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N-semigroups and colorings—a review

A partial semigroup is a set S with a binary operation from a subset of
S x S to S such that, for x,y,z € S, if one of the products (xy)z, x(yz)
is defined, then both are and are equal.

N\ a set, S a partial semigroup, and X a set

A A-partial semigroup over S based on X is an assignment to each

A € A\ of a function from a subset of X to S such that for sp,...,s, € S
and Ag, ..., Ak € A there exists x € X with spAg(x), ..., sk Ak(x) defined.
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N-semigroups and colorings—a review

Assume we have a A-partial semigroup over S and based on X.

A sequence (x,) of elements of X is basic if for all ng < --- < n; and
Aoy, A EN
A0(Xng ) A1 (xmy) - - - Ai(xn,) (1)

is defined in S.

Assume we additionally have a point based A-semigroup A over (A, A).

A coloring of S is A-tame on (x,) if the color of elements of the form (1)
with the additional condition Ax(®) A --- A Xj(e) € A(e), for all k </,
depends only on

)\0(0) VAN )\1(0) VANCIERWAN A/(O) € A.
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N-semigroups and colorings—a review

A and B are A-semigroups with A being over A and based on X and B
being over B and based on Y.

A homomorphism from A to B is a pair of functions f, g such that
f: X—=Y,g:A— B, gis a homomorphism of semigroups, and, for each
x € X and X € A, we have
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N-semigroups and colorings—a review

Theorem

Fix a finite set \. Let S be a N-partial semigroup over S, and let A be a
point based N-semigroup. Let (f,g): A — ~S be a homomorphism.

Then for each D € f(e) and each finite coloring of S, there exists a basic
sequence (xp) of elements of D on which the coloring is A-tame.
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N-semigroups and colorings—a review

The goal:

produce homomorphisms
from point based A-semigroups A to 7S of interest.
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New ones from old ones—tensor products

Fix a partial semigroup S.
Mo, A1 finite sets

S;, for i = 0,1, A;-partial semigroups over S with S; is based on X;
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New ones from old ones—tensor products

Put
No x A1 :/\0U/\1U(A0 X/\l).

Define
So ® S

to be a Ag x Ar-partial semigroup over S based on Xy x X as follows: with
Ao, A1, (Ao, A1) € Ao x Aq
associate partial functions Xg x X; — S by letting

Ao(x0, x1) = Ao(x0),
A1(x0,x1) = A1(x1),
(Ao, A1)(x0, x1) = Ao(x0)A1(x1).
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New ones from old ones—tensor products

So ® S is a Ag x Aq-partial semigroup.
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New ones from old ones—tensor products

Proposition (S.)
Fix semigroups A and B. For i = 0,1, let A; and B; be \;-semigroups
over A and B, respectively. Let

(f()ag): AO — BO and (f17g): Al — Bl
be homomorphisms. Then

(be fl,g): Ao ® A1 — By ® By

is a homomorphism.
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New ones from old ones—tensor products

Let S;, i = 0,1, be Aj-partial semigroups over S based on X;. Consider
7Sp ® vS1 and y(Sp ® S1).

Both are Ag x Aj-semigroups over ~S.
The first one is based on 7 Xy x 7X1, the second one on ~(Xy x X1).
There is a natural map vXo x 7X1 — y(Xo x X1) given by

(U, V) U x Vv,
where, for C C Xy x Xi,

CeUxV<={xpeXo: {x1€X1:(x0,x1) € C}eV}€EU.
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New ones from old ones—tensor products

Proposition (S.)

Let S be a partial semigroup. Let S;, i = 0,1, be \;-partial semigroups
over S. Then
(f,idys): vSo ® ¥S1 = ¥(So ® S1),

where f(U,V) =U x V, is a homomorphism.
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Furstenberg—Katznelson Theorem for located words

An application—Furstenberg—Katznelson
Theorem for located words
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Furstenberg—Katznelson Theorem for located words

A bit more of general theory
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Furstenberg—Katznelson Theorem for located words

A a point based A-semigroup over a semigroup A

Fix a natural number r.
Associate with each A € A., an element A(e) of A by letting

—

A(®) = Ao(®) A=+ A Am(e),

where m < r is the length of X

This way we get a finite set A, (o) C A.
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Furstenberg—Katznelson Theorem for located words

S a A-partial semigroup over a partial semigroup S
(xn) a basic sequence in S

A coloring of S is r-A-tame on (x,) if the color of elements of the form
Ao(Xng)A1(Xny ) -+ Ai(Xny),
for ng < --- < njand Ag,...,\; € A, with the additional condition
Ac(®) A== AX(o) € Aoy(o) forall k </

depends only on
)\0(0) VAN )\1(0) VARV A/(O) € A.
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Furstenberg—Katznelson Theorem for located words

The following corollary is an apparent generalization of the theorem.

Corollary

Fix a finite set N\ and a natural number r. Let S be a N-partial semigroup,
A a point based N-semigroup, and (f,g): A — S a homomorphism.
Then for each D € f(e) and each finite coloring of S, there exists a basic
sequences (xp) of elements of D on which the coloring is r-A-tame.
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Furstenberg—Katznelson Theorem for located words

The corollary follows from the theorem and the two propositions.

Proof.

We have a homomorphism (f, g) from A to S.

There is a homomorphism A®" — (vS)®" equal to (f", g) by the first
proposition.

Note that D x X"~! € f'(e).

Since, by the second proposition, there is a homomorphism

(78)®" — v(S®"), we have a homomorphism

AZ" = (8%),

and we are done by the theorem. O
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Furstenberg—Katznelson Theorem for located words
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Furstenberg—Katznelson Theorem for located words

Recall the statement:

Fix a set F of finitely many types. Color, with finitely many colors, all
words from N to M + N. There exists a sequence of variable words (xj)
from N to M with x, < xp41 and such that the color of words of the form

Xng [io] + Xny [il] + e X, [i/]’

with ng < n < --- < ny, depends only on the type of the sequence
obtained from (ip, ..., i) by deleting all entries less than M, provided this
type belongs to F.

The type of (Jo,. .. ,Jjk) is the sequence obtained from (jo,...,Jjk) by
shortening each run of identical numbers to a single number.
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Furstenberg—Katznelson Theorem for located words

Monoid A:
L, T finite disjoint sets, e an element not in LUT.
AN=LUT U{e},

with
)\0, if Al = e,

Xo- A1 =
O TN AL ifaelLurl,

is a monoid with the identity element e.
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Furstenberg—Katznelson Theorem for located words

Semigroup A:
I disjoint from {0,1}
Let
A

be freely generated by ' U {0, 1} subject to the relations

aNa=a and aAl=1Aa=a
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Furstenberg—Katznelson Theorem for located words

Point based A-semigroup A over A:

Assignment to elements of A of functions {e} — A:
For A € A, let A(e) € A be

0, ifi=e
AMe)=<1, iflel;
A ifAer.

This defines a point based A-semigroup over A called A.
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Furstenberg—Katznelson Theorem for located words

Proposition

U a compact semigroup, V C U a compact subsemigroup, H C V a
compact two-sided ideal in V. Assume N\ acts on U by continuous
endomorphisms so that V is L-invariant.

Then there exists a homomorphism (f,g): A — Up with f(e) € H.
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Furstenberg—Katznelson Theorem for located words

Partial semigroup:

S = (LUT)-words and variable (L U I')-words
T = L-words and variable [-words
D = variable [-words

Note: D C T C S, D a two-sided ideal in T, T a subsemigroup of S
Action of A on S:
(x) X, if xisa (LUT)-word or A = e;
X) =
x[A], if x is a variable (LUT)-word and A € LUT.
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Furstenberg—Katznelson Theorem for located words

Then H =D is a compact two-sided ideal in V =~ T, which is a
subsemigroup of U = ~S.

Note that V is L-invariant.
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Furstenberg—Katznelson Theorem for located words

So by the last theorem and the corollary:

given r > 0, there is a basic sequence (x,) in D such that the color of
Ao(Xng) £ -+ 4 Ai(Xm) = Xng[Mo] + -+ 4 X, [M1]

depends only on
)\0(0) VANIERIVA )\/(0) €A

as long as

Ao(®) A -+ AX(®) € Aey(o).

Each finite set of types is included in A.,(e) for some r.
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Hales—Jewett for left-variable words

A sketch of an application—
the Hales—Jewett theorem for left-variable
words
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Hales—Jewett for left-variable words

Monoid A:
N = LU {e} with e ¢ L, with multiplication

A if \1 = e;
Mo-d=4"" I e
A1, if \1 € L,

is @ monoid with the identity element e.
Semigroup A:

A ={0,1} with i A j = min(i,J).
Assignment A — A:

For A € A, let A(e) € A be

0, ifd=e¢e
Ale) = {1, A+ e.
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Hales—Jewett for left-variable words

Proposition (S.)

U a compact semigroup, H a compact two-sided ideal in U, G C H a right
ideal. Assume N\ acts on U by continuous endomorphisms.

Then there exist

u € H, a homomorphismg: A— U, andv € G

such that

AMu) = g(A(e)) and uv = u.
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Some questions

A a monoid
A the semigroup generated freely by A subject to the relations

eNA=ANe=c¢e.

U a compact semigroup on which A acts by continuous endomorphisms

H a compact two sided ideal in U
Question. For what A, does there exist
u € H and a homomorphism g: AU

such that for each A € A
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Some questions

The question amounts to asking for what A there exists a homomorphism
(f,g): A— Up with f(e) € H,

where A is the point based A-semigroup over A given by A\(e) =\ € A.
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Some questions

Fix M > 0. Let E be the monoid with composition of all non-decreasing
functions s: M — M such that
s(0)=0 and s(i+1)<s(i)+1, foralli<M—1.

Question. Does the question above have positive answer for A = E?
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Some questions

E as above acting on a compact semigroup U with a compact two-sided
ideal H

A= M with i A j = min(i, )

For s € E, let
s(e) = M — (1 + maxs) € A.

Question. Do there exist

u € H and a homomorphism g: A — U

such that

s(u) = g(s(e))?

A positive answer to this question implies the generalized Gowers’ theorem.
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