Digraphs

A Digraph D = (V, A) has vertex set D and a set
A C V x V of ordered pairs called arcs. [We do not
allow (v,v) as an arc here.]
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¢ v{abcdef)

A={(ac),(ca)(ba)...}
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If we ignore the directions of the arcs in D, we get the
underlying graph G(D).

Walks and Paths

A directed walk is a sequence (v1,v2,...,vg) of ver-
tices where (v;,v;4.1) € Afor1 <i < k. Thus

¢ v={ab,c,def}

A={(ac),(c.d),(b,a),...}
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(a,c,d,b) is a directed walk.

(a, b,d,e) is not a directed walk.

A directed path is a directed walk which visits any vertex at most
once.

A directed cycle is a closed directed path.

One can show as in the case of graphs that a directed walk of
minimum length from a to b is always a directed path.

Also, given a graph G = (V, E) we can orient its
edges in 2/El ways to obtain a digraph.
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Strong Components

We define a relation ~ on V by a ~ b iff there is a
directed walk (or path) from a to b and a directed walk
from b to a.

~ is an equivalence relation and its equivalence classes
are called strong components.

A digraph is strongly connected if there is only one
equivalence class i.e. there is a directed path from a
tobforalla,be V.
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¢ V={ab,cd.ef}

A={(ac),(c.a),(b.a),..}
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Components: {a, b, c,d}, {e},{f}-



Indegree d— (v) = number of arcs (z,v),z € V.
Outdegree d(v) = number of arcs (v,z),z € V.
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¢ V={ab,cd.ef}

A={(a,),(c.a),(b.a),..}

dt(a) =1,d (a) = 2 etc.
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Y dt@) =Y d(v).
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only if: Leteq,...,e; be the edges G. G has no cut-

edges so for every e; there exists a cycle C; which
contains e;.

Let D; = (V(G), A1) where A4 is the set of edges
of C oriented in the same direction along the cycle.

Similarly, for 1 < ¢ < k, Djy1 = (V(G),A;41),
where A; 1 = A;UB; 1 and B, is asimilar orien-
tation —along C; ; — of unoriented edges, E(C;41)\
E(G(Dy)).

Strong Orientations

A strong orientation of a graph G is an orientation of
its edges to make a digraph which is strongly con-
nected.

Theorem 1 A connected graph G = (V,E) has a
strong orientation iff G has no cut-edges.

Proof Suppse G has a cut-edge e = (a, b).
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Let Vg, V} be the components of G — e. If (a,b) is
oriented from a to b (resp. from b to a) then there are
no directed paths from V; to V, (resp. Vi to V).

Let K},..., K! be the weak components of D;, i.e.
the connected components if we ignore the directions
of the arcs in D;. We show, that for every 4, all weak
components Kg are strong ones, too. When ¢ = k
then there is only one weak component — G.

We proceed by induction on 4. Incase i = 1, Dq
is single a cycle where all edges are oriented in the
same direction: it is clearly strongly connected.



Take two arbitrary vertices = and y of Kg_'_l C Djy1.
If both of them are in the same weak component of D;
then — by induction — there are oriented paths from z
to y and from y to z. So assume that z and y are in
two different strong components of D;.

Let Ci41 = (v1,v2,...,v,v1) and let K7 be the
strong component in D; containing the vertex v; €
Ci+1. Since z and y are in the same weak com-
ponent of D; 11, = € K;/™ and y € K;™ for some
vm,vn € C;y1. To reach y from z do the following.
First go from z to v, oOn a directed path. This can
be done, since both of them are in the same strong
component K™,

Tournaments

A tournament is an orientation of a complete graph
Ky.
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A directed Hamilton Path is a directed path which vis-
its every vertex. Thus (1,2,3,5,4) is a Hamilton path in
the tournament above.
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Then go along a directed path from vy, to v,. This
also can be done, because if there is no directed edge
between two consecutive vertices v; and v; 1 along
a cycle, then both of them are in the same component
of D; and by induction, there exist a directed path from
vj t0 v;41. Finally, go from vp to y. Again, this can
be done, since both of them are in the same strong
component K.

Similarly, z too can be reached from y via an oriented
path.
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Theorem 2 A tournament contains a directed Hamil-
ton path.

Proof Let D be atournamentandlet P = (z1, x>, ...

be a directed path of maximum length in D. We claim
that P is a directed Hamilton path.
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Xl X2 X, X Xk

Suppose Fv & {z1,%2,...,zk}. The edge (z1,v) must be ori-
ented from z1 to v or (v, P) is a directed path which is longer
than P. Similarly, (v, X%) must be oriented from v to z.

So, there must be 1 < 4 < k such that (z;,v) is oriented from
z; to v and (v, z;41) is oriented from v to z;41. But then D con-
tains the path z1,..., 2, v, Zit1,...,zx) Which is longer than P

— contradiction.
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Theorem 3 If D is a strongly connected tournament
with n > 3 vertices then D contains a directed cycle
of size k forall 3 < k < n.

Proof By induction on k.

k=3.

Choosev € Vandlet S = Nt(V), T = N~(v) =
VA (SU{v}).

X y

SN (v) T=N (v)

S # () since D is strongly connected. Similarly, S #
V\ {v}else Nt(V\ {v}) =0.

Thus Nt(S) #0.v ¢ Nt(S)andso NT(S) =T.
Thus 3z € S,y € T with zy € A.
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It follows that there exists £ with vyw € A, wvpyq €
A.

C' = (w,vp41,.-.,v41,...,vp,w)isacycle of length
kE+1.

15

Suppose now that there exists a directed cycle C =
(U].’ V2, ..., Vk, U]_).

Case 1. Jw ¢ C and i # j such that v;w € A, wv; €
A.
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Case 2V \ C = SUT where

w e S implies wy; € A, 1 <i<k.
wEeT implies vywe A, 1<i<k.
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S = @ implies T = @ (and C is a Hamilton cycle) or
NT(T) =0.
T = () implies Nt (C) = 0.

Thus we can assume
S,T # § and Nt (T) # 0.
NT(T)NnC =0andso NT(T)NnS # 0.

Thus 3z € T,y € S such that zy € A.

The cycle (v1,z,y,v3,...,v,v1) is a cycle of length
k+ 1.
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