lemma 5.1, we get

[nt]
B2y ,) = E(Z«Zgw%@?)?)q(Zi;>q>1{nTm2i})

=1
. [nt]
= [ R E | C(Z + HL ) = () g,z |
i=1 " "

because the set {nTy, > i} = {nT,, >i— 1} is F(;_1)/, measurable. Then we finish as in
Lemma 5.1 again. O

As a consequence we get, using the notation (6.9), and similarly to (5.2):

2<p' <p = E(Sglg
S_

s P/ t ,
[ oty )smp,n;) [ B s 620
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At this point we can do for X™% exactly what we have done for X% in the previous
section. First, although X™% is not a Markov process, we introduce the analogue of its
semigroup by putting

Plg(x) = Elg(X;"")]. (6.21)
Observe that P'g(z) = Pz”/ng(:n) whenever ¢ < nt < ¢+ 1. Then the analogue of Proposi-

tion 5.2 reads as:

Proposition 6.6 a) Under H(1,1) and n’va < oo for some p > 0, we have for some
constant K = K(p, f, 77,2\/1)):

IE (supy | X$*P) < Kap(x), } (6.22)

geCHRY) = |Pgllpo < Kllgllpo-

b) Under H(1, N) and n;\Uvap < oo for somep > 0 and N > 1, we have for some
constant K = K (p,

fvn;\[_i_va)

g€ CY(RY) = |Pglpn < Kllgllp- (6.23)

Let us define the following operators A,, acting on C'!' functions:

Ang(z) = nlE(g(x+ f(x)¢T') — g(x))
= Vg(x)f(z)bn + /Fn(dy) (9(z + f(@)y) — g(x) = Vg(x)f(2)7(y)) . (6.24)

This operator obviously satisfies (by (2.2) and (6.24)):
1
Pig(x) = Pig(a) + — PiAng(2). (6.25)

So it plays the role of the generator for the process X™*. The proof of Lemma 5.4 holds
(“uniformly” in n) in that case as well, and we can state the

Lemma 6.7 Letl=0orl=1andp >0 and N € IN.
a) Under H(I,1\/ N) and WEPJFN)\/? < oo there is a constant K = K(p, N, f, 772
such that

p+N)\/2)
ge CYPHRY = |Anglpran < Kllgllp,n-2-

b) Under H(l,1) and 17]’0\/2 < o0, for any (g1) € C21(IR? x [0,1]) the function t

Angi(x) is continuously differentiable and its derivative is Apg,(x).
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6.4 Expansion of the generators

Observe that we can write A, in a different form. For any C? function g we put
Lag(y) = g(z + f(2)y). (6.26)
Then we have for n > 1 (recall (6.3)):
Ang(x) = By (Lyg). (6.27)

Note that we also have Ag(x) = BL,g(0) (see(5.11) and (5.16)). Then under G” (N, p),
and similarly to (6.27) it is natural to set for k=1,..., N + 1:

AWg(z) = B (Lyg), (6.28)
while under G'({u, }, {ul,},p) we set
Ug(z) = ¢(Lsg),  Vg(z) = B*Lyg(0). (6.29)
Since BN (g) = Bg(0), we see that
AN = A, (6.30)

Lemma 6.8 Let I =0 orl=1andp >0 and N € IN and k > 2. Assume H(I, N\/ 1)
and G”(k—1,(p+ N)V 2).

a) There is a constant K such that
g & C;];H%H(Bd) = HA(k)ng+2(k+l)l,N < KHQHp,N+2k+2-

b) If (g¢) € Czk“’l(Rd x [0,1]), then t — AW g, (z) is continuously differentiable and
its derivative is A®)gl(x).

Proof. We denote by Vi (resp. Vj) the rth iterate of the gradient w.r.t. z (resp. y).

Let g € CYT22(IR?). We clearly have for 0 <i+r < N + 2k +2 and r < N and some
constant K (which varies from line to line in this proof):

VeV Log ()| < Kapra(a) (L+ [yl gllp,nv-+2x+2-

Therefore

r=0,....N = |IViLegllprnarte < Kooy (@)l|gllp,vr2rr2- (6.31)

Then applying Lemma 6.4 r times, with ¢ replaced by the component of x w.r.t. which we
differentiate, we obtain that

Vi B¥(L,g) = B¥(V; L.g) (6.32)

as soon as r < N and G”(k —1,p+ N) holds. In view of (6.28), the properties (6.31) and
(6.32) and (6.11) imply (a).

If further g = g; depends on t € [0, 1] in a continuously differentiable way, we can add
a derivation w.r.t. ¢ above, and this derivation again commutes with B*) hence with
A®): 50 we have (b). O
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Remark 6.9 For the genuine Euler scheme A®)(g) = B¥L,g(0). Hence by Lemma
5.7 the above result holds with g € CYT2*(IR?) instead of g € C)VT?*+2(IR?), and then

||A(k)g||p+2kl,N < Kl|gllp,n-+2k- 0
The same proof, based on (a) of Lemmas 5.7 and 6.4, yields also the following:

Lemma 6.10 Let Il = 0 orl =1 and p > 0 and N € IN. Assume H(I, N\ 1) and
G'({un}, {un}, (0 + N)V2).
a) There is a constant K such that

ge CY(RY = Ugllpren < Klglpniss  1V9lprern < Kllgllp, v

b) If (g1) € CEHIRY x [0,1]), then t — Ug(x) and t — Vg(z) are continuously
differentiable and their derivatives are Ug,(x) and Vg,(x).

Lemma 6.11 Let =0 orl=1, andp >0, and N € IN, and assume H(l, N\ 1).
a) Under G({un}, (p+ N)V 2) there is a constant K such that

ge CIJ)V+4(1Rd) = ||Ang — Agllpran < Kun||gllp,N+a-

b) Under G’({un},{u),}, (p+ N)\2) there is a constant K such that
1 1
gE Cg];VJrG(fRd) = |[|Ang — Ag — unlg — m Vollpreiny < K (U%\/ ng) l9llp,n-+6-

c) Under G”(k —1,(p+ N)V\ 2) for some k > 2 there is a constant K such that

k

1 ) K
g€ C;];VHHZ(Bd) = [|Ang — Z ni—1 41 A(l)g”p+2l(k+1),N < nk ”9||p,N+2k+2-
i=1 :

Proof. a) Let g € CY +4(IRY). Since B,, and B commute with derivations we have (as in
(6.32)) for r =0,...,N:
Vi (Bn(Lzg) — BLyg(0)) = Bn(VyLyg) — BV Lyg(0).

We also have (6.31) with £ = 1, hence ||V,L,gllp+na < Kopia(2)||gllpnta for r =
0,...,N. Then the result readily follows from (6.4).

b) Let g € Cév+6(Rd). Exactly as above (and using Lemma 6.10) we get
. 1
vx <Bn(Lxg) - Bng(O) - Un¢(Lxg) - % BzLxg(O)>

1
= Ba(ViLeg) = BV Leg(0) = und(ViLag) — o B>V} L.g(0).

By (6.31) for k = 2, we have ||V, Lygllp+n6 < Kapre(x)]|gllpn+6 for =0,..., N. Hence
the result readily follows from (6.10).
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c) Let g € CNT2FH2(]RY). Using now Lemma 6.8, we get

k k
T 1 i 1 i T
Vi (Bn > B >> (Lag) = (Bn -2 B! >> (ViLzg)

1
=1 =1 nt i!

and also HVnggHHM%H S Kap+2l(k+1)(x)Hg p,N+2k+2 fOI’ T = O,...,N. Then the

result follows from (6.11). O

Now we define the operators which come in the definition of Fik) in the expansion
(2.11). We set, as soon as A*) is well defined:
1

= (AK) — AF). (6.33)

Dy,
Observe that D; = 0. By combining Lemmas 5.5 and 6.8, we readily get:

Lemma 6.12 Let =0 orl=1, andp >0, and N € IN, and assume H(l, N + 2k — 2)
and G” (k,p+ N + 2k — 2) for some k > 2.

a) There is a constant K such that

g€ C;];H%H(Bd) = ||Dkg||p+2(k+1)l,N < KHng,N-i-?k-&-?'

b) If (g¢) € CZ’”QJ(IRd x [0,1]), then t — Dygy is continuously differentiable and its
derivative is Dygj.

6.5 The operators U;, V; and Fﬁk)

At this point we can define the operators U, V; and ng) coming in (2.10) and (2.11).

First, U; and V; are defined as follows:

t t
Uig(z) :/0 PUP,_g(x)ds, Vig(x) :/0 Py(V — A?)P,_g(x)ds. (6.34)

For ng) we start by defining a sequence of numbers by induction on n:

n+1 d
do =1, dny1=— )

k=1

(;111; . (6.35)

Then ng) is defined by induction on ¢, starting with Fgo) = P, and setting for ¢ > 1:

M@ = Y (- ke

| q—k—r—u
k>1,u,r>0: k+ut+r<qg r 0 Js

t aq—k—r—u

(Fgu)ijLlPt,SATg(x)) ds

(6.36)
Of course one has to prove that this makes sense. For ¢ = 1, the previous equation takes
a simpler form:

t
TiVg(z) = /0 PsDyPy—sg(z) ds, (6.37)
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More generally, the right side of (6.36) involves the operators D(f fori=20,...,q—1, so

this formula is indeed an induction formula.

In order to give a precise meaning to the previous formulas, we need some prerequisites.
Let 7 > 1 and n,q > 2. We say that an operator Q... ,, acting on functions over R?,
where u; € [0,1] and m > 1, is “of type A4(n,)” if it is the composition (in an arbitrary
order) of the operators Py, ,, and j operators Dy, with 2 < k; < ¢, and j' times the
operator A, with j' + ki + ... + k;j = n.

Lemma 6.13 Let =0 orl=1, andp >0, and j > 1 and n,q > 2. Let Q.. u,, be an
operator of type Aq(n,j). Assume H(I,N) and G”(q, N + N \/p) for some N.

a) If N > 2n + 2j there is a constant K such that
geCY(RY = |Qui,umllpr2mnriyN-2n—2; < Kllgllp,n-

b) If N > 2n+2j+2, then (u1,...,un) — Qu,...u.9(x) is continuously differentiable,
and any one of the partial derivatives is the action over g and at point x of a linear
combination of operators of type Aq(n+1,j), containing exactly the same Dy’s as Qu, ... um
does.

Proof. Q.. u, is a product RsBsRs_1Bs_1 ... R1B1 Ry, where each Ry, is either P,, or
P,,—y, , or the identity, and each B; is either some Dy, (we then set k] = k; + 1), or A
(we then set k; = k[ = 1), with k1 + ...+ ks = n and 2 < k; < q if B; = Dj,. We write
Ti. = ByRk—1By—1 ... RiB1 Ry, and also r; = k| +...+k}. Observe that n+j = rs. Below,
the constant K will change from line to line.

Then apply repeatedly Lemmas 5.2-(b), 5.4-(a) and 6.12-(a): first, Ry sends C} (IR%)
continuously into C’Iﬁv (IR); then Ty = By R sends Cév (IR) continuously into C’é\j_alsz (IR%)
because N + N \/p>p+ (N —2r).

Suppose that T; sends CIJ,V (IR?) continuously into Czj)\;?:z “(RY). If i < s, then RyTy

sends C;])V (IR?) continuously into CIJ)\BIQ;Z (IR%) as well by (5.4), because 2\/(N — 2r; +

(N =2r))V(p+2r;)) <N+ NVp; and if i < s, then T;11 = B;+1R;T; sends C’I])V(Rd)

continuously into Cﬁg?gj (IR?) by Lemmas 6.12 or 5.4. Since Qu, _u, = RsTs and

n+j = ry, we finally get HQul7---7Umng+21(n+j),Nf2n72j < K||gllp,n-
For (b) we can apply repeatedly (5.14): with the notation above, only the operators
R; have to be differentiated w.r.t. some given u;. Assume that R; = Py, (resp.

= Py;,,—u;)- Then we differentiate R; applied to T;g, which is in Cﬁ;lz;" (IRY), so we
need F(p + 2lr; + 2[), which holds because 2r; + 2 = 2n + 25 < N, and the differential is
AR;T;g (resp. —AR;T;g), which belongs to Czj)\;% :gl(Rd); then we have to check that this
differentiation commutes with the action of RsBs ... B;y1: for this we use Lemmas 5.4-(b)
or 6.12-(b) and we need N > 2n + 2j + 2. Hence the partial derivative of Q.. u,.9(x)
w.r.t. u; is the sum, over all 7 such that R; is as above, of the same operator except that

we introduce an additional operator A or —A at the i'th place. O

In a similar way, but with the help of Lemma 6.10, we get:
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Lemma 6.14 Let Il = 0 orl =1, and p > 0, and N > 6. Let Qs; = PUP,_s or
Qst = Ps(V — A?)P,_s. Assume H(I, N) and G’({u,}, {u},}, N + N/ p) for some N.

a) We have a constant K such that
CN (IR <K
9€C (R = [Qsi9lprern-6 < Kllgllpn-

b) If N > 8, then s — Qs19(x) is continuously differentiable, and its derivative is the

action over g and at a point x of an operator which sends C’év(ﬂ%d) into CZJ)\_/F_S?(BCZ).

Lemma 6.15 Let N >6 andl =0 orl=1 and p > 0, and assume H(l, N).
a) Under G'({up},{u),}, N + N \/p) there is a constant K such that

g€ CéV(IRd) = |Uigllp+er,n—6 < Kt|g

pNs IVigllprern-6 < Ktllgllp,n-

b) Under G”(q, N + N \/p) for some ¢ > 1 and N > 6q the formula (6.36) defines an

operator ng) on C]]DV, and there is a constant K such that

ge CY(RY = T@|lps6108-6q < Ktl|gllpn-

Proof. (a) is obvious (because of the previous lemma), so we concentrate on (b). In
all the proof we assume H(l, N) and G”(¢ + 1, N + N/ p) with N > 6¢, and r ranges
through {2,...,¢+ 1}. Here again K changes from line to line.

1) An operator Ry, is said to be “of type B,(n,j)” if its action over g is a linear
combination of terms of the form

Um
0

t -1
/0 dul.../ At Quy,....um t,09(T) (6.38)

(when m = 0 this is just Ry = @), where each Qu, ...yt is of type A,(n',5’) for some

n’ < n and j' < j. Of course, the second argument v may be lacking, and then we just
write Ry.

If Ry, is of type By(n, j), the previous lemma readily gives, for any ¢ > 0:

N>m+2j g€ CYRY = |Resglpraignn-om—g < Ktlglon.  (6.39)

Next, if we formally differentiate the expression (6.38), say II; ,g(x), we get

) ' Ut Q)
Mg(e) = [ dun [ dun o Quivntas @)
0 0 v

)
0 t et 9
& Ht,vg($) = /0 duy .. /0 dum, & Qul,...,um,t,vg(-r)

t Um—1
+/O dug . . /0 dum, Qt,ug,.l.,um,t,vg(x)
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Therefore the second part of the previous lemma gives us for any operator R, of type
B,.(n, j):
N>2n+2j+2 geCV(RY) = (t,v) — Rypg(x) is continuously

differentiable, and its partial derivatives are the action over g (6.40)
and at point 2 of another operator of type B,(n + 1, j).

Two other trivial facts are as follows:

Ry, is of type By(n,j) = R; = [I Rsds is of type B,(n, 5). (6.41)
R; is of type B,(n,j) and Q. is of type A,(n/,j’) (6.42)
= RiQy is of type By(n+n',j+ 7). '
2) Now we prove by induction on m that
I’,gm) is of type By, 41(2m, m) (6.43)

for all m =1,...,q. Observe that this is true for m = 1, in an obvious way, by (6.37).

Let us assume that (6.43) holds for all m’ < m — 1, for some m between 2 and ¢. In
order to prove (6.43) for m, and in view of (6.36), it is enough to prove that for any & > 1
and ¢, w,r > 0 with ¢ + k£ + r + w = m, then the operator

t ai
Ry :/ - (Fgw)Dk+1Pt,sAr) ds is of type Bi,41(2m,m) (6.44)
o 08J

(recall that F&O) = P;). For w > 1 our induction hypothesis yields that FS”) is of type
Buw+1(2w, w), hence Fgw)DkHPt,SAT is of type Birvw (2w +k+ 7+ 1,w+ 1) by (6.42);
and the same is obviously true when w = 0. Therefore (6.40) applied repeatedly and
(6.41) imply that, provided N > 6w + 2k + 2r + 2i + 2, then Ry is of type Biigvw (2w +
k+r+i+1,w+1). Since the maxima of w (resp. 2w+ k+r+i+1=m+w+ 1, resp.
6w + 2k + 2r 4 2i + 2) over our possible choices of (w, k,,7) are achieved simultaneously
and are equal to m — 1 (resp. 2m, resp. 6m — 2), and since k\/ w < m, we deduce from
N > 6m — 2 that indeed (6.44) holds: hence we get (6.43) whenever m < gq.

At this stage, (6.43) with m = ¢ and (6.39) gives the result. O

7 Proof of Theorem 2.1

Letusset forn>1and j=1,...,nand i =0,...,J:

and also fori=1,...,5:

Yryij9(x) = Bnyijg(x) — Pnii-1,9(x).
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Observe that:

[n1]

An,tg(x) = ﬂn,[nt],[nt]g( ) B ,[nt], Og Z Tn i, [nt]g (71)

Below, we assume H((,4) for [ =0 or [ = 1, and also G({u,},4+4V p) for some p > 0
and for some sequence (u,) decreasing to 0. By Corollary 6.2 we have 77;: +a\/p < o00. We

also take g € C;(]Rd). In view of (5.15) for N = 0 and of (6.25), a simple computation
shows that

1/n

1 n n
’Yn,i,jg(l’) = E P(i_l)/nAnP(j,i)/ng(:c) — ) P(i_1)/nP5AP(j,i)/ng(:c)ds. (72)

Proposition 5.2 and Lemma 6.11 for N = 0 and N’ = 1 and (6.30) yield that [[(A, —
A)P,g||lpt2,0 < K||g|lpa for all t and some constant K. Hence if

1 n 1/n "
M,i9(%) = - Pl AP i) /n9(@) = A Pl_1y jn PsAPG iy ng(x)ds
1/n
= ), Fanml = P)ARG_ymg(x)ds, (7.3)

where I denotes the identity operator, then by virtue of (6.23) and (7.1), we clearly have

Ay, tg Z Vn,z, nt]9

< Ktup apio()]|glpa- (7.4)

Next we apply (5.15) for N = 0 again and to the function ¢’ = AP;_;)/,g, which
satisfies [|¢'[|p+22 < K||gllpa by Proposition 5.2 and Lemma 5.4, to get that ||Psg’ —
9 lp+41,0 < K||g|lp,a (uniformly in ¢ and j). Using also (6.23), we readily deduce that

K
9@ < 5 apra(@)lglpa,

and the estimate (2.8) thus follows from (7.4).

8 Proof of Theorem 2.2

Let us start with a lemma, which will also be used in the next section, and which shows
in particular how the constants d,, of (6.35) come into the picture through expansions of
some integrals. This lemma is a simple variation on Taylor’s formula.

Lemma 8.1 Let M € IN, and h be an M + 1 times differentiable function over [0,1],
whose derivatives of order 0,1,..., M + 1 are all bounded by a constant p. Then we have
for all t € [0,1]:

[nt] M

() 5 [

r=0

2Mtp
= pM+1

(8.1)
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Proof. Forall [ =0,..., M we set

[nt]

1 i—1 [nt]/n
B Z 0 — (0
An,l " 2 h ( o > s Bn,l A h (S)ds.

Clearly,
0<I<M = |Anl <tp, |Bnal <tp. (8.2)

Recalling ¢,,(s) in (2.2), we observe that

M-l 1

A , p
W) = 32 5 B o) (s ~ wn<s>>1‘ S T T
1=
Then we get
M-l
1 tp
B, = ; m Apyi +eni M, leng,m| < P T (M =11 1)1
and this can be “inverted” to give
M-l 1
An,l = Bn,l - Z:ZI m An,l+i —Enl,M- (8-3)

Now, we define d, by (6.35), and we consider the relations for [ =0,..., M:

M-I
d; 2(M — I)tp
Ani= 2 — Bt enann el € =S (8.4)
=0

By (8.3) this relation holds if [ = M (recall dy = 1), with €], ;; \; = —€pam. Assume
that it holds for all I = L +1,L 4+ 2,..., M for some L. Then (8.3) yields

M—L 1 e v M—i—L d
n,a+L, r
An,L = Bn,L - Z < - + Z W Bn,i+L+r> — &n,L,M

= (i41)! nt =
M-L 4 iog.
_ , j—i /
= Bn,L - 2_: 5 Bn,L+]Z (Z—|— 1)' +€n,L,M’
]—1 =1
where €], ;1 \y = —€nLm — sz-‘ifL m €nivr.a- Then both properties in (8.4) are
satisfied for | = L (use (6.35)). Finally, (8.1) reduces to (8.4) applied with [ = 0. O

Now we assume H(/,10) and G'({uy},{u),},10+ 10V p) for some p > 0. Recall that

up and ul,/u, go to 0. Take a function g € C’;O(]Rd). For simplicity we also write

1
n2"

We still have (7.1) and (7.2). By Proposition 5.2 and Lemma 6.11-(b) we have for some
constant K (which below will change from to line) that ||(A, — A—u U — 5= V) Pig|lpre1,0 <
Ku'l|g|lp,10- Hence, if instead of (7.3) we set

n o_ ./ 2
un_un\/un

1/n " 1
’Y;m',j g(x) = 0 P(i—l)/n <(I — Ps) A+ upd + m V) P(jfi)/ng(x)d&
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by virtue of (6.23) and (7.1), we get

"

Ku
1 9(@) = Vs g 9(@)] € = aprar(@)gllpao. (8.5)

Next we apply (5.15) with N' = 0 and N = 1, and Lemma 5.5-(b) with & = 2 and
N = 0, to the function AP(j—i)/n.g> which satisfies ||AP(j—i)/n.ng+2l,4 < KHng,lO (by
Proposition 5.2 and Lemma 5.4), to get that ||[(Ps — I — sA) AP /mgllpre10 < K|lgllp,10-
Using also (6.23), we readily deduce that if

" 1
’%{,i,j g(xr) = 0 P(i—l)/n (Unu + mn V- 5A2> P(jfi)/ng(x)ds

then K
V0,5,0209 (%) = Vo (a9 (@) < —5 @it (@)lgllp,10. (8.6)

Next we apply (5.15) again with N = 0, and Lemma 5.5-(b) with k£ = 1, to get that
I1Pj—i)/ng — Pli—it1)mllpraie < %Hng,w. Since by Lemmas 5.5 and 6.8 the operators U
and V — A? send Cﬁ+2l(ﬂ% ) continuously into C +8l(Rd), and by (6.23), we obtain

"

Y — A2 "
ptsi(2)lg

1 n
71/1/,1',]' g(w) — " P(i—l)/n (“nu + m ) P(jfiJrl)/ng(w)

<

p10- (8.7)

Next we observe once more that the ||.||,44;,4 norms of the functions U Pyg and (V —
A?)Psg are smaller than K||g||,10: we can apply Theorem 2.1 to these functions and, since
u2 and 1/n? are smaller than v/, we get

Y — A2 Y — A2
’ (] (unu + o )Pj:‘jrl g(x) — P% (unu-i- o )Pjiﬂ g(x)

n

< Kupapig()||gllp,10-

Then putting this together with (7.1), (8.5), (8.6) and (8.7) gives us, with the notation
Grit(8) = PUP,—sg(x) and Hy(s) = Ps(V — A2)P_sg(7):

[nt] [nt]

1 , — 1
Ap gl ZG nf]/n () 53 . Z zi[ntl/n ()

< tKupogpys1() |9l p,10-

(8.8)

It remains to observe that the two functions Gy and Hgy (on the interval [0,t])
satisfy the assumptions of Lemma 8.1 with M = 0 and for some constant p, by virtue
of Lemma 6.14—(b). Then with the notation (6.34) we readily deduce (2.10) from the
previous inequality and the fact that w,/n < u.
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9 Proof of Theorem 2.3

The proof of this theorem is similar to the proof of the previous one, except that here we
need an induction on N, after observing that the result for N = 0 is nothing else than
Theorem 2.1.

So below we assume that N > 1 and that H(I,6 N +4) and G(N,6N +4+4 (6N +4)\/ p)
hold, and we take g € CgN+4(le). We also assume that the expansion (2.11) with a
remainder satisfying (2.13) holds for all integers from 0 up to N —1. The claims concerning

the operators ng) are in Lemma 6.15, so we concentrate on the expansion.

We still have (7.1) and (7.2). By Proposition 5.2 and Lemma 6.11-(b), and since
3+ N < 6N + 4, we have

N+1 1 . K
H(An - Z v A®) Py < N 9llp.6n-+a
k=1 '

p+21(N+2),0

for all ¢, for some constant K (which again changes from line to line). Hence, recalling
that AM) = A, and if instead of (7.3) we set

1/n N+1 1
7’:171‘,3' g(:r:) = 0 P(Zlfl)/n ((I - Ps)A + Z nk—1 A(k)> P(j—i)/ng(x)dsa
k=2 !

by virtue of (6.23) and (7.1), we get

K
’%,i,[nt]g(ff) - 7;,1,[nt]9(1‘)‘ < N3 Op2(N+2) (@) lglp.6n5-+4- (9.1)

Next we apply (5.15) with N’ = 0, to the function AP(;_;/,g: taking advantage of
Proposition 5.2 and Lemma 5.4), we get that

o1 £ 1)

Using also (6.23) and the notation Dy of (6.33), we readily deduce that if

< Ks"g
p+2I(N+2),0

p,6N+4-

" L/n o (k) _ o sE
Vn,ij9(x) = ; P@_l)/n<ZMA Zk,A >P(ji)/ng(90)d8

1 al 1
= = Pi-y/m <Z F Dk+1> Bj-iy/m9(@),
k=1

then

K
|’Y7/z,i,[nt]g(33) - ’Y;z/,i,[nt}g(gc)‘ < N2 Cr2(N+2) (@)[lgllp,on-+a- (9.2)

We easily deduce from (5.15) that, under the same assumptions than in Lemma 5.6—(b),
we have

g(z) = Z(_l)kg P ARg(z) — (]\1[)' /Ot(2t — s)NANTLP g(2)ds. (9.3)
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(For checking this, we use P;A* = A* P, and we can replace P,g in the kth summand above
by the right side of (5.15) written for N — k instead of N and then compute the right side
of (6.21); a repeated use of the binomial formula gives us that this right side equals g(x)).

Coming back to our problem, we deduce from (9.3) that the function ¢, n_p = g —
iV:_Ok(—l) nT w751 PipnATg, for any k < N, satisfies

K
HT/}n,N*k”p+2l(N7k+1),4N+2k+2 < N—k+1T ‘|9Hp,6N+47

and so does the function ¢; j, N—x = P(j,i)/nl/JmN_k. Hence

K
”P(Tz?—l)/nDkJrl(ﬁi,j,n,N*k”p+2l(N+2),4N72 < nN—k+1 Hng,6N+4

by Lemmas 6.6 and 6.12, and if

3

| NON- 1y

n

Vg 9(2 *Z Z kTl (1 1)/ D1 i+1)/mA g(2)
k=1

we get
K
|7Z,i,[nt]g(~’f) - ngi,[nt}g(l‘” < aN+2 Yp2A(N+2) (@)llg]

p,6N+4- (9.4)

Now we apply the induction hypothesis. Observe that if £ +r < N the function
g' = Dy 1 P A g satisfies [|g'[|po1(ktr+1),6N—2k—2r < K|lgllp6n+4 by Lemma 6.12. So our
assumptions and the fact that 6(N —k —1r)+4 < 6N — 2k — 2r (remember that k+r > 1)
allow us to apply the expansion (2.11) to this function at the order N — k —r, which gives

N—k—r 1
|< 7 — Piy — Z — F(u) > Dy11Pj—it1 A"g(x)

u
u=1 n

K
S N TRorrT pr2RN+3—k—T) (@)19llp,6n+4-

Henceforth, if we set I‘go) = P; and
gl (o) = L") Dj1 Pyins ATg(x)

forl1<k<NandO0<r<N-kand0<u<N—k—r, then

—k N—r—k
. - K
Vrni nt)9 T Z Z 2 nk+r+u T g9 (x)| < 7 a4 (@) 9llp.ona-
k=1 r=0 wu=0
(9.5)

In other words, if we fix ¢ and introduce the functions

gz’;k‘,r,u,t(s) = F((gu)Dk-i—lPtfsArg(x)a
by putting together (7.1), (9.1), (9.2), (9.4) and (9.5), we obtain

N NENrokqyrq [ i—1
ntg Z_:Z: Z: k+T+U7~l Zg:(;krut< )

Kt
< x1 Gt (@)lglpen+a. (9:6)
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Now, by (6.43) ga:krut(s) is the action over g and at point x of an operator of type
Bituwir(2u+k+7r+1,u+1). Hence (6.40) applied repeatedly and the fact that 6 N +4 >
2Qu+k+r+1)+2(u+1)+2(N—k—r—u) for all u, k,r with k > 1land k+r+u <N
show that the function g,.1 ¢ is differentiable up to order N — k —r — u + 1, with all
partial derivatives up to that order being bounded by Koy, 4 (n+1)(2)|9llpen+a- Then
Lemma 8.1 applied to M = N — k — r — u gives:

[m]

i—1 Nk:rud [nt]/n )
ngkrut( >_ / :ckrut )d

Injecting this into (9.6) gives

Kap+4l(N+1 (v)
— nN-i-l k—r—u Hg

p,6N+4-

N N-k N-r—k

N—k—r—u
(_1)7’dv 1 lntl/n v
Ang(x Z Z Z Z a1 ;/0 95 e ()

Kt
< nN+L apra(n+1) (@) 9lp6n+a-

At this point, it suffices to use the definition (6.36) of Fiq) and to reorder the sums above:
we readily get (2.11) and (2.13), and we are done.

Remark 9.1 We can compute “explicitly” the operators ng), although this becomes
incredibly tedious when k grows. For example, in the 1-dimensional case (r = d = 1), and

using (6.37) and the fact that

(1) 1t
Iy g(x) = 5/0 P.DsP;_sg(x)ds,

where II is the following operator:
_ 2 / / bc "2 pl ! 2 ol
Dagla) = V(¢ 1)) = 5 (49" P21 + 4 121" (@)
c? " g3 pr 1 ¢3 el g2 o2
~= (2077 + 9" PP 1+ 9 ()

—; o) [ Fldy) (9@ + f@))y = g (@)7(0)

—@/de @+ F@)) (fa+ f@)y) = f@) =9 @ @) @7 (v)
—c 2@)f' (@) [ Fldy) (¢" (@ + @)y - 9" ()r(w)

—gﬂ I /de @+ @)y = g/ @) (y)

—fﬂ /de”x+ﬂ>>

/de/fww (96 + F@/ + S+ H@)) = gl + f@)y + [ @)
—g'(x + f(2)y")(f(x + f(2)y) — f(z))7(y)
— (g @+ F@wy - ¢ @)7(©) f@)f (@)r@)).
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If we are in the compound Poisson case (i.e. ¢ = 0 and F(IR) < oo and b =
J7(y)F(dy)), we see that DyPsg = Hsg where Hy is defined by (4.2), as it should be.

On the other hand, as soon as b # [ 7(y)F(dy), and even if F(IR) < oo, then Dag is
well defined only under F(1), and we even need F(2) if further ¢ # 0. So, although this is
no true proof, it seems quite unlikely that Theorems 2.2 and 2.3 stay true when we drop

all integrability assumption on the jumps of Y, even when ¢ is bounded. O
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