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Summary. Let M(X) be the family of all equivalent local martingale measures
QO for some locally bounded J-dimensional process X, and ¥ be a positive
process. The main result of the paper (Theorem 2.1) states that the process ¥
is a supermartingale whatever Q € M(X), if and only if this process admits
the following decomposition:

t
Vi=Vo+ [HydX,—C, (20,
0

where H is an integrand for X, and C is an adapted increasing process.
We call such a representation optional because, in contrast to the Doob~Meyer
decomposition, it generally exists only with an adapted (optional) process C.

We apply this decomposition to the problem of hedging European and
American style contingent claims in the setting of incomplete security markets.

Mathematics Subject Classification (1991). 60G07, 60G44, 60H05, 90A09

1 Introduction

The famous Doob—Meyer decomposition states that each positive supermartin-
gale V = (V;);20 defined on a filtered probability space (Q, #,F = (%;),;20,P)
has the following representation:

(1.1) V=M-4,

where M = (M;);z0 is a local martingale, My =V, and 4 = (4,);0 is
an increasing process. Moreover, there exists a decomposition involving a
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predictable process A, with Eq.(1.1) being the unique representation in
this case.

Now let Q ={Q} be a family of equivalent probability measures on
(Q, #,F), and let V be a positive supermartingale with respect to each measure
0 € Q. We are interested in the decomposition of the form (1.1), with M being
a Q-local martingale for all Q € Q. Even simple examples show that we can
generally hope to obtain such a representation only with an adapted (optional)
increasing process 4. With this notation and following El Karoui and Quenez
[7], this decomposition will be referred to as an optional decomposition of the
positive supermartingale ¥ with respect to the family of measures Q.

Note that, in general, such an optional decomposition does not exist. As
an example we take Q to be the family of all equivalent supermartingale
measures for the process X; = n, — ¢, t = 0. Here = is a Poisson process un-
der the reference probability measure P. We assume that the filtration F is
generated by this Poisson process: F = F". Then one can show that a local
martingale with respect to all O € Q is a constant. Therefore the process X
which is a Q-supermartingale for all Q € Q cannot be represented as a differ-
ence between a local martingale with respect to all @ € Q and an increasing
process.

The main result of the paper (Theorem 2.1) states that the optional decom-
position exists provided that Q is the family of all equivalent local martingale
measures for some locally bounded d-dimensional process X. More exactly, in
this case process V' which is a positive supermartingale with respect to each
measure O € Q, admits the representation as follows:

I/t:1704_([{.)()[—6‘[’ téo,

where H is an integrand for X, (H e X), = fot H; dX; 1s the stochastic integral
of H with respect to X, and C is an adapted increasing process.

In finance such a decomposition leads to a convenient supermartingale
characterization of wealth and consumption portfolios. We apply this charac-
terization to the problem of hedging European and American style contingent
claims in the setting of incomplete security markets. This enables us to describe
the capital evolution for the corresponding minimal hedging portfolios. The
results obtained extend the solutions derived in El Karoui and Quenez [7] for
the case when X is the solution of a stochastic differential equation governed by
Brownian motion. In addition, they can be considered as a “dynamic” version
of Theorem 5.7 in Delbaen and Schachermayer [4]. This theorem implies the
existence of a hedging portfolio with initial wealth equal to the upper bound
for arbitrage-free option prices at time ¢ = 0. On the contrary, Theorems 3.2
and 3.3 below imply the existence of such a hedging portfolio whose capital at
each time instant t is equal to the upper bound of arbitrage-free option prices
at that time.

The proofs in El Karoui and Quenez [7] are mainly based on Gir-
sanov’s transformation of probability measures. Apparently this approach
cannot be extended to the general setting under consideration. Instead, we apply
the arguments based on the Hahn-Banach theorem. The main source
for the results presented here was an important paper by Delbaen and Schacher-
mayer [4].
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2 Main results

Let (2, %,F = (#)=0,P) be a filtered probability space which satisfies the
conventional conditions of general theory of stochastic processes, i.e., the fil-
tration F is right-continuous (%; = &, ) and the g-field %, contains all null
sets from . For simplicity hereinafter the initial o-field %, is assumed
to be the trivial one, i.e., it contains only sets with the measure zero or
one.

On this filtered probability space, we consider an RCLL (right-continuous
with left limits) d-dimensional random process X = (X?);<4. We assume that
X is a locally bounded process, i.e., there is a sequence of stopping times
(Tw)nz1 on (£2,%,F) such that the variables 7, almost surely converge to oo
as n tends to oo, and |[X/| S nfort <t,and 1 <7< d.

A probability measure Q is called a local martingale measure, if it is
equivalent to P and the process X is a (-local martingale. By M{(X) we
denote the set of all local martingale measures for process X. We assume that
M(X) is not empty. Since all further concepts are invariant with respect to
equivalent changes of measure, hereafter we assume that P € M(X).

The main result of the paper is the following theorem.

Theorem 2.1 (Optional decomposition) Let V' = (V;),z0 be a positive process.
Then V is a supermartingale for each measure Q € M(X) if and only if there
exist an X-integrable predictable process H = (H')1<i<a and an adapted in-
creasing process C such that

(2.1) Vi=Ve+(HeX) -C, 120,

where (H o X); = fot H; dX; is the stochastic integral of H with respect to X.

Since the process 4 e X mentioned above is uniformly bounded below, it is
a local martingale with respect to all measures Q € M(X), see Emery [8] and
Ansel and Stricker [1]. Therefore, Eq. (2.1) is indeed an optional decomposition
of ¥V with respect to the family M(X). The proof of Theorem 2.1 is given
in Sect. 5.

Theorem 2.1 generalizes the following result obtained by Jacka [10] and
Ansel and Stricker [1].

Theorem 2.2 (Jacka, Ansel and Stricker) Let M = (M,);20 be a positive pro-
cess. Then M is a local martingale for each measure Q € M(X) if and only
if there exists an X-integrable predictable process H = (H') <;<q such that

Mt:M0+(H.X)t7 120

We now consider the question of uniqueness for the decomposition (2.1).

We denote by X°¢ the continuous martingale part of X with respect to
P, {X¢X°) means the quadratic variation of X°, [X,X] corresponds to the
quadratic variation of X, and [)2\1\7 ] designates the compensator of [X, X] with
respect to P. For simplicity of notation we formulate the result for the case
d=1
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Lemma 2.1 Assume that there is a positive predictable process h = (h{(w))i=0
such that

X X1(@) = [ hy(@)d(X, X )s(w)
0

almost surely. Then the processes H ¢ X and C in the decomposition (2.1)
are uniquely defined.

Proof. Let H and G be predictable X-integrable processes, and 4 and B be

adapted RCLL processes of bounded variation such that
HeX+A=GeX+B:=V.

We must show that H ¢ X = G ¢ X or, equivalently,

(2.2) HI{|JH S N} e X =GI{|G| £ N}eX,

for any N = 1.
Because the continuous martingale part of ¥ equals

Ve=HeX°=GeoX°,
we deduce that -
[ (Hy— Gs)*d{X*,X°) =0.
0

Then the condition of the lemma implies:
o o —
[ (H; = G)*dlX. X]=0,
0

and Eq.(2.2) follows from the Doob inequality for locally square integrable
martingales. [

Note 2.1. The condition of the lemma is invariant with respect to an equivalent
change of measure P.

Finally, we state the result that links the “optional” decomposition with the
“predictable” decomposition of Doob and Meyer.

Let ¥ be a bounded below Q-supermartingale for all O € M(X'). We denote
by 4 the set of predictable increasing RCLL processes B, such that By =0
and V + B is a Q-supermartingale for all 0 € M(X). We introduce an order-
ing < on # indicating that A is less than B (4 < B) if B — 4 is an increasing
process.

Lemma 2.2 The maximal element B in the ordered set & exists and is
unique.

Proof. We start with an intermediate claim.

Claim. Let A and B be the elements of B. Then there exists C € & such that
C — A and C — B are increasing processes.

Hahn’s decomposition for increasing predictable processes (see [12, Chap. I,
Proposition 3.13]) implies the existence of a predictable process 4 with values
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in {—1,1} such that

t t

f |dAs — dBs| = fhs(dAs —dB;), t=z0.
0 0

Denote

¢ t
C, = % (f(1+hs)dAS+f(1 *hs)st>, t20.
0 0

Then the processes C — 4 and C — B are increasing processes. Moreover, be-
cause

V+C= % (f(1+hs)d(Vs+As)+f(1—hs)d(VerBs)), t=0
0 0

and the processes V' 4+ 4 and ¥V + B are supermartingales with respect to all
0 € M(X), we deduce that V' + C is a supermartingale with respect to all
Q € M(X) and, therefore, C € #. The claim is proved.

Now let b = suppc3EBo and (B"),>; be a sequence in % such that the
expectations EB?  tend to b as n tends to co. Using the claim, we can construct
this sequence so as to make the processes B"! — B" increasing for any n > 1.
Then the sequence (B"),>; converges to a process Bin [0, 40¢] uniformly. It

can be easily seen that Be 4. Finally, the claim above and the fact

EBoo = b = sup EBoy
Be#

imply that B is the unique maximal element in 4. [

Note 2.2. When M(X) is a singleton, the process Bis exactly the process that
appears in the Doob-Meyer decomposition.

3 Applications in finance

]. In finance the process X = (X’);<4 is interpreted as a discounted price
process of d assets in a security market. As above, we assume that X is
a locally bounded RCLL process and that the set M(X) of local martingale
measures for X is not empty. This corresponds to the absence of arbitrage
opportunities on the security market, see the recent paper by Delbaen and
Schachermayer [4] for precise statement.

We are reminded that a wealth and consumption portfolio can be
described as a triple II = (v, H, C), where v is the initial wealth of the portfolio,
H = (H");<q is a predictable X-integrable process of numbers of assets, and
C = (Cy)iz0 1s an adapted increasing right-continuous process of consumption.
A capital process V = (V;);z0 of portfolio II equals

t
@3.1) Vi=v+ [HdX,—C, t20.
0

This equation has a clear economic interpretation: changes in portfolio wealth
are caused by changes in asset prices and by consumption. In particular,
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when C =0, Eq. (3.1) means that the portfolio II is developing in a self-
financing way. Portfolio IT is called an admissible strategy if V, = 0, ¢ = 0.
Theorems 2.1 and 2.2 immediately lead to the following important characteri-
zation of admissible portfolios.

Theorem 3.1 Let (Vi),z0 be a positive process. Then

(i) V is the capital of a self-financing portfolio if and only if V is a local
martingale with respect to all 0 € M(X).

(i1) V is the capital of a wealth and consumption portfolio if and only if V
is a supermartingale with respect to all QO € M(X).

2. Let now f be a positive random variable on (€2, %). We interpret f as
the value of a contingent claim or as the payment of a European option with
maturity at time I’ = co. An admissible strategy II with wealth V' is called
the hedging portfolio for f if Vi, = f. Moreover, a hedging portfolio fl with
wealth ¥ is called the minimal hedge for f if v, < V; almost surely, for any
t = 0 and hedging strategy II with wealth V.

The supermartingale property of wealth V' of hedging strategy II implies
that

(32)  Vizess sup EglVeo|Fl 2 ess sup Eolf|F] t20.
oeM(X) QeEM(X)

The following theorem states that the lower bound in (3.2) is achieved and
is equal to the wealth of the minimal hedge. For continuous price processes
this result was proved in the paper by El Karoui and Quenez [7].

Theorem 3.2 Let f be a positive random variable such that Supyemx)
Ep f<oco. Then the minimal hedging strategy M= (5,}?,6 ) exists and its
wealth V equals

V,=7+(HeX),—C,=ess sup Eo[f|Z]).

QeM(X)
Proof. The proof follows from Theorem 3.1 above and from the fact that the
process (ess suppenx) Eol f | #:1)iz0 is a supermartingale for all Q0 € M(X),
see Proposition 4.2 mn Sect. 4. [

If 7 is a finite stopping time, i.e. P(1 < +o0)=1, and f is a F-measurable
function, then from Theorem 3.2 we deduce that /I}OO = f. We notice that for
a general # = g(|J,~, %:)-measurable claims / this equality does not hold.
To demonstrate this, we use the following simple example.

Example 3.1. Let (0,7 ,F,P) be a filtered probability space with a Wiener
process . We set X = 1 and define claim f as f = I(t<co), where stopping
time 7 equals

t=inf{rz0: W, = ¢}.
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In this case M(X) is the set of all probability measures equivalent to P. It can
be easily seen that P(r < o0) < 1, and

V, = ess sup Ot < o|F)=1, t=20.
QeEM(X)

Therefore, Voo =1 > I (t < +o0) with positive proﬁability.

The question of particular interest is to know whether the minimal hedging
strategy fisa self-financing portfolio. This is connected with the problem of
attainability of contingent claims, see papers by Jacka [10], Ansel and Stricker
[1] and Delbaen and Schachermayer [S]. From these papers we deduce that the
minimal hedge 11 with wealth ¥ is a self-financing strategy if and only if there
is a measure Q € M(X) such that Fisa Q-uniformly integrable martingale on
[0, +ool.

3. Let now f =(f,)>0 be an adapied positive process. We interpret f as
the reward process of an American type option. The wealth and consumption
portfolio II = (v, H,C) with capital process V = (V)¢ is called a hedging
strategy for f if

Viz fn

Y%

0.

The portfolio I = (v,H, 6) with capital process V=(V, )izo is termed the
minimal hedging portfolio if
Vt g Vt g fl‘ ’

for any ¢+ = 0 and hedging portfolio II with capital V.

The following theorem can be considered as generalization of the results
obtained by Bensoussan [2] and Karatzas [13] in the setting of incomplete
markets.

Denote by .#; the set of stopping times t with values in [¢,+00).

Theorem 3.3 Let f = (f,),z0 be an adapted positive process such that

sup sup Egf: < 400.
€. QEM(X)

Then the minimal hedging portfolio Tl = (¥,H,C) exists, and its capital at
time t = 0 equals

V,=7+(HeX), — C, = ess sup Eol f: | 7).
QeM(X), te.H;

Proof. The proof follows from Theorem 3.1 and from the fact that the process
(ess SUppemexy e, EolSo| Fil)izo 18 a supermartingaie for any O € M(X),
see Proposition 4.3 in Sect. 4. [

4 Auxiliary facts and results

1. First we recall some facts and definitions from the theory of stochastic
integration, for which we refer to [6, 12, 17].
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Suppose X is a real-valued process; then the maximal function (X)) is
defined as supy, <, |X;l-

Suppose X and Y are semi-martingales; then the Emery distance between
X and Y equals

D(X,Y) = sup (Z 27 "E[min{[{H ® X )|, 1)]> s

|H|£1 \n2z1

where sup is taken over the set of all predictable processes H bounded by 1.
For this metric the space of semi-martingales is complete, see Emery {9]. The
corresponding topology is called a semi-martingale or Emery topology.

In particular, if 4 and B are predictable processes of bounded variation, the
Emery distance between 4 and B equals

DAB) =Y 2"E [min(fn|dAs—st|,l)} ,
¢

nzl

where fon |dAs — dBg| is the total variation of 4 — B on [0,£]. This is a conse-
quence of the following Hahn decomposition: there exists a predictable process
h with values in {—1,41} such that

t !
[ |dA; — dBy| = [ hy(d4s —dB,), t20,
0 0

see Jacod and Shiryaev [12, Chap. I, Proposition 3.13].

Now let H be a predictable process, and X be a semi-martingale. The
process H is called X-integrable if there exists a local martingale M and a
process A of bounded variation such that X =M + 4 and

1. the process fé [Hy||dA;| has a bounded variation,

2. the increasing process ( [ H? d[M,M],)!/? is locally integrable, where [M, M]
is the quadratic variation of the local martingale M.

In this case, H o 4 is a Lebesgue—Stieltjes integral; the stochastic integral [
M exists as a stochastic integral with respect to a local martingale, and is a
local martingale. The stochastic integral H X equals H ® 4 + H ¢ M and does
not depend on any particular choice of M and A.

If a predictable process H is locally bounded, this process is integrable with
respect to all semi-martingales. If H is unbounded, then by Theorem 1 in [3]
process H is X-integrable if and only if the sequence HI{|H| < n}eX,n = 1,
converges in semi-martingale topology. Moreover, in this case the limit of the
sequence equals H ¢ X.

An X-integrable process H is called an admissible integrand if there exists
a constant g such that a + (H e X), = 0, f = 0. A counter-example in Emery
[8] shows that a stochastic integral with respect to a local martingale can be not
a local martingale. However, if M is a local martingale and H is an admissible
integrand for M, then H e M is a local martingale, see [1].

A semi-martingale X is called a special semi-martingale if it can be decom-
posed as X =M +4, where M is a local martingale and A4 is
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a predictable process of bounded variation. Then such a decomposition is
unique. For the sequel we need the following proposition on special semi-
martingales. For the proof we refer to [3], where this result was called the
Jeulin theorem.

Proposition 4.1 Let X be a special semi-martingale with the canonical decom-
position X =M + A, and H be a predictable X -integrable process. Then H o
X is a special semi-martingale if and only if

1. H is M-integrable in the sense of stochastic integrals of local martingales,
2. H is A-integrable in the sense of Lebesgue—Stieltjes integrals.

In this case, the canonical decomposition of H e X is given as HeX =H »
M+HeoA

We will also need a technical lemma whose formulation is taken from the

paper by Mémin [16].

Lemma 4.1 Let X be a semi-martingale, such that the quadratic varia-
tion [X, X112 belongs to L?(Q0,F,P) for p = 1. Then X is a special semi-
martingale, and there exists a universal constant a, such that

IA

14,417 e S ap | IGXTLZ |2e
I M MIZ e < (ap + D GXTL |2r

where X = M + A is a canonical decomposition of X; in particular, for p =2
we can take a; = 1.

2. Let now X be a local martingale, and f be a positive function on (2, %, P).
We denote by M(X) the set of local martingale measures for X. The following
proposition is adapted from the paper by El Karoui and Quenez [7].

Proposition 4.2 Let f be a positive variable such that supgepxy Egf < +oc.
There is an RCLL process V = (V,)i=0 such that

Vi=ess sup Eg[f|#], t=0.
QEM(X)

The process V is a Q-supermartingale whatever Q € M(X).

The Proposition 4.2 is a particular case of the following proposition used
in the proof of Theorem 3.3.

Proposition 4.3 Let f = (f:)iz0 be a positive adapted RCLL process such
that

sup Egfe < +00
QEM(X), t€.4
There is an RCLL process V = (V,)iz0 such that for all t = 0

V, = ess sup Eolf: | #1].
QEM(X), 1€,

The process V = (V;);z0 is a Q-supermartingale whatever Q € M(X).
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Proof. For each time instant 7 we define the variable ¥, as

(4.1) Vi=ess sup  Eglfe| #].
0eM(X), 1.4,

We have to show that the process V= (17,)[ >0 1s a Q-supermartingale for all

0 € M(X) and that ¥ admits an RCLL modification.
Let the probability measure P be an element of M(X). By &, we denote
the set of processes z = (z;);=p such that

1. z is the density process of some measure 0 € M(X) with respect to P,
2.z,=1, s £t

Eq. (4.1) can be rewritten as

I7t =ess sup E[fiz.| %],
2E€X 1, 1€ My

where F is the expectation with respect to the measure P.
Let us fix positive numbers s and ¢, s < ¢, and show that

(4.2) ElV:|F)=ess sup E[fiz:|F].
Z2EX, TEMy

First we have
4.3)

E[V,\#)=E |ess sup E[fizc|F)|Fs| Z ess sup E[foz: | F].

zEX, TEMy zEF €M,

To prove the reverse inequality we take the sequence (3",0,),z; In
(%, #,) such that

I71 = Sulz E[fanyl;n | Fe].
nZ

Using this sequence we construct a new sequence (z",7,),=; as follows

(ZlaTl) = (J’l,Ul)

and forn = 1
(Zn+17 Tn-H) = { (Zn’r”)’ %f E[frnz‘}:" lg}t] ‘2’ E[f7n+1yz;:1 1%] 5
O onn) i E[ffnzgn | 74] < E[fon+1yg;11 4.
We have (2%, 1y)az1 C (%, M) and

E[ fuzi, | 7] = max L fo, 5, | F 1V
Now from the theorem on monotone convergence we deduce
E[V,|F]=E [ lim B[ fr2" [g?,]uf;] = lim E[f,,7" | %]
n—00 =00

Sess sup  E[fiz | FL.
2€Z, 1€ Mt

Together with inequality (4.3) this proves Eq. (4.2).
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Since Z, C%,, M, C M, for s <t the equality (4.2) implies the super-
martingale property for the process V:

ElV,|F1sV, s<t.

To finish the proof of Proposition 4.3 we must show that the process 1
admits an RCLL modification. This is the case if and only if the function

(E 17,),20 is right-continuous (see, for example, Theorem 3.1 in [15]).
When s = 0, the equality (4.2) takes the form

(4.4) EV,= sup E[fz].
€Yy, 1€ My
Let ¢,(t,).>1 be positive numbers such that ¢, |z, n—+o0, and ¢, <+
1, n = 1. Because V is a supermartingale, we have

(4.5) EV, 2 lim EV,, .

n—00

To prove the reverse inequality we fix ¢ > 0 and choose the stopping time
o = o(e) from #, and the process z = z(¢) from &; such that

(4.6) EV, < Ef,z,+¢ and P(c >1t)=1.

This is possible by Eq. (4.4) and the right-continuity of the process f.
Now for n =z 1 we define the stopping time g, € .#,, and the process
€%, as

g, =1t " Z/zy,, O 2= t, and £ = ¢,
gy = , z, =
t+1, a<it, 1, 0 <t or ft<t,.

We have 6, — ¢ and z} — z, almost surely as # tends to co. Now we deduce
from Fatou’s lemma and (4.4) and (4.6) that

EV, < lim Ef, 2! +¢ < lim EV, +¢.
n—00 ” n—co

Since ¢ is an arbitrary positive number and by Eq. (4.5) we deduce that

the function (£ Vt)tgo is right-continuous. This completes the proof of
Proposition 4.3. [J

3. The next proposition is a slight modification of Theorem 5.7 in [4] and we
only sketch the proof. We use the notation of Proposition 4.2.

Proposition 4.4 Let © and ¢ be stopping times on (Q,F,F,P) such that
v = 0, and f be a bounded F,-measurable random variable. Denote V, =
ess SUPpemx) Eol f | #:]. There is an admissible integrand H such that

(HeX), =0, t<t, and Vi+(HeX), = f.

Proof. For simplicity we consider the case t = 0 and ¢ = oo.
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Following Delbaen and Schachermayer [4] we define the sets:
Ko={Vo+(H ®X)x : H is an admissible integrand} ,
Co=Ko— L%,

C=GC L™,

where LY and L are the sets of positive and bounded random functions on
(0, #, P) respectively.

We need to prove that f € C. We proceed on a well known path. By
Theorem 4.2 in [4] (see also the remark after Corollary 1.2 in [4]) the set C
is 6(L>,L")-closed. Therefore, if f ¢C, by the Hahn—Banach theorem there
is a signed measure R € L! such that

sup Erg < Erf .
gec

This inequality and the construction of the set C imply that R is a posi-
tive measure such that Er(H e X ) =0, if H and —H are admissible pro-
cesses. If we normalize the measure R as R(f2) = 1, we obtain that R is an
absolutely continuous probability such that X is a local R-martingale. There-
fore for each ¢ > 0 measure R® = ¢P + (1 — ¢)R belongs to M(X). We easily
deduce that

sup Ereg=Vo= sup Epf 2 Ersf .

gec 0eMX)
Therefore

Erf =lim Ege f £ Vo < sup Erg
e—=0 gec

and we come to a contradiction. [

4. Finally we prove a technical lemma to be used later on several occasions.
This lemma can be considered as an extension of Lemma A 1.1 from [4] in
the setting of increasing processes.

Suppose &/ is a family of random processes; then the notation B €
conv & means that the process B is a finite convex combination of elements
in .

Lemma 4.2 Let (4"),>1 be a sequence of positive increasing adapted processes
on a filtered probability space (0, F,¥,P). There exists a sequence B" €
conv(4", A", ..), n = 1, and a [0,+o00]-valued increasing process B such
that

B, = 21_1{(1) hzri)gp B, = i{n hnnig;f B,,.
If there are numbers T > 0 and ¢ > 0 such that for all n: P(4% > ¢) > ¢,
then P(Br > 0) > 0.

Proof. Let (t;);>1 be a dense subset of [0,4-00). Application of Lemma A 1.1 from
[4] and diagonalization procedure results in a sequence B” econv(4”, A", .. ),
n = 1, such that for all i = 1 the sequence (B ),z1 converges almost surely
to a [0,+00]-valued variable B; .
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We now define the process B = (B;);z¢ as

=inf B,

>t i

It can be easily scen that the sequence (B"),»; and the process B are the
processes required by the lemma.
Finally, if P(4%7 > &) > ¢ then

E(Br A1) Z liminf (EB} A 1) Z liminf (EA% A1) > &
n—o00 n—o0

and the result follows. O

5 Proof of the main theorem

We start with two auxiliary lemmas.

We are in the setting of Theorem 2.1. Let 7 be a positive supermartingale
for all @ € M(X). By ¥ we denote the set of increasing processes C such that
Co = 0 and the process ¥ 4 C is a supermartingale for all Q € M(X). We
introduce an order relation < on % saying that C is Jess than C»(C) < C,) if
C, — Cy is an increasing process.

Lemma 5.1 There exists a maximal element C on the ordered set %.

Proof. Kuratowski’s lemma (see [14, Theorem 25, p. 33]) implies the existence
of a maximal chain € € ¥. Denote

a = sup EC,,
ce%
If C € %, the process V + C is a P-supermartingale, and hence
ECo 2 E(Voo + Coo) = Vo

It follows that a < +oo0.

Now we find an ordered sequence (C"),»; in % such that expectatlons
EC? tend to a as » tends to oo, and define the process C as the limit: C” TC
n — 00. Notice that the convergence here is uniform on [0, 4-oc].

It is easy to see that C € €. Moreover, since € is the maximal chain in
%, the process C is the maximal element of & if and only if it is the maximal

element of ¥. Let C € %. Because all clements of € are comparable between
each other, there are two possibilities:

1. € < " for some ng and then C < 6‘,

2. C* < C forall #» = 1 and then C < C. However the theorem on monotone
convergence implies that

ECs = lim EC". =a = ECo .

A0

Therefore 500 = Cy and hence C = C.
The proof of Lemma 5.1 is finished. [
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Let C be the maximal element of % given by Lemma 5.1. Define the
pracess U = (Uy)zo by

U=V,+C, t20.

Let also 7 be a positive number, and 7 be a dense subset of (G, 7].

Lemma 5.2 Let (G")az1 be a sequence of admissible integrands, and
(AMnz1 be a sequence of adapted increasing processes such that A} =0,
n =1, and

Uy +(G"eX), = —a, t€[0,T], n =1 for someaz=0
and
limsup [Up+ (G" e X), — A}~ U| =0, 1€,
n—r o0
where the process U and the set T are defined before the formulation of the
lemma.
Then

(1) the variables A% tend to O in probability as n tends to oo and

(2) the maximal functions (Uy + G" ¢ X — U)% tend to 0 m probability as n
tends to oo.

Proof. (1) Assume that there exists an increasing sequence (#z)rz1 and a pos-
itive number ¢ such that P(47¥ > &) > ¢, k = 1. Then Lemma 4.2 implies the
existence of a sequence BF € conv(A™,A%+1,..)), k = 1 and of an increasing
adapted process B such that P(Br > 0) > 0 and

B, = lim limsup BY ; = lim liminf BY,;,, ¢=0.
0—=0 r oo 5—0 ko
We come to a contradiction with the maximality of C, if we show that By = 0
and the process I7 + B is a supermartingale on interval [0, T for all 0 € M(X).
By H* we denote the convex combination of (G, G™+1,...) obtained with
the same weights as B* € conv(4™,4™+),...). We have

limsup |Up +(H* X)), —Bf —U,| =0, 1€ 7
k—o0
and
U+ H e X)), = —a, tel0,T], k=1.

Now we fix ¢+ = 0 and define a sequence (#;);»; in 7 such that #; | £, [ — oo,
We deduce

U, + B; = lim liminf (U, + B¥) = Up + lim liminf (H* ¢ X),, .
l—oo k—oo ! [—00 k—oo

If t =0, Fatow’s lemma and the supermartingale property of H* ¢ X imply
that
By = EBy = E lim lim inf (H* ¢ X),
l—oo k—oo

< lim inf lim inf E(H* ¢ X), < 0.
=00 k—o00

Since B = 0, it follows that By = 0.
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Further, for t > 0, s€ 9, s < ¢t and Q € M(X) Fatou’s lemma and the
supermartingale property of H” ¢ X imply

EolU;+ B | F] £ Uy + lilrn inf lim inf EQ[(H" X ), |#]
—00 — 00
< Up +lim inf (H* o X),
= liminf (U, + B*) £ U, + B; .
k—o0

Since the set J is dense in [0, 7'}, we deduce that the process U + B is a
supermartingale on [0, T] for all O € M(X) and come to a contradiction. The
first assertion of the lemma is proved.

(2) We must prove that the maximal functions ((G” — G™) ¢ X)7 tend to 0 in
probability as n and m tend to oo. If this were not the case, we could find two
increasing sequences (i, jx k=1 and a positive number ¢ such that

P( sup ((G* — G*)eX), = s> >e k2>1.
0S{<T
We define the stopping time 1; as

p=inf{t 2 0: (G* —G/*)eX), = ¢} .
We have

{a): sup (G* — G/*)e X), = 8} ={o: w(w) £ T}.
t<T

Therefore

(5.1) Py =T)Yze k=1.

Now for k = 1 we define the integrand L* and the increasing process C* as
LF = GHI{t < u} + GRI{t > 1.},

CF = (G — G) @ X ) sy ho0) -
We have
(L* 0 X ) — Cf = (G* 0 X)Jjg) + (G/* @ X ), i, o0 -

It follows that
U +(LFeX), = —a (€[0,T), k=1.
Part (1) of the lemma implies that the variables A’}‘ and A’}‘ tend to 0 in

probability as k tends to co. Passing to a subsequence we can assume that this
convergence holds almost surely. Then

lim sup(|Up + (G* @ X); — Uy| -+ |Up + (G* ¢ X), — U|) =0, te T

k—o0
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and therefore

limsup |Up + (L ¢ X), — CF —U,| =0, tcT.

k—o0

Now we deduce from part (1) of the lemma that the variables C% tend to 0 in
probability as £ tends to co. But

Ct = el <1}

and we come to a contradiction with (5.1). O

Proof of Theorem 2.1. Let C be a maximal element of € given by Lemma 5.1.
By U = (U;);z¢ we define the process

U=V,+C, t=0.

To prove Theorem 2.1 we have to construct an admissible integrand L such
that
U=Us+(LeX), t20.

Notice that it is sufficient to prove this representation only for any finite time
interval [0, T]. In the sequel we consider the case where ¢ belongs to [0,1]. To
make the proof more readable we divide it into a number of steps.

Step 1 There are admissible integrands (K" ),»1 such that

(5.2) limsup(Up + (K" e X ), — Uy)7 =0,
=00
(5.3) U+ (K"eX) 20, t€[0,1], n=1
(5.4) sup[K" e X,K" @ X} < +0o0,
nzl

where all relations hold almost surely.

Proof. First we construct a sequence of admissible integrands (G”),=; such
that

(5.5) limsup (U +(G" 0 X ) — Us); =0,
H—C0
(5.6) Up+(G"eX), =20, t€[0,2], n=1.

The desired sequence (K"),»; will be obtained later as a sequence of appro-
priate convex combinations of (G")n>1.

By 7 (n) we denote the set of numbers of the form i - 27,0 £ i £ R
We have that 7 (n) C Z (n+ 1) and that the limiting set 7 (c0) = J,», 7 (1)
is dense in [0,2]. For n = 1 we define the process U” = (U");z0 as U" =
min(Uy, n). It is clear that U” is a Q-supermartingale for all @ € M(X).

For n = 1 and 0 < i < 2! — 1 Proposition 4.4 implies the existence of
an admissible integrand G™ such that

(G"eX) =0, t<i-27"
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and )
n i 7
l]i 2R + (G .X)(i+1) =27 g U(H_]) p-n e
Now we define the integrand G and the increasing process 4" as
2n+1_1

G'= Y GU{E-27"<t<(+1)-27"},
i=0

2n+l —1

A" = ;} (U o +(G" 0 X)iy1y . g0 — Ulis) - 2-n MG+1) - 277 00f -

We have
(57) Ug+(G"eX).pmn—A}, ., =U' ,,, 0Zig2".

The process G” as a finite sum of admissible integrands is an admissible
integrand. Therefore G" X is a supermartingale. Since

Up+(G e Xy =Up+4 20,

we deduce that Uj + (G" e X'), = 0, ¢ € [0,2]. This proves inequality (5.6).
Further we deduce from (5.7) that
limsup sup |Up +(G" e X), — Al — Ui = 0,
n—oo  teg (n)
because maximal functions (U" — U); tend to 0 almost surely as » tends to oo.
Now part (2) of Lemma 5.2 implies the convergence of the maximal functions
(Us + (G” ¢ X); — Us)3 to 0 in probability. Passing, if necessary, to a subse-
quence, we can suppose that this convergence holds almost surely. It follows
that Eq. (5.5) for the sequence (G"),>; takes place.
Since (U); < +o0, we deduce from Eq. (5.5) that
sup(G" e X); < +4o0.

nzl
Therefore, the probability of the stopping time
G = 1r;f1 inf{t 2 0: (G"eX),| = m}
r=

being below 2 tends to 0 as m tends to co. Accounting for the supermartingale
property of G” ¢ X we obtain that

E[Us+(G" e X); 1 S m+E[Uy+(G" 0 X)5,] Sm+Up.
Now the Davis inequality implies the existence of a constant D,, <-+oc such that
E[G" e X,G" ¢ X]\? < D, .

According to Lemma 4.2 there is a sequence of increasing processes C"c
conv([G" ¢ X,G" ¢ X]V2,[G"*! 0 X,G"*! « X]¥2,..), n = 1, and an increasing
process C such that

C; = lim limsup C7;, = lim liminf C7,, = 0.
=0 400 e—0 n—oo
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From Fatou’s lemma we deduce that

EC\I(ay, 2 2) < liminf EC!. I(6, 2 2) < Dy, .
n—00

Since limy— o0 P(6y, = 2) =1, we have that C; < 400 almost surely and
therefore sup,~; C7 < +oc.

Now we define the desired sequence (K"),» as the sequence of con-
vex combinations of (G"),»; obtained in much the same way as the se-
quence (C™),»1 was obtained from ([G" e X, G" ® X]/?),>. Now the proof of
Step 1 follows from (5.5), (5.6), and the “Minkowski” inequality: [K” e X,
K"eX]2 <C? (see [6, Chap. VI, Eq.(54.1)]). The proof of Step 1 is
finished. [

If the sequence ([K" ® X,K" @ X]),»1 is bounded not only in probability
but in L]Q-norm for some measure O € M(X):

sup EQ{K” ./Y,Agiz O/Y}I < oo,

n=l

then by standard arguments we can find a sequence L" € conv(K",K"t!,. ),
n = 1, such that martingales (1" @ X),>; converge in the space .#%(Q,[0,1])
of square integrable martingales. The limiting martingale has the form L ¢ X
for some integrand L (see, for example, [11, Chap. 4]), and we finish.

Under the weaker condition (5.4), the construction of the desirable integrand
L is much more complex. We proceed in a similar way to that in [4].

Denote p = sup, ., [K" # X, K" @ X];, and define the probability R on (€2, %)
such that

dR e’

dP  FEe—r

Then the inequality (5.4) in Step 1 implies that R ~ P.

The process X is a locally bounded P-martingale. Therefore, it is a special
semi-martingale with respect to measure R. Let X =M + 4 be the canonical
decomposition of X, where M is an R-local martingale and 4 is a process of
R-integrable variation. Since the definition of the stochastic integral is invariant
with respect to equivalent changes of measure, the stochastic integral K" ¢ X
exists on (2, %,F,R) and is a semi-martingale. Since

(5.8) Erpsup[K" e X, K" ¢ X]| < +00,

n=z1

Lemma 4.1 and Proposition 4.1 imply that X* e X is a special semi-martingale
on [0, 1] with the canonical decomposition

(K" X) = (K'eM), +(K"eA), 0<t=1.

Step 2 There is a sequence L" € conv(K", K™ \,..), n = 1, such that the se-
quence (L « M),> converges in semi-martingale topology on [0,1].

Proof. Lemma 4.1 and Eq.(5.8) imply that sup,. Er [K" e M, K" ¢ M] <
~+00. Therefore the sequence (K" @ M), is bounded in the space MR, [0,1])
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of square integrable martingales. Hence there is a sequence L”€conv(K", K"*!
,...), n = 1, such that the R-martingales (L" ® M),>1 converge in .#*(R,[0,1])
and therefore converge also in semi-martingale topology on [0,1]. [J

Step 3 The sequence (L" @ A),>1, where the integrands (L"),»1 are given in
Step 2, converges in semi-martingale topology on [0,1].

Proof. The proof of Step 3 follows the same lines as the proof of Lemma 4.11

in [4]. We have to show that the variances fol |L¥ — L™)|dA4,| tend to O as n
and m tend to oco. If this were not the case, we could find two increasing
sequences (in,js)nz1 and a number & > 0 such that P(4] > ¢e) > ¢ n = 1,
where A7 = 1 [7|Lin — L) |d4,).

Hahn’s decomposition for increasing predictable processes implies the
existence of predictable processes A" with values in {—1,1} such that

1

t . .
A== [W(I —")dA .
0

[\S3

We define the integrand G” as

G’ = %(Li” iy +hn(Lin _Ljn))‘
We have _ '

G'eX =LL"+L")yeX +4".

Since L" is a convex combination of integrands (K”,K"*!,...) given in Step 1,
we deduce that

(5.9 limsup(Up+ G e X —A"-U) =0.

n—00

By construction of #” and since
(G"—L")ed= LW — 1)(IL"—~ L")y e 4,
(G"—L")yed =L +1)L" — L") e 4,

we deduce that the processes (G" — L") e 4 and (G" — L/n) e A are increasing
processes. Moreover, since

(G"—L"yeM = (W' — 1) L" — L") e M

we deduce that the maximal functions ((G" — L) e M)} tend to 0 in probabil-
ity, because the processes (L — L/*) e M tend to 0 in semi-martingale topology
on [0,1]. The same holds for ((G” — L/») ¢ M);. Taking, if necessary, a sub-
sequence, we can assume that these maximal functions converge almost surely.
Then the stopping times 7, defined as

v, = inf inf{t = 0: (G" e M), < max((L™ « M),, (L™ o M),) — 1}

form an increasing sequence such that

(5.10) lim I(z, < 1)=0.
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For t < t, and m = n we have
(G" o X ) =(G"0A) +(CG" e M),

2z max((L' o A), (L™  A),) + max((L™ o M),, (L™ e M);) — 1

1%

max((L™ & X ), (L' « X);) — 1.

At time 7, the jump A(G™ e X) is either A(L' @ X) or A(L/" @ X), and hence
the inequality

(G" o X), = max((L™ e X),, (L™ 0 X)) — 1
holds for ¢ < 7, and m = n. Because L" is a convex combination of the vari-
ables (K",K"1,...) given in Step 1, we deduce that

Up+(G"eX) 2—-1, 0<St=7t mzn.
Now we define the integrand H” as H" = G"[jo,,]. We obtain that H” is an
admissible integrand on [0, 1]:

Up+ (H"eX), 2 -1, 0=t

Moreover, Egs. (5.9) and (5.10) imply that
(5.11) limsup (Up+ (H" @ X ); — A7 —U)] =0.

n—00

IIA

Now Lemma 5.2 implies that the variables 4} tend to 0 in probability as »
tends to oo, and we come to a contradiction. The proof of Step 3 is finished.
O

Now we are able to finish the proof of Theorem 2.1. Steps 2 and 3 im-
ply the existence of a sequence of admissible integrands (L”),»; such that the
sequences (L" e M),>; and (L" e 4),>; converge in semi-martingale topology
on [0, 1]. Therefore, the sequence of stochastic integrals (L" ¢ X),»; also con-
verges in semi-martingale topology on [0, 1]. Now Mémin’s theorem (see [16])
implies the existence of a predictable process L such that integrals L” ¢ X con-
verge to L e X in semi-martingale topology on [0, 1]. In particular, maximal
functions (L" ¢ X — L ¢ X' )] tend to 0 in probability as » tends to co. Since L”
is a convex combination of the variables (K™),,», given in Step 1, we deduce
that

U=U+(LeX), 0=1=1
and finish the proof of Theorem 2.1. [
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