Inequalities Markov Inequality: let X : � → {0, 1, 2, . . . , } be a random variable. For any t ≥ 1 P(X ≥ t) ≤ E(X) t . Proof

E(X) = ∞∑ k=0 kP(X = k) ≥ ∞∑ k=t kP(X = k) ≥ ∞∑ k=t tP(X = k) = tP(X ≥ t). In particular, if t = 1 then P(X ≠ 0) ≤ E(X).

m distinguishable balls, n boxes

Z = number of empty boxes. m ≥ (1 + ϵ)n loge n. E(Z) = n ( 1 − 1 n )m

≤ ne−m/n ≤ ne−(1+ϵ) log^e n = n−ϵ. So P(∃ an empty box) ≤ n^{−ϵ}.

Variance:

Z : � → R and E(Z) = μ.

Var(Z) = E((Z − μ)^2) = E(Z2 − 2μZ + μ2) = E(Z2) − E(2μZ) + E(μ2) = E(Z2) − 2μE(Z) + μ2 = E(Z2) − μ2.

Ex. Two Dice. Z(x1, x2) = x1 + x2.

Var(Z) =^{22×1}_{36} +^{32×2}_{36} +^{42×3}_{36} +^{52×4}_{36} +^{62×5}_{36} +7^2×636 + 8^2×536 + 9^2×436 + 10^2×336 + 11^2×236 +

122×1

36 − 72 = 356

Binomial: Z = Bn,p, μ = np.

Var(B_{n,p}) = n∑ k=1 k^2 (_n k )_{pk(1 − p)n−k − μ2}

= n∑ k=2 k(k − 1) (_n k )_{pk(1 − p)n−k + μ − μ2}

= n(n − 1)p^2 n∑ k=2 (_{n − 2} k − 2 )_{pk−2(1 − p)n−k + μ − μ2} = n(n − 1)p^2(p + (1 − p))^{n−2} + μ − μ^2 = n(n − 1)p^2 + μ − μ^2 = np(1 − p).

Chebycheff Inequality

Now let σ = √ Var(Z).

P(|Z − μ| ≥ tσ) = P((Z − μ)^2 ≥ t^2σ^2) ≤ E((Z − μ)^2) t2σ2 (1) = 1 t2 . (1) comes from the Markov inequality applied to the random variable (Z − μ)2.

Back to Binomial: σ = √ np(1 − p). P(|B_{n,p} − np| ≥ t √ np(1 − p)) ≤ 1 t2 which implies P(|B_{n,p} − np| ≥ ϵnp) ≤ 1 ϵ2np . [Law of large numbers.]

If X and Y are independent random variables then E(XY ) = E(X)E(Y ).

E(XY ) = ∑ α ∑ β αβP(X = α, Y = β) = ∑ α ∑ β αβP(X = α)P(Y = β)

= [ ∑ α αP(X = α) ] ∑ β βP(Y = β) = E(X)E(Y ).

This is not true if X and Y are not independent. E.g. Two Dice: X = x1 + x2 and Y = x1.

E(X) = 7, E(Y ) = 7/2 and E(XY ) = E(x^2_1) + E(x_1x_2) = 91/6 + (7/2)^2.