Spectral Graph Theory Lecture 7

Cheeger’s Inequality
Daniel A. Spielman September 23, 2009

7.1 Overview

Today, we will prove Cheeger’s Inequality. I consider it to be the most important theorem in
spectral graph theory. Cheeger’s inequality has many variants, all of which tell us in some way that
when Ay of a graph is small, the graph has a cut of small conductance (or ratio or sparsity).

Recall that in Lecture 5 we proved:

Theorem 7.1.1. Let G = (V, E) be a graph and let Lg be its Laplacian matriz. Let S C V and
set 0 = |S|/|V|. Then,
0(5)] = A2 [S] (1 = o).

Cheeger’s inequality will provide a converse to this theorem.

7.2 Warning

I'm pretty sure that I’ve missed a factor of 4 in one of the bounds in this lecture.

7.3 Conductance

Different versions of Cheeger’s inequality are related to different measures of the quality of a cut. In
Theorem 7.1.1, we were concerned with the number of edges cut divided by the number of vertices
removed. The sharpest versions of Cheeger’s inequality hold when edges are treated as the most
important objects, rather than vertices. That is, we weight vertices by their degrees. In this case,
we will be interested in two measures of the quality of a cut, its conductance and its sparsity. These
are closely related, and their names are often interchanged. For this course, I use the convention
that the conductance of a set of vertices S is given by

where I define

d(S) = d(i),

€S
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and d(i) is the degree of vertex i. The constant d(V') out front just helps us normalize this
quantity. Note that when all vertices have the same degree, the conductance differs from the
quantity measured in Theorem 7.1.1 by precisely a factor of d.

For this class, we will define the sparsity of a set S to be

def 10(5)]
min (d(S),d(S)) .

As one of d(S) or d(S) is always at least half of d(V'), we have

¢(S) = sp(S5) = ¢(5)/2,
so these two quantities will never differ by more than a factor of 2.

The conductance of a graph is defined to be the minimum of conductance of a cut, and similarly
for the sparsity:

b ¥ min B(S)

SPa & msin sp(S).

7.4 'The Normalized Laplacian

The conductance of a graph is best approximated by the eigenvalues of the Normalized Laplacian
matrix of the graph. We define the Normalized Laplacian by

Ng = Dg"?LaDG? =T — Mg =1 - DG"*AqD™1?,

where M is the normalized adjacency matrix we saw on the homework. We will always denote
the eigenvalues of Ng by v1,...,v,, where for a connected graph G we have

O=vr << --- <y,

Recall from the problem set that the eigenvector of vy is d/ 2 where this is the vector whose ith
entry is the square root of d(i).

We first establish an analog of Theorem 7.1.1.
Theorem 7.4.1.
g > v2/2.

We will prove this by constructing an optimization problem whose answer is ¢, and then proving
that v, is the solution to a relaxation of this problem. First, note that for every .5,

d(S)d(S)z(Zd@) ddG) | = D d@)d().

€S JES i€S,JES
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To create an optimization problem, we consider characteristic vectors of sets instead of sets them-

selves. As
0(5)] = x§Lxs,
and
d(S)d(S) = > di)d(G)(xs(i) — xs()* =D d6)d(5)(xs(i) — xs(5))?,
xs (1) >xs(4) i<j
we have .
4(S) = d(V) xsoxE

ZKJ‘ d(1)d(5)(xs(i) — xs(4))*

If we let y be a vector of {0,1} valued variables, then we have

= min = mmin v Ly
S S B D PTG T

Of course, we only consider the minimum over y for which the denominator is non-zero.

One of the most useful ideas in optimization is that of relaxation. It means that one takes a problem
like the above, and removes some constraints. In this case, we remove the constraint that the values
of y lie in {0,1}. As we are minimizing, and we are removing a constraint, the minimum can only
become lower. Thus,

. y'Ly
P62 o S a0 W@ - vG)E

Theorem 7.4.1 may now be seen to be a consequence of the following characterization of vs.

Theorem 7.4.2.

V9 = min yTLyS
2= o 2 S @) v~y

Proof. Since d'/? is an eigenvector of eigenvalue 0 of Ng, the Courant-Fischer Theorem tells us
that

. wTNG.’B ~ i wTDC_;l/QLGDC_Tvl/ZCL'
? clat/2 zlx zld'/? zTx .
Now, set y = Dél/Qaz. We obtain
2TDg"LaDg ey Loy
Tz yI'Dqgy’

As x(i) = d(i)/?y (i), the condition & L d'/? becomes y L d. So,

V9 = min yTLGy
2 yld y"Dgy’

The denominator of this expression is Y, d(i)y(i)?. I claim that, when y L d

2d(V') Z:d(i)y(i)2 = Zd(i)d(j)(y(i) —y(j))*
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To prove this, compute

Zd(i)d(j)(y(i) —y(j)* = Zd(i)d(j)(y(i)z +y(7)%) =2 d@)d(5)y()y()

=2 Zd(i)d(j)y(i)2 —2 <Z d(i)y(i)) > dj)y(i)

%

=2 d) | D d)y(i)>*.
7 )

We have shown

T
. Yy Lay
vy = min 2d(V) 7 - -
yld > d@)d(5)(y (@) — y(5))*
To finish the proof, note that for every vector y, there is a ¢ for which y — c1 is orthogonal to d.
However, the addition of a constant ¢ to every entry of y does not change the value of (7.1). So,

(7.1)

= min y Ly
e S T TG PG

7.5 Cheeger’s Inequality

Theorem 7.4.1 is the easy part. Cheeger’s inequality provides the following converse
vy > Q% /8.
Moreover, an examination of most proofs of Cheeger’s inequalities reveal that a cut S for which
va > 6a(S)?/8

may be found by an examination of vy. In fact, we can find such a set S of the form
S = {d’lﬂ(i)vg(i) > t}
for some t.

We will prove a strengthening of this inequality due to Mihail, which allows us to use any vector
of small Rayleigh quotient instead of wvs.

Theorem 7.5.1. Let x be a vector orthogonal to d'/?. There exists a t for which the set of vertices
S = {@ L dY2 ()2 (i) > t}

satisfies
' Ngx
Tz

> ¢(S)?/8.
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Our proof of this theorem will use the following three inequalities.
Lemma 7.5.2 (Dan’s Favorite Inequality). Let A, B,C and D be non-negative. Then

A+B>min é E
cC+D — C’'D)’

Proof.

A B A B
A+ B CC-I-D _(C—G-D)mln(C, )

Lemma 7.5.3 (Square of difference). For all 0 < ¢ < 1,

(a—b)? > da® — 19_b¢b2.

Proof. Using 1+ ¢/(1 — ¢) =1/(1 — ¢), we compute
(a—b)? - <¢a2 - 1<_b¢b2> = (1—¢)a® —2ab+ <1i¢) b
1 2
- (Vi=Fa- =)

> 0.

Lemma 7.5.4 (Inequality 3). Let z1,...,z be real numbers such that
21220222z, 2 0.

If the real numbers aq,...,ar and by, ..., by satisfy

then there exists a j for which

Proof. Assume, by way of contradiction that

(35 <%

for all j. Define 211 = 0, so that we can write

zi = (2i — zit1) + (2ip1 — Ziv1) + -+ (26 — 2k41),

7-5
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From (7.2) and the fact that each (z; — z;41) is non-negative, we compute

k k J J k
Zaizi = Z(Z] — 2j+1) (Z ai> < (Zj — Zj+1) (Z bz> = Zzzbz,

k
j=1 i=1 =

7j=1

contradicting the hypothesis of the lemma.

Proof of Theorem 7.5.1. Let x be any vector orthogonal to d1/2, and set

' Ngzx
V= —————.
zTx
As before, set
y=D"’a,
and recall this transformation ensures
y'd=

Let ¢ be a number such that
D d(i) <d(V)/2 and
y(i)>c
D di) <d(v)/2.
y(i)<c
That is, ¢ is d-weighted median of y. Let z be the vector y — c1, so that
D di) <d(V)/2 and
i:2(4)>0

> (i) <d(V)/2.
1:2(4)<0
One may easily show
z"'Dz > y" Dy,

by taking a derivative of the expression for z with respect to ¢. We now have

' Nz yI'Ly 2Lz
v = = .
Tz yI'Dy = 27Dz

Define vectors z1 and z_ that capture the positive and negative parts of z,

i) = {z(i) if z(i) > 0

0 otherwise,

and

oo(i) = {z(z’) if (i) <0

0 otherwise.

7-6
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We have
2Dz = zrf_Der +2'Dz_.

On the other hand, we can show
2Tz > zJTrLzJr + 2Lz .
To see this, note that if z(i) and z(j) have the same sign
(2() = 2(7))? = (24.(3) — 24 ()2 + (2—(i) — 2 ()%
whereas when they have opposite signs,
(2(i) = 2(1)* = 2(1)* + 2(j)* = 22(1)2(j) = 2())* + 2(j)* = (24 (1) — 2+(5))* + (2 (i) — 2-(5))*.

So,
2TLz zszjL +2LLz_ 2Lz,
VZ Th, = T T =T ’
z2'Dz ~ 2. Dz, +2.Dz_ ~ z;Dz;

for one of s € {4, —}, by my favorite inequality. Let’s assume without loss of generality that it
holds for s = +. Also without loss of generality, assume that

z(1) > 2(2)>--->2z(k) >0

are exactly the positive elements of z. For ease of notation, we will replace all the vertices with
non-postive values in z by a vertex k + 1, set z(k + 1) =0, and let ET be the set of edges

{G.j) €E i, j <k}U{(.k+1):(i,5) € B,i <k <j}.

So,
lzy= 3 (2)- 20)7
(i,5)eE+
We will prove the theorem by showing that for one of the sets

S; € i < gy,

Tr
SEE S op(85)2)/2.

zSCDer
To this end, set

o = minsp(Sj).
J

By our choice of ¢ above, d(S;) < d(V)/2, so

For each 1 < i <k, set
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and

We have d(i) = a; + b;,

and

2
i=1
By assumption,
J J
D (ai—bi) = 0> d(i)
i=1 i=1
We now compute
lz= 3 (200) - 20)7
1<j:(i,j)EE
2 g 2
>o0z(i)* — | z(j) by Lemma 7.5.3
-0
i o
= z; <6Li0' — bll — 0‘) Z(i)2.

=

So,

k k
v i)z(i)? aia—ia z(1)2.
;do()z;( b ) 260

Thus, Lemma 7.5.4 tells us that there is some j for which

vd(S;) = vzj:d(i) > Zj: (W —big . U)

i=1 =1
02 <
:aZ(az—bi)— 1_028)7,
=1 =1
o2 1-0¢
=0 |0(5;)| — d(S;
7 10(8)| - 77— 52 d(S,)
2
o
= —d(5;).
d(s:)
Thus, we may conclude
o2
V> —.
-2
As we chose o to be the minimum of ¢(S;), this tells us that there is a j for which
2
- 1
v > U(gj) > gé(s])Q
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7.6 History

Cheeger [?] originally proved his inequality for manifolds. The extensions to graphs, in various
forms, were proved by [?]. I belive that these notes contain the first proof of Mihail’s version of
Cheeger’s theorem for the normalized Laplacian, although it should have been written somewhere
before.



