Triangulation of n-gon

Let

an, = no. of triangulations of P,
n
= Y aga,_g n>2 (1)
k=0

ag =0, a1 =ap = 1.

Solution — use generating functions.

k +1
1 n+1
+ 1
+ +
If ag,a1,...,an is @ sequence of real numbers

then its (ordinary) generating function a(z)
is given by

a(m)=ao+a1w+a2m2+-.-anm"+...

and we write

an = [z™]a(x).

an:].

1

an=n-+1
1
a(0) = 7~ 4yp = 1H2e43a% A (nf L) -
an=mn
a(z) = ﬁ = z4+22° 4323+ +nz"+- -

Explanation of (1):

apa,_p counts the number of triangulations
in which edge 1,n+4 1 is contained in triangle
1,k+1,n+41.

There are aj, ways of triangulating 1,2,...,k+
1,1 and for each such there are a,_j; ways of
triangulating k+ 1,k+2,...,n+ 1,k + 1.

a(z) = (1+2)%= i (Z)xn
n=0
on = (117)
a(z) = (1 _1w)c = ng() (—nc) ()" = n;o (c + : B 1):1;".
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Simple properties of generating functions

e anp = [z"]a(x) and by = [z™]b(z).
a(z) + b(z) = Y92 g(an + bn)z™ and so
an + bn = [z™]a(zx) + b(z).

e ap = [z"]a(z). Then

[0, ] oo
va(z) = ) anz"t1 = > ap—_1z™
n=0 n=1

So a,_1 = [z™]za(z).
ed. n+1=1[z"](1 -2)"2 and
n = [z"]z(1 — z) 2.

e an = [z™]a(z). Then

o0 o0
d(@)= > nanz" 1 = Y (n+ Dapyiz™
n=1

n=0
and so (n+ 1)a,41 = [¢"]d/(z).
eqg. [n+1]=[z"](1 —z)~2 and so
(n4+1)(n+2) =[z"2(1 —z) 3.

+ 5
+ +
So (2) gives
a(z) — 1 -9z — 6z(a(z) — 1) + 9z2%a(z) = O
or
a(z)(1 -6z +9z%) — (1+3z) = O.
So
(z) = 14 3z
BT 1 6z + 922
_ 14 3z
T (1-32)2
= Y (n+1)3"" 43z ) (n+1)3"z"
n=0 n=0
= Y (n+1)3"z"+ > n3"z"
n=0 n=0
n=0
So
an = (2n+ 1)3™.
+ 7
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Solution of linear recurrences
an —6a,_1+9a,_>=0 n > 2.
ag =1,a; = 9.
o
> (an —6ap_1+9a, 2)z" =0. (2)
n=2
o0
Y anz™ = a(z) —ag —ayz
=2
= a(z) —1-9z.
o0 o0
Y 6a,_12" = 6z ) ap_1z" L
n=2 n=2
= 6z(a(z) — ao)
= 6z(a(z) —1).
o o0
> 9ap_oz" = 9z2 > ap_oz" 2
n=2 n=2
= 9z%a(z).
+ 6
+ +
an —3ap_1=n n>1
ag=1
o0 o0
> (an—3ap_1)z"” = ) n2z™
n=1 n=1
o0 o0 o0
3 nz" = Y n(n—1)z"+ ) na”
n=1 n=2 n=1
N 222 x
(128 (1-2)2
_ + 2
- (1-2)3
o0
> (an—3ap—1)z" = a(z) — 1 — 3za(x)
n=1

= a(z)(1—-3z) - 1.
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T+ 1
@) = T30 30 T1-32
= A + B + ¢ D+1 Products of generating functions
1-2 (1-2)2 (1-2)3 1-3z
where

422 2 A(1—2)2(1—3z) + B(1 —z)(1 — 3z) a(z) = EO an”, b(z)) = n§o b

+C(1-3z)+ D(1 —=z)3.
a(z)b(z) = (ag+ a1z + apz?+---) x
(bo + brz + bz +---)
= apbo + (apb1 + a1bo)z +

Then

A=-1/2,B=0,C=-1,D=3/2.

So (agbz + a1b1 + agbg)a® + - -
1/6 1 5/2 & n
a(@) -z (d-23 " 1-32 ngo
- - Z z" Z (n+ )$n+_ Z 3Np" where
6 — — 2 2 = n
n=0 n=0 n=0
So cn = Z agpb,_k-
k=0
1 n + 2 5
= - _ “3n
an = 5= 57)+3
_ 5 3 n? 5,
6 2 2 2
+ 9 + 10
+ + + +

a(z) =b(xz) =1/(1—x). an=bp,=1,n>0.
(@) (@) /( ). an " B Solution of polygon triangulation problem.
n
Ccn = Z 1x1l1=n+1.
k=0

So z+ ) ana =z + ) (Z akan—k) z".
n=2

n=2 \k=0
1

ey = 2D o
z+ Z anz” = a(zx)

n=2

since ag = 0,a7 = 1.

a(z) = e**, b(x) = %

n ak ' oo n oo n
= X S (o) = 5 (Suon)o
- n=2 = n=0 =i
Pz _ o0 nook n = = a(z); ’
1-z nz::o (kgoﬁ)m .



So
a(z) = z + a(z)?

and hence
14vi—4z 1-yI—4dz
a(z) = or .
2 2
But a(0) =0 and so
1-vi—4z
a(z) = —5——

2
1 1)1 2opn—2 n
S

X 1,2n— 2)1:"

= X

—1 " n—1
So
12n—-2
an_;(n—l)
+ 13
+ +
Let

d(z) = i d,zfm

I
m=0 '

From (3) we have

lim = ()
d(z) = f_m
oo n -1 k
- ¥ 3 ()
n=0 k=0 )
So ( )k
dn (-1
= X
k=0

Derangements

n

n
nl = k§=:0 (k)dn_k.
Explanation: (Z)dn_k is the number of per-
mutations with exactly k cycles of length 1.
Choose k elements ((Z) ways) for which «(z) =
1 and then choose a derangement of the re-
maining n — k elements.

So
"1 d
1 — 7 n—k
kgo k'(n—k)!

o0 o0 n 1 d —k

Yo = ) ( n) z". (3)

n=0 n=0 \k=0 k' (n — k)!
+ 14



