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1 Introduction

The laws of large numbers of classical probability theory state that sums
of independent random variables are, under very mild conditions, close to
their expectation with a large probability. Such sums are the most basic
examples of random variables concentrated around their mean. More recent
results reveal that such a behavior is shared by a large class of general
functions of independent random variables. The purpose of these notes is
to give an introduction to some of these general concentration inequalities.
The inequalities discussed in these notes bound tail probabilities of gen-
eral functions of independent random variables. Several methods have been
known to prove such inequalities, including martingale methods pioneered
in the 1970’s by Milman, see Milman and Schechtman [62] (see also the
influential surveys of McDiarmid [59], [60]), information-theoretic methods
(see Alhswede, Gacs, and Korner [1], Marton [53], [54],[55], Dembo [24],
Massart [56] and Rio [69]), Talagrand’s induction method [78],[76],[77] (see
also Luczak and McDiarmid [50], McDiarmid [61], Panchenko [64, 65, 66|
and the so-called “entropy method”, based on logarithmic Sobolev inequal-
ities, developed by Ledoux [46],[45], see also Bobkov and Ledoux [12], Mas-
sart [57], Rio [69], Boucheron, Lugosi, and Massart [14], [15], and Bousquet
[16]. Also, various problem-specific methods have been worked out in ran-
dom graph theory, see Janson, Luczak, and Rucinski [40] for a survey.



2 Basics

To make these notes self-contained, we first briefly introduce some of the
basic inequalities of probability theory.
First of all, recall that for any nonnegative random variable X,

EX :J P{X > t}dt .
0
This implies Markov’s inequality: for any nonnegative random variable X,

and t > 0,

EX
PX >t} < ==

If follows from Markov’s inequality that if ¢ is a strictly monotonically
increasing nonnegative-valued function then for any random variable X and
real number t,

P{X >t} = P{$(X) > ¢(t)} <

An application of this with ¢(x) = x? is Chebyshev’s inequality: if X is an
arbitrary random variable and t > 0, then

E[X—EXP?  var(x}

P{X —EX| >t} =P {X - EX* > t*} < > =0

More generally taking ¢(x) = x9 (x > 0), for any q > 0 we have

E X —EX]1]

P{X —EX| > t} < ———

In specific examples one may choose the value of q to optimize the ob-
tained upper bound. Such moment bounds often provide with very sharp
estimates of the tail probabilities. A related idea is at the basis of Cher-
noff’s bounding method. Taking ¢(x) = e where s is an arbitrary positive
number, for any random variable X, and any t > 0, we have

lEeSX
eSt .

P{X >t} = P{e®* > e} <



In Chernoff’s method, we find an s > 0 that minimizes the upper bound or
makes the upper bound small. Even though Chernoff bounds are never as
good as the best moment bound (see Exercise 1), in many cases they are
easier to handle.

The Cauchy-Schwarz inequality states that if the random variables X
and Y have finite second moments (IE[X?] < co and E[Y?] < c0), then

IEXY]] </ EXIE[Y2].

We may use this to prove a one-sided improvement of Chebyshev’s inequal-
ity:

Theorem 1 CHEBYSHEV-CANTELLI INEQUALITY. Let t > 0. Then

Var{X}
PIX—EX>t]< ——.
{ = = Var{X} + t2

Proof. We may assume without loss of generality that EX = 0. Then for
all t
t=Elt— X < El(t — X)Lix<y)-

(where 1 denotes the indicator function). Thus for t > 0 from the Cauchy-
Schwarz inequality,

t? < El(t—X)AE[M{y]
= BEl(t—X)IP{X < t}
= (Var{X} + t)P{X < t},
that is,
2
P{X <t} > VarlX) 1 2
and the claim follows. O

We end this section by recalling a simple association inequality due to
Chebyshev (see, e.g., [37]). We note here that association properties may
often be used to derive concentration properties. We refer the reader to
the survey of Dubdashi and Ranjan [30]
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Theorem 2 CHEBYSHEV’'S ASSOCIATION INEQUALITY. Let f and g be
nondecreasing real-valued functions defined on the real line. If X 1s
a real-valued random variable, then

E[f(X)g(X)] > E[f(X)IE[g(X)]] .
If f 1s nonincreasing and g s nondecreasing then

E[f(X)g(X)] < E[f(X)]E[g(X)]] .

Proof. Let the random variable Y be distributed as X and independent of
it. If f and g are nondecreasing, (f(x) — f(y))(g(x) — g(y)) > 0 so that

E[(f(X) = £(Y))(g(X) = g(Y))] > 0 .

Expand this expectation to obtain the first inequality. The proof of the
second is similar. O

A powerful generalization of the above is the well-known FKG inequality
of Fortuin, Kasteleyn, and Ginibre [33]. A real-valued function f defined
on R™ is said to be nondecreasing (nonincreasing) if it is nondecreasing
(nonincreasing) in each variable.

Theorem 3 FKG INEQUALITY. Let f,g: R™ — R be nondecreasing func-
tions. If X1 = (Xq,...,X,) 18 a random variable taking values in R™,
then

Ef(XT)g(XP)] > Ef(XPHIEGXT]] .

If f 1s nonincreasing and g is nondecreasing then
EF(XT)g(XP)] < EF(XMIEGXM -
Proof. Again, it suffices to prove the first inequality. We proceed by in-

duction. For n = 1 the statement is just Chebyshev’s association inequality.
Now suppose the statement is true for m < n. Then

Ef(X?)a(X1)] = EE[Ff(XT)g(XT)IX, ..., Xnl
> E[EF(XPHIX, ..., XnalElg(XMIX, ..., Xall
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because given Xj, ..., X,,_1, both f and g are nondecreasing functions of the
n-th variable. Now it’s obvious from the assumption that both f/(X}') =
E[f(XM)X1,...,Xn1] and ¢'(X} ") = Elg(XM)|Xy,...,Xn_1] are nonde-
creasing functions, so by the induction hypothesis,

EIF' (X7 o' (X7 )] > BIF OG- IEl 0G4 ) = BEFXIE(g (X}

as desired. O

Exercises

Exercise 1 MOMENTS VS. CHERNOFF BOUNDS. Show that moment bounds
for tail probabilities are always better than Chernoff bounds. More pre-
cisely, let X be a nonnegative random variable and let t > 0. The best
moment bound for the tail probability P{X > t} is ming E[X9]t™9 where
the minimum is taken over all positive integers. The best Chernoff bound
is inf,-o E[es*~Y]. Prove that

mqin E[X9t™9 < inf E[es* Y.

s>0

Exercise 2 FIRST AND SECOND MOMENT METHODS. Show that if X is a
nonnegative integer-valued random variable then P{X # 0} < EX. Show

also that
Var(X)

X) + (EX)2

PiX=0}< Var(

Exercise 3 SUBGAUSSIAN MOMENTS. We say that a random variable X has
a subgaussian distribution if there exists a constant ¢ > 0 such that for all
s > 0, E[e’N] < ecs’. Show that there exists a universal constant K such
that if X is subgaussian, then for every positive integer (,

(E[X4])"9 < Ky/cq .

Exercise 4 SUBGAUSSIAN MOMENTS—CONVERSE. Let X be a random vari-
able such that there exists a constant ¢ > O such that

(EX9)V* < \/eq
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for every positive integer q. Show that X is subgaussian. More precisely,
show that for any s > 0,

]E[esX] < \/261/660852/2 )

Exercise 5 SUBEXPONENTIAL MOMENTS. We say that a random variable X
has a subexponential distribution if there exists a constant ¢ > 0 such that
for all 0 < s < 1/c, E[esX] < 1/(1 —cs). Show that if X is subexponential,
then for every positive integer q,

4¢
(EIX9))"9 < —a.

Exercise 6 SUBEXPONENTIAL MOMENTS—CONVERSE. Let X be a random
variable such that there exists a constant ¢ > 0 such that

(E[X9)"9 < cq

for every positive integer q. Show that X is subexponential. More precisely,
show that for any 0 < s < 1/(ec),



3  Sums of independent random variables

In this introductory section we recall some simple inequalities for sums of
independent random variables. Here we are primarily concerned with upper
bounds for the probabilities of deviations from the mean, that is, to obtain
inequalities for P{S,, — ES,, > t}, with S;, = Y " | X;, where X, ..., X,, are
independent real-valued random variables.

Chebyshev’s inequality and independence immediately imply

Var{S,} > i, Var{Xi}
2 '

]P{|Sn - Esn’ Z t} S tz

In other words, writing 02 = 1 3 ' | Var{X{},

P lix-—l}zx->e <>
n h U= T one?

i=1
This simple inequality is at the basis of the weak law of large numbers.
To understand why this inequality is unsatisfactory, recall that, under

some additional regularity conditions, the central limit theorem states that

n (1 & 1 e v'/2
P — | — Xi—EXi > —1-0 < —— ,
{ o2 (n; ) _U} (y) < Iy

from which we would expect, at least in a certain range of the parameters,

something like

1 & 2
P{—Y Xi—EX,>e b~ ene/20%) 1
{nZ _e} e (1)

i=1
Clearly, Chebyshev’s inequality is way off mark in this case, so we should
look for something better. In the sequel we prove some of the simplest
classical exponential inequalities for the tail probabilities of sums of inde-
pendent random variables which yield significantly sharper estimates.

3.1 Hoeffding’s inequality

Chernoff’s bounding method, described in Section 2, is especially conve-
nient for bounding tail probabilities of sums of independent random vari-
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ables. The reason is that since the expected value of a product of indepen-
dent random variables equals the product of the expected values, Chernoft’s
bound becomes

i=1

P(S,~ES, >t} < eE {eXp (s Y (X ]EXi)ﬂ

n
= e_StH E [es(xi_“?‘x”] (by independence). (2)
i=T1
Now the problem of finding tight bounds comes down to finding a good
upper bound for the moment generating function of the random variables
X;—EX;. There are many ways of doing this. For bounded random variables
perhaps the most elegant version is due to Hoeffding [39]:

Lemma 1 HOEFFDING'S INEQUALITY. Let X be a random variable with
EX =0, a<X<b. Then for s >0,

E [esX} < esz(b—a)Z/S.

Proof. Note that by convexity of the exponential function

X—a b—x
es"gb ae5b+b aes“ for a <x <b.

Exploiting EX = 0, and introducing the notation p = —a/(b — a) we get

b a
lEeSX < esa _ esb
~— b—a b—a
— (] —p + pes(b—a)) e—ps(b—a)
def ()

where u = s(b—a), and ¢(u) = —pu+log(1 —p + pe"). But by straight-
forward calculation it is easy to see that the derivative of ¢ is

P
p+(1—ple’

$'(u) =—p+



therefore ¢(0) = ¢'(0) = 0. Moreover,

n p(] _‘p)eiu 1
P (u) = <.
(p+(1—ple)” ~ 4
Thus, by Taylor’s theorem, for some 0 € [0, u],
s?(b—a)?

2 2
b) = (0) + ud'(0) + “Tb”(e) < % - O

8

Now we may directly plug this lemma into (2):

P{S, — ES, > t}

mn
< e—stH esz(bi—ai)z/8 (by Lemma 1)
i=1

_ oSt Xy (bi—ai)2/8

e 2t/ L (bi—ai)? (by choosing s =4t/ Y ", (b; — ai)?).

Theorem 4 HOEFFDING'S TAIL INEQUALITY [39]. Let Xq,...,Xn be
independent bounded random variables such that X; falls in the interval
lai, by with probability one. Then for any t > 0 we have

)2

P{Sn - Esn Z t} S eith/Z?ﬂ (bi—ai

and
P{S, — ES, < —t} < e 2/ L (bi—ai)®,

The theorem above is generally known as Hoeffding’s inequality. For
binomial random variables it was proved by Chernoff [19] and Okamoto
[63].

This inequality has the same form as the one we hoped for based on
(1) except that the average variance o? is replaced by the upper bound
(1/4) 3, (by — a;)?. In other words, Hoeffding’s inequality ignores in-
formation about the variance of the X;’s. The inequalities discussed next
provide an improvement in this respect.
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3.2 Bernstein’s inequality

Assume now without loss of generality that EX; = 0 for alli =1,...,n.
Our starting point is again (2), that is, we need bounds for E [esxi}. Intro-
duce o? = E[X?], and

= s ZIE

=2 e

r=2

Since e =14 sx+ >_°, s"x"/r!, we may write

o0

E [esxi] = 1+sEX]+ Z %EXH

= 145s? 0} 2F. (since E[X;] =0.)
< estoiF,

Now assume that the X;’s are bounded such that |X;| < ¢. Then for each
T > 2,
E[X!] < ¢" 2?02,

1

Thus,
e —2 2

> 1 &« (sc)" e*—1—sc
Fi < = = :
Z rlo? (sc)zé 7! (sc)?

Thus, we have obtained

2 eS¢ 1-sc

E [eSXi] S es i (sc)2
Returning to (2) and using the notation o2 = (1/n) _ 0%, we get
P ZXI > t} < e (es¢—1—sc)/c —st.
i

Now we are free to choose s. The upper bound is minimized for

—110 (1—1— tc)
8 no?

Resubstituting this value, we obtain Bennett’s inequality [9]:
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Theorem 5 BENNETT'S INEQUALITY. Let Xi,..., X, be independent
real-valued random variables with zero mean, and assume that |Xi| < c
with probability one. Let

-I mn
2=—) Var{X.
o n; ar{X;)

Then for any t > 0,

- no? [ ct

i=1

where h(u) = (1 +u)log(1+u) —u for u>0.

The message of this inequality is perhaps best seen if we do some further
bounding. Applying the elementary inequality h(u) > u?/(24+2u/3),u > 0
(which may be seen by comparing the derivatives of both sides) we obtain
a classical inequality of Bernstein [10]:

Theorem 6 BERNSTEIN’S INEQUALITY. Under the conditions of the pre-
vious theorem, for any € > 0,

P liX->€ < ex _—nez
n ' = OXP 2024 2ce/3)

i=1

We see that, except for the term 2ce/3 in the denominator of the expo-
nent, Bernstein’s inequality is qualitatively right when we compare it with
the central limit theorem (1). Bernstein’s inequality points out one more
interesting phenomenon: if 62 < €, then the upper bound behaves like
e "¢ instead of the e ™€ guaranteed by Hoeffding's inequality. This might
be intuitively explained by recalling that a Binomial(n,A/n) distribution
can be approximated, for large n, by a Poisson(A) distribution, whose tail

decreases as e .
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Exercises

Exercise 7 Let X;,...,X,, be independent random variables, taking their
values from [0, 1]. Denoting m = [ES,,, show that for any t > m,

m

s, (2

n—m\nt
n—t)

Hint: Proceed by Chernoff’s bounding.

Exercise 8 CONTINUATION. Use the previous exercise to show that
t
PSh > 1< () e,
and for all € > 0,
P{Sy > m(1+¢)} < e ™M),
where h is the function defined in Bennett’s inequality. Finally,
P{S, < m(1 —¢€)} < e ™72,
(see, e.g., Karp [41], Hagerup and Riib [36]).

Exercise 9 Compare the first bound of the previous exercise with the
best Chernoff bound for the tail of a Poisson random variable: let Y be
a Poisson(m) random variable. Show that

e :
Sl Y P
s>0 est

Use Stirling’s formula to show that

t
P{Y >t} > P{Y =t} > (E) et-m 1 e—l/(12t+1))
t 27t

Exercise 10 SAMPLING WITHOUT REPLACEMENT. Let X be a finite set
with N elements, and let X;,...,X,, be a random sample without replace-
ment from X and Yi,...,Y, a random sample with replacement from X.
Show that for any convex real-valued function f,

e (Zx) <Bf (ZY) |

13



In particular, by taking f(x) = e**, we see that all inequalities derived for
the sums of independent random variables Y; using Chernoft’s bounding
remain true for the sum of the X;’s. (This result is due to Hoeffding [39].)
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4 The Efron-Stein inequality

The main purpose of these notes is to show how many of the tail inequali-
ties for sums of independent random variables can be extended to general
functions of independent random variables. The simplest, yet surprisingly
powerful inequality of this kind is known as the Efron-Stein inequality. It
bounds the variance of a general function. To obtain tail inequalities, one
may simply use Chebyshev’s inequality.

Let X be some set, and let g : X™ — R be a measurable function of
n variables. We derive inequalities for the difference between the random
variable Z = g(X;j,...,X,,) and its expected value [EZ when X;,...,X,, are
arbitrary independent (not necessarily identically distributed!) random
variables taking values in X.

The main inequalities of this section follow from the next simple result.
To simplify notation, we write [E; for the expected value with respect to
the variable X;, that is, E;Z = E[Z|Xq, ..., Xi_1, Xit1, ..., Xl

Theorem 7
mn

Var(Z) < Y E [(z — IEiZ)Z} .

i=1

Proof. The proof is based on elementary properties of conditional ex-
pectation. Recall that if X and Y are arbitrary bounded random variables,
then E[XY] = E[E[XY|Y]] = E[YE[X|Y]].

Introduce the notation V = Z — [EZ, and define

Vi = BIZIXy, ..., Xd — E[ZIXy, ..., Xeal,  i=1,...,n.

Clearly, V = Y ', V;i. (Thus, V is written as a sum of martingale differ-
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ences.) Then

n 2
Var(Z) = (ZVJ
— ]EZVZ +2E) WV

i>j
- E Z V2
i=1

since, for any i > j,
EViV; = EE [ViVjI Xy, ..., X = E[VGE[ViXq,...,X]l =0.
To bound [EV?, note that, by independence of the X;,

EZXy, ..., Xial = E |EZ[X;, ..., X, Xig, o, X4

and therefore

V2 = (BIZIXi,...,Xd —EIZX;,..., X 1])?

1

- (E{ ZX1, . Xl — BIZXgs o X1 Xeats o0 Xl

< E[( [ZX1, o Xl — EIZIX1, ey Xty Xy ooy Xl )

X, X
(by Jensen’s inequality)
- E [(Z—lEiZ)Z x1,...,xi} .

Taking expected values on both sides, we obtain the statement. O

Now the Efron-Stein inequality follows easily. To state the theorem, let
1y..., X/ form an independent copy of Xj,...,X,, and write

Zl=g(Xq, .., X Xn)

Theorem 8 EFRON-STEIN INEQUALITY (EFRON AND STEIN [32], STEELE
[74]).

n

Var(Z) < % > E [(z — zg)z]

i=1
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Proof. The statement follows by Theorem 7 simply by using (condition-
ally) the elementary fact that if X and Y are independent and identically
distributed random variables, then Var(X) = (1/2)E[(X—Y)?], and therefore

B [(Z - FiZ)?) = %Ei (z-z)] . O

Remark. Observe that in the case when Z = } 1" ; X; is a sum of indepen-
dent random variables (of finite variance) then the inequality in Theorem
8 becomes an equality. Thus, the bound in the Efron-Stein inequality is,
in a sense, not improvable. This example also shows that, among all func-
tions of independent random variables, sums, in some sense, are the least
concentrated. Below we will see other evidences for this extremal property
of sums.

Another useful corollary of Theorem 7 is obtained by recalling that, for
any random variable X, Var(X) < E[(X—a)?] for any constant a € R. Using
this fact conditionally, we have, for every i=1,...,n,

Ei[(Z - EiZ)?| < B [(Z - 207

where Z; = gi(Xy, ..., Xi_1, Xit1, ..., Xn) for arbitrary measurable functions
gi : X™" — R of n — 1 variables. Taking expected values and using
Theorem 7 we have the following.

Theorem 9
mn

Var(2) < > E[(Z2-2)7 .

i=1

In the next two sections we specialize the Efron-Stein inequality and
its variant Theorem 9 to functions which satisfy some simple easy-to-verify
properties.

4.1 Functions with bounded differences

We say that a function g : X™ — R has the bounded differences property

if for some nonnegative constants cq,...,cp,
! .
sup [g(x1, ..+, %n) — g(%1, .o oy X1y X, Xi 1y - X)) <, 1TSS,
X1 yeeny Xn
x[€X
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In other words, if we change the i-th variable of g while keeping all the
others fixed, the value of the function cannot change by more than c;.
Then the Efron-Stein inequality implies the following:

Corollary 1 If g has the bounded differences property with constants
C1,...,Cn, then
T«
Var(Z) < chi .

i=1

Next we list some interesting applications of this corollary. In all cases
the bound for the variance is obtained effortlessly, while a direct estimation
of the variance may be quite involved.

Example. BIN PACKING. This is one of the basic operations research
problems. Given n numbers xq,...,x, € [0,1], the question is the fol-
lowing: what is the minimal number of “bins” into which these numbers
can be packed such that the sum of the numbers in each bin doesn’t ex-
ceed one. Let g(xj,...,xn) be this minimum number. The behavior of
Z =g(Xy,...,Xn), when X;,..., X, are independent random variables, has
been extensively studied, see, for example, Rhee and Talagrand [68], Rhee
[67], Talagrand [76]. Now clearly by changing one of the x;’s, the value of
g(x1,...,%x,) cannot change by more than one, so we have

n
5 -

However, sharper bounds may be proved by using Talagrand’s convex dis-

Var(Z) <

tance inequality discussed later.

Example. LONGEST COMMON SUBSEQUENCE. This problem has been
studied intensively for about 20 years now, see Chvatal and Sankoff [20],
Deken [23], Dan¢ik and Paterson [22], Steele [73, 75|, The simplest version
is the following: Let X;,...,X,, and Yj,...,Y;, be two sequences of coin
flips. Define Z as the length of the longest subsequence which appears in
both sequences, that is,

Z = max{k:X;, =Yj

Jry e

Xy =]
where 1 <i; < - <{u<mand 1 <j; < - <jp<nl

k)
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The behavior of [EZ has been investigated in many papers. It is known
that [£[Z]/n converges to some number vy, whose value is unknown. It
is conjectured to be 2/(1 4 +/2), and it is known to fall between 0.75796
and 0.83763. Here we are concerned with the concentration of Z. A mo-
ment’s thought reveals that changing one bit can’t change the length of the
longest common subsequence by more than one, so Z satisfies the bounded
differences property with c¢; = 1. Consequently,

Var{Z} <mn,

(see Steele [74]). Thus, by Chebyshev’s inequality, with large probability,
Z is within a constant times /1 of its expected value. In other words, it
is strongly concentrated around the mean, which means that results about
[EZ really tell us about the behavior of the longest common subsequence
of two random strings.

Example. UNIFORM DEVIATIONS. One of the central quantities of sta-
tistical learning theory and empirical process theory is the following: let
Xi,..., X, beii.d. random variables taking their values in some set X', and
let A be a collection of subsets of X. Let p denote the distribution of Xj,
that is, u(A) = P{X; € A}, and let u,, denote the empirical distribution:

-l n
un(A) = T_L Z Iixeay -
i=1
The quantity of interest is

Z = sup [un(A) — n(A)],
AcA
If lim, ,, EZ = 0 for every distribution of the X;’s, then A is called a
uniform Glivenko-Cantelli class, and Vapnik and Chervonenkis [82] gave a
beautiful combinatorial characterization of such classes. But regardless of
what A is, by changing one X;, Z can change by at most 1/n, so regardless
of the behavior of EZ, we always have

1

< .
Var(Z) < o
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For more information on the behavior of Z and its role in learning theory
see, for example, Devroye, Gyorfi, and Lugosi [28], Vapnik [81], van der
Vaart and Wellner [79], Dudley [31].

Next we show how a closer look at the Efron-Stein inequality implies a
significantly better bound for the variance of Z. We do this in a slightly
more general framework of empirical processes. Let F be a class of real-
valued functions (no boundedness is assumed!) and define Z = g(X;,...,X,,) =
SUPfc £ Z]T; f(X;). Observe that, by symmetry, the Efron-Stein inequality
may be rewritten as

n n

Var(2) < 1 Y B[(Z-Z)) =Y B[z~ Z)15] |

i=1 i=1

Let f* € F denote the (random) function which achieves the supremum in
the definition of Z, that is, Z =3 ', f*(X;). Then clearly,

(Z—Z)* 177 < (f5(X) — F(X)?

and therefore

Var(Z) < E supZ )2}

| feF 4

VAN
&

SupZ (2f 24 26(X)) )}

f€.7-'

{ |
< 48 jamp) X0
For functions f € F are taking values in the interval [—1, 1], then from just
the bounded differences property we derived Var(Z) < 2n. The new bound
may be a significant improvement whenever the maximum of the variances
> f(X;)? of the functions in F is small. More importantly, in deriving
the new bound we have not assumed any boundedness of the functions f.
The exponential tail inequality due to Talagrand [77] extends this variance
inequality, and is one of the most important recent results of the theory
of empirical processes, see also Ledoux [46], Massart [57], Rio [69], and
Bousquet [16].
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Example. FIRST PASSAGE TIME IN ORIENTED PERCOLATION. Consider a
directed graph such that a weight X; is assigned to each edge e; such that
the X; are nonnegative independent random variables with second moment
EX? = o2, Let v; and v; be fixed vertices of the graph. We are interested
in the total weight of the path from v; to v, with minimum weight. Thus,

where the minimum is taken over all paths P from v; to v,. Denote the
optimal path by P*. By replacing X; with X!, the total minimum weight
can only increase if the edge e; is on P*, and therefore

2
(Zi = Z)* 1727 < (X{ = Xi)*Leyerr < X{ Teiepr

Thus,
Var(Z) <E Y X{leepr =0?E Y Teep < 0°L
i i

where L is the length of the longest path between v; and v,.

Example. MINIMUM OF THE EMPIRICAL LOSS. Concentration inequalities
have been used as a key tool in recent developments of model selection
methods in statistical learning theory. For the background we refer to
the the recent work of Koltchinskii Panchenko [43], Massart [58|, Bartlett,
Boucheron, and Lugosi [5], Lugosi and Wegkamp [52], Bousquet [17].

Let F denote a class of {0, 1}-valued functions on some space X. For
simplicity of the exposition we assume that F is finite. The results remain
true for general classes as long as the measurability issues are taken care
of. Given an i.i.d. sample D,, = ((Xj, Yi));.,, of n pairs of random variables
(Xi,Y;) taking values in X x {0, 1}, for each f € F we define the empirical
loss

where the loss function { is defined on {0, 1}% by

e(l)»l-)l) = ﬂy;éy’ .
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In nonparametric classification and learning theory it is common to select
an element of F by minimizing the empirical loss. The quantity of interest
in this section is the minimal empirical loss

~

L = inf L,,(f).

feF

~

Corollary 1 immediately implies that Var(L) < 1/(2n). However, a more
careful application of the Efron-Stein inequality reveals that L may be much
more concentrated than predicted by this simple inequality. Getting tight
results for the fluctuations of L provides better insight into the calibration
of penalties in certain model selection methods.

Let Z =nL and let Z! be defined as in Theorem 8, that is,

Z{=min |} _LUF(X), ;) + LX), Y1)
i#
where (X;',Y;’) is independent of D, and has the same distribution as
(Xi,Yy). Now the convenient form of the Efron-Stein inequality is the fol-
lowing:

-l n n

Var(z) < 5 Y E[(Z -2 = Y E[(Z- 2174

i1 i1
Let f* denote a (possibly non-unique) minimizer of the empirical risk so
that Z =3 ', €(f*(X;),Y;). The key observation is that
(Z—Z)*1z-z < (OF(X), V) = 0(F* (X0), Yi)) 1 zr-z
= L (X5), YO Lo (x),vi)=0 -

Thus,
Y E[Z-ZD)Mz-2) <BE ) Exy (X)), Y]] < nEL(f)
i=1 1(f* (X1),Y;)=0

where Ex: y: denotes expectation with respect to the variables X{, Y{ and for

v

each f € F, L(f) = EL(f(X),Y) is the true (expected) loss of f. Therefore,
the Efron-Stein inequality implies that
EL(f*)

ma

Var(D) <
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This is a significant improvement over the bound 1/(2n) whenever EL(f*)
is much smaller than 1/2. This is very often the case. For example, we
have

L(f) =L — (La(f) — L(f)) < ‘ + sup(L(f) — Ln(f))
n  fer

so that we obtain
EL  Esup,(L(f) — La(f))

Var(D) < =— +
n n

In most cases of interest, Esups z(L(f) — L,,(f)) may be bounded by a
constant (depending on F) times n~'/? (see, e.g., Lugosi [51]) and then the
second term on the right-hand side is of the order of n—3/2. For exponential
concentration inequalities for L we refer to Boucheron, Lugosi, and Massart
[15].

Example. KERNEL DENSITY ESTIMATION. Let Xj,..., X, be i.i.d. samples
drawn according to some (unknown) density f on the real line. The density
is estimated by the kernel estimate

1 = X—X{L
fn(X):TL_}'LZK< h >>
i=1

where h > 0 is a smoothing parameter, and K is a nonnegative function
with [ K = 1. The performance of the estimate is measured by the L; error

Z=g(Xs, .., Xe) = J|f(x) — f(x)ldx.

It is easy to see that

lg(X1, oy Xn) — g(X1, o0 oy X, ooy X))

[/\
;r“‘
—_—
~
N
=

= |
=
N————

|

~
N
=

= |
ax\
N——
o

®

VAN

so without further work we get

Var(Z) <

31
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It is known that for every f, /nEg — oo (see Devroye and Gyorfi [27])
which implies, by Chebyshev’s inequality, that for every € > 0

A
PLl—=— —1

iz
as n — oo. That is, Z/EZ — 0 in probability, or in other words, Z is
relatively stable. This means that the random L;-error behaves like its
expected value. This result is due to Devroye [25], [26]. For more on the

behavior of the L error of the kernel density estimate we refer to Devroye
and Gyorfi [27], Devroye and Lugosi [29].

Var(Z)
2(EZ)2

> e} =P{lZ—-EZ > eEZ} <

4.2 Self-bounding functions

Another simple property which is satisfied for many important examples is
the so-called self-bounding property. We say that a nonnegative function
g : ™ — R has the self-bounding property if there exist functions g; :
X™ " - R such that for all x7,...,x, € X and alli=1,...,n,

0 S 9(X1>"')XTL) _gi(X],...,Xi_],XiJr],...,Xn) S 1

and also

n

Z(g(xlv"')xn) _gi(X],...,Xi_],Xi+],...,Xn)) S g(xlv"')xn) .

i=1

Concentration properties for such functions have been studied by Boucheron,
Lugosi, and Massart [14], Rio [69], and Bousquet [16]. For self-bounding
functions we clearly have

n

Z(g(x1,...,xn) — 9i(X1, e X, Xig 1y -+ X)) < g(Xa, .y Xn)

i=1

and therefore Theorem 9 implies

Corollary 2 If g has the self-bounding property, then

Var(Z) < EZ .
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Next we mention some applications of this simple corollary. It turns
out that in many cases the obtained bound is a significant improvement
over what we would obtain by using simply Corollary 1.

Remark. RELATIVE STABILITY. Bounding the variance of Z by its ex-
pected value implies, in many cases, the relative stability of Z. A se-
quence of nonnegative random variables (Z,) is said to be relatively stable
if Z,,/EZ,, — 1 in probability. This property guarantees that the random
fluctuations of Z,, around its expectation are of negligible size when com-
pared to the expectation, and therefore most information about the size
of Z,, is given by EZ,. If Z, has the self-bounding property, then, by
Chebyshev’s inequality, for all € > 0,

Zn Var(Z,) 1
P < <
{ EZ, - } — e2(EZy)? T e’EZ,

Thus, for relative stability, it suffices to have EZ,, — oo.

Example. EMPIRICAL PROCESSES. A typical example of self-bounding
functions is the supremum of nonnegative empirical processes. Let F
be a class of functions taking values in the interval [0,1] and consider
Z = g(Xy,...,Xn) = SUPgr Z;l:] f(X;). (A special case of this is men-
tioned above in the example of uniform deviations.) Defining g; = ¢’
for i = 1,...,m with g'(x1,...,Xn 1) = SUPex ) i, Tf(X X;) (so that Z; =
SuPrex »_j-1 T(X;)) and letting f* € F be a function for which Z = 3 | f*(X;),
one obvio]lﬁly has
0<Z—-27Z; <f(Xy) <1

and therefore
S (z-z9<) i
i=1

(Here we have assumed that the supremum is always achieved. The mod-
ification of the argument for the general case is straightforward.) Thus,
by Corollary 2 we obtain Var(Z) < [EZ. Note that Corollary 1 implies
Var(Z) < n/2. In some important applications EZ may be significantly
smaller than n/2 and the improvement is essential.
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Example. RADEMACHER AVERAGES. A less trivial example for self-
bounding functions is the one of Rademacher averages. Let F be a class of
functions with values in [—1,1]. If 0y,..., 0, denote independent symmet-
ric {—1, 1}-valued random variables, independent of the X;’s (the so-called
Rademacher random variables), then we define the conditional Rademacher
average as

[ o]
Z=F FIGIJEZ o;f(X;)1X] J
(Thus, the expected value is taken with respect to the Rademacher variables
and Z is a function of the Xi's.) Quantities like Z have been known to
measure effectively the complexity of model classes in statistical learning
theory, see, for example, Koltchinskii [42], Bartlett, Boucheron, and Lugosi
[5], Bartlett and Mendelson [7], Bartlett, Bousquet, and Mendelson [6]. It
is immediate that Z has the bounded differences property and Corollary 1
implies Var(Z) < n/2. However, this bound may be improved by observing
that Z also has the self-bounding property, and therefore Var(Z) < EZ.
Indeed, defining

Z; = |sup Z o;f(X;)IXT

fer ~
1#1

it is easy to see that 0 < Z—2Z; <1 and } ' ,(Z—Z;) < Z (the details are
left as an exercise). The improvement provided by Lemma 2 is essential
since it is well-known in empirical process theory and statistical learning
theory that in many cases when F is a relatively small class of functions, EZ
may be bounded by something like Cn'/? where the constant C depends on
the class F, see, e.g., Vapnik [81], van der Vaart and Wellner [79], Dudley
[31].

Configuration functions

An important class of functions satisfying the self-bounding property con-
sists of the so-called configuration functions defined by Talagrand [76, sec-
tion 7]. Our definition, taken from [14] is a slight modification of Tala-
grand’s.
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Assume that we have a property P defined over the union of finite
products of a set A, that is, a sequence of sets Py C X, P, C XxX,...,P,, C
X". We say that (xq,...x,) € X™ satisfies the property P if (xq,...xm) €
P... We assume that P is hereditary in the sense that if (xq,...x..) satisfies
P then so does any subsequence (xi,,...xy, ) of (x1,...%;m). The function
gn that maps any tuple (xq,...x,) to the size of a largest subsequence
satisfying P is the configuration function associated with property P.

Corollary 2 implies the following result:

Corollary 3 Let g, be a configuration function, and let Z = gn(Xy,...,X4),
where Xq,...,X, are independent random variables. Then

Var(Z) < EZ .

Proof. By Corollary 2 it suffices to show that any configuration function
is self bounding. Let Z; = g 1(Xq, ..., Xi_1, Xis1,..., Xn). The condition
0 < Z—Z; <1 istrivially satisfied. On the other hand, assume that Z =k
and let {Xi,,..., Xi } C {Xj,...,X,} be a subsequence of cardinality k such
that fi(Xy,...,Xq ) = k. (Note that by the definition of a configuration
function such a subsequence exists.) Clearly, if the index i is such that
i¢{i1,...,1} then Z = Z;, and therefore

d(z-z)<z
i=1
is also satisfied, which concludes the proof. O

To illustrate the fact that configuration functions appear rather natu-
rally in various applications, we describe some examples originating from
different fields.

Example. NUMBER OF DISTINCT VALUES IN A DISCRETE SAMPLE. Let
Xi,..., X, be independent, identically distributed random variables taking
their values on the set of positive integers such that P{X; = k} = py, and let
Z denote the number of distinct values taken by these n random variables.
Then we may write

n
Z=) TixsxX XX

i=1
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so the expected value of Z may be computed easily:

n [o¢]
EZ = Z Z (1—p;)°

i=1 j=1
It is easy to see that E[Z]/n — 0 as n — oo (see Exercise 13). But how
concentrated is the distribution of Z7? Clearly, Z satisfies the bounded
differences property with c; = 1, so Corollary 1 implies Var(Z) < n/2 so
Z/n — 0 in probability by Chebyshev’s inequality. On the other hand, it
is obvious that Z is a configuration function associated to the property of
“distinctness”, and by Corollary 3 we have

Var(Z) < EZ

which is a significant improvement since EZ = o(n).

Example. vCc DIMENSION. One of the central quantities in statistical
learning theory is the Vapnik-Chervonenkis dimension, see Vapnik and
Chervonenkis [82, 83|, Blumer, Ehrenfeucht, Haussler, and Warmuth [11],
Devroye, Gyorfi, and Lugosi [28], Anthony and Bartlett [3], Vapnik [81],
etc.

Let A be an arbitrary collection of subsets of X, and let x}* = (x1,...,%xn)
be a vector of n points of &. Define the trace of A on x7" by

tr(x]) ={AN{x1,...,xn}: A € A}.

The shatter coefficient, (or Vapnik-Chervonenkis growth function) of A in
xTis T(x}) = [tr(xT)], the size of the trace. T(x}') is the number of different

subsets of the n-point set {xi,...,x,} generated by intersecting it with
elements of A. A subset {xi,,..., X} of {x1,...,%,} is said to be shattered
if 2 = T(xy,,...,xq ). The vc dimension D(x}') of A (with respect to x}') is

the cardinality k of the largest shattered subset of x}'. From the definition
it is obvious that g,(x}') = D(x}) is a configuration function (associated to
the property of “shatteredness”, and therefore if X;, ..., X,, are independent
random variables, then

Var(D(X})) < ED(X}) .
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Example. INCREASING SUBSEQUENCES. Consider a vector x}' = (X1, ..., Xn)
of n different numbers in [0, 1]. The positive integers 1 < i, < -+ < i,
form an increasing subsequence if xi, < xi, < --- < Xi, (where i1 > 1
and i, < n). Let L(x}) denote the length of a longest increasing subse-
quence. gn(x}) = L(xT) is a clearly a configuration function (associated
with the “increasing sequence” property), and therefore if X;,...,X,, are
independent random variables such that they are different with probability
one (it suffices if every X; has an absolutely continuous distribution) then
Var(L(X})) < EL(X}). If the Xi's are uniformly distributed in [0, 1] then it
is known that EL(X}) ~ 24/n, see Logan and Shepp [49], Groeneboom [35].
The obtained bound for the variance is apparently loose. A difficult result
of Baik, Deift, and Johansson [4] implies that Var(L(X?)) = O(n'/3).

For early work on the concentration on L(X) we refer to Frieze [34],
Bollobas and Brightwell [13], and Talagrand [76].

Exercises

Exercise 11 Assume that the random variables X;,...,X,, are indepen-
dent and binary {0,1}-valued with P{X; = 1} = p; and that g has the
bounded differences property with constants cq,...,c,. Show that

Var(Z) < ) cipi(1—py).
i=1

Exercise 12 Complete the proof of the fact that the conditional Rademacher
average has the self-bounding property.

Exercise 13 Consider the example of the number of distinct values in a
discrete sample described in the text. Show that E[Z]/n — 0 as n — oo.
Calculate explicitely Var(Z) and compare it with the upper bound obtained
by Theorem 9.

Exercise 14 Let Z be the number of triangles in a random graph G(n,p).
Calculate the variance of Z and compare it with what you get by using the
Efron-Stein inequality to estimate it. (In the G(n,p) model for random
graphs, the random graph G = (V,E) with vertex set V (V| =n) and edge
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set E is generated by starting from the complete graph with n vertices and
deleting each edge independently from the others with probability 1 — p.
A triangle is a complete three-vertex subgraph.)
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5 The entropy method

In the previous section we saw that the Efron-Stein inequality serves as a
powerful tool for bounding the variance of general functions of indepen-
dent random variables. Then, via Chebyshev’s inequality, one may easily
bound the tail probabilities of such functions. However, just as in the case
of sums of independent random variables, tail bounds based on inequalities
for the variance are often not satisfactory, and essential improvements are
possible. The purpose of this section is to present a methodology which
allows one to obtain exponential tail inequalities in many cases. The pur-
suit of such inequalities has been an important topics in probability theory
in the last few decades. Originally, martingale methods dominated the re-
search (see, e.g., McDiarmid [59], [60], Rhee and Talagrand [68], Shamir
and Spencer [71]) but independently information-theoretic methods were
also used with success (see Alhswede, Gécs, and Korner [1], Marton [53],
[54],[55], Dembo [24], Massart [56], Rio [69], and Samson [70]). Talagrand’s
induction method [78],[76],[77] caused an important breakthrough both in
the theory and applications of exponential concentration inequalities. In
this section we focus on so-called “entropy method”, based on logarithmic
Sobolev inequalities developed by Ledoux [46],[45], see also Bobkov and
Ledoux [12], Massart [57], Rio [69], Boucheron, Lugosi, and Massart [14],
[15], and Bousquet [16]. This method makes it possible to derive exponen-
tial analogues of the Efron-Stein inequality perhaps the simplest way.

The method is based on an appropriate modification of the “tensoriza-
tion” inequality Theorem 7. In order to prove this modification, we need to
recall some of the basic notions of information theory. To keep the material
at an elementary level, we prove the modified tensorization inequality for
discrete random variables only. The extension to arbitrary distributions is
straightforward.

5.1 Basic information theory

In this section we summarize some basic properties of the entropy of a
discrete-valued random variable. For a good introductory book on infor-
mation theory we refer to Cover and Thomas [21].
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Let X be a random variable taking values in the countable set X with
distribution P{X = x} = p(x), x € X. The entropy of X is defined by

H(X) = E[-logp(X)] = — ) _p(x)logp(x

XEX

(where log denotes natural logarithm and 0log0 = 0). If X,Y is a pair of
discrete random variables taking values in X x ) then the joint entropy
H(X,Y) of X and Y is defined as the entropy of the pair (X,Y). The condi-
tional entropy H(X|Y) is defined as

H(X[Y) = H(X,Y) — H(Y) .
Observe that if we write p(x,y) = P{X = x,Y = y} and p(x|]y) = P{X =

x|Y =y} then
HXY)=— > plx,y)logp(xly)

XEX Yey
from which we see that H(X|Y) > 0. It is also easy to see that the defining
identity of the conditional entropy remains true conditionally, that is, for
any three (discrete) random variables X, Y, Z,

H(X,Y|Z) = H(Y|Z) + H(X]Y, Z) .

(Just add H(Z) to both sides and use the definition of the conditional
entropy.) A repeated application of this yields the chain rule for entropy:
for arbitrary discrete random variables Xj, ..., Xy,

H(Xy, ..., Xn) = HX) +H(X X ) +H(X3Xq, Xo) + - +H(XA X, o0 X))

Let P and Q be two probability distributions over a countable set X with
probability mass functions p and q. Then the Kullback-Leibler divergence
or relative entropy of P and Q is

x
D(P[Q) =) p(x)
XEX X
Since logx < x — 1,

X q(x) _
D(P||Q) = ZP ) log —X)>—ZP(X) <m—1> =0,

XeX XEX
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so that the relative entropy is always nonnegative, and equals zero if and
only if P = Q. This simple fact has some interesting consequences. For
example, if X is a finite set with N elements and X is a random variable
with distribution P and we take Q to be the uniform distribution over X
then D(P||Q) = log N — H(X) and therefore the entropy of X never exceeds
the logarithm of the cardinality of its range.

Consider a pair of random variables X, Y with joint distribution Px y and
marginal distributions Px and Py. Noting that D(Pxy||Px x Py) = H(X) —
H(X|Y), the nonnegativity of the relative entropy implies that H(X) >
H(X|Y), that is, conditioning reduces entropy. It is similarly easy to see
that this fact remains true for conditional entropies as well, that is,

H(XY) > H(X[Y, Z) .
Now we may prove the following inequality of Han [38]

Theorem 10 HAN’S INEQUALITY. Let Xi,...,X,, be discrete random
variables. Then

1 n
H(Xh"')Xn) S —ZH(X1>'">X171>Xi+1>"-)Xn)

i=1

Proof. For any i = 1,...,n, by the definition of the conditional entropy
and the fact that conditioning reduces entropy,

H(X],...,Xn)
= H(Xq, ..., Xio1, X1y -, Xa) F HOGX o Xior, Xy -, Xn)
< HXy, oo X X, oo Xa) F HXX o X)) i=1,000 .

Summing these n inequalities and using the chain rule for entropy, we get

TLH(X],...,Xn) S ZH(X]W")Xi—]>Xi+1>"')XTL) +H(X1)"'>Xn)

i=1

which is what we wanted to prove. O

We finish this section by an inequality which may be regarded as a
version of Han’s inequality for relative entropies. As it was pointed out by
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Massart [58], this inequality may be used to prove the key tensorization
inequality of the next section.
To this end, let X be a countable set, and let P and Q be probabil-

ity distributions on A™ such that P = P; x --- x P,, is a product mea-
sure. We denote the elements of X™ by x' = (x1,...,x,) and write
xY = (xq,...,%1,Xi41,...,Xn) for the (n — 1)-vector obtained by leav-

ing out the i-th component of xT. Denote by QY and P the marginal
distributions of x*) according to Q and P, that is,

= ZQ(X],...,Xi_],X,XiJr],...,Xn)
xeX
and

P(l)(x(l)) = ZP(X1)'"vxi—hX)XiJr])"')Xn)

xeX

- ZP1 x1) - Pioa(xi 1) Pil(x)Pipa (xip1) - - - Pulxn) -

XEX

Then we have the following.

Theorem 11 HAN’S INEQUALITY FOR RELATIVE ENTROPIES.

1 D)
D(Q[P) > —= > D[P

or equivalently,

n

DQIIP) < Y (D(QI[P) = D(QW|]PY)) .
i=1

Proof. The statement is a straightforward consequence of Han’s inequality.
Indeed, Han'’s inequality states that

D> QxP)log Q1) 1[ > QUx)10gQU(xY) .
XpEXT i=1 x(i)gxn—1

Since

DQIP)= ) Q(xPlogQ(x)— Y Q(x})logP(x})

xpexn xpexn
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and
D Q(i)”p(i)) _ Z (Q(i)(x(i)) log Q(i)(x(i)) _ Q(i)(x(i)) long(xm)) )
X(i)GX“71
it suffices to show that
Z Q(x) log P(x}") = Z Z D) log PY(xV) .
x] exm i=1 cxn

This may be seen easily by noting that by the product property of P, we
have P(x}') = PU(xM)P;(x;) for all i, and also P(x}) = []i, Pi(xi), and
therefore

> Q(x)logP(x}) = —Z Y Q(x}) (log PV (xV) + log Py(x1))

xXpexn i=1 xjexn
= —Z Z Q(x1") log PW(x —|—— Z Q(x71) log P(x7) .
i=1 xjexn Xl cxmn

Rearranging, we obtain

n n 1 . n i i
Z Q(x7)log P(x7) = EZ Q(xﬂlogP”(x”)
xXpexn i=1 x
= Z Z ") log PY(xY)
i=1 exn
where we used the defining property of Q“). 0

5.2 Tensorization of the entropy

We are now prepared to prove the main exponential concentration in-
equalities of these notes. Just as in Section 4, we let X;,...,X,, be in-
dependent random variables, and investigate concentration properties of
Z = g(Xj,...,X). The basis of Ledoux’s entropy method is a powerful
extension of Theorem 7. Note that Theorem 7 may be rewritten as

Var(2) < 3 B [B(Z2) — (B4(2))]
i=1
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or, putting ¢(x) = x?,

n

Ed(Z) — 9(EZ) < ) E[Ebh(Z) — $(Ei(Z))] -
i=1
As it turns out, this inequality remains true for a large class of convex
functions ¢, see Beckner [8], Latata and Oleszkiewicz [44]|, Ledoux [46],
and Chafai [18]. The case of interest in our case is when ¢(x) = xlogx. In
this case, as seen in the proof below, the left-hand side of the inequality
may be written as the relative entropy between the distribution induced
by Z on X™ and the distribution of X}. Hence the name “tensorization
inequality of the entropy”, (see, e.g., Ledoux [46]).

Theorem 12 Let ¢(x) = xlogx for x > 0. Let X;...,X,, be independent
random wvariables taking values in X and let f be a positive-valued
function on X™. Letting Y = f(X4,...,Xn), we have

EG(Y) — d(EY) < Y E[Ed(Y) — (E(Y))] .

i=1

Proof. We only prove the statement for discrete random variables Xj ..., X,.
The extension to the general case is technical but straightforward. The the-
orem is a direct consequence of Han’s inequality for relative entropies. First
note that if the inequality is true for a random variable Y then it is also true
for cY where c is a positive constant. Hence we may assume that EY = 1.
Now define the probability measure Q on X™ by

Q(x7) = f(xT)P(x7)
where P denotes the distribution of X' = (Xj,...,X,,). Then clearly,
E¢(Y) — ¢(EY) = E[Ylog Y] = D(QI[P)

which, by Theorem 11, does not exceed ) i, (D(Q||P)—D(Q“)||P“))).
However, straightforward calculation shows that

n n

> (DQIIP) = DQYIPD)) = 3 EE:d(Y) — d(E:(Y))]

i=1 i=1
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and the statement follows. O

The main idea in Ledoux’s entropy method for proving concentration
inequalities is to apply Theorem 12 to the positive random variable Y = e%.
Then, denoting the moment generating function of Z by F(s) = E[e*4], the
left-hand side of the inequality in Theorem 12 becomes

skE [Zesz] —E [esz} log B [esz} = sF'(s) — F(s) log F(s) .

Our strategy, then is to derive upper bounds for the derivative of F(s) and
derive tail bounds via Chernoff’s bounding. To do this in a convenient way,
we need some further bounds for the right-hand side of the inequality in
Theorem 12. This is the purpose of the next section.

5.3 Logarithmic Sobolev inequalities

Recall from Section 4 that we denote Z; = gi(Xy,..., Xi1, Xig1, .-+, X0
where g; is some function over X™'. Below we further develop the right-
hand side of Theorem 12 to obtain important inequalities which serve as
the basis in deriving exponential concentration inequalities. These inequal-
ities are closely related to the so-called logarithmic Sobolev inequalities of
analysis, see Ledoux [46, 47, 48], Massart [57].

First we need the following technical lemma:

Lemma 2 Let Y denote a positive random wvariable. Then for any
u>0,

E[YlogY] — (EY)log(EY) < E[YlogY — Ylogu — (Y —u)] .

Proof. As for any x > 0, logx < x — 1, we have

u
log — < — —
®EY = EY
hence u
EYlog — <u—EY
og gy S U
which is equivalent to the statement. O
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Theorem 13 A LOGARITHMIC SOBOLEV INEQUALITY. Denote P(x) =
e*—x—1. Then

slE [Zesz] —E [esz} log E [esz} < i E [esztl) (—s(Z — Zi))] .

i=1

Proof. We bound each term on the right-hand side of Theorem 12. Note

that Lemma 2 implies that if Y; is a positive function of X4, ..., Xi_1, Xi41, . ..

then
Ei(YlogY) — Ei(Y)log Ei(Y) < E;[Y(logY —log Y;) — (Y —Yi)]

Applying the above inequality to the variables Y = e and Y; = e%%, one
gets
Ei(YlogY) — Es(Y) log Ei(Y) < Ex [e*h(—s(Z — Z1))]

and the proof is completed by Theorem 12. O

The following symmetrized version, due to Massart [57], will also be
useful. Recall that Z{ = g(Xy,...,X{,...,X,,) where the X{ are independent
copies of the X;.

Theorem 14 SYMMETRIZED LOGARITHMIC SOBOLEV INEQUALITY. If 1
1s defined as in Theorem 13 then

sE [Ze*] — E [e*?| log E %] < i E [esA (—s(Z - Z}))] .

i=1
Moreover, denote t(x) = x(e*—1). Then for all s € R,

sE[ze?] ~B[e]logE[e?] < 3 E[et(—s(z—Z))1zoa],
i=1

sE [Zesz} —E [esz} log B [esz} < Z E [eSZT(s(Z{ — Z))]lz<z{} )

i=1
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Proof. The first inequality is proved exactly as Theorem 13, just by noting
that, just like Z;, Z{ is also independent of X;. To prove the second and
third inequalities, write

e (—s(Z —Z{)) = eV (—=s(Z = Z{)) 1zozy + €W (s(Z{ — Z)) T 27, -

By symmetry, the conditional expectation of the second term may be writ-
ten as

Ei [ ((Z{— Z) 12z;] = Ei[e(s(Z—Z]) 1227]
= Ei|ee s A (s(Z - 2)) 122z -

Summarizing, we have

Ex [ (—s(Z - Z{)]
= B [(W(=s(Z=Z)) + e (s(Z-2Z))) el2z] -

The second inequality of the theorem follows simply by noting that \(x) +
e“P(—x) = x(e*— 1) = t(x). The last inequality follows similarly. O

5.4 First example: bounded differences and more

The purpose of this section is to illustrate how the logarithmic Sobolev
inequalities shown in the previous section may be used to obtain powerful
exponential concentration inequalities. The first result is rather easy to
obtain, yet it turns out to be very useful. Also, its proof is prototypical in
the sense that it shows, in a transparent way, the main ideas.

Theorem 15 Assume that there exists a positive constant C such that,

almost surely,
n

D (Z-Z)*zz < C.
i=1

Then for all t > 0,

P[Z—FEZ >t < e ¥/4C
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Proof. Observe that for x > 0, T(—x) < x?, and therefore, for any s > 0,
Theorem 14 implies

sE [Zesz] —E [esz} log B [esz} < E [eszi s?(Z — Zi’)zllz>zil
i
< $’CE [esz} ,

where we used the assumption of the theorem. Now denoting the moment
generating function of Z by F(s) = E [esz}, the above inequality may be
re-written as

sF'(s) — F(s)log F(s) < Cs*F(s) .

After dividing both sides by s’F(s), we observe that the left-hand side is
just the derivative of H(s) = s~'logF(s), that is, we obtain the inequality

H'(s) < C.

By I'Hospital’s rule we note that lim, ,oH(s) = F'(0)/F(0) = [EZ, so by
integrating the above inequality, we get H(s) < [EZ+sC, or in other words,

F(s) < eSBZts°C
Now by Markov’s inequality,
P[Z>EZ+1t] < F(s)e SFFst < e C st
Choosing s = t/2C, the upper bound becomes e */%C. Replace Z by —Z

to obtain the same upper bound for P [Z < EZ — t]. O

It is clear from the proof that under the condition

n

D (Z-z)P<cC

i=1

one has the two-sided inequality
P[IZ - EZ| > t] < 2e ¥/4C

An immediate corollary of this is a subgaussian tail inequality for functions
of bounded differences.
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Corollary 4 BOUNDED DIFFERENCES INEQUALITY. Assume the function
g satisfies the bounded differences assumption with constants ci,...,Cn,
then

P[Z - EZ| > t] < 2e t/4C

where C =Y " c?.

We remark here that the constant appearing in this corollary may be
improved. Indeed, using the martingale method, McDiarmid [59] showed
that under the conditions of Corollary 4,

P[Z —EZ| > t] < 2e /€

(see the exercises). Thus, we have been able to extend Corollary 1 to an
exponential concentration inequality. Note that by combining the variance
bound of Corollary 1 with Chebyshev’s inequality, we only obtained

Pllz—-EZ >t] < ¢

- 2t?

and therefore the improvement is essential. Thus the applications of Corol-
lary 1 in all the examples shown in Section 4.1 are now improved in an
essential way without further work.

Example. HOEFFDING'S INEQUALITY IN HILBERT SPACE. As a simple
illustration of the power of the bounded differences inequality, we derive
a Hoeffding-type inequality for sums of random variables taking values in
a Hilbert space. In particular, we show that if X;,..., X,, are independent
zero-mean random variables taking values in a separable Hilbert space such
that ||Xi|| < ci/2 with probability one, then for all t > 2+/C,

n

> x

i=1

P >t| < e /€

where C = ) | c?. This follows simply by observing that, by the triangle
inequality, Z = ||J_i", Xi|| satisfies the bounded differences property with
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constants c;, and therefore

5 x |

jiKJ

i=1

—E >t—[E

bl
[

>J = P{
J [

> x| -E|) x,
i=1 i=1

n 2
< Hp(_zﬁ—ﬁmgqum)).

The proof is completed by observing that, by independence,

However, Theorem 15 is much stronger than Corollary 4. To understand
why, just observe that the conditions of Theorem 15 do not require that g
has bounded differences. All that’s required is that

n n
2 2
X]S,.I.l.gcn, Z ’g(xh e ')Xn) - g(X], .. ')XithiI)XPH) .. ')Xn” S Zci )
Xq 5o Xh EX =1 i=1
an obviously much milder requirement. The next application is a good
example in which the bounded differences inequality does not work, yet

Theorem 15 gives a sharp bound.

Example. THE LARGEST EIGENVALUE OF A RANDOM SYMMETRIC MATRIX.
Here we derive, using Theorem 15, a result of Alon, Krivelevich, and Vu
[2]. Let A be a symmetric real matrix whose entries X;;, 1 <i <j <mn are
independent random variables with absolute value bounded by 1. If Z = A
is the largest eigenvalue of A, then

P[Z>EZ+1t <e /6,

The property of the largest eigenvalue we need is that if v = (vq,...,vn) €
R™ is an eigenvector corresponding to the largest eigenvalue A with ||v|| =
1, then

A =vIAv= sup u'Au.
wlul|=T1
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To use Theorem 15, consider the symmetric matrix A;; obtained by replac-
ing X;; in A by the independent copy X;;, while keeping all other variables
fixed. Let Z;; denote the largest eigenvalue of the obtained matrix. Then
by the above mentloned property of the largest eigenvalue,

(Z—Z{;)1z-7:, < (vTAv — VTA{JV) lz-7:,
— (VT(A — Ail)j\)) 1Z>Z{‘j = (viv]-(XiJ- — X{)j))+

< 2wyl .
Therefore,
S (Z-ZPlis < Y 4|vlv]|2<4<zv> _
1<i<ji<n 1<i<i<n

The result now follows from Theorem 15. Note that by the Efron-Stein in-
equality we also have Var(Z) < 4. A similar exponential inequality, though
with a somewhat worst constant in the exponent, can also be derived for
the lower tail. In particular, Theorem 20 below implies, for t > 0,

P[Z<EZ—t] <e /161

Also notice that the same proof works for the smallest eigenvalue as well.
Alon, Krivelevich, and Vu [2] show, with a simple extension of the argu-
ment, that if Z is the k-th largest (or k-th smallest) eigenvalue then the
upper bounds becomes e */(16<) though it is not clear whether the factor
k2 in the exponent is necessary.

5.5 Exponential inequalities for self-bounding functions

In this section we prove exponential concentration inequalities for self-
bounding functions discussed in Section 4.2. Recall that a variant of the
Efron-Stein inequality (Theorem 2) implies that for self-bounding functions
Var(Z) < [E(Z) . Based on the logarithmic Sobolev inequality of Theorem
13 we may now obtain exponential concentration bounds. The theorem
appears in Boucheron, Lugosi, and Massart [14] and builds on techniques
developed by Massart [57].
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Recall the definition of following two functions that we have already
seen in Bennett’s inequality and in the logarithmic Sobolev inequalities
above:

hiu) = (T+ujlog(T+u)—u (u>-1),

and P(v) = sup [uv—h(u)j=¢e"—v—1.
u>—1

Theorem 16 Assume that g satisfies the self-bounding property. Then
for every s € R,
log E [es(Z_EZ)} < EZYP(s) .

Moreover, for every t >0,

P[Z > EZ+1 < exp [—]EZh <]ELZ)}

and for every 0 <t < EZ,

Plz< Bzt < oxp [-E2h ()|

By recalling that h(u) > u?/(2+2u/3) for u > 0 (we have already used
this in the proof of Bernstein’s inequality) and observing that h(u) > u?/2
for u < 0, we obtain the following immediate corollaries: for every t > 0,

tZ

and for every 0 < t < EZ,

2
P[Z<EZ-t] <exp [_thEZ] .

Proof. We apply Lemma 13. Since the function 1 is convex with 1\ (0) =
0, for any s and any u € [0,1] , Y(—su) < up(—s). Thus, since Z —
Z; € [0,1], we have that for every s, W(—s(Z— Z;)) < (Z— Z{)p(—s) and
therefore, Lemma 13 and the condition } " ,(Z — Z;) < Z implies that

s [Zesz} —E [esz} log E [esz} < E

P(=s)e? y (Z-Zy)
i=1

< WY(—s)E [Zesz} .
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Introduce Z = Z — E[Z] and define, for any s, F(s) = E [esz}. Then the
inequality above becomes

s~ (-s)) o) ~logF(s) < EZ(~s)

which, writing G(s) = log F(s), implies
(1—e )G (s) =G (s) <EZ(—s) .

Now observe that the function Gy = [EZ\{ is a solution of the ordinary
differential equation (1 —e ) G’ (s) — G (s) = EZy (—s). We want to show
that G < Gy. In fact, if G; = G — Gy, then

(1—e )G (s) —Gi(s) <O. (3)
Hence, defining G(s) = G; (s) /(eS— 1), we have
(1—e ) (es—1)G'(s) <O.

Hence G’ is non-positive and therefore G is non-increasing. Now, since Z is
centered G (0) = 0. Using the fact that s(eS—1)~' tends to 1 as s goes to 0,
we conclude that G(s) tends to 0 as s goes to 0. This shows that G is non-
positive on (0, 0c0) and non-negative over (—oo,0), hence G; is everywhere
non-positive, therefore G < G, and we have proved the first inequality of
the theorem. The proof of inequalities for the tail probabilities may be
completed by Chernoff’s bounding:

PlZ—-E[Z] > t] <exp [— sup (ts — EZy (s))]

s>0
and
PlZ—-E[Z] <—t] <exp [— sup (—ts — EZy (s))] .
s<0
The proof is now completed by using the easy-to-check (and well-known)
relations
sup [ts —EZY (s)] = EZh(t/EZ) fort>0

s>0

sup [—ts — EZY(s)] = EZh(—t/EZ) for 0 < t < EZ.

s<0
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5.6 Combinatorial entropies

Theorems 2 and 16 provide concentration inequalities for functions having
the self-bounding property. In Section 4.2 several examples of such func-
tions are discussed. The purpose of this section is to show a whole new
class of self-bounding functions that we call combinatorial entropies.

Example. vc ENTROPY. In this first example we consider the so-called
Vapnik-Chervonenkis (or vc) entropy, a quantity closely related to the vc
dimension discussed in Section 4.2. Let A be an arbitrary collection of
subsets of X, and let x]' = (x1,...,xn) be a vector of n points of X. Recall
that the shatter coefficient is defined as the size of the trace of A on X,
that is,

Tx?) =fr(xP)=HAN{xq,...,xnJ: A€ A} .

The vc entropy is defined as the logarithm of the shatter coefficient, that
is,
h(x) = log, T(x7) .

Lemma 3 The vC entropy has the self-bounding property.

Proof. We need to show that there exists a function h’ of n — 1 variables
such that for all i = 1,...,n, writing xXV = (x1,...,%i_1,Xi41, - Xn),
0 < h(x) —h/(x¥) <1 and

n
Y (R = R'(x)) < h(x}).
i=1
We define h' the natural way, that is, as the entropy based on the n — 1
points in its arguments. Then clearly, for any i, h'/(x¥) < h(x}), and the
difference cannot be more than one. The nontrivial part of the proof is
to show the second property. We do this using Han’s inequality (Theorem
10).
Consider the uniform distribution over the set tr(x}). This defines a
random vector Y = (Y7,...,Y,) € Y™ Then clearly,
1

h(x7) = log, [tr(x7)(x)| = EH(Yh ooy Yn)
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where H(Y7,...,Y,) is the (joint) entropy of Yi,...,Y,. Since the uniform
distribution maximizes the entropy, we also have, for all i < n, that

) 1
R (x™) > —H(Yy,...,Yiq, Vi, ..o, Ya).
In2

Since by Han’s inequality

] n
H(Yi,...,Yn) < ﬁ;H(\m,...,\q1,\(i+1,...,\(11)y,

we have
> (R =R (x")) < h(x})

as desired. O

The above lemma, together with Theorems 2 and 15 immediately imply
the following:

Corollary 5 Let X, ..., X, be independent random variables taking their
values in X and let Z = h(X}) denote the random vc entropy. Then
Var(Z) < E[Z], for t >0

tZ

and for every 0 <t < EZ,

2
P[Z<EZ-—1t] <exp l_ZIJ][E)—Z]

Moreover, for the random shatter coefficient T(XY), we have
Elog, T(X}) < log, ET(X}) < log, eElog, T(X}) .

Note that the left-hand side of the last statement follows from Jensen’s
inequality, while the right-hand side by taking s = 1n 2 in the first inequality
of Theorem 16. This last statement shows that the expected vc entropy
Elog, T(X}) and the annealed vc entropy are tightly connected, regardless
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of the class of sets A and the distribution of the X;’s. We note here that
this fact answers, in a positive way, an open question raised by Vapnik [80,
pages 53-54]: the empirical risk minimization procedure is non-trivially
consistent and rapidly convergent if and only if the annealed entropy rate
(1/m)log, E[T(X)] converges to zero. For the definitions and discussion we
refer to [80].

The proof of concentration of the vc entropy may be generalized, in a
straightforward way, to a class of functions we call combinatorial entropies
defined as follows.

Let x}* = (x1,...,xn) be an n-vector of elements with x; € &; to which
we associate a set tr(x}) C Y™ of n-vectors whose components are elements
of a possibly different set V. We assume that for each x € X™ and i < n, the
set tr(xV) = tr(xy,...,%i_1,%Xi11,...,%n) is the projection of tr(x}) along
the i** coordinate, that is,

tr(x(i)) - {y(l) = (Ul»- -y Yi—1, Yig1, - --»Un) € yn—] :
Jy; € Y such that (yq,...,yn) € tr(x?)}.

The associated combinatorial entropy is h(x}) = log, [tr(x]')| where b is an
arbitrary positive number.

Just like in the case of vc entropy, combinatorial entropies may be
shown to have the self-bounding property. (The details are left as an exer-
cise.) Then we immediately obtain the following generalization:

Theorem 17 Assume that h(x}]) = log, [tr(x])| 2s a combinatorial en-
tropy such that for all x € X™ and i <n,

h(xM) —h(xY) <1,

If Xt = (Xy,...,X,) 25 a vector of n independent random wvariables
taking values in X, then the random combinatorial entropy Z = h(X7)
satisfies

2

and

2
PZ<E[Z—1<exp [—zg[z]] .
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Moreover,

b—1
IE [logy, [tr(XT)]] < logy, Efltr(XT)[] < mE [logy, [tr( XTI .

Example. INCREASING SUBSEQUENCES. Recall the setup of the example of
increasing subsequences of Section 4.2, and let N(x}') denote the number
of different increasing subsequences of x]'. Observe that log, N(x') is a
combinatorial entropy. This is easy to see by considering Y = {0, 1}, and
by assigning, to each increasing subsequence 1; < i, < -+ < i, of X, a
binary n-vector y}' = (u1,...,Un) such that y; =1 if and only if j = iy for
some k = 1,...,m (i.e., the indices appearing in the increasing sequence
are marked by 1). Now the conditions of Theorem 17 are obviously met,
and therefore Z = log, N(X7') satisfies all three inequalities of Theorem 17.
This result significantly improves a concentration inequality obtained by
Frieze [34] for log, N(XT).

5.7 Variations on the theme

In this section we show how the techniques of the entropy method for
proving concentration inequalities may be used in various situations not
considered so far. The versions differ in the assumptions on how } ' ,(Z—
Z!)? is controlled by different functions of Z. For various other versions
with applications we refer to Boucheron, Lugosi, and Massart [15]. In
all cases the upper bound is roughly of the form e **/°" where o2 is the
corresponding Efron-Stein upper bound on Var(Z). The first inequality may

be regarded as a generalization of the upper tail inequality in Theorem 16.

Theorem 18 Assume that there exist positive constants a and b such
that

> (Z-Z)"zoz <aZ+b.

i=1
Then for s € (0,1/a),

2
log Elexp(s(Z — E[Z]))] <

(aEZ + b)
1—as
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and for all t > 0,

—12
P{Z>EZ+t)< .
(2> B2+t < exp (4a]EZ+4b+2at>

Proof. Let s > 0. Just like in the first steps of the proof of Theorem 15,
we use the fact that for x > 0, 1(—x) < x?, and therefore, by Theorem 14
we have

B [2e7] ~E [¢7] 1ogE[¢7] < E {esz S (z- Z{)lebzi}
i=1

< s?(aE[Ze] + bE [e7]) |

where at the last step we used the assumption of theorem.
Denoting, once again, F(s) = E [esz}, the above inequality becomes

sF'(s) — F(s)log F(s) < as?F'(s) + bs?F(s) .

After dividing both sides by s’F(s), once again we see that the left-hand
side is just the derivative of H(s) = s~'log F(s), so we obtain

H'(s) < a(logF(s))' +b .

Using the fact that lim, ,oH(s) = F'(0)/F(0) = EZ and log F(0) = 0, and
integrating the inequality, we obtain

H(s) < EZ+ alogF(s) + bs

or,if s < 1/a,
2

log Elexp(s(Z — EIZ)))] < - ® _(aBZ+b),

—as
proving the first inequality. The inequality for the upper tail now follows
by Markov’s inequality and Exercise 17. O

There is a subtle difference between upper and lower tail bounds. Bounds
for the lower tail P{Z < [EZ —t} may be easily derived, due to the as-
sociation inequality of Theorem 3, under much more general conditions
on Y ,(Z — Z{)Zﬂkz{ (note the difference between this quantity and
> 4(Z—Z{)*1z.2 appearing in the theorem above!).
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Theorem 19 Assume that for some nondecreasing function g,

n

D (Z-Z)*z-2: < 9(2) .

i=1

Then for all t > 0,

)
P[Z<EZ—1t] <exp <m> .

Proof. To prove lower-tail inequalities we obtain upper bounds for F(s) =
Elexp(sZ)] with s < 0. By the third inequality of Theorem 14,

sE [Zesz] —E [esz} log E [esz]

n

< Y Ele*t(s(Z{—Z2))1z-7]
i=1

< Z E [QSZSZ(Z{ — Z)zﬂz<zi/]
i
(using s < 0 and that T(—x) < x? for x > 0)
= SZ]E [QSZZ(Z — Z{)Zﬂz<zi}
i

< $°E [eszg(Z)] .

Since g(Z) is a nondecreasing and e is a decreasing function of Z, Cheby-
shev’s association inequality (Theorem 3) implies that

E [e*g(2)] < E [’ Elg(Z)] .

Thus, dividing both sides of the obtained inequality by s?F(s) and writing
H(s) = (1/s)logF(s), we obtain

H'(s) < Elg(Z2)] .
integrating the inequality in the interval [s,0) we obtain
F(s) < exp(s’Elg(Z)] + sE[Z]) .
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Markov’s inequality and optimizing in s now implies the theorem. O

The next result is useful when one in interested in lower-tail bounds but
> 1 (Z—Z{)*1 27 is difficult to handle. In some cases ) ;' |(Z—Z{)*1z-z
is easier to bound. In such a situation we need the additional guarantee
that |[Z — Z{| remains bounded. Without loss of generality, we assume that
the bound is 1.

Theorem 20 Assume that there exists a nondecreasing function g such
that Z{;(Z—Z{)Zﬂz>z{ < ¢(Z) and for any value of XI and X{', |Z—Z{] <
1. Then for all K >0, s € [0,1/K)

(K)

log E[exp(—s(Z — EIZ]))] < sZTK—Z

and for all t > 0, with t < (e — 1)E[g(Z)] we have

Elg(Z)],

2
PlZ<EZ—-1t] <exp <_4(e— 1§E[g(Z)]> .

Proof. The key observation is that the function t(x)/x?> = (e*—1)/x is
increasing if x > 0. Choose K > 0. Thus, for s € (—1/K,0), the second
inequality of Theorem 14 implies that

sE [Zesz] ~E [esz] logE [esz] < i E [eszT(—S(Z - Zm))ﬂbzg]

i=1

< sZL]?E [eszi(Z— Zm)zﬂz>z{-‘
= J
2B 02067,

where at the last step we used the assumption of the theorem.

Just like in the proof of Theorem 19, we bound E [g(Z)eSZ} by E[g(Z)]E [esz} .
The rest of the proof is identical to that of Theorem 19. Here we took K = 1.
O
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Exercises

Exercise 15 Relax the condition of Theorem 15 in the following way. Show
that if

n

D (Z—=Z) 17z

i=1

E X7 <c

then for all t > 0,
P[Z>EZ+1] <e v/

and if

E {i(z —Z{)* 17z X?} <c,
i=1
then

P[Z<EZ—t] <e /i,

Exercise 16 MCDIARMID’S BOUNDED DIFFERENCES INEQUALITY. Prove
that under the conditions of Corollary 4, the following improvement holds:

P[Z - EZ| > 1] < 2e 2/

(McDiarmid [59]). Hint: Write Z as a sum of martingale differences as in
the proof of Theorem 7. Use Chernoff’s bounding and proceed as in the
proof of Hoeffding’s inequality, noting that the argument works for sums
of martingale differences.

Exercise 17 Let C and a denote two positive real numbers and denote
hy(x) =14+ x —+/1+ 2x. Show that

A2 2 t 2
sup (7\’(— ¢ ) = _Sh] (a_) >
Acl0,1/a) 1—aA a 2C Z(ZC + at)

and that the supremum is attained at

Also,




ift < C/a and the supremum is attained at

=1{0-y).

Exercise 18 Assume that h(x}) = logy|tr(x)| is a combinatorial entropy
such that for all x € X™ and 1 < n,

h(x}) — h(xP) <1

Show that h has the self-bounding property.

Exercise 19 Assume that Z = g(X}') = g(Xq,...,X,,) where Xy, ..., X,, are
independent real-valued random variables and g is a nondecreasing function
of each variable. Suppose that there exists another nondecreasing function
f: R™ — R such that

n

> (Z—Z)PLzez < (XY .

i=1

Show that for all t > 0,

P[Z < EZ —1] < e ¥/(4F04)
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6 Concentration of measure

In this section we address the “isoperimetric” approach to concentration in-
equalities, promoted and developed, in large part, by Talagrand [76, 77, 78|.
First we give an equivalent formulation of the bounded differences inequal-
ity (Corollary 4) which shows that any not too small set in a product prob-
ability space has the property that the probability of those points whose
Hamming distance from the set is much larger than /n is exponentially
small. Then, using the full power of Theorem 15, we provide a significant
improvement of this concentration-of-measure result, known as Talagrand’s
convex distance inequality.

6.1 Bounded differences inequality revisited

Consider independent random variables Xy, ..., X,, taking their values in
a (measurable) set X and denote the vector of these variables by X} =
(X1,...,Xn) taking its value in X™.

Let A C X™ be an arbitrary (measurable) set and write P[A] = P[X] €
A]. The Hamming distance d(xT,y}) between the vectors xJ',y} € X" is
defined as the number of coordinates in which x7 and y7 differ. Introduce

d(x}, A) = min d(x7,y7
(x7, A) min (X7, u7),
the Hamming distance between the set A and the point x{'. The basic
result is the following:

Theorem 21 For any t >0,

n 1 2
P [d(XTA) > t4 /=1 <e 2/
[( 1 )7 + 2 OgP[A]]e

Observe that on the right-hand side we have the measure of the com-
plement of the t-blowup of the set A, that is, the measure of the set of
points whose Hamming distance from A is at least t. If we consider a set,
say, with P[A] = 1/10°, we see something very surprising: the measure
of the set of points whose Hamming distance to A is more than 104/n is
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smaller than e~ In other words, product measures are concentrated on
extremely small sets—hence the name “concentration of measure”.

Proof. Observe that the function g(x}') = d(x}', A) cannot change by more
than 1 by altering one component of xf, that is, it has the bounded differ-
ences property with constants ¢c; = --- = ¢,, = 1. Thus, by the bounded
differences inequality (Theorem 4 with the optimal constants given in Ex-
ercise 16),
PEA(X},A) — d(X],A) > 1] < e 2/,

But by taking t = Ed(XT, A), the left-hand side becomes P[d(XT, A) <
0] = IP[A], so the above inequality implies

n n 1
BIAXT, A) < 45 log 50

Then, by using the bounded differences inequality again, we obtain

] S efztz/n

n
Pld(XA) >t —1
[( 1> )7 + ZogIP{A}

as desired. O

Observe that the bounded differences inequality may also be derived
from the above theorem. Indeed, if we consider a function g on X™ having
the bounded differences property with constants ¢; = 1 (for simplicity),
then we may let A = {x' € X" : g(x}') < M[Z]}, where M[Z] denotes a
median of the random variable Z = g(Xj,...,Xn). Then clearly P[A] >
1/2, so the above theorem implies

P[Z—MZ>t+ ,/%mgz] <em

This has the same form as the bounded differences inequality except that
the expected value of Z is replaced by its median. This difference is usually
negligible, since

o0

IEZ—-MZ| < E[Z-MZ| = J PllZ — MZ| > t]dt,
0

so whenever the deviation of Z from its mean is small, its expected value
must be close to its median (see Exercise 19).
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6.2 Convex distance inequality

In a remarkable series of papers (see [78],[76],[77]), Talagrand developed an
induction method to prove powerful concentration results in many cases
when the bounded differences inequality fails. Perhaps the most widely
used of these is the so-called “convex-distance inequality”, see also Steele
[75], McDiarmid [60] for surveys with several interesting applications. Here
we use Theorem 15 to derive a version of the convex distance inequality.
For several extensions and variations we refer to Talagrand [78],[76],[77].

To understand Talagrand’s inequality, we borrow a simple argument
from [60]. First observe that Theorem 21 may be easily generalized by
allowing the distance of the point X' from the set A to be measured by a
weighted Hamming distance

d(xT A) = inf do(x!,yT) = inf o
oc( 1) ) y?EA oc( ],U]) U?GAi,xZ#J.| 1|

where « = («,..., &) is a vector of nonnegative numbers. Repeating the
argument of the proof of Theorem 21, we obtain, for all «,

2
o]l log -I < o2 /Il? ’

-
P 206 A) 2 oy 5 ToE |

where ||«|| = 4/Y_ ", «f denotes the euclidean norm of «. Thus, for exam-
ple, for all vectors & with unit norm ||«|| =1,

P [d“(X?,A) >t + l1og 1 ] <e 2t

N

log 55, for any t > u,

Thus, denoting u = /3 log

2

P [da(X],A) > t] < e 20

On the one hand, if t < \/—2log P[A], then P[A] < e */2. On the other
hand, since (t—u)? > t%/4 for t > 2u, for any t > ,/2log ﬁ the inequality
above implies P [do (X, A) > t] < e /2. Thus, for all t > 0, we have

sup PA]-P [do(X},A) > ] < sup min (P[A], P [da(X},A) > 1]) < e /2.

ocflod[=1 ocl|edf| =1
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The main message of Talagrand’s inequality is that the above inequality
remains true even if the supremum is taken within the probability. To
make this statement precise, introduce, for any xT' = (x1,...,xn) € X™, the
convex distance of x* from the set A by

dT(X?v A) = sup doc(x?v A).
o [0,00 )| of[=1
The next result is a prototypical result from Talagrand’s important paper
[76]. For an even stronger concentration-of-measure result we refer to [77].

Theorem 22 CONVEX DISTANCE INEQUALITY. For any subset A C X™
with PX1'€ A] > 1/2 and t >0,

min (P[A], P [d(X], A) > t]) < e ©/4 .

Even though at the first sight it is not obvious how Talagrand’s result
can be used to prove concentration for general functions g of X7, appar-
ently with relatively little work, the theorem may be converted into very
useful inequalities. Talagrand [76], Steele [75], and McDiarmid [60] survey
a large variety of applications. Instead of reproducing Talagrand’s original
proof here we show how Theorem 15 and 20 imply the convex distance in-
equality. (This proof gives a slightly worse exponent than the one obtained
by Talagrand’s method stated above.)

Proof. Define the random variable Z = dy(X}, A). First we observe that
dt(x}, A) can be represented as a saddle point. Let M(A) denote the set
of probability measure on A. Then

dr(x,A) = inf oG lEL [T,
T ocHocH<1'VEM Z ) )?&Y)
(where Y7' is dlstrlbuted according to v)

= inf sup E oG IE [1y, v, ]
VEMI(A) o of| <1 Y

where the saddle point is achieved. This follows from Sion’s minmax The-
orem [72] which states that if f(x,y) denotes a function from X x Y to R
that is convex and lower-semi-continuous with respect to x, concave and
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upper-semi-continuous with respect to y, where X is convex and compact,
then
inf sup f(x,y) = supinf f(x,y) .
X y y xX

(We omit the details of checking the conditions of Sion’s theorem, see [15].)
Let now (¥, &) be a saddle point for x}'. We have

I . ;
Zi= velf\l}tf(A) Sup Z “’]Evm’%!l)?% - velj\I}tf Z ok #Y’

where x]m =x; if j # 1 and xf) = x{. Let ¥ denote the distribution on A

that achieves the infimum in the latter expression. Now we have

—inf ) SB[y < Z & Es[Ly; 2v,]

j
Hence we get
Z—-7;< Z &y [1y 2y, — ﬂxjgi)ﬂj] = By [y v, — ﬂxg PV

Therefore ) " ,(Z — Z{)*1z-z: < Y ;& = 1. Thus by Theorem 15 (more
precisely, by its generalization in Exercise 15), for any t > 0,

P [dr(X}, A) — Edr(X},A) > 1] < e /%
Similarly, by Theorem 20 we get

P [dr(X},A) — Edr(X}, A) < ] < e /e

which, by taking t = Edy(XT, A), implies

Edr( ?’A)S%‘( ~1)10g 75 -

P [dT(X?,A) — ¢4(e —1)1log ﬁ > t] <e U4,
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Now if 0 < u < /—41log P[A] then P[A] < e /4. On the other hand, if
u > ,/—4log P[A] then

e—1
>u—u . J

Plar(X},A) >u) < P{dﬂ ?,A)—\/zt(e—nlog]PEA]

_uz (1 — /(e — 1)/6)2

4

< exp

where the second inequality follows from the upper-tail inequality above.
In conclusion, for all u > 0, we have

u? (1 —/(e— 1)/e>2

min (P[A], P [dv(XT,A) > u]) <expq{ — 1

which concludes the proof of the convex distance inequality (with a worse
constant in the exponent). O

6.3 Examples

In what follows we describe an application of the convex distance inequality
for the bin packing discussed in Section 4.1, appearing in Talagrand [76].
Let g(x}) denote the minimum number of bins of size 1 into which the
numbers x1,...,x, € [0, 1] can be packed. We consider the random variable
Z = g(X7) where X, ..., X, are independent, taking values in [0, 1].

Corollary 6 Denote ¥ = m Then for each t > 0,
PllZ — MZ| >t + 1] < 8¢ ¥'/16@=*+1)

Proof. First observe (and this is the only specific property of g we use in
the proof!) that for any x1,y7 € [0, 1]™,

o) <gluM+2 D> xi+1.
ixi #Yi
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To see this it suffices to show that the x; for which x; # y; can be packed
into at most {2 2 i L xiJ + 1 bins. For this it enough to find a packing
such that at most one bin is less than half full. But such a packing must
exist because we can always pack the contents of two half-empty bins into
one.

Denoting by o« = «(x}) € [0,00)™ the unit vector x1'/||x}||, we clearly
have

S oxe= I Y e = [da ul)
ixi #Yi ixi #Yi

Let a be a positive number and define the set A, = {y7}: g(y}) < a}. Then,
by the argument above and by the definition of the convex distance, for
each xT' € [0, 1]™ there exists yT' € A, such that

o) < gluM +2 D> x4+ 1< a+2xdr(x, Ad) + 1
ixi #Yi
from which we conclude that for each a > 0, Z < a+2||XV||d+ (X}, Ag) + 1.

Thus, writing £ = /E Y, X for any t > 0,

P[Z>a+1+1]
2[ X7
Z>a+1+t———— —{—P{Xn > 222+t}
> NG X >/

< P

—(3/8)(£%+1)

VAN

t
Pldr( X} AL > ————e
[ X Aa) 2 5 222+t]
where the bound on the second term follows by a simple application of
Bernstein’s inequality, see Exercise 20.
To obtain the desired inequality, we use the obtained bound with two

different choices of a. To derive a bound for the upper tail of Z, we take
a =MZ. Then P[A,] > 1/2 and the convex distance inequality yields

P[Z>MZ4+1+1<2 (e—tz/(l6(222+t)) + e—(3/8)(>:2+t)) < 4e—t2/(16(222+t)) .

We obtain a similar inequality in the same way for P[Z < MZ — 1 — t] by
takinga=MZ—t—1. O

61



Exercises

Exercise 20 Let X be a random variable with median IMX such that there
exist positive constants a and b such that for allt > 0,

P[X — MX| > t] < ae ©/? .
Show that |IMX — EX| < av/bm/2.

Exercise 21 Let Xj,...,X,, be independent random variables taking val-
ues is [0, 1]. Show that

n n
Pl|Y X2> 2B) X24t| <e W/AEIL X
i=1

i=1
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