Recurrence Relations

Suppose ag,a1,a2,...,an,..., IS an infinite se-
quence.

A recurrence recurrence relation is a set of
equations

an = fn(an—17an—27---7an—k)- (1)
The whole sequence is determined by (1) and
the values of ag,a1,...,a5_1-
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bp = 2b,,_1 + 2bp_» n> 2.

Let
By, = B® uBY uBW®W

where B{®) = {x € Bp: ©1 = a} for a = a,b,c.

Now |BL| = |BS?| = |B,,_1|. This is because
the map f: Bflb) — B,,_1 defined by
f(bzox3...TH) = TOT3...TNn

is a bijection.

BS{I) ={zx € B, : 1 = aand zo = b or c}.
Thus the map g : B{® 37(21 U BS)_)l defined
by glazozs...zn) = zox3...2TNH IS @ bijection.
Hence, by the above, |B{?| = 2|B,_1|.
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Linear Recurrence

(1) Fibonacci Sequence
an =ap_1+apn_o n > 2.
ag — a1 = 1.

(2)

bn = |Bn| = [{z € {a,b,c}":
aa does not occur in z}|.

bp=3:abc
bo =8 : ab ac ba bb bc ca cb cc

b = 2b,,_1 + 2bp_» n>2.

Towers of Hanoi

Peg 1 Peg 2 Peg 3

Hp is the minimum number of moves needed to shift

nringsfromPeg 1to Peg2. Oneisnot allowed to
place alarger ring on top of asmaller ring.



Hp,=2H, 1+1

— Hn:  moves
N L ]
— 1 move

Solution of Fibonacci Recurrence

We find solution to
an = ap—1+ an—2 n>2. (2)

ag =a1 = 1. 3)

First we "guess” solution a, = £, £ # 0 to

(2).

=gl 4 en2 (4)
or
£2-¢-1=0
or
1+v5 _1-+5
&= or .
2 2

(4) is called the characteristic equation of the
recurrence.

Hn:  moves

A has n dollars. Everyday A buys one of a
Bun (1 dollar), an Ice-Cream (2 dollars) or a
Pastry (2 dollars). How many ways are there
(sequences) for A to spend his money?

Ex. BBPIIPBI represents “Day 1, buy Bun.
Day 2, buy Bun etc."”.
un, = number of ways
= Un,B + Un, T + Un, P

where u, is the number of ways where A
buys a Bun on day 1 etc.

Up, B — Un—1, Up,J] = Up,p = Up—2-

So
Un = Up—1 + 2up_2,
and
ug = uq1 = 1.
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We observe that if the sequences u,, v, both
satisfy (2) then so does the sequence ciun +
covp, for any cq,co.

Let wyp = ciun + covn. Then

Wn — (wnfl + wn72)
c1un + c2vp — ((1un—1 4 c2vp—1) 4+ (c1un—2 + c2vn_2))
c1(un — (Un—1 + un—2) + c2(vn — (Vn_1 + vn_2)

Applying this with u, = ((1 + /5)/2)" and
vn = ((1 — Vv/5)/2)" we deduce that

a(757) v (57)

2 2
satisfies (2) for any cq,co.



We choose c1,co so that (3) also holds.

c1+c =1 (n=0)

1 1-—
1+VE | 1-15

c 5 2 =1 (n=1)
So,
o L1HVE _ 11-46
175 2 P77 2
and
1 (14+v5\""Y 1 f1-vE\"T!
an = —— -
"TVs\ 2 NAUEP
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Consider
Up = Up_1 + 2upy_o n>2
ug =1, u; = 1.
We solve
£2-€6-2=0
or
E=2or —1.

We find ¢1,co such that

c1+c =1 (n=0)
2c1—cp = 1 (n=1)

c1=2/3,c0=1/3.

up = (271 4 (—1)7)/3.

In general to solve

an + aran_1+ azap, 2 =0 n>2

ag = PBo, a1 = P,
we ""guess” an = £™ which gives us
€+ a1t T+ =0
or
€+ at+ar=0 (5)
Let £1,&> be the roots of this equation. Put
an = c1€7 + 265
where

c1tc = Bo (n=0) (6)
c1é1+ b = B (n=1)

Consider
bn = 2b,_1 + 2bp_o n>3

by = 3, by = 8.
We solve

£2-2¢6-2=0
or

E=14++v3o0r1—-+3.
We find c¢1,c¢o such that
c1(1+V3)+e(l-v3) =3 (n=1)

c1(1+v3)?+(1-v3)? =8 (n=2)

. 243 . _5-3V3
1= /3 P T 6—2v3

243 n, 5-3V3 n
bn = V3 (1++V3) +m(1—\/§)-
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Towers of Hanoi
H,=2H, 141, H1 =1
H,  H, 1
on = ton
Hp1 _ Hy—2 1
on—1 - 2 +-2n—1
Hy 1
22 = 2 22
So
H, _ H 1 1
on 2+22 23+ +2n
- o
H,=2"—-1
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an — €1a,_1 = c£3.

Assume &7 # 0.

an
&g
an—-1
et

ap—1
ept
an—2
€02

— —aqg

&1

(&)

&)
(Ez)n_l

cl| — .
&1

&

&'

Summing these equations we obtain (for &1 #

£€2)

a _ (2\", (&
P ((51) * (51
_ b&/a)"-1

&1 (2/61) -1

n—1 ¢
) +m+2)+%)

€1

ag-
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Alternative approach to general case

an + a1ay_1 + asa,_o =20

implies

an — (61 + &2)an—1 + &1620,_2 =0

[ = —(&1 4 &2), ap = £1£2]

So
(an — &10n—1) —&2(ap—1 — &1a0,-2) = 0.
Put bn = an — £1an_1
bn —&2b,_1 =0
and so

bn = ng

Multiplying through by &7 justifies the formula

an = 1€ + 263 &1 # &o.
When &1 = &5 we obtain (from (7)

an = £ (en + ag)

as the general form.
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Complex roots

If the characteristic equation has a complex
root, then both of the roots are complex and
& = €1, i.e. the two roots are different.

In this case we do the same as in the case
when the characteristic equation has two dif-
ferent real roots. (We did not utilize the fact
that the roots were reall)

This means that we will try to find a solution
of the form c1£7 + c2é5.

Example for the complex case

an =an—_1—2an_92, ag=1, a3 = 2.
We solve £2—¢4+2=0 or
£ = 1+V7i . 1—+Ti
1=y 2T
Since the roots are different, an = c1£7 +c£3.
We find ¢1 and ¢o such that

2

c1+cx=1, and

C

147 1—/7i
1 +c2 5 =

2, i.e.,

7—3VTi 7+ 3V7i
——, and eco = ———

A= " 14 =

an

14 2 14 2
Check that a, above is always an integer!

:7—3ﬁ¢<1+ﬁ¢>"+7+3ﬁi (1—ﬁi



