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1 Fundamentals of continuum mechanics

Continuum mechanics is concerned with the dynamics of a continuous body such as a fluid (gas,
liquid) or an elastic body. Our goals here are:

1. to clearly elaborate a mathematical description of a continuum,
2. to describe the kinematics of a continuum,

3. to derive the equations of motion that govern the dynamics of a continuum.

1.1 Kinematics

To describe a continuum we assume the following.

1. At the reference time ¢ty = 0 (others could be used, but ¢, = 0 is no loss of generality) the
continuum occupies an open set Qy C R3. We will typically assume that 0 is at least
Lipschitz (locally the graph of a Lipschitz function) whenever 00y # &. However, in deriving
the equations of motion it is often convenient to assume 0 is more regular. Throughout
section 1 we will be a bit vague about the precise regulartiy assumptions, but this has no
real impact on the results. The set ) is often called a reference configuration or a material
configuration in the material, i.e. y € ) corresponds to a material point/particle.

2. For times ¢ > 0 the continuum occupies a set (t) C R? that is given as a deformation
of the reference configuration €y by a map 7(-,t) : Qg — R?. We assume that for each
t > 0 the continuum does not self-penetrate, which means that we assume that n(-,t) is
injective. Thus n(-,t) : Qo — n(Qo,t) = Q(t) € R? is a bijection for all £ > 0. Then the map
R 3t~ n(y,t) € R3 gives the trajectory of the material point y € €y. We will call  the
flow map.

3. We will assume that actually 7 is differentiable and that for all ¢ > 0, n(-,t) : Qy — Q(¢) is a
C! diffeomorphism that preserves orientation.

We now turn to one of the most important examples of flow maps.

Definition. Let z : RT — R} R: Rt — SO(3) = {M e R¥>3 | MT = M~ det M = 1} be maps
with 2(0) = 0, R(0) = I. We say that the map n : R? x RT™ — R3 given by n(y,t) = 2(t) + R(t)y is
a rigid motion.

Clearly if 7 is a rigid motion, then |n(yi,t) — n(y2,t)| = |R(t)(y1 — y2)| = |y1 — ye| for all t €
R*, 91,y € R3. This is what justifies the name. In fact, this characterizes these maps.

Proposition 1.1. Suppose f : R™ — R" is a bijection. Then the following are equivalent:

L|f(z) = f(y)l = & =yl for all z,y € R"
2. There ezists z € R", R € O(n) such that f(z) = z + Rz for all z € R™.



Proof. The direction from item 2 to item 1 is trivial. To prove the other direction, we will first
prove a modified result: if f(0) =0 and |f(z) — f(y)| = |x — y| for all z,y € R", then f(z) = Rx
for some R € SO(n). Indeed, in this case we know

B Ll et I et o e el et 1
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f(2) = FOO) + [ f(y) = FO)? = |f(2) = f)]?

- ) — (@) 1)

for all x,y € R™ Since f is a bijection we can choose yi,...,y, € R™ such that f(y;) = e; for
1 =1,...,n. Then for z € R",

n n n

flx) = Z(f(ﬁ) Lei)e; = Z(f(f) fyi))ei = Z(I -yi)e; = R

i=1 =1 i=1

R € R™"™ is the matrix with y; in the ith row. Thus f is linear and x -y = Rz - Ry for all z,y € R"
and thus R"R=1 = R € O(n). This proves the modified result.

Now, in the general case we set z = f(0) and consider the map ¢ : R" — R" given by g(x) =
f(z) — z. This is clearly a bijection and satisfies ¢(0) = 0 and |g(x) — g(y)| = |z — y| for all z,y.
Thus there exists R € O(n) such that g(z) = Rz, and so f(z) = z + Rx. O

Remark 1.2. In general we can’t show R € SO(3) without postulating that n preserves orientation.

Definition. The velocity of a material particle y € Qqy at time t € R is given by On(y,t) € R3.
We define the velocity as v : Qo x RY — R3 given by v(y,t) = dm(y,t). We similarly define the
acceleration a : Qo x RT — R3 wvia a(y,t) = 0?n(y,t) = Ow(y,t) € R3.

Those definitions are consistent with the usual meaning in the context of the kinematics of
particles. Indeed if we set z(t) = n(y,t) € R? for some fixed y € Qy, then v(y,t) = ©(t),a(y,t) =

The description of the velocity and acceleration in €2y is called the Lagrangian description and
the coordinates (y,t) € Qy x RT are called Lagrangian coordinates. It turns out that it is often
more convenient to work in Eulerian (or sometimes laboratory) coordinates, which are given by
r = n(y,t) € Qt). In other words, (z,t) € R3> x R are coordinates relative to a fixed frame (the
laboratory) through which the continuum moves.

Let’s examine the velocity and acceleration in Eulerian coordinates. We write u(-,t) : Q(t) — R3
via

oy t) = u(n(y, ) =won  or  ule,t) =v(y (e, 1)) =von!

Next we compute:

a(y,t) = Ow(y,t) = du(n(y,t),t) + Du(n(y,t),t)9m(y,1)
= Ou(n(y,t),t) + Du(n(y,t),t)v(y,t)
= u(n(y,t),t) + Du(n(y,t), )u(n(y,t),t).

Now, (Du - u); = Z?Zl(Du)ijuj = Z?:1 djuiu; = u - Vu;, which leads us to define u - Vu € R? via
(u- Vu); = u;0;u;. Thus

a(y,t) = du(n(y,t),t) + (u- Vu)(n(y,t),1),



and so the Eulerian description of the acceleration is the field dyu(z, t)+u(z, t)-Vu(x,t) for z € Q(t).
Given 1 or v we can compute u and €(t), but we can also go the other way! Say we know ()
and u(-,t) : Q(t) — R3 for t > 0, i.e. we know the Eulerian velocity. We find 5 by solving

am(y,t) = u(n(y,t),t)
n(y,0) =y € Q0) = Q

Assuming u is sufficiently regular, there exists a unique 7 solving the ODE, and the basic theory of
ODE tells us that {n(-,t)}+>0 is a 1-parameter family of diffeomorphisms. Moreover,

{@ det Dn(y, t) = divu(n(y,t),t)det Dn(y,t) )

det Dn(y,0) =det I =1
S0

det Dij(y,t) = exp ( /0 t div u((y, 5)) ds) .

This has an important consequence: det Dn > 0 for all ¢ > 0, i.e. i is orientation-preserving. Thus
we guarantee that 7 is a flow map.
The formula has other important consequences.

Definition. Let Q@ C R" be open and f : Q — f(Q) C R™ be a C' diffeomorphism. We say f
is locally volume-preserving if (U| = |f(U)| for every measurable set U C ), where |-| denotes the
n-dimensional Lebesque measure.

Theorem 1.3. Let n: Qo x RY — R3 be a flow map. Then the following are equivalent:
1. For allt € RY the map n(-,t) : Qo — Q(t) is locally volume-preserving.
2. det Dn(y,t) =1 for all y € Qp,t € RT

3. If u(-,t) : Q(t) — R3 is the Fulerian velocity associated to n, then divu(z,t) = 0 for all
x € Q(t) for allt € RT.

Proof. We first show the first and second items are equivalent. We know from measure theory that
if U C Q) is measurable, then n(U, t) is measurable, and

n(U,1)] = / det Dr(y,t) dy.
U

If |U| = |n(U,t)| for all U, then

/U (det Dig(y, £) — 1] dy =0

for all U C Qo measurable, and hence det Dn(y,t) = 1 for all y € Qp,t € RT. The converse is
trivial.
Next, suppose the second item. Since det Dn(y,t) = 1 we have that

0 = 9, det Dn(y,t) = divu(n(y,t),t) det Dn(y,t) = divu(n(y,t),t)

for all y € Qp,t € RT. Since n(-,t) : Qo — Q(t) is a diffeomorphism, we deduce that divu(x,t) =0
for all t € RT, z € Q(¢).



Finally, suppose the third item. We know

Oy det Dn(y, t) = divu(n(y,t),t) det Dn(y,t) =0
det Dn(y,0) =1

and thus det Dn(y,t) =1 for all y, t. O]
This suggests some notation.
Definition. The Eulerian velocity u is called incompressible if divu(-,t) =0 for all t € RT.

The theorem then says: 7(-,t) is locally volume-preserving for all ¢ if and only if u is incom-
pressible. Note, though that this does not mean that div, v(y,t) = 0.
Now we use the evolution of det Dn to construct an essential tool.

Theorem 1.4 (Transport theorem). Let Uy C € be open and set U(t) = n(Uy,t) C Q(t) for
teRT. Let f(-,t) : Q(t) > R fort > 0. Then

d

dt Ju fla,t) dv = /U(t) O f(x,t) + div(f(z, thu(z, 1)) d.

Proof. We have that n(-,t) : Uy — U(t) C €(t) is a diffeomorphism, so

flx,t) dv = [ f(n(y,t),t)det Dn(y,t) dy
U(t) Uy

for t € R*. Thus

/ f( [ Fto.1).0)det Dty 1) dy
- / [atf<n<y,t>,t> V. 1).8) - An(y, £)] det Dy(y, )

+ f(n(y, t), )0 det D(y,t) dy
= [ 0s0tw.0.0 + V10010 -t 0.1
+f(n(y, t),t) divu(n(y,t), )] det Dn(y,t) dy
= /U(t) [0 f(x,t) + V[(x,t) u(x,t) + f(x,t)divu(x,t)] de

= / O f + div(fu).
U)

Remark 1.5. The theorem trivially extends to f(-,t) : Q(t) — R™ for m > 2. In this case

d .
= /U@ ;= /U@ Ouf + div(f ® u)

where f @u € R™3 is given by (f®@u);; = fiu; fori=1,....mandj=1,...,3 and if M : U(t) —
R™*"™ then div M € R™ is given by (divM); = 27:1 0;M;;. In other words, divergence acts on
matrix functions along each row.



Remark 1.6. If OU(t) is Lipschitz for t € RY, then

d
—/ f: atf+/ f®U'V,
dt Ju U(t) U ()

and the latter term is interpreted as the “flux of f” across the surface OU (t). Note: fQu-v = f(u-v).
We will apply the transport theorem very often, so we introduce some notation.

Definition. We say {U(t)}ier+ is a flow if Uy = U(0) C Qg is open with OU, either & or else
Lipschitz, and U(t) = n(Uo,t) fort > 0. We say a flow is interior if U(t) € Q(t) for all t > 0.

Remark 1.7. Here we have that U(t) is open with OU(t) either empty or Lipschitz. We do this
so that U(t) is always measurable and OU(t) has a H*-a.e. defined unit normal v (if OU(t) # @)
and the divergence theorem holds! This could possibly be improved, but we will settle for this, as it
already allows for a very large class of flows.

1.2 Mass and the continuity equation

Continuum mass assumptions:

1. We assume that one of the defining characteristics of a continuum is that it has mass. This
is analogous to the concept of mass for point particles, except that we assume that the mass
is distributed throughout Q(¢) with a C* density distribution p(-,t) : Q(¢) — (0, c0).

2. For any U C () measurable we say that the mass contained in U is

M(U) :/Up(x,t) dr.

Note that if U is open then M(U) > 0, i.e. all open subsets of Q(t) carry mass.

With this notion in hand we can state the third mass assumption.

3. We assume the principle of mass conservation: if {U(¢)} is a flow then M(U(¢t)) = M(Uy) for
all t € RT, i.e. the mass is constant along a flow. In particular this means that M(Q(t)) =
M(€p), i.e. the total mass of the flow does not change.

Let’s now combine these assumptions with the transport theorem.

Theorem 1.8 (Continuity equation derivation). The density function p(-,t) : Q(t) — (0,00) satis-
fies the PDE Oyp + div(pu) = 0 in Q(t) for all t > 0.

Proof. Let {U(t)} be a flow. Since M(U(t)) = M(Uy) for all t > 0 we have that d/dtM(U(t)) =0

for all ¢t > 0. Thus
0=—-M(U(t ———/ p——/ Op + div(pu
It ( ( )) It " " t ( )

for all t > 0. Since this holds for every flow {U(t)} we deduce that d,p + div(pu) = 0 in Q(¢) for all
t>0. [

Definition. The equation 0;p+ div(pu) = 0 is called the continuity equation or the conservation of
mass equation.



Remark 1.9. Two remarks on the equation Oyp + div(pu) = 0:
1. The PDE us first order and linear in p if we know w.

2. Transport:

op+u-Vp+ pdivu
—_—— —
transport by u divu acts as a source

divu >0 = density decreases along characteristic curve

divu < 0 = density increases along characteristic curve

It turns out that something interesting happens to the density in Lagrangian coordinates. To
see this, we make a few definitions.

Definition. The Lagrangian mass density is o : Qo xR — (0, 00) given by a(y,t) = p(n(y,t),t) <~
p(z,t) = a(n~(z,t),t). The Lagrangian Jacobian is J : Qo x Rt — (0,00) given by J = det Dn).

Theorem 1.10. J;(aJ) =0 in Qy x RT.
Proof. We know 0,J (y,t) = divu(n(y,t),t)J(y,t) and

dia(y,t) = ap(n(y,t) t) = 0ip(n(y,t),t) + Vp(n(y,t),t) - din(y,t)
= Oip(n(y,t),t) + Vpn(y,t),t) - u(n(y,t),t)
= —divu(n(y,t),t)p(n(y,t),t)
= —divu(n(y,t),t)a(y,t)
Thus
O(ad) = Owad + adyJ = (divuon —divuon)aJ =0.
0
Corollary 1.11.
p(n(y,1),t)J(y, 1) = a(y,t)J(y,t) = a(y,0) = p(y,0) = p(n(y,t),t) = ?iyy 2;

In particular, the flow is locally volume-preserving if and only if p(n(y,t),t) = p(y,0) for all t > 0.

The upshot of this is that the local volume distortion and mass are inversely proportional.

1.3 Momentum, force, torque, and momentum balance
1.3.1 Newton’s laws — 1687

Let’s begin recalling Newton’s laws:

1. An object in motion remains in the state of motion until acted upon by a force.
2. The rate of change of an object’s momentum equals the force acting on it.

3. The force one object exerts on another is equal to the opposite of the force the other exerts
on it.

Math translation: the first and second items state that p = F' where p = mv = ma, and the third
items states that Fio = —Fb;. Note: the angular momentum measure with respect to zg € R? is
L= (z—m) xp,and L = (z — ) X F is the torque.

Newton’s laws are formulated for particles and so don’t quite work for rigid bodies or continua.
Newtonian mechanics was extended to rigid bodies by Euler.

7



1.3.2 Euler’s laws — 1750

A rigid body is given by Q(t) = n(£,t), where 7 is a rigid motion. We define the linear and angular

momentum by
p(t) = / pu, L(t) = / T X pu.
Q(t) Q(t)

1. The total force acting on §2(¢) is

Zp(t) = F(t
Lot) = F(1)
2. The total torque acting on €(t) is

d

—L(t)="TI(t

L) = T()

We delay a specification of F,7T for a moment. Rigid body mechanics is more complicated than
particle mechanics because of L and the inertia (which we don’t define) related to the distribution of
mass through a body. Euler was able to deduce his laws by idealizing the rigid body as a collection
of point particles and passing to the limit. Actually, we can go the other way and derive particle
mechanics from Euler by considering shrinking rigid bodies and assuming something called “Euler’s
cut principle”. So in some sense the Newtonian and Eulerian laws are the same.

To specify the dynamics of a (non-rigid) continuum we will employ a version of Euler’s laws
expanded upon by Cauchy.

1.3.3 Cauchy-Euler Laws — 1822

Let {U(t)}; be a flow. The linear/angular momenta are

PU(t)) = /U(t) pu, L(U(t)) = /U(t) T X pu.

Note: we could also define Ly (U(t)) = [y, (2 — z0) X pu.
We will also assume that to each flow we can specify the force and torque acting on U(t)

by F(U(t)) and T (U(t)), respectively. Furthermore, we assume that there are two types of
forces/torques:

1. Body/bulk: these are long-range forces/torques that act on the interior of U(t), e.g. gravity,
electromagnetism. These are given by a bulk force density f(-,t) : Q(t) — R3.

2. Surface: these are short-range forces/torques that act on oU(t). They are of two subtypes:

(a) Contact: these occur only on 0U(t) \ 0€(t) and are caused by the contact between U (¢)
and U(t)¢ = Q(t) \ U(t).

(b) Boundary: these occur only on 9€2(t) N QU (t) and are due to things like surface tension.
This is given by a density (o, t) : 9Q(t) — R3.

Then the Cauchy-Euler laws are as follows:

1. For any flow {U(t)}; we have that



d
4 LU®) =TU{).

For these to be useful we must specify F and 7. This is done in the third law.

3. (Cauchy’s hypothesis) Let {U(¢)} be a flow. Then we have that
FUR) = Fo(U(t) + Fs(U(1))

TWUR) = To(U(t) + T:(U (1))

bulk surface
where
FWO) = [ fende RO = [ ox f i
U(t) U()
and
Fs(U(t)) :/ Y(z,t) do +/ T(v,z,t) dz
AU (1)NAN(2) AU (1)\0N(t)
TS(U(t)):/ x x (x,t) dx+/ zx T(v,x,t) do

AU (H)NON(2) U (4)\OQ(¢)

for v the outward unit normal and T'(, -, t) : S x Q(t) — R? a map called the Cauchy traction.
We assume 7 is at least C*.

Where does the traction come from? Heuristics: suppose {U(¢)} is an interior flow. Then

.mwmzémw

where W is the contact force on QU (t). Since W is supposed to be short-range, it’s reasonable to
assume S = T'(v,z,t). Indeed by zooming in on z, we see that U should on depend on x, ¢, and
the local geometry of U (t) near .

Since U (t) is just an abstract splitting of (¢) we further expect ¥ to only depend on the tangent
space, since all reasonable ways of probing ¥ at x have the same tangent space. Since the tangent
is determined by v, we're led to Cauchy’s hypothesis: S = T'(v, z, ).

Let’s now explore the implications of our assumptions.



Lemma 1.12 (Balance of momentum, version 1). Let {U(t)}scr+ be an interior flow. Then

/ O(pu) + div(pu @ u) = / f —{—/ T(v
U(t) U(t) ou (t)

Proof. We simply combine the transport theorem and Cauchy-Euler 1 and Cauchy-Euler 3:

o +aivlpnen) = 5 [ = Gy =Fwey = [ g [ 1

U(t)

Now we derive an important property of T'.

Lemma 1.13 (Cauchy’s lemma / Newton’s 3rd for contact forces). We have that T(v,z,t) =
—T(—v,z,t) forallt e RT, z € Qt),v € S,

Proof. Fix ty € RT and xy € Q(ty), and consider v € S%. Let I' € R? be a hyperplane such that
x € T with v normal to I'. Let W & Q(ty) be open with OW Lipschitz. Set U = W N H™,
V =W NH~ where H", H are the open half-spaces related to I', with v pointing into H*. Then
OU, 0V are Lipschitz, x € U N OV, and ¥ = 90U N oV C T is relatively open in I'. Assume v
points into U. Set Uy = n~ (U, to), Vo = n=1(V, to), Wo = 71 (W, ts) which are open with Lipschitz
boundaries. Then for the flows {U(¢)},{V(¢)},{W(t)}, we know

Clearly, P(U(t)) + P(V(t)) = P(W(t)), so F(U(t)) + F(V(t)) = F(W(t)), and hence

_|_
/ / o™ ™ e L

to) oU to) aV(to) W(to) 8W(t0)
to) +

W(t()

/

The above construction can be carried out such that ¥ = B(zg,7) NI for any r > 0, and so

/ ( 7'7t0)+T(_V7'7t0>:/ f+/ T
W (to) oW (to)

( to) = 0.

1
— T(l/, ° to) + T(—V, Y t()) =0

mr? B(zo,r)NC
for all » > 0 and thus

1

T(v,xo,to) + T(—v, o, 1) = lim —2/ T(v, - to) +T(—v, -, to) = 0.
r=0 B(zo,r)NC

With the previous two lemmas in hand we can now prove an extremely important result.

Theorem 1.14 (Cauchy’s stress tensor theorem). For t € RT there exists a tensor field S(-,t) :
Q) = R*>3 such that T(v,z,t) = —S(z,t)v for allv € S*,x € Q(t). S is called the (Cauchy)
stress tensor. Moreover, Sj(x,t) = —T(ej,z,t) - e; and so S is as reqular as T

10



Proof.

e Step 1

We claim that if ¢ € R*, 2z € Q(t), {z}}_; is an orthonormal basis of R*® and v € S? is such
that z; -v > 0 for ¢+ = 1,2, 3, then

T(v,x,t) = (V- z)T (2, x,t).

Let € > 0 and consider the tetrahedron W, C €(¢) such that

1. x is a vertex of W,

2. Three sides have normal vectors —z;, i = 1,2,3 : T
3. The fourth side has normal vector v : TV

4. We have that x +ev € I'Y.

Now, by balance of momentum version 1, we know that

O¢(pu) +div(pu @ u) — f = T.
We oW

We leave as an exercise for the reader to show that
[T =Mt 0) + T )R + o).
oW,

Then since H*(T'”) = ©(g?) we have that

o(1) = ﬁrg) . O(pu) + div(pu @ u) = T(v,z,t) + T(—z;, z,t)(z - v) + o(1)

and thus by sending ¢ — 0, we find that
T(l/,ﬂ?, t) = _T(_ziv I,ﬂ(Zg’ ' V) = T(Z’hxat)(zi ’ I/)
by Cauchy’s lemma. This proves the claim.

e Step 2

Let t € RT,z € Q(t),v € S* and choose {z;}3_; C R? an orthonormal basis such that v z; # 0
for i = 1,2,3. Set w; = sgn(v - 2;)z;, and note that {w;} is still an orthonormal basis. Then
step 1 implies that

T(v,z,t) = T(w;,x,t)(w; - v) = T(sgn(v - z;)zi, x, t)sgn(v - z)(z; - v) = Tz, x,t) (2 - v)
by Cauchy’s lemma. Define S(-,t) : Q(t) — R3*3 by
Sij(z,t) = =T(e;,x,t) - €
and consider S?2 = §? \ {4ze;, *e,, Fe3}. The above analysis shows that if v € S? then
T(v,x,t) =T(e;,x,t)(e; - v) = (T(ei,x,t) - e;)(e; - v)e; = =Sji(x, t)ve; = =S (z, t)v.

Since T is continuous and S? C §? is dense, we deduce that in fact T'(v,z,t) = —S(z,t)v for
all v € $2.

11



We can now use the stress tensor to refine balance of momentum.
Theorem 1.15 (Balance of momentum, version 2). We have that
O(pu) +div(pu @ u) +divS = f
in Q(t) fort € RT.

Proof. Let {U(t)}; be an interior flow. Then balance of mass version 1 says

/ 8t(pu)+div(pu®u):/ f+/ T(y,-,t):/ f—/ Stw= [ f-dvs,
Ut) Ut) oU (1) Ut) aU(t) Ut)

and hence
O(pu) + div(pu @ u) + divS = f
in Q(t). O
Remark 1.16. We compute
Or(pu) + div(pu @ u) = [Oyp + div(pu)| u + p(Opu + u - Vu),
S0
{@p + div(pu) =0 PN {&p + div(pu) =0
O(pu) + div(pu @ u) + divS = f p(Owu+u-Vu)+divs = f
Thus far we have not used Cauchy-Euler 2. Let’s use it now.
Theorem 1.17. Fort € Rt and x € Q(t) we have that S(z,t) = S'(z,t), i.e. S is symmetric.
Proof. Let {U(t)}; be an interior flow. Then Cauchy-Euler 2 says that
4 xxpu:/ a:xf+/ xxT:/ x X f— x X Sv.
dt Juw U oU(#) U oU(#)

We leave as an exercise to show that

d
— T X pu= / x X [O(pu) + div(pu @ u)] +u X pu = / x X [O(pu) + div(pu @ u)]
dt Juw U) U(t)
and
/ xx Sz, t)y = / x x div S(z,t) +/ ijkSik(T,t)e;
U () U(t) U(t)
where
+1 if (ijk) is an even permutation
gijk = § —1 if (ijk) is an odd permutation .
0  otherwise
Then
/ X [0(pu) + div(pu @ u)] = / X (f—div S)—/ EijkSjke; = / ijeSik(z, t)e; dr = 0.
U(t) U(t) u(t) u(t)
Since {U(t)} was arbitrary, we deduce that €;;,S;e; = 0 in (¢) for t € R*. Then ¢;,S;r = 0 for
1=1,2,3 and thus 523 = 532,513 = 831,512 = 521 — S=9ST. ]

Remark 1.18. A modification of the above argument shows that the conditions Cauchy-Euler 1,
Cauchy-Euler 8, and S = ST, are equivalent to Cauchy-Euler 1, Cauchy-Euler 2, and Cauchy-
Euler 3. Thus, Cauchy-FEuler 2 does not contribute a new PDE (balance of angular momentum) but
instead yields the structural result that S = ST.
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1.4 Energy and dissipation

In this course we will only consider continua evolving through purely mechanical processes. This
means that we will neglect temperature and heat dependent effects and thereby avoid the need to
develop thermodynamics.

We assume the following:

1. The continuum possesses mechanical energy that is distributed via E(-,t) : () — R. More-
over, we have that E = p|u|® /2 + pe, where p|u|” /2 is the kinetic energy and pe is the “free
energy density” given with (-, t) : Q(t) — R.

2. If {U(t)}; is a flow we define

to be the energy,

WU(t)) = f~u—/ Su~u+/ veu
U(t) DU (H)\0QU(t) OU (H)NAN(t)

to be the external power.

3. Dissipation hypothesis: if {U(t)} is a flow then

CeUn) < WU ),

This means that not all of the power goes to changing the energy: some is dissipated. We

could set D(U(t)) = W(U(t)) — EU(t)) > 0.
Theorem 1.19 (Energy dissipation inequality). We have that for t € RT
O E + div(Fu) < f-u — div(Su).

Proof. Let {U(t)}; be an interior flow. Then

8tE+div(Eu):i/ E < f-u—/ Sv-u
U dt Juw U oU(2)

= fu—/ Su-l/:/ [ u—div(Su).
U(t) U (t) U(t)

This holds for all flows, so O;E + div(Fu) < f - u — div(Su). O

Remark 1.20. A simple computation (exercise!) shows that

2 2
o, <p|§| )—I—diV <p|§| u) :f.u—div(Su)+S:Du7

and hence
p(Oe +u - Ve) = 0y(pe) + div(peu) < =S5 : Du

15 equivalent to the energy dissipation inequality.
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Proof. We first check the second equality. Indeed, write

Oy (pe) + div(upe) = (Orp)e + p(Ose) + [e div(pu) + (pu) - Vel
= plOie + u - Ve] + ¢[0rp + div(pu)] = p(Oe + u - Ve).

It thus remains to prove the simple computation. To do this, we will show that both sides are equal
o (pu) - Oyu + p|lu*Vu. We first demonstrate this with the left hand side. To begin, recall that

Oilul* = 0y(u - u) = 2u - dyu.
This means that
Oi(plul®) = [u*Bp + p - Byul* = ul* - Dup + 2(pu) - Dyu,
and so

2 T

For the second term, we do something similar: write
div(plul*u) = div((pu)|ul?) = |u|* div(pu) + pu - V(Jul*) = [uf* div(pu) + 2p|ul* - Vu,

which means in turn that

2 Qd'
o (20, - BN,

Thus adding yields

2 2 2
%) <P\g! ) i (%u) - %[@:p +div(pu)] + (pu) - O+ plul* - Vu
= (pu) - Opu + plul* - Vu,

proving the left hand side of the equality.

We now turn to the right hand side. Our first goal is to remove the presence of S. To do this,
recall (i.e. guess) that since S is a tensor field we have div(Su) = u - div.S + S : Du. Thus, with
the aide of Balance of Momentum II, we have

fru—div(Su)+S:Du=f-u—u-divS =u-d(pu) +u-div(pu @ u).
It remains to simplify this expression. To do this, first recall that
div(pu @ u) = udiv(pu) + (Opu)|pu| = udiv(pu) + Vu - pu = udiv(pu) + p(u - Vu).
Further, note that u - 9,(pu) = |u|*(9,p) + (pu) - dyu by product rule. Thus, we have

u - O(pu) +u - div(pu @ u) = |ul?[Op + div(pu)] + (pu) - du + plul® - Vu
= (pu) - dyu + plul? - Vu,

and so the right hand side of the equality has been established as well. We are done. O
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1.5 Synthesis

We record the equations of motion:

Op + div(pu) =0
p(Owu+u-Vu)+divs = f
p(Oe +u-Ve) < =S : Du
S=5T

These are the equations of purely mechanical continuum mechanics. Note that this is far from a
closed system. We need to specify the form of S and . This specification depends on the material
the comprises the continuum. For example S is quite different in an elastic solid from S in a gas.
We will focus exclusively on fluid flow. Before moving on, we turn to a discussion that will help us
determine S and e¢.

1.6 Frame indifference

Let’s say an observer (A) sees §(t) evolve in Eulerian coordinates (z,t). Suppose now that a second
observer (B) sees the evolution of () but utilizes a different spatial coordinate system. Further
suppose A and B have the same measuring systems, which means for ¢ € R* there exists an isometry
(-, t) : R% — R, between the coordinate systems. Then there exists 2z : Rt — R* R: R — O(3)
such that W(x,t) = z(t) + R(t)x. Let’s write £ = V(z,t). Then (Z,t) is B-coordinates and A-
coordinates are (z,t). Extending this notation, we put a ~ on quantities measured by B, e.g.
ﬂ,ﬁ,@(t), etc.

Definition.

1. We say a scalar ¢(-,-) if frame-indifferent if o = o, i.e. if §(T,t) = p(z,t) fort € R,z €
Qt), 7 =V(x,t) C Q).

2. Note that T — § = R(t)(x,y), so displacement transforms by R(t) multiplication. We say a
vector w € R? is frame-indifferent if w = R(t)w, i.e. w(Z,t) = R(t)w(z,t).

3. Say that w(z,t),v(z,t) € R? are frame-indifferent and that v = Mw for a tensor field M (-, t) :
Q(t) — R3*3. Then

= (Mw) = RMw = RMR"Rw = RMR" & =: M.
A 2-tensor M € R¥*3 s frame-indifferent if M(%,t) = R(t)M(z,t)R" (t).
As an example, velocity is not frame-indifferent:
a(%,t) = R(t)u(z,t) + RE)R(t)(Z — 2(1)) + 2(t)
nor its derivative: '
D;ii(%,t) = R(t)Dyu(z, t)R™(t) + R(t)R™(t).
Proof. Set 7i(y,t) = z(t) + R(t)n(y,t). Then o(y,t) = R(t)v(y,t) + R(t)n(y,t) + (t). Note that

) RQICEEI0)

=1y, t) = R(t)n(y,t) + 2(t) = = =nly (%
= Y (R )T — R7Y(t)2(1),1).

— (1)

15



Then

We make the following frame-indifference assumptions:
1. The scalars p and ¢ are frame-indifferent.

2. The vector force f is frame-indifferent.

3. The 2-tensor S is frame-indifferent.

We now discuss the differential geometry interpretation of frame-indifference. Let 1" be a 2-tensor
field on €2y. Since 7 is a diffeomorphism, we can push it forward:

.1 (x)(v,w) = T(n~" (2))(Dn~" (z)v, Dy~ (z)w)
= Ty ApopAjowe = (AL T Aj0) vew,
= (ATTA)M vpwe = (ATTA) (v,w),
where we write A for Dnp~', and so S(z) = n.T := Dy~ " (z)T(n~'(x))Dn~*(z). Now suppose we

also have 7, Q(t), where 7,7 are related by # = z + Rx. Then
7 @) =y=n""(x) =0 (R'(T—2)) = Duj (&) = Doy (R (T — 2))R" = Doy~ (2)R".

So,
S(&) = Dz " (2)T(y)Daij ' (¥) = RDyn~ " ()T (y) Den” ' () RT = RS(2)RT

and

. 1 — _ —1
W) = (Dan~ ' (7)) wv(y) = R (D' (2))  v(y) = Ru(x).
We can play a similar game with scalar fields, i.e. O-tensors.
Note that the equations of motion are not frame-indifferent. They are only indifferent with
respect to Galilean transformations: 2 =0, R = 0.

Remark 1.21. The above shows that rules for frame-indifference follow naturally from notions in
differential geometry, namely pushforward and pushbackward maps.

2 Fundamentals of fluid mechanics

2.1 Constitutive relations in compressible fluids

In order to close the equations of motion we must assume constitutive laws: equations relating e
and S to p, n, and u.

Informally, a fluid is a continuum that experiences stress due to density and local spatial varia-
tions in the velocity. The latter we can imagine as a sort of friction: u = Ap.

Definition. A compressible fluid is a continuum for which there exist functions 5 : (0,00) X
R¥>3 — R,T : (0,00) x R**3 — Sym(3) such that e(x,t) = S (p(x,t), Du(z,t)) and S(z,t) =
I (p(x,t), Du(z,1)).
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To determine 3 and I' we will enforce the frame-indifference: 3(p, D) = & = ¢ = 3(p, Du) for all
frame changes. Similarly, I'(p, Du) = S = RSR" = R(t)I'(p, Du)R" (t). We previously computed
D = R(t)DuR" (t) + R(t)R" (t), and by assumption p = p. Thus,

B(p, Du) = B (p, REODuR™ (1) + R(HRT (1))
Rt (p, Du)R"(t) =T <p, R(t)DuR" (t) + R(t)RT(t)) :
These must hold for all possible fluid motions, and so we require that
B(r, M) = B (r. RO)MRT (1) + R()RT (1))
R(OT(r, M)RT(t) =T (7“, R(OMR™(t) + R@)M@))

for all r € (0,00) and M € R3*3,
 Let A, R € R¥? be such that Ry € O(3),A" = —A and set R(t) = "Ry € O(3). Note that
R(t) = Ae' Ry, and so R(0) = Ry, R(0)R"(0) = ARyR; = A. Hence
B(r,M) = B(r, RMR" + A)
RU(r, M)R" =T(r, RMR" + A)

for all € (0,00), M € R¥3 and all R € O(3) such that A = —AT.
Choose R=1,A=(M" — M)/2. Then

]
Bl M) = 805 M + ) = 5 (1 25 )
Lir,M)=T(r,M+A)=T (T,M—FT]V[T).

Thus, # and I' only depend on the symmetric part of M, so by abuse of notation and rearranging
things, we then have that

e(z,t) = B(p(x,t), Du(z,t)), S(x,t) =T(p(x,t),D(z,1))
where Du = Du + Du' and 8 : (0,00) x Sym(3) — R, T'(0,00) x Sym(3) — R3*3 are such that
B(r, RMR") = B(r,M), R['(r, M)R" = I'(r, RMRT) for all r € (0,00), M € Sym(3), R € O(3),
and A= —AT.
Note that if we set M = 0, then
['(r,0) = RT(r,0)RT

for all R € O(3), which implies (exercise) that I'(r,0) = p(r)] for p : (0,00) — R, called the
pressure. We can then decompose I' as

I(r, M) =T(r,0) + T(r, M) = '(r,0) := p(r)I + To(r, M).
Frame-indifference then requires that

RTo(r, M)R" =Ty(r, RMR")
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for all r, M, R.
Next we examine the energy-dissipation inequality:

p(Oe +u-Ve) < =S : Du.

We compute

op (p, Du)0yDu;; + u - VDuy;

O = Oy f(p(x,t), Du(z,t)) = 0,8(p, Du)op + DML

and similarly
—S:Du=—(pl +Ty): Du= —p(p)divu — Lo(p,Du) : Du,

SO

9p

Lo(p,Du) : D
p 0(p7 u) U < 0

5 =

(p, Du) [0:Duij + u - VDuy] + [~3,8(p, Du)p® + p(p)] divu +

This holds for all possible flows, and we then can specify 0;Du + u - VDu = N arbitrarily. Then,

9B

TW(T, M)Ny; + [p(r) = r*0,8(r, M)] tr L+ To(p, M) : L <0
ij

for all v, N, M, where L = M + M. Since N appears linearly, we can contradict the inequality by
scaling N appropriately, unless 08/0M,;;(r, M) = 0 for all ¢, 5. Then 05/0M,;;(r, M) = 0 for all 4, j
and hence § = 5(r).
Now
p(r) —r?B'(r)tr M + To(r, M +M") : M <0

for all 7, M. Let M = aM for some My € Sym(3). Then (p(r)—r28'(r)) tr Mo+To(r, a(My+M, )) :
My <0 for all a. Sending av — 0 and using ['y(r, 0) = 0 shows that

(p(r) —r*B'(r)) tr My < 0 for all M, — p(r) —r*p'(r) = 0.

Thus .
60) = o+ [ 25 as

for some £y € R. In turn we find that T'o(r, M) : M < 0 for all M € Sym(3). We've proved the
following theorem.

Theorem 2.1. For compressible fluids, we must have

g2

plat) (g
S(z,t) = p(p(x,t)) I + T(p(z, t)Du(z,t)), e(x,t) = Bo +/1 pls) ds

for p: (0,00) = R, and Iy : (0,00) x Sym(3) — Sym(3) such that To(r,M) : M < 0 for all
r, M € Sym(3) and RTo(r, M)R" = To(r, M) for all r, M, R.

We now quote two important linear algebra results without proof. For proofs, see, e.g., Gurtin’s
Introduction to Continuum Mechanics [Gur82|, section 37.
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Theorem 2.2. Define the “invariant map” (J(RMR") = J(M) for all M € R¥>3 R € O(3))
J: R¥3 — R via
(tr M)? — tr(M?)

Jl(M):trM, Jg(M): 5 ,

J5(M) = det M.

Then the following are equivalent for F : Sym(3) — Sym(3):
1. RE(M)R" = F(RMR") for all M € Sym(3), R € O(3).
2. There exist ©g, 01,02 : R — R such that

F(M) = o(J(M))I + 1(J(M))M + @a(J(M))M?.

Theorem 2.3. Suppose F : Sym(3) — Sym(3) is linear. Then the following are equivalent:
1. RE(M)R" = F(RMR") for all M € Sym(3), R € O(3).
2. There exist A\, € R such that F(M) = puM + \(tr M)1.

These two theorems completely characterize the possible forms of I'y. We will focus on a special
type.

Definition. A compressible fluid is Newtonian if for each r € (0,00) the map I'y(r,-) : Sym(3) —
Sym(3) is linear.

Theorem 2.4. For a Newtonian fluid we have that there exist pu, A : (0,00) — R such that

Lo(r, M) = —u(r)M — @(tr M)I

and p(r) > 0,A(r) > —2M(R) for all r € (0,00).

Proof. Since the fluid is Newtonian we may write Io(r, M) = —pu(r)M — X(r)(tr M)I. However,
we must have that To(r, M + M ") : M <0 for all m,r if and only if

_u(r) (M + M) s M — %)\(r) (M + M) tr M <0

for all M,r. Choose M = I:

_u(r)20 T — Am%u(zz) ] <0 — —6u(r) — 9Ar) <0 — A(r) > —gw).

Also, if tr M = 0, then
—u(r) ‘M—I—MT‘Z <0

and hence p(r) > 0. O

Corollary 2.5. In a compressible Newtonian fluid we have

S(x,t) = plp(a, )1 = plp(a, 1)) Du(z, ) = Ap(z, 1)) (divu)l.

19



We now have the full equations of motion:

{&p + div(pu) =0
PO+ u - Vu) + Vp(p) — div (u(p)Du + A(p)(divu)l) = f

where p, u, A : (0,00) = R with g > 0, A > —%u. We typically assume p > 0 and increasing. We
call ;4 > 0 the shear viscosity, and \ + % > 0 the bulk viscosity. We assume

i =A=0 <= inviscid flow <= compressible Euler
>0, + %u > (0 <= viscous flow <= compressible Navier-Stokes

Note: i, A constant = div(pDu + Adivul) = pAu+ (A + )V divu.

2.2 Incompressible fluids

Now we assume that the flow is incompressible, i.e. locally volume preserving. Then divu = 0 and
so Oiyp + u - Vp = 0. This means that p a constant solves this equation trivially. We will assume
this, which means we should resally say incompressible, homogeneous fluids, but this is a standard
abuse of notation.

The procedure we used for compressible fluids was

1. Assume constitutive equations.

2. Plug into energy-dissipation inequality to deduce structure.
Let’s look at this under the incompressibility assumption. Write S = (tr S/3)I 4+ Sp. Then

tr.S
p(Oe +u - Ve) §—S:Du:—So:Du—%trDu:—SO:Du.

This means that we have no hope of computing tr S; we can only hope to determine S.
Definition. An incompressible fluid is a continuum in which we assume

1. divu =0, p is constant.

2. There erists a “pressure function” p(-,t) : Q(t) — R and functions B : R>3 — R, T : R3*3 —
Symy(3) = {M € Sym(3) : tr M = 0}, S(x,t) = p(z,t)] +T'(Du(x,t)) (i.e. 3p=1trS,Sy =T),
e(z,t) = B(Du(x,t)).

Frame-indifference again says that S(Du) = S(Du),I'(Du) = I'(Du). Then energy-dissipation

says
0
p&]\f.. (Du) (0Dus; + u - VDu,j) + I'(Du) : Du <0,
]

from which we again deduce that

paa]\ﬁ (M+M")N;; +T(M+MT"): M <0 forall N,M € R¥>3

ij
aa]\? (M+MT") =0 for all 4,7, (M 4+ M"): M <0 for all M
ij

— S constant, (M +M"): M <0

Frame-indifference also says that RI'(M)R" = '(RMR"), so we know all possible T".
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Definition. An incompressible Newtonian fluid is an incompressible fluid for which T is linear.

Theorem 2.6. In a Newtonian incompressible fluid we have that S(z,t) = p(x,t)] — uDu(z,t) for
some > 0.

Proof. We can use the frame-indifference to find that I'(M) = —uM for all M € Sym,(3), and then
energy-dissipation requires —u(M + M ") : M < 0 for all M € Symg(3) and thus p > 0. O

The full equations of motion are:

{p(@tu +u-Vu)+ Vp — div(uDu) = f

divu =0
Here,
=0 <= inviscid <= incompressible Euler
>0 <= viscous <= incompressible Navier-Stokes
Remark 2.7.

1. div(uDu) = pAu
2. We have 4 scalar unknowns and 4 equations, so we can hope to “solve for p”:

p(Ou+u-Vu)+Vp = f+ pAu,dive =0
= poydivu+div(u - Vu) + Ap =div f + pAdive =0
= — Ap =div(u- Vu) — div f = 9;(u;0;u;) — div f = tr(Dv?) — div f

so in some sense we should be able to compute p from u, f.

2.3 Boundary conditions

We will focus on two types of boundaries: rigid and moving/free.

2.3.1 Rigid

In this case we assume that 9€(t) meets a rigid solid for all ¢ € R*. In this case the fluid cannot
penetrate the solid, so we must have that

UV = Vg V
on 0€)(t), where vy, is the velocity of the rigid solid. In particular, if the solid is stationary, then
Usog =0 and u - v = 0.

If the fluid is viscous then we typically assume that actually

U = Vsol

on J€(t) since otherwise slipping should generate “too much friction”. In the stationary case u = 0.
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2.3.2 Moving
For simplicity, let’s only consider the case of two distinct fluids evolving together:
R? = Q,(t) U Q(t), 00 (t) N 0N (t) = B(2).
1. We assume the fluids remain in contact for all times.
2. The boundary force is (-, 1) : () — R3.
3. Write [g] = g2 — 91

The first item is enforced via
[u-v] =0 inviscid
[ul =0 viscous
Now consider Uy C 2;(0) such that OUy N 3(0) # @. By Cauchy-Euler 1, we have

d
- pP1U1 Z/ f1+/ —52V+¢+/ -Sv
dt Juew U DU (NS (L) DUW\S(1)

=/ f1+/ —51V+/ _[SV] + 4.
Ut) auU(t) DU (HNS()

0= / O(prur) + div(prug @ up) +div.S; — f1 = /—8U(t) NX(t) — [Sv] + .
Ut)

and

Because Uy was arbitrary, we find that [Sv] = ¢ on X(t). Therefore, the inviscid free boundary

conditions are
[u-v] =0
[plv =+

“ﬂzo
[Sv] = ¢

on X(t), where v points from domain 1 to domain 2. We can apply similar arguments to find that

the viscous free boundary conditions are

/ x X (O(prur) + div(pru; @ up) +div Sy — f1) = / X (—[Sv] + )
U(t) U (t)NX(t)
OB + div(Eu) — f - u+ div(Su) g/ _[Su- ]+
Ul(t) oU (t)NX(t)

However,

v x ([=5v]+4) =0
[Su-v]=[v-u] =[Sv] - u=9¢-u
zx ([-plv+¢) =0
[Su-v]=[plu-v=1-u

viscous : [Sv] — ¢, [u] =0 = {

inviscid : [pJlv = ¢, [Ju-v] =0 = {
and so in either case we gain no new info.
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2.4 Scaling and the Reynold’s number

Frame-indifference is about rigid changes of measuring frame, but we could also consider changes
given by switching the units of measurement. This is related to scalings of the equations.
Consider a viscous incompressible fluid:

p(Ou+u-Vu)+Vp—pAu=f in Q(t)
divu =0 '

Fix L,T > 0 and consider

T T? T2
v(x,t) = zu(La:,Tt), q(z,t) = L—2pp(Lx,Tt), g(x,t) = L—pf(L:z:,Tt).

A simple computation shows that

{&v—i—v-Vv—l—Vq—%Av—g:f—;(p(ﬁtu+u-Vu)+Vp—uAu—f):O
dive =0

in Q(t) = L7'Q(Tt), where

is called Reynold’s number.
The math upshots:

1. By rescaling we can reduce to a single parameter R.

2. If we choose L,T > 0 we can force R = 1, so there’s no real loss of generality in studying

Out+u-Vu+Vp-Au=f
divu =0

Actually, the Reynolds number R has an important physical meaning. To see why, we have to
recall the physical idea of units: mass (m), length (¢), time (7). Write [-] for the units of something.

Then
1 mé 1 mf 1 me?

ol = = @+ u- V)] = [7) = 3 o ] = 5 s Il = 5

Therefore, R = L?*p/(uT) is unitless because [L] = ¢, [p| = m/¢3,[T] = 7. The physical interpreta-
tion is that the rescaled problem

dv+v-Vo+Vqg—zAv=g
dive =0

is unitless, and that all of the physics of scale is encoded in R. In particular, any two flows with
the same R are identical, up to rescaling.
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