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ﬁim'l—eg' iy “preces and “move” Hm b borm 13
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@ Sowme POUH\/OLOS\‘@S o consider:
a S\OCLCL Q,“ 5’\-3 CUeveS GK?SJ‘. _\,g YOWu Cut MLOV\S
ove  andl “?%rwre bouwadares”® whet s Eeﬁ'f?

2 Cousider Hus Sequence L movest”

» shee
rﬂ — 00101 &2,
C(ﬂ&rl’y \\SJer*LCL/\V\j should ke £, bidde .

DQQQ SWFPOSQ M CZ oQ> 'S o W\Q}nc SPa
(6% fR WHA (/L$Ml EDLC/[%QJLA meA’nC)

An tSomeLrv of (X o{) 1Y o locdecl—ww
('P X—%X sL \'/x xc—X: oQ(C\o(chp(X3> &(x ><>

B"ﬁ_‘go A“ ;SONM(— (Selﬁ")ewn\oﬁ_ﬂ.% TR W C'P:X"}X
presen,:% L e, J(CP(XO)’ ‘P(x,)> ZOQ(Xa) <)

SO an iSOWLQ'l'Y‘)/ 1S suui\€c'{'%\,€, (Son e,w[\o

@ﬂ Every isom (sel@Dewb & R™ s an {sometny,
Eﬁ_z Teom (X,A> = ECP, ® s oan 2soma&—f7/ o4 (X,ODE
ﬁoms oL oxrm,\p wu;ﬂa,r C,OWPOS(:J’;OVLc

R has the Forn

D p 'S ome ok
L"E&o E\rery 3 Lfy e %_1’13

x}———>0n<+L> for come belR .




C(ouwt T@ % s an csom&l—ry with c10 Ol—-)O)
Yen Qaéiiiz will, YPixr—>ax,

p€ O Pk a= ¥(1>. &I
N ow Sy pose $ot @ s arbibary. Cowsider
/q/: v —> PO -, T s shll an .‘sofmg{\/%
rd. W Ov> O, The (cLa/»'m SonsS /L{’:,X}—>AX’
oud s P2 x> ax + PO) i as desimed. B(Pop) 'f

Nobabow: A= LIB; weass 8 4= U B, .
'\34‘#5'—‘3) B;ﬂ@5=¢.

D?@&% (Gtien o mebAc spa (Z,OQ3, we S o Hat
A,%QX e %W\&C(}WPOSﬂLIQ (via somebres)
i dhee i keN ol sots C; € X ad
somebdes T e Tsom (X,4) ol o A= L

2= L7 [C]
anw\ptz Th \R e l’\aﬁ open M'l—ﬁvm\ EO i>
M HL &p-é./l. ml—e.r‘vo.‘ (O i) ot %WO&COMFOS&JOLQ

PQCSLC@J":L‘3 ]:\x fevediovad «e1) guadl F\ML

D= i(ni)? T eeNTIS[0,4). Now out
Co = Dn [O, 4-) T, 0 x+—> x+&
= Dnti'é’n 1) 'D”L;X\/—? ><+o<-1_

= [O,iv\(CoUCi) D’“ng\—"'?x
& (Sholeh )
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Fa (kOL\r/l, Son 19

;Ipasi’ e [O,i) andl (O, 1) ace inionWOSalo(z
o (vin tsomebres o€ [RD.

'je,}’s {wwsl“&ak soma related examples.

Ex: ol (- ixeR® : A(x, O\):ii, “Ha cirele ”
Then for all % €C | C i epuidec. of CNTx3
\/\/ky7 Piclke some agle O si g; is lrcabioval.

LQ&' o be e t‘SOY'La‘Vy o’@ ‘\-ro‘l-me‘on 'ay o arot,wa O.“
Check: VW, n€ N m#n = " (x) # o' (%0,

PVU(' DO = fre“‘(&) : nen\)g T, = g
D, = C\D, T, = id
You can  also Y produce pointe’ il e@uidewm\ps:
Ex: Suppose Heat ve R*NC. Thon
C i eatu;.o(@ww_ with  Cu§y3.

Q D O ° NS O .
Similody whewever FERINC s finde
C e %mio{ac,owp with. (CUF.



@ ?FDE? gm()pose Hat A SC e Countable.
/ﬂ\w C, VS ézuﬁo(agoyvp. WnLLL C,\A,

,E—i‘: Sﬂ?/ Hhat  an avxﬂ(a © s GooD
Ve NNios AN o [A]= F. Else © i BAD.
Claww 10 The ot £ SAD arales s Counbable
QE(C:O; © s BAD {2
An>0 Fabe A (o) - b
For each Eixed n>o ond C‘,EGA)
He set $O: ~ M (a)eb? e fade
(in &ack, o cordinalily ab most )
90 M\a SP-{' a’Q @AD o\mbtas (S M\z U ovt

U U u Zegr‘;(a&:bi ’ M\u,& 'S Couunl-uuﬁ @(C;Q

n>o aGA bGA

P parbialar &OOD M%US exist. Fix GooD O
Clasm 2% For all men, 2 [A]N 2[A] - &
ptl: Al (Al = g anerd]-¢ '(ca

NOW we Can e o J’b pr\@wxa,ywl' H\Q f){t\/‘ouﬁ
QKOLWW\& “ 'Oml(el " £o(‘ aill aeA. T hat CS,

Do = }G{\) o' [A] 0,7 e
Di: C\ Do Ti.: ‘\&'



@ ﬁ 5(90\3-8/ wS Sowe rﬁpe}'xhow O’Q /&LLO(\ , e
Adtscuss o poce %@ym( setup .

Eﬁé: S\,\{)Fose H\a& e 'S QA c&rouf MoQ Hat X
s a seb, An o achou £ P o X s a
ﬁw«okm <X —X

(¥, x) —> T-x

§0Ll'\'>£\2/fw3 OeP X=X o
0 T'CS’X? :(U‘S)-K ‘ | %m‘/\()oj{i

E wivalewt i 5 v permunta bows
uivelently, &smg‘@"‘"m F—QSZRD_X

gucl/\ oan  achon Tj/\l/K :Mquces an ackiont
A CE) via 7A- 570t acAS.

T);é,__!'i_: Given v ackion TAX  we say Hhat
A X ae (P2 cqudecomposable i€
1C;, € X dmel o4 "A=HCG

°13=L17-C,
Dewote  Hais by AxB. O Aegg 4 w2 care

a\pouJ‘ # o piewS ,

P;Q__,_ﬁ: Given DA andk AREX | we say
Ha b /—\ 'S (P-)mtdeleiwposa\ole o % .£
A i (T"-)eciw‘oqeww\a il come subset o B
Decke this by AR, Or AZB
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£«UWL A o @) Mw\.al// ~U b/; rCc .

1 € A

Next geal: A vamabion o Schrsder - Bernslein:
(AR ad B2A) = AxB.

b it Led’s Ca:ﬁ&»”y (redprove He uswal S€-B Heoewm .
/__\/M_(Co_re{)—u[ Schrsdar -RBernslen )
gu\ppose, H‘\N{’ A and. B ace $Q4“S W(n& tv\iecl’w\MS

AR \ L
‘33%*—7/\'%%‘5 o Po\rwlw oL

A = Ao L-l/—\i_ sucl M\a&
ﬁer % %'il\Ai /—\%B 'S a‘o'|$ecl-'M.

(<) xe
5‘(7(7 XéAi

b gy BT = BN f[A]
Put Agz q [ e ]
Put A = ANA, . B (Grehl S-BD,

=
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iasi- R !

’__W__m_( Carebnl Schesder- B-ernsl—éh} .
S%Po% nt A, B at sels with t‘n‘dech‘ovtS
:'ﬁ'A*VB Then there s o Parl{h‘mft A=A°L_4A1
19:15—=>A with /-\193[8—] such Hhat Ve wmap

_fl\/\o v 03—‘[/\1 AR s a Lc\S{cJ—im.
/ro&(oty e esl—ﬂu;sl\ o vau—.‘a,.«J' ap—ur emb@(o[ecowooslkws.
Nal-ml—\‘ow'.' L€+/$ ML& i @MLJ(}&COW iy g
Aég 197 étg(C;,T;BT,}dm%_
QQCM”.' \/\/ll/l’\ S.VLCL\ on embdiecowp @! we Dbl—ﬂn‘n
i @_9500‘04-640 ML},@C}\\WL .\eezA"’_’ 3 by 'gC-'- .Ejma/‘ I\AL
go {ﬁe . XF_%PD/E ‘X wherever xéC5.

"3

/L’L\V‘ﬁcgclwﬁjg.—«féernsl{;n for emloeouecowosikoms>i
Suppose we hue o group ackon TLL ol
subsels ABEX with AT ol BIA.
Then A= I13,

m+n
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Fix ewbeddeconps C= §(Ci 70 iem$ bor AZR
ﬁ:E(D\)>SJB'JZ“§ ﬁof Téf'“A

Lo ‘gé:i be the Assoccako( iw\‘)ecFWS.

Caretul S-B yields a pardbion. A=A UA
Sunch Mt %PTAO U Q}ﬂlr/‘li A =8
s a biyechon.
C(obim 1 EAOﬂC; P i<m§ U zAiﬂﬂ\:D\i] "\'\“’L—i
deofms 0 poLraLfoL&on o’@ A

PEED: We naed b show +we Hungs:
@/”‘L {'D\,m: ' S FOWM»‘}e 0(3$SO£VL"
@/ﬂ‘-@ £U‘W“' cover—s A
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@ Swg(?o% Hnt XeA X3 onrb»'i«ary.
DI£ Xer, fﬁix tém w"%» XGCL.
’I'lum Xer[\ C‘L
nIQ Yé'Ai’ < ince Xecil:%'] we Com ‘QmaQ
e wlh XGSEDJ] /"'\f/V\ xeAi(\ 6[9\‘\]

N

We did 7 B (C1)
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Claim 20 3 [AAG] 2 1<m U %%"[AJ‘ g [D1] 2 j4m
iorms o paﬁ#lkm oiﬂ‘ g

E&(CZ):T{:& S q(/txﬁ. c‘mm%,@ d’e Hee Previous
]’Darlﬂ'l'ﬂ'm« wnde~ He Eiieckm ‘ErAt,u%"/\Aj_. E(c2)

Fially, obserce that the dofinbions o & aud
“\(/'\ONC;)’: D”;F(AoﬂCJ

Q' T(A gD = ST (A nalDT),
AH—ogal/Lu, Flie waans dhat

S (AnCe, 1) 1iand0 fAN4IT ) §) 1jen
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Twl’wikuelzy/ :Hm‘s means we€  Can C,L\.Op A iv’kl‘D
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Propt Guea TVAX ad ASX  -TFAE:
@A 'S Pamoﬁox»‘ca‘ A 4
[ Thee ace disjoint Ao, AL CA sk A;;‘;A |

et [T =fm @

@ éi—; F‘ix oq.CsSO'WL'!' A( vt A‘L/XA‘
Put Ai’ = A\Ao , So A= Aol"‘Ai '
C[ouim’oA;/X,A
SO We know ARAZA] se ASAL

ALSO A;é so AJﬁA
Oue S8 dhn implies Al xA. B8O

N = 4 N £ Vo f
This means A’Aou/—\l wibresses Foquo@(t m.P>

M: ,”\Q {D(’OOQ s\'\owg M\o& wl (Can
Convert TIE| nbo [TE] usina ab most
oYW  pwwe Pie(/é.
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FREE ét@ouPS
We Bx o set S o tsymbols.

12’2%: Si- N S L %Shl(‘; Segé L‘“formm‘ mverses
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(Deﬁ AV\ S- woer IS an e@mmL DQ (S ><°O

28 qe,m({ (poss Lly eW,”y) Sequeve  So - P TI
wilh  each S:¢€ S*.

:D:gi%/%n S-wan;Q S’-’-wusk-\[ iS re&uUwQ X \/ Sit #Sm

Lot Fo deole e seb of reduced S -words
We Mow ‘F'S with o Lna[y P—vaul'"

L\COVlCal-ﬂy\a_l-e ‘n re_oQu(,a.
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\/\/L\L\KC m

E?Ca-w]_pki‘.

S b b
'S /6&9.5‘1’ 9.4‘.

S'k—l-m 7£‘f ! ;
(o~ bbaY(a b7 ab) =

{bb¢ 1b tab
o L)aL) € I:Ea,bpg .
We wow& J/t\?.s OP.QS—V\_&—\(JV\ J—D VMLCQ FS C.MLD
A GSVD\AP SC’) we  need o clfxeok'-
a agSociakvl\\/ [amno\/i.«ﬁ]
o iden bbby O
0 LAverT es @
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PW’OQ: /[/Lu's O(;mml’lm o ]"S 'S a550cio\¥w\,e.

-Qé; We  exploit asso ciabivby, L lfﬁwckm Covposhion |
o kué Hu\ag OP%MI}Q_QQ
With each s€ ST seocale its Lebt-mulbplicabion
map At Fo— R

W Sw = Sw '.1‘0- w# STy

Vv t£ w = S“‘\/

AM[O%ous\lyl wTH\ eﬂtCLk u € FS e
/(!‘eg{' ‘Mu‘{’ M‘D (/‘L

3ot o
- e w > uw [v—uﬂuc{/\ﬁ as wu.b(eoqz_
B7 oL Slvav%k{'gomofoq Mo(uc,km

% wuss, s,
theu //\u: ;\spo ;\s, o oﬂskd :
/’\P‘Qem[w\_ﬁ o assoc(a‘{m'J}/ (Q g,mcl—n'o-m CDV\-WDSJ—nO'vn
A2 Ay = (A,

S o il o?sk_'v"(;l{,o ’/‘\4_‘7
- 150'0-“0 ;\slvhmo’)\{—mo - O/A+l‘
- ?\uv.

NQ’“‘—, we C/O\MPW*‘Q /\

NMuwdw ((k@"()\v) o A
= Aue (Ao AL)
= Aslvw) -

F“Ml\y, (v )w = P (&)
= Ao LF)
= ulvw)

€ SL&ELESL\,{% 0ass Oc,x‘ok.\-{vil-’\/ o % CPFDP>



@ Here's on abshamed  accowt o€ what Just hagpened s
a b st &\\ow?mj universal property
Griven ony  qrowp G aud QAMCHOM {S%G}
A fuckion PiF, = G exlending ¢
sk Vv wek, Plvw) = PO PO .
= A()P!y'ﬁf} s Pmp&r—}\/ Yo i:sy_—gﬂsc—SF
\/c‘elo@s oL \em&e&oﬂimﬁ st T:s 8 S'F
esl—a\ol:sl\m{s assoc‘.al—\‘mLy oL our opmlﬁm.$ ’
_A %Qomd\n'cﬂ P&r;g:eckv_g
We considar o “roted beo “ guch Hat each

node |las oul—rgoinﬁ eoﬁc}gg Aobele d il cacln e S
and ncomine edoges with the same Labele .

E,‘l- S:%Q, zl’i

-

A
¥
{

o s}
{ A
|
: . ‘. | | m
t ‘ 4 ; II . s 1 ‘ i
1 I}
! | v

L

" f S— S . @ ‘ 7 “ ? - T i

F‘Or Q_CLCL\ noo(e X,

. b | "Hr\.QrE 'S o~ UM,\'&LMQ
“\ODA’L\“ gvom roo{' ‘l'o x,



O TMQ\/«% noddes o‘@ His e lo«/ He Pwﬂlg
fvvwi Yo rool— we sblain am&u ?vt\‘-erp/t(-ulﬁ“m
o meHoL»oal—vcm i o
nVv € CordhS m(*l«, ﬁ«m‘H\L oot do
Fre wods mﬁ¢mﬁxty FIRST fulloing
pa,H« o boled Lvy U, Mok “THEN ﬁo”mv\,ﬁ
e puth Lobeled oy v

Ta Mug i&LSLN(rVL we can ;V\Le-fpre,‘l' Hae fef%
MM“’lpl)Cal’wa’vx ma‘o xu ml’ OVLL7 as o l@ermw_l-v\.l‘lm
5t Fo but also as o amﬂlf\ outomorphism
ot Hus (labeled) Hee. '(/tvuﬁ@— A He voof
s T L&(—Co( o U.

Ex@‘:f[‘&:" \AJOrLchu% " FS ? \ec;,- C.GLCL\ g€ Sf Lot
\/\/S QFS deste Yo st st words laz%:nm*nj writh, G,
Thea W, = fedu W, .

b*ax

=5 (| comia-
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Fadey, Tau 26
/rt\ﬁ Pamb’oxicali'j"y 0£ IE

t_l?f;'g: Frbwl New o, we wnte )F—z £°r F{a,\o'i, M‘Q
feo g on o Z-elemant set.

Fop: [, s pocdoxical uder o Lobt-mult ackon . AF,.
pdi Noke ot Wa, War , Wo Wi all painwise disjorat.

Behold]  1F, = Wl sy and TR = W, Ll el . BCPop)
Well, Hat was Tun. How do we FIND IF “in nahue?
Let’s play Ping pong (nstead.

Déﬁ Su(JPO% Yo r]/\\fX o Hot d/éer‘

A M__\_%_Ly_ (PPFY & /3 s
pair N oﬂs\\omxt non-& cets Xﬂ)Xﬁ QZ
Such ok a\v/cS€<“>\id ﬂ‘XdEXﬁ

a Vqe<poNt g X e X,
Romar k¢ LA = zo(?:zerz s dhe Cyc(/:c Su‘oSro\AP




@ Pmﬂ\\) POYL(:()_/&AM%Z 5"‘(’(305& ot TN X

and Hod X R[N hae nbinite order omdl
adwm* o ping Porg ﬁam;l7_ “Then <of}@{>g |
Qﬁ ’TI\QFQ (s Q V\eulmm' Sur\‘)eckm o£ n:z .
oml—o 40‘)/3> 6.\,&& by <Hu, wnive s al P’DP‘QA’V
?IQYDYV\ /{OLS{' J’WVLQ, TJ’ §M'M|‘C—€S o shhow
1‘4\-01.4' it has Mvial ke.mw,’ ) kp,m_g_ 'S .‘AS{J{VC.
Twds o conbmdichon, suppose thut welk
1S O V\/OVIM\/!'(L‘ eL@vm&n‘l’ 0’?‘ e quyn_@l

wt Ll A S UL W = )
7‘ .
with each TeZ\iog. So whH>d 3 e,

/rL\u‘s €L&vv\2m\' move S Xo( Ml'o —X'ﬁ, 'qus Coutw{
be J-Yivu‘ocl. TL,.‘; gonko&.‘o{—g our chotce o’f- W, alrPrPL) .

’ﬂa@ l‘<e>/ «}—‘ecbww‘(,otl resuu’ Ariviv\ﬂ the BaMcL\‘

Tors ki Pamcﬁox boils down o 'ﬁ\rdi»«-ﬂ n:z
willin the isomebnes ot He gpker&.

T;__@__.{Z:’ M’b (Q) s the qowp & inehble
(3x3) - makrices with enbaes in G
The opmkm NS wu\l'ﬁx mulhplfmkm.



@ % (HauS@Qor‘%): Hee are fwo mabrices:

s Y% O 1 ©O o©
K= -%% ¥ © B0 Y Y
O o 1 o Y s

Wockieg in My(BD | Lot 8 22 F,
,E}QLQJ(S Plov/ Pini POVL%Z We || f,,,\é( o
PPF {or the usual achon M'S(@‘) /]/@3

]—(w's on oLviows (‘J/\,OCCQ'-

Tek Xz (O
Xf; Y/ :k,x,y,zé% and yi’O (wod §)
o 2ok = ‘i3y

X/s“ X= i?)y
X - Yisk 1k %y,2¢Z and y £O (med §)
£ ?/b—k z=z0

Let's check the ping pong condibion induckiely b
?osﬂ—ive powers s o Sl—mr&'iv\g ik ot ikseld

1 XK
gzt Suppose we  have Vz’s’*’t(;’véX‘,‘c.

j__ ’$)< -\'q’y
Thon V= Ca| “Ux+3y | € X
: =2 e

Stecet 8 Sx+ 4y = 4y T 3(3y) %,
1-Yx+3y = 3y FO (wod S)
n 52 =T O



@ ’&Q(VHM, Conl‘)
Q:O(n+1: Gﬁm T/‘GX Cuo(wc"‘l‘a'm Soy S dn’VGX+

3 — & ) ?
. oo L X XE 3
. 2., +LA‘I‘ X VvV = ’g_k(Y) N Y;_(-07 (mod S).

z 2= O

net —s _:r:- X 1 3,<+‘47
Thea o7 = o S"‘(Y) T sk ("{¥+—57>6Y+

2 N ST
5= £

an(e a 3)(‘&' qy = q\/“’q‘\/ Esy
D’q,(-fS\/ = 3\/—1—375\/ io (VMOQ §> @
a S't’ =0

_N__O_'l:_eg Tl’\rS a(go QLLowg ‘H\A‘L (0% l'\qs im{-'v'u(‘{ orae.a,/\
Sinee Vnro  «".YX EX;. |

A st'm:IN ana[’ygﬁs l'umo“es n_go\sat-lwlvé P ownlrs
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D/@i’: (X,‘C~> ‘s ompaect whevgne @/S‘C
sd%s‘ﬁ'f& U§:Z) H-Lre 'S f—mmlﬁ @Q@’
wh UOd =X, "Every open cover aduils a file subcover,”

Let’s eskablich ¥ne e@,u‘wtlzacg ot Hece twWo wolions

o]ﬂ- wVV\DacI——nesS, CprresPonofims -e%w‘va(.@vzcg . Hawsdo®  on |[HWT

T TACL: Sugpose b (X, 5D 55 a topologiaal spae. TFAE S

@Evﬁr‘y ulh@-lkr on X Convergeg o some element pa X

@Ev&r\/ open (orver & X oadmite « {Q.‘mle sch;o\,e_r_

é_: I-\—ls 7N lo:'&' NS e )—o v\«orl( w”’t\ e V\Q—QC&""WS
A (Tl ad TIE)  as thic gies you objeck to ploy witte

“[T]=-T@: Fix an uwlballer U om X Hat
doesn L Conerge o @y x € X, T hen for eoccln
x € X we ooy choose A €N wiHA /A\X ¢4 ,
We s also g‘fxoos.e O.eT wth xeQ €A,
Note that O €90, Put O=50,: xeX|

So UG/:X




@ &{_(Hm cont. )
Clam L3 No fule Sk €& sahsbes VA =X
c‘fl(cbi Com:\fbf He (Bule) dual
g&zix\o:oeo&f <90
Then Nk €A as well. Hence,
Uh =X NNk ¢U
ordl m parkinloar VA#FX . @Cct)
Q-~@ = -]
~[I]=> -[L[t Fix a wer O Hat adnibls o
Lade subcover. Tn ot words  dor all
Lole & € O, m\;Q:X\uA'iﬁ,

Delive a P ropLr Lller O}/cm X by ogtzc.[am.}tﬁ
ZeF #H il AP ik /1\;\.4: c 3.

Use Yhe Uballler Lormma A o exlend TF o
on wlbadlle QY on X
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'ﬁA: CHMCCAAC).
TL\QSQ f\/wnal"-'ons also Puy n»‘uz[,«/ w\'“« e a.c‘w'o-w PAVP/A\
CLDLO:VV\ X For ol Te D a,w..& AQT‘) T’ﬁA = ‘E(B'OA .
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AW&L}AIJ}/ of isomel'g(/ qroup s

Last fme | we showed:

’r’ﬂmi Suﬁoosa Haot T s a qoyup witle s%bgrou() A< < ¢,
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/rkm T s amenable.

Q_gg: T A2 o A normal Subﬂrovp with bl
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Pisge“i% '!Oa.r‘vuo(oxes in R

Recall: @ The isometry gave Tsm(R) is amonable,
hence lR f(—w(\é 'S hot Pmo(ox.‘ml via n‘sowu,#n'es.
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© Gien o set S the bee morold ae S

TR RNS gy
neiN
3%%1(.@5 fvown. S
The Opemlw‘m 1'% COVLCOLLQM\({OV\.
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ParaﬂoK;Cal;J‘:y Y% |R__Z

Keeall : Teom (R?) = Txt—=Ax+vS whee
a A TN (Z*Z)*mal'ﬂ'x wille ATA——']:

ay € (Rz,
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m(TA) = (A).

:@b(lﬁz> s the et Jg- bounded subsels 0‘3’ \RZ.

]2_—4__{1"'/'\ @4 'S m:ﬁ(‘mz>-*>[0,007 s t. for
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'S o

Obcervation : The cotabions o€ He s\oL\Qy'C act
on ‘H\Q spl\a-e_ M a.c sJ—nl)elt'aVL dQuSLL(M. TLu's

15 because Pex= x naﬁg

X is o the axis of T, e |

So the SuL%rDu'D % S
~otations ﬁixfn,% a qiven X |

'S £xa c\LL?/ He rodpbons abo Wt o Prescr\Bgo(

O‘X?SJ V./LL:CL\ 'S abel:‘an (:'n f-ac} c‘Somr(?k"C Jb
the rotadions O’£~ a circle.

This wmeans ot He ac{w'm ”:2 @S Mgzpf
I3 )"lauSJoT{Q@/S FWOKox ' S S‘,J—abelc‘an as (A/QH,,O



@ Pdfd&q OXes

Faday, Apc 19

/\ COlOr‘ler aPpmacl« ‘}-o sﬁbe(ian paraoeox}ca'f-'>i
'Tooeou/'s 300\'3

Thm [AC]; Suppose, that E VX is o stabelian
ackovi. Thow b s poaradoxical usiwj fputf plews.

C__cn:[AC]: The SPI'LQ.FQ 15 Pamopoxica‘ VAR 4 r‘OoLm\"IOVlS
ust‘«% four pieces. [ This s best 'Poss[uz.'_(

We shall wse our combinatorial repkr-asc‘mg O’Q

pwﬂox‘amlﬂy oas o C,o(or{acj problew. Griven o
4 -ceqular Lobeled mulbigmph "G so dhad  cach verbex
Sees —‘—‘%ﬁ—» , recall our Local wiles & doteching
Pwﬂoxiuliy u;siam3 bour peeces ?,AJ',A-, BJ" B-ii

X arx a’' x bex bt x

At A AT BYBT

A" A A Bt S

RBY| A* AT BY -1

B AT A BT B

COME’“M‘LUN“\ i@mrrm 28 Supfose et G 15 e
Connecled q—&%m\w Labelod I/VLIAH‘{SWL‘- as aboe
ad woreover Hhak G s an almost-tee. Then
N aonleaLs an EAi'Bii'c,oton'/\% Soxl’fs*t?‘/;'“@
e obove Local ,ules .




®Q€‘ CCiZ): Qecall Hot an  almost=dee has

o siale cpele and is otherwise hee-like.
Sinee we know how to haddle hwees, Leot's
yust %/Q\L He C\/CLZ out of HUu W ary Lt

._C__lﬁL_W_VE_ IQ C, 1S A ,@a\gekeoﬁ c\/c(g WI"LL at nos +

. : . rLex
ond mc,ommg/ongoms a/é) ZDL%Q wl’ eack <€ b
’H’\-M C, aonu'l*s an 5/4ﬁ,]3t§-¢olopjyﬂ !LONOWWLfS
Oour JZ@C(LI rulec. |

M: We -l-alcz Cases on Hhae Labels C(F(Deam'nj
N Our C\/c(e C:
Cose a: E edae i dthe cucle has Label o
= B viry 92 Y
Thom color all verbkaws A* (or A7), @
Case b E\/é_r/ Q_QQ%Q i He cyele has Label b.
mn C,olof‘ o.“ verHce,S B+ (or‘ B—> @

Ca% ab: @oH«L Aabels apprac. Then  there

S Some \,-&r‘I—Cx X incfce_o,vul- o Doml-%oi.«ﬂ a
0 in/au‘l’ L>

We will color x Lpst.

Pl
A

o - @ =
X

4
FTFS“}' Color O X A-\'? d.vuﬂ wae O
extension P”?Pef‘l‘/ fo work Hu‘ousla C\EX?.
No matte- what  olor Y recees, ot
,Qfa;d- onL O£ T5+ o 157 wi ll b& 78
valid  olor for x. & #(C)

A’ X



@ o8 (€22, conkd .

TI'\Q ld\m £L«M\SL‘~£S ws S é g;
with  a valid( colom o 5 ¢

the cylle C, Enumerale Hhe
verdices o£ GL\C So Hr\&‘l’

eac‘a \reri-e% (S aoQSawM'} o at wmost ong
vertex in € OR  enumarated 2aclier. Exled. B(cs2)
p:ﬁ (Tkm) Guiven a stabelian aclion ”“ ) Z

we saw Last Hme Hat on each orbi¢
the associated Schreior a&mpk ‘s e (thoe

28 {rea o awvt a‘mos*’—(ﬂ*&ﬁ. Ow‘ J’WO

(,sz\oivtal-or‘ia\ lew\mas ensue tatbl ecach
orbit sduibs 4 won-e/W\oJ\/ ot ot valid
Coloﬁv\%S. "(/(sc‘vui AC,’ choose a valid |
cclomu& on each orbit olo#a;m'w) a valid
CO[OﬁI/\-P& ol the euhre Scheeier (SrvYDLL.
We did +7 A(Thm)

K‘_Q_“ﬁ‘.if——ts—% \,JL\\LQ {’h.’g ‘l’L\LO‘rQWL &PPU.{S % f‘zaraoqox:cal.'dy
Jf— M\Q épkew-e, i{— Qome,w'/\_a'\’ av‘vt,oyw\ﬂy
Joes wobt opply o the ball
3= $xelR”: dlx 0) «1f

as  the W' octHen H:?’/J/B 'S not
g}—a‘oeliaw ot (). This is wob an accident,



Pop: The ball %= §xeR>: d(x0) <13
does 1ot adwmit a Pam&oxic:ﬂ o(rlcow‘ow(}-‘m
viee isowmetries udinsy four peces.

-&f_(sk‘zl—c\n)% Towards o COVLL/ZL(’J-CC\"{O\/LF
suppose ¥+ Aid . Say T3=C, U, LD, ub,
w ¥ B:To°cou3/|'c|

- 80-\)0 Lt §, D,
WLO G Oéco , So O¢l D,‘.
WLoG O€ %5,-D,  So T, MovEs O..

This y.',el&s o closeol

hewisphee H € B\S, B3,
We must have H_C_ gi.DL

So D, contuins a closed hemisphere  H?=$7" H
Then viowe o¥ CO,Ci,Do Contains o
closed kmigplu,re.. Hewce | Ly $he oabove
reasoning  vgither W, wor ¥, mowes O.
Thus, Ty aad T, ack on the splee S
lo\/ vsometpries, RBut C,AS and CiﬂS
e ot contained i the open ‘
hemisphere S\ HY <o T, CNS

T, -C NS
Cannot  Cover g) o conbradichon. @ (ckele)

R.Q/wukr‘(i I+,‘/ Vuo'*' ‘oo L\a;\A to OLrtgwé,

Mot Hie pieces sufbe for the boull,
%(\A&V\ val— éﬁOw'“ Qu%{cﬁ, ﬁor H\L $Pl'\u*€




@ POW‘@LJO)(QS
MOVLOQ&IV% Algr 22
vaisiloll]'-]‘%) ]o'l— I

D:;‘f—___;{_i: SuPPOW— MPQX For kéﬁ\)) we
Sany Hhat He achow ¢ k-divisible x4
Here 1o a Pa'r‘-i&w‘ow Xonuu-uAk_i
5o that Vi i<k E{T;\_)ep with T“d'Af:AJ‘

RQMF&? T4 ¢ Wu@k o Show Vi<k EXIAE
with T A= AL a Hew (707 A=A

Tdoa: We want o Pu—J{Jﬁ‘m X inko k-mn/
__ E{e(.és Mr\a(- Vg & \\C,ow%maand"' Vi H\e r'—acHM-

i@“"s ’lLr‘\/ o k -dovede N} spl\ue, v & rUHJ’\‘mS?

Obswesabon L1 S iy {-diskl. A,= O
Obeervabom 20 S ¢ NOT 2-divisible vie odhions
Towads « c,oml—rn(ﬁ?ch‘ovt, Sup pose  we had a
Z‘A\‘v\"sfm St AoLlAﬂ_ ard come T with
T'/‘\O:/—\i . /I}\-E/Vl’ Mwssa—ril/y) T"AJ_:AO
as well. Twn Parl—\‘cular’ v woulaﬁ hooe no

ficed \ooinﬁ. This conbadicks Hhe da b
that  every Dlakion ot S hag Gixed ete.




@ /n"wk (Mycie‘s‘rr[ t$8) (ACT : The ";‘ol«uve o S-dinsble

vik b"OJ’TL"'I'(J‘VlS.

We_ sNH e snblish this  (a the more Wm’
COV(J'CX‘J’ 0"\e s«l—mbe(.‘aw_ ackoﬂg 0’@ H:z

MMC]‘SWP% tot F,=<abd MX s o
sJ—uLel.‘M acJ-{m’L‘ _TM/A Were s a Faﬁ)%J—.‘m
X" /‘\OUAiUAz such dhat: a'/-\o=AL

B‘Ao :AZ .

Bf;i We Shall rﬁpkms& s as o Color‘n'm..ﬂj
Fm‘o{@m o the assocm‘-ei Scheior %v—w&l« .
To ease notebion , We Say X receiwes
coler 3 . X é/—\; , i_e:{'@ Mﬂéaﬁrsw
how a,bel  must behae on these color celbs.

.

St'vtc-e_ o bf\'\ec(’s colo O Wit ¢olor 1/
o must  also maep 1uve o Ov ¢ .

St'milcu‘lxyl as b L:E\'\fc‘—g O with 2—) (¢
also musk  wmap  1LUZ b OO0l



@ _Q_‘ﬁ_CTLm, C/onvt>
wWe may  rnow summan~ze thie v a wLal?(é'

X | e X A x bex = bilex

et

e ——

O 1 =0 2 ~O
1 N -~ 1 O "‘(Z ’IO
Z |1 -0 =2 O

A“‘;’ {O,i,zi'w(or{a% sa(‘fsfyinﬂ mse Local ules
witresses  owr  dosiced B -divsibiliy,

Efamm {- (Exlﬁﬂsz""b TE ¢ v o valid

Paw%‘a] C,oLon'r\ﬁ 64 G, and v o o verlex

& G with at most one GL‘QGQ%Z bedween

‘Evz vawQ o(om(c)) hen e is a valio(
colorng 7 exbending ¢ with dom(c= dom (D s,

Qﬁ(ii2' Tnspec‘l— e toble. 8g(L1)

i@mm 2 (Cycle) Suppose that C is a
cyele in We Schreien qdph Gi. “Thew
aﬂmﬁl—s o valid Col,omn%

Eﬁ(i—Z) Ao \gzﬁore, wie coase om e aoQge'
/(JL\Q-ZL9 &ppeahm% o C .
Ql_%___&_: E\,e/ry QJ.%Q i C has /éaLe( o
UQ—Q (,o(or‘ 2 @




®fi (Thm, conk.)
E_{_,(;ﬁz, cont.)

Ca% loﬁ E\,erx/ é_eé%z n C has Aabel b
Usce wolor 1. @

Case ab: 2 oth Lsbels appear . Thew Yo e

16 Somg verfo X inc:d’,me o Dinc,owuvws a

ﬁ 2 in/out b

e We will bolor X LSVL
v d X atex
Fieed ’ C/olor ol % W,H\, '_I_ . Hen
e%l—ﬁfui a,r‘O\w.A C No wu\.‘\'éU wklu" color
y re@its, either O or 7 wocks for x. ()

(L2,
le_ .P/bo‘g 0£ 44\0. H’LEOrewL now/ f-ol(,ows

the 5<l~m\4-e,gy qgrowt Lost week. On eaclt orbd
& AKX the Scheeier auph i either
o MQ O oan alm,osw'—-m. Tl\us, Cach

orb aogmiwts o val"(f C,olorin@ Y ﬁ;,—SL colon

the cycle wsingg L2 G i exists) | then
iJ—QraLl-i»/el// 2xdend Using f£1, F—\Mny7u%

AC ‘o cLoose ong wlor{vu% per orb
to color all o0& X. @CTL\M>
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va(silo}liwtfy ) Plr i
TOOQAyrS aoal‘-
T_L'_m_(Mycie’ski>[/1C]: For all kZB, Hhe SPM{ S

is  k-divisikble via volabons, I.e.{ Hae s o

par('\}!—\'m« S:AOU'“LJ/—\‘H st V;<¢k l/Lcre.‘s
a vobabon W with 70/4\ :A.

\/\)Q wn“ mimiC OWr Pﬂor argwmqu £Of‘ BOQ"SL{‘LV;
i“C({asi"ﬂ tle ek o our e AOUP.

Pro THwl: For all me N He qoap |F, has
a S(Alo('ﬂro‘/\'o 1§OWLorvokC k) 'FM

_Q_e_i Consider o= a’ b o . so bor =€ we
hae <= A" b% 7. We bwld o
mulb player ping-pong by for #ha ackon
A, . Put C: = fwell, ' w shacks witli a7 b” w#0%
Obcere Mokt for TVedadNies T (RNG)EC; .
A s&m\'%\al-ﬁorwm!) modi Breabon ot Hhe pig-p 2
Lormman qrombs Loty v icm> 2 B (Popd




@ Stnte we  kunow that He otabous £ S
hoawe o $ul90$?"bv\€ :‘$OWV\PLV"C o H%_ , i+ also
b s {—or all Men\) 78 Su&lotﬁroup »'SUWbor\olMc_ o

Fro. We will examine He achion F.. VS,

Facds:
@ The oackon ”:M/Q/ S ‘¢ stabelian
@ /-\\;-el\‘owt sut\o%muws o¥ ﬂ:m e cyclrc.

@ S cheeler @mphs ﬁo.r* shabeliown  ackons
o’g |Fm I’\Ave w{‘ mo st  one Cyc(ﬁ (}QFO«‘L(‘L.

ﬁ"i(f\e My cielski’s Hm )¢

Fix k=23 od put m=k-1. We wat
A P&L(’l’nl"lm« S & /—\O e AL . 4,

\/\)Q, SL\A“ (Lwl\/%e <H\e (sl—abelia,fD acl'w‘oy[
f)‘e H:m: La, ) S am> on S AiscusSasQ
above, Cp[or—inz& o Poin{' ] o devole
mew bership  in A;} we e wover the Qpl[ow;/xﬁ
\oi(i& J—m\f)ké d’g /epc_al rulec S L.otor"m.ﬁ

e f-es.ulkf\es S cheeier qraph C




X | ax a7 x == au'x  am'ex
)| L 0 -~ om — O
1 [~1 QO =~ Tim — O
2 |~1 10 St s Mt m O

| ‘ ‘s )

‘ : 3

Mmool Ao A O

i“/w'ma 1 (EYJ-Gm$fo.h>: TE ¢ s a valid Parh‘a\
(,olorﬁ'v\% o Gl, wd v ote s verkex o G

with at nost e G‘L—ea(ﬂs,a Lebieon %VK
c»«o( a(um(cvl Han ”we_ 1S a vmlid c,olon‘nﬂ'

e Y ex(f&w@c‘uj ¢ it dom (e = dom (D Uik |

ot (21 Tuspechon. B(LL)

Lowma Z (Cyele) t Any cycle C in G adwis
a  valid (,o[om’vuzs.

_Loé (L2

C,OL% O: All QA%,QS /@akefeo( as . Uee oany c,olor
EXCEPT O and . P

Coe £ D
__iL?f:_._j_'_ [wo Labels P PPaced f Yo e a;"% x

Color atox with j—, ;X g
IR

rm\{% ouwt color 5 & x.
Work oroud o Y, Hre Q:\’Q&% fores
ome & O All work@m(£2

Finish o@g He prvoe s wewal- B(Thn)

’IO"_'J‘.



@ il+’9 see LPOW &ﬂ*w” we Can Fuslft HuieV
L)__e_@: Gpuavn A ﬁn‘n;l-c <ot e ’ e PR [
p owlc set s 69@.(63"' e N i@, es.

/

P_@} (Waosovlsz AV\ alos{-\(ac‘(' s‘ysl-t”/m d"@ o ruen@.
(A'SC> 'S an eiw‘va&@nce r‘Q(a-{'\'OYL /f’\"\: on

EX_:‘ Consider €= %o, 1,25 so ?Pr(e):{o‘ L2, o, 0z, 123

ond T with  hvo clusses:

E;_ee: GLM on  achon ]/]/l/X anel o
ASC_ T en @P,\C€>, e rwl;zaHO"’L d‘g
e ASC ia He acbon 1 o Pafhﬁm
X = Uc/\° o VU VERpr (@) 1 URV Hen
H.LFQ S \l)/(fr—' W;H’\ To ( L-)uAC,\) = U Ac

Gs ce\V

[3_" A rﬁa\iw\'\'m O’@ loz\o:ﬂn 'S exacHy
O g—aﬂivfsiau O/ﬁ‘ e ochon .

,E,Z_l e, (2 %O\*,of,lo*, b’?} +he A SC

ia*g’%%a*,\a*,\a'z i‘o*%%{w,a\‘,b*f

to 3% o, 070 §L 3R {a* o, b%
eh(,o&_eg L{—P‘.ece P@moaox“calf{*y,



@D Pacadoses
Eﬂ‘&ay R /-\Pr pa é_

AL’5MC“L S}/Sqﬁems 5 (onAT vente

We gix a fﬁa’.l-ﬁ sot C cf@ /@mbe(s @mal wor k. with
21’3 ?/0\041‘ pover ce t @OF(€>: @C@)\{ij.

,’Q_Q;g(w%onv@ A ASC i an e,%vu‘va\émce e labhovt 22
o 63 (é) <. J‘ u V = u \/

Q Sk ASC s moncomplimorbig, # VU UFUS

1. "

on ‘or(€> o r&x Z—ﬂ}urw O/Q ‘H\Q ASC/ T

e ackhon 'S a F&rhhm Z L[A
st UZ \/-‘%»’m’cr' YA =AL ce@

wheee A= AL

CeA

' ’OAZ(M/ s %oa‘ .
Thi (Wagon) TACT: Suppose that [F, AX

@ T8 dhe ackon s g'ee Han € ery ASc
Com be heal'z—d in the action

@IP- e achon s slube(iom) Han Ly
Mn—c,owp(sznknﬂ ASC can be realized.

_C__O_‘:_" An ASC can be realized in volahons
& Ha sphece | ?*Q 5 T nomcomp(@me/d-mc&



@ \/\)Q' evcus o va}&ﬂ @, as o (Muck &54\6_/“3
varabon ot the an&w&- establishes @.

_,;’lﬁ__('ﬂ«m@>3 Ead paic (U, V) e =

o

—~ Come S

with a COWVW‘!‘Wy pair VAR XED

This  allows ws | paic ofl eguidlence
classes into

ww\owé”&ar\/ pairs ‘m
C.Lwo‘;a orne QGLVL:VG\WCQ class grom

€aclhh 5ULLL\ Po._:r‘l OW.AL Mo € Oer C"WOSZ orne

BMJ— gmm« ead/\ Smck

Enm.rfktr—ﬂtl-é Pcﬁ.r% (ui’\/;);(_m ) ol ks a}.
s one ot these chosen -e(ﬁ/vméwvl*ﬁ, ounal \/E U,

cleacs.

'S amother elgment a’f‘ e eélu,:vﬁwcé class.

. yzo (B, AD

Ex: 1 (B, <)

z (B, P)

3 (g, ®

1 (E, &)

OW" %Oﬂ. (S +O (,ool( up  an oLC’,\L;OVL 5@
IF. = <a

.,'Si<m> avJL a Parka/L X:%AC
CE

Sucl H\a\_‘{- Az .A@(; = A\/‘_ . T‘»C; awLOM"fCAHY

men dokes A; Ay = Av;‘i

as w&”



@ f&(’\’m @, c,ovﬂ.)'-
m CQH‘?QI"M> a(_,i'\'ov\ O/C aV\y sulo%f'oo\‘o d’@

F, ssomorphic & F,. will do. We recast
the s octh for- the po\rl{%‘m X = (l;‘{é/.\‘
as o Color-'vtg Pm\ow X —>C Sal’n’-sgyn'rwj
/éocal rules X | &45X X | a;'x {W— P
UV, A
?’Lia Vi© Vi UT
/E—Z—E 62{0; £,2,%,4% X| a;-x  aj'ex
U;= 0, 3% ol V; U
V= {0, 1,27 VW
vi oo
T | \/‘;C 77:::“

iﬁ,mM 1 (Exlen/zs-‘w\>: The wusual ‘Hmaﬂ&

&‘ﬂ(ii)" ImsPec%‘m. a1

;fg/l/V\M A (C\/C(e\) Amy C/\/CL@ N cﬂu Scl\recar

cyz\p\/\ associated Wil |1:M/],X odmide
a w[odwﬂ saks\gx/c‘m& e Docal ules.

Eg— (iZ)i We dike cases on e numbar & efl%a Lobels .

Cose 1+ All epf%es ace Labeled o .
C,Olor\ W k- EVLJ-Qrsecl"-\WL- T

Use a

¢ Unv, #Z

UNV; = @, then V; U and hence

U; N \/;c 77 and Oy

&

worl'cs .

-

-C/o(o(— ‘A -&M‘- _M‘Lﬁr’SeukDVL
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4 _E_‘»@(TLM@)COVIJ-\)
e (L2 wub)
Cose Z: Two Labels appear : YO /ﬂa;°’.x
We will & lor a; ' x, i e
whwele will force Vo o V. ¢ o x.
Subcase 2.1: ye

ex. T4 \/;f?\/\; 0 ad
\/;/\\/:)C £d fivet  lon a;'e x any coloe
W 7/(;. Wor ke ai~ owadl to >/) oane we
e %WM a wlor Lot for x.

TE one ot VNV, =5 o V;NV. g8
it Lollows Hat VNV 2 o 4 V;“NV. g8
F}rﬂ;-'i’ color" o'

3 &% Anns color M ’Z/(_?Q
and worlk  arouwdd e lo-é’.}a-or*e.

Sub case C.7

\/o:____i-:‘—--ox, Repml' the pcor
aﬁjuwwmj\* with ’U(\; N P(aca, 4 \/J

[N"‘Le'.ﬂ’v:s nuses 7/{3 #\/- )wl«:cl« we cet «4‘0]

So Case 2 worke Ou“‘, doo 12 @ 2(;{’2}
%7 o w we a” L(vwvu L\,ow 4'0 g{m‘g‘m
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Tdos : f Jurge amomT of grgh combimarrics
1S aL)OL/t,T /l\a5!<9 07D ﬂ\o/ %UOWV':? Soll -

lal)cl T}Q \/chiceSle,clﬁe,Q/ eT(C. 05: L g(a/L\
" \AJN})\ call be. E/\ec/ceé

%Howm@ sopne rule

locally
E:_\j_ L 7 P/‘afef éolé /(\/\ﬁ
° ?cque_cf MaTokL‘A?/

. The {»fszew we sow |
[ox/eﬁ}oo/lcl /7 To PM MD%{C& JCCOWf

o{: [g \,\/Tm Z// )D(egeg‘

s T T e





















































- I/\/@ woal T a £ (e work —I:a/
stcwgﬂkﬁ Tese Sorts of TZLGH J@Lcml(/

- L@le 5«/ I M\ s ;iwm &7 e f@‘/
6€\/W‘M€T(1\C

[4\\//}53 / W)\L(@ Ef]/X\/ 5 il cedlexive
Werrices ec%ﬁj

(Z)~
Q@f:aAf W 5 Tdf/ff [\//E,VE>

\,/LQ/@ (\/IE> s & 9““‘7»\ % LEVUE’AZ
'S a ’)MTM( Fucetion.

°I§dwxor/)kf;h«; mf UJM!&J (jf«/lftg e /aZw/aJ
To Y)(@S@(\/ﬁ The laée[\‘ﬂ;,, I,e_{ e 5a\/
(vgg) & (VB A if The 5 oc

3“‘/”\ Y§OMorPMSM d>:\/,_§\/’ between [VJE)X[V;E\)

Suth — Thato = YveV, Fea= £ ($0v)

Ve B, Fluv)= £, 00)
)
Noe (G(r) ¢(1))eE"
¢ in(e Cib ‘s “(‘j‘“/)ll
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Def A (O—OT‘?/J 1/,(/»‘ s o ya/)h wiTk a_,a{@?‘[}'l/{/(j;/w{
Vo/Tew. IT-¢, @ ’(‘u')} (VFX) WLZ/Q (\/J—) < a

fj fl‘ ahd »Lé\/ IQOW@(/)ngg o /“ool?/cl /4/49 af2
t e o™ fé{(urd To Pfe,se/ve Lo [BC.

Ded: A reoted labe led Gah v ... e g T The idea.

DC’JE /A( locally okcc/mé& M P%/W
(LCL)  (onsisTs of The Fellowing lata

* A Ffonre zer > ([ label \\5
v Some v e INT
- A collection G) o ((SOMD/PMgM cligses of)
Finite  feored Y - labeled ﬂ“’f}hg«
were 1= (24 r, 7).
LT 6;(\/1'5) [e « loca!]/ WD(NT‘@ afq/okg

F;VUuE —> K Lalaé a Tchozon‘Ag, of G =r
o We Vv, B

L oslngon T U
[ Bs el FYB@“M “, 110 ) € JD>
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