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2. (a) Given the power series iﬂ enlz — a)", the radius of convergence is:
(1) 01f the series converges only when o = a

{11} oo if the series converges for all @, or
{111} a positive mumber 7 such that the series converges if |z — | < B and diverges if |z —a| = 1.
In most cases, 17 can be found by using the Ratio Test.

{b) The interval of convergence of a power series is the interval that consists of all values of = for which the series converges.
Corresponding to the cases in part (a), the interval of convergence is: (i) the single point {a }, (1) all real numbers; that is,
the real number ling { —co, co), or (i) an interval with endpoints @ — 1 and a 4+ 1R which can contain neither, either, or

both of the endpoints. In this case, we must test the series for convergence at each endpoint to determine the interval of

COnvergence,
—l T Tl ot ) | "Tlll J_. . .
4. Ifa, = & then lim |[22H) = |im | Z — - k] lirn =l |z|. By the Ratio Test, the serics
nt+1l n—oe | iy, n—oo R4 2 z* | wm—e 14+ 1f(n+1)
oo {._ J.:ITIE" . i L . I
r converges when |z < 1,30 i = 1. When r = —1, the series diverges becaunse it is the harmonic series; when
n=[}

x = 1,1t is the alternating harmonic series, which converges by the Alternating Series Test. Thus, [ = (-1, 1].

Anil| _ g T

1
lim /14 —|x| = |z| < 1 for convergence (by the
m

B. an = x", soweneed lim m——— =
T ] TL—e iy, | L — 3 ﬁlﬂ?ln gt
Ratio Test), so 7 = 1. When r = £1, lim |a,| = lim 71 = oo, so the series diverges by the Test for Divergence.
R—+ o0 TL—+OD
Thus, / = {—1, 1).
1 w41 =, 0 5
_ L Gni1| o T ¥'nl |z T = s _ e

B R A e | e T ?(n n 1) “ - By the Ratio Test, the series

= o 2

T .= (-1T .
P e comverges when % <1 <+« |z <5 so =5 Whenx = —5, we get the series 3 { ] . which converges
s—p i m—1 T

by the Alternating Series Test. When o = 5, we get the convergent p-series

|p=25= 1] Thus, I = [-5,5]

5

n=1
e iyt x[FE (2w |z |2
12 a,, = (—1)" .50 N ——|= 1 - = i = (. Thus, by the Ratio Test,
o = U et |7, 7| =L Ty [P e (2n+ 1)(20 + 2) us, by the Ratio fes

the series converges for off real @ and we have i = oo and [ = (—o0, o).

1 n*x" nix" nr"
L, = - = = , 50
2-4-6-.--- 2n) Annl 2n{n — 1)!
. 1y |z["t 2% (n — 1) 1 . .
lim |22 = lim {n-!— ) |I|| 2n — Y _ lim &E = (). Thus, by the Ratio Test, the series converges for
n—oa | il n—oa  2Hlpl n|z| n—ee 2 )

all real = and we have i = coand I = {—oc, o).

Page 1




hw4

20. We are given that the power series 3 e, is convergent for o = —4 and divergent when & = 6. So by Theorem 3 it
=1}
comverges for at least —4 < o <0 4 and diverges for at least © > 6 and = < —6. Therefore:
{a) It converges when = = L; that is, 3 ¢, is convergent.
(b} It diverges when @ = 8; that is, % 2. 8" is divergent.
(¢} It converges when @ = —3: that 15, Y cn{—3") is convergent.

(d) It diverges when @ = —9; thatis, ¥ o (—9)" = 3 0(—1)"ca 9" 1s divergent.

- ! T
2. 1If f(x Z box™ comverges on (—2,2), then [ f(x)de = O+ 3 :_ - 2™+ hag the same radius of convergence
-0 n=0 Ti

{by Theorem 2), but may not have the same inferval of convergence—it may happen that the integrated series converges at an

endpoint (or both endpoints).

3 1 . =
4. f(x) = T _3(1—74) =31l+z"+z" 42"+ ... ) =3 _z;n(:c“]" = Zﬂﬂmd"’ with [z!| <1 &

x| < lso=1land / = (—1,1).

Note that 3 ¥ (z*)" converges < 50 (z")" converges, so the appropriate condition [from Equation (1)] is |z"| < L
=0} ra=(}

2 2 y g 47 a2
T T 1 Tt = i o . 1 %
0. fjz})m ————m—=—. —— = — — —— . The series converges when |27 /a” <1 =

f=) ad — o8 a® 1 —z?fa’ 3 E a3 #::Eu A ta B /

|o*| < |a®] < L0 i = |aland f = (—|a|, |a|).

T L il S Tz —1 A B v 2,1
it 2r—1 (Br—1){z+1) 3x—1 x+1 3z-1 z+1 L—(—x) 1-3z
- 2 'Z’D(_m}'ﬂ! _ Zl:l [:_;m}'ﬂi — zﬂlz{_l]ﬂ. _ :%Jllmfl.

The series ¥ (—z)" converges forx € (—1, 1) and the series 3 (3z)" converges for @ {—%,%] 30 thelr sum converzes
forz (—% %} =1

Lo ! = i (—1)"x™  |geometric serics with i = 1], so

14. () l+x 1—{—x) .=0o

dr TTII']. l}v: 1 pn

flr)=In{l+=x) = Jrl+::r'_j [E{ 1)te H:|dm_ﬂ+§n[_l}"ﬁ_

[ =0smee f{0) =Inl =0], withfi=1

n=1

oo _ym—lon o _qyn—L1_mtl aa AT
(b) flx) =zIn(l + =) = ::r[z []'}TT} [by part (a)] = 3 MTI = % with 17 = L.
n=1 n=1 n=2 -
= (_l}ﬂ—l{I:&]rL l}'ﬂ 1 .E-::

() flz) =In(z* +1) = 5 |by part (a)] = Z with i = 1.

1=1 Tt mn=1
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=] . . . ‘2 [ ] _ =] .
16. We know that — = 5 (2x)". Differentiating, we get ———— = 5 2"nz" ' = 50 2% n + 1)x”, s0
1 —2r n=i [l-?ﬂ"} n—1 =0
2 2 .
£ T 'J I = :: | 1 = T |2 n—3
== —— = — = 2 1 2
i) T 5a]? 7 2 5 “Z (n+ L)z’ “Z:u (n+ L)z m'”zz (n —1)z",
with B = 2.
1 2 =3 [Eﬂjﬂu-l :r.-du 3
26. By E le 7, | tan™ (x% ) dx = —1)f'——ddr = n" ith i =1
y xample _[ ) da f;:zu'[ i +Z{ ) @+ ){dn+3)
28. From Example 6, we know In{l —2) = — T— 50
n=1 Tt
- e A aa dae
i T T
In(1+z") = In[l — (—2")] = - (=) —1)™tH
nl[ +I ] n[ ( * :l- "ZI i r:Z.l[ } T -

oo dn o0 dn41
(1 + =) dx = Syt = 1t . Thus,
f 11( tz :I T:Z‘l[ } e =0T ,;El{ ) nfdn + 1) M5,

0.4 5 o 13 17 0.4 5 o 13 17

S 0.4 (0.4)°  (0.4)F (0.4

f= [ mlgatyde— [T o 22 | _ 047 + - T
_/,; |: ) [ 51 18 39 GH 5 15 39 B

The series is alternating, so if we use the first three terms, the error is at most (0.4)"7/68 22 2.5 % 1077,

So § == {0.4)7/5 — (0.4)%/18 + (0.9)"%/39 = 0.002034 to six decimal places.

2. flz) = ;;Zu = J:E; - = fx) = ril % [the first term disappears], so
» oo — 1y — 1 I?:J—? oo —1 T|I3{:=—l] oo -1 T|-|-II'3:I.I . .
xr) = :;1 =0 }é”]! ) = ”:E:I {|2{]:n:T}|' = :.«EU{EITEJ! [substituting re + 1 for n|
=yt e e o
> S =@ = @)+ @)

2. (a) Using Formula 6, a power series expansion of [ at 1 must have the form f(1) + f*(1){x — 1)} + - - -. Companing to the
given series, 1.6 — 0.8{x — 1) + - - -, we must have f'(1) = —(.8. But from the graph, /(1) is positive. Hence, the given
series 15 mod the Taylor series of [ centered at L.
(b) A power series expansion of f at 2 must have the form f(2) + f"(2)(z — 2) + 2 /" (2)(x — 2)® + -- - Comparing to the
given series, 2.8 + 0.5(r — 2) + L5(z — 2)* —0.1(x — 2)° + - -, we must have 3 {(2) = L.5; that is, f"'(2) is positive.
But from the graph, [ is coneave downward near = = 2, so f7(2) must be negative. Henee, the given series is nof the

Taylor series of f centered at 2.
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—1)"

4, "::IT.ILL _f-l;”]{"-i} m

Equation & pives the Taylor series

(m} oo TR oo 1|
;:Eu i) {4} —4)" = :-:En %{z —4)" = 1:.};_',“ ~ ”{{nl+ v (= — 4)", which is the Taylor series for | centered

at 4. Apply the Ratio Test to find the radins of convergence .

lim || =l (—1)" "z — 4yt - 8Mn41) — lim (—=1)(w —4)(n + 1)
a—t O [ n—ro 3" f 1 'H. - .2] [—l}"‘[T - 4}"‘ n—roo ,"!l:ﬂ- + 2]
i+ 1 1
|II__1|.IE—-CH:ITL+.£ Eﬁ_‘il
Forconvergence, 3 [ —4| <1 « |z —4| <3 s0 K =3
g = LU0 0 En o @n, & ol
) [l TS B = ol hnl =onlt = =100
w ] 1) | F0)
0 TeT 0 | : z|* —1
e lim it lim || : { } = lim i
1 [T 4 l}[.:l' 1 n—oo | fln o i |T| i—a T
2 | (z+2)e” 2 =0 < 1lforallx
3 x4+ 3" 3 .
(= + }‘: S0 =rco

(—1)" {m — 1)!

14. iy = om forn = 1, s0
n | fUNa) | )
=] _1in—1 o ]
0 Inx In2 In.r—ln2+z (—1) x —2) )
1 s 1 “ -2
* ]
—x? —= x—2 — 2
2 * t lim Intr) _ 1T - | lim L = - | < 1 for convergence,
5 G 2 o0 | fly 2 n—oe T+ 1 2
8
4 . 0p—d '51{;’ 50 e —2| <2 = H=2
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s piE) 5 i
16. sinz = 3 %(z — %)
n [ 7@ [ 1@ o 4 ;
0| sinx 1 B Ck ) M Cl V) M C kT M
1 COS T 0 21 4l 6!
—=inx -1 - i (—1)" {z — “'r'rz}h
3| —cosz 0 n=0 (2n)!
4 hinm l (3 Erl.|3 r o2
lim |24 g F _ (2n)! — lim |z — /2
a—ma iy T [Eﬂ. + 2)] ||1-_- — 71-].!2'2“ n— oo {2‘]‘1 + 2}(2?1 + J.]
=} < 1 forall x
S0 H =00
J‘i!t |1J{a] T ap-1 .
. x) = sinz, then aylor’s Formula B, () = =——= |z — = , where z lies cen iz and 7,/ 2. But
20. If i hen by Taylor's F la £ )] 5 h hes betw dw/2 B
T !
fnblip oy o s | ptmerar e sl 1 I . .
I (z) = £sinz or + cos z. In cach case, |f (z)] =< L so|diulz)| < CESY T =3 . Thus, |[Ha(xz)| — 0

as . — oo by Equation I1. So lim H,(x) = 0 and, by Theorem 8, the series in Exercise 16 represents sinx for all @

l — _li — o _:1 - L " i i L] '|I ~ J'
24. “‘F—E)d {1+ x) "En( n ).r: . The binomial coefficient 15
4\ _ (-O(B)(6) o (A —mt 1) _ (A(B)(6) - [(nt 3)
T ! 7!
(-0 -2-3-4-5-6----. (n4+1)(n+2){n+3)  (-1)"{n+ 1){n+2)n+ 3
2.3 -n! 6
Thll"a._h ﬁ — - {_l} {?E. + ljg?i- + .-!}{T.t. + -.'!}mrl. .I‘,‘[n_ |:'!'.'| < l.| so =1
i n=0
- pr = (—xft = (-1
2§, ¢F — i o) — e S’ et S xt, H=
‘ A= ! flz) = ,LZ:;_. 7] ,LE’;_. 27l = =

Page 5




hw4

e T eI

- :—; [l + IZ—%](;) + %G)E P ) [

= I R o Z3n =1
E : [ }3".
\,-"'E ‘.,-"IIE =1 ﬂ'- -Jj“
. o ‘
T -;‘1-5-----{.-.’.‘:1-—1} ntz by . )
? E 1" 5T T and B <1 & |z <2 sofi=2
i —1" :.2.12 +1
40. 3" = m radians and sinz = “Zn {{ffl*i—:l}[’ 50
AL x4 F 3 5 5
, T (ﬁ} (m} w " w T —&
sin o — . _ = Z e But——— < 107% s0b
ME T8 a3 & 50 1.206.000 | D3.312.000.000 " Ssaizooooon - O™
3
the Alternating Series Estimation Theorem, sin m % m 0.05234.
sinT 1 == (_l}az 1 oo {_l):l.' E_:Sn /- sing }Ji I'J:l.' oo {—J.]” :_E:EIL 1
44, =— = $ Iz = =
i o a=n  (Zn+1)! ,:Zn. (2?1+L]!°w Tz Z ‘E?i:+l]| up>

noo (2n 4+ 1)(2n + 1)!
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