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1 Standard basis of M,,(R)

1. The product formula yields

n

Engkl Z zg rq Ekl

If r # 4, then in each term of this sum the first factor is zero, so the sum is zero.
If s # [, the same happens with the second factor.

2. So the only possibly non-zero entry of F;;E}; is

n

(EijEr)it = Y _(Eij)ig(Er)q
=1

But each term of this sum is zero except when ¢ = j = k. So if j # k, this entry
is 0 as well and if j = k, there is only one non-zero term in this sum which is
1 x 1=1. So in the end,

(EijEr)a = 0

3. In the end we can conclude that the matrix F;;Ej; has only one possible non-zero
entry at index (4,[) and that it is 1 iff j = k and 0 otherwise. That is exactly :

EijErx = 05 Ly

2 The inverse of an elementary matrix

We assume that ¢ # j, otherwise C is just I,, and B is just the same as A with \ replaced
by A+ 1. We also assume X # 0 otherwise A is not invertible.

1.

n
C=1I,-FE;—Ejj+E;+Ej= Y. Buw | +Eij+Ej
k=1 ko bk



2. A corresponds to R; <~ AR;. B corresponds to R; <— R; + AR;. C corresponds to
Ri — Rj.

3. In the light of elementary row operations and their reverse operations, I propose
A =L+ (1A= 1)E,
Indeed, observe that
AA = (I, + (N = 1)Ey)(In + (1/X\ — 1) Ey)
= I+ (1/A=1DE; + (A= 1)Eu + (A= 1)(1/X = 1)E;i By

= I+ 1/AEji + AEii — 2B + By — AE; — 1/AEy; + Ey
—1,

since E;;F;; = E;; by the formula proved in Exercise 1. Since AA" = I,,, A’ is the
inverse of A.

4. Again, in the light of elementary operations I propose B’ = I, — AE;; and C' = C.
Indeed,
= I, — \Ej; + \E;j; — N’ E;E;;
-1,

since F;;E;; = 0 by the formula proved in Exercise 1, since @ # j.

n n
CC = > Ew|+Eij+Ej > Ew|+Eij+Ej
k=11, k] k=11, k]

Since k # i and k # j in the sums, there is no cross terms between the terms in the
sum and the two other terms. Moreover since i # j just like above, Efj = EJQl = 0.
So the only terms left are

n
cC = > Euw |+ EijEj + EjiEj
k=1, ki

n

= Z Eyi | + By + Ejj
k=1,k#i,k#j

=1I,.



