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Q1: (33pts)

Find a recurrence for the number of sequences in {a, b}" that do not contain
aaaa as a subsequence.

DO NOT SOLVE THE RECURRENCE.

Solution: Let B, be the set of sequences in question. Let BY x = a,b be
the sequences in B,, that begin with . Then

|Bal = |BY| +|BP| = | BY| + |Bo-a.
|BY| = B + B = |BI)| + | B, ).
’B;aa) _ ’Bgaaa)’ + ’Bgaab)‘ _ ]Bffaa)’ + ’ang‘-
|B£laaa)‘ _ ’Bgaaab), = |By_4|.

So, the recurrence for b, = | B,| is that

bn = bnfl + bn72 + bn73 + bn74-



Q2: (33pts)
The sequence ag, ay, ..., ay,, ... satisfies the following: ag = 0,a; = 1 and

ay, — 4a, 1 + 4a, o = 272
for n > 2.
(a): Find the generating function a(z) = Y7, a,z™.

(b): Find an expression for a,, n > 0.

Solution: Multiplying the equation by z" and summing over n > 2 we
obtain

) z? T z?
(a(x) — x) — dza(z) + 4x*a(z) = T o, O a(z) = 1= 20)° + =2
Now
T = x? Z n(n—1)

— = on=1,.n d — = gn=2,.n

(1—2z)2 ;” A o)y nz:; 2 v
So )

a, = n2n71 + n(n )27172



Q3: (34pts)
How many ways are there of putting 3n distinguishable balls {b1, bo, . .., b3, }
into n boxes {Bj1, By, ..., B,} so that there does not exist i such that B;
contains {b3(i—1)+17 bg(i_l)_,_g, bgz}?
Solution: Let A; be those allocations where B; contains {bs(—1)41, b3i—1)+2, b3} -
Then if |S| = s,

(3(n —s))!

6n—s

Explanation: every allocation of the balls yields 6" permutations of the 3n
balls and so there are (3n)!/6™ ways of allocating balls to boxes.

Thus, the number of possible seatings is

Sy (n) 30— )

|As| =



