
Lecture 9

Want : matroid invariants (e.g. #lindep. subsets of size K), or k-th unsigned coeff. of ✗mcqD
as intersection degrees of net divisor classes on some proj . variety.

- E-

Recall : L = rowspan € A ] C- KE realizing a (simple) matroid M
.

→ Li = Lntli
,
Hi -_ {xi=o } in KE for i. c-E)→ lattice of flats of M

LF=L n n Hi for F a flat. = intersection lattice of {LE}
.

i.EF

Goal now : How to compaceity L ? Or [
= Lll .¥Li) ? Or PI = PLA K*JE/k* ?

Strategy : Take closure of t.PL in a cpt ✗ THEY-4k¥

Would like : ① ✗ & PI in ✗ both smth (with simple normal crossing bndry)
② The cohomology class of PI in H•lX) shld determine M .

③ ✗ resolves the Cremona map : P
" them> P" [scifi ↳ [¥1s

.

I ¥¥2pn Th
, Tis

biratil map ( Isom . on an

open subsets
pn -! -> st Ezo -14-1=9

E.gg/l--Tf-- graph of 9 = { 1%904) EP" xp"}
deg 9 = T↳*h" n [Ty]

.

[Huh-Katz 112][Proudfoot-Speyer/06][Terao/02][Speyer
'

09][Hacking-Keel-Tender
'

067

Prop_*The degree of the reciprocal linear space Phil := CreonCPI) C- P
"
is / ✗MG) / .

Equivalently , if Y=( graph of cremlp,) E P
"
✗ P"

,
then

dim PLf NY . 2pm✗ µ = 1pm G) 1 .
IP"×pn

N.B._ If F- X'→✗ birat.
,
then f× Zz, . - - Zz,<=f✗t*Zz, • - - f*Zzk

where f.*Zz = Z-g.kz, in good situations. leg. f-'G) of right codim & gen .
red

.

or Z is CM)
.

Defn_ Let M=lE,B) otrk >0. The free extension Mte is a matroid on EU{e}

defined by BCM-1e) = BLM) U { Ivel IIKRKCM) -1 and indep . in M} .
The truncation Trlm) of M is (Mteye , i. e. BCTRM) = {I / IIFRKIMH , indep} .



E.gg It vectors V0
,
- -yvn spanning [ realize M, then v0

,
. - . .vn, we

realize Mte

Iff ve not in any span (Vili c-F) for F a proper flat of M .

Under [→ tilspancve) , the images To
,
. . -

,
v5 realize TRCMI

.

Dually : If avr.compt.PL realizes M, then Mte ← Phil Hgeneral
Trlm)← t.PL AHgeneral

012V3
,
3 → V34 me V43 ☒ 01 02 12

012

0 I 2
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Exe ☒(Trlml) = FIM) with •rank 1 layer removed . 0 0

⇒ (FMCG) - Imco))/g.
= Items (G)

Prof Imco) = Ñm+eC1 ) (= ✗top ( PE ) Hagen. ) it PE realizes M) .

pf) Miele =M
,
so IM -

X-Trcmj-TM-e-h-m-LDimca-papad.ima'03] Let FE EGG, - - -pen] homog. , and Uf = PI \ {-5--0} .
Then for a general hyperplane HCP? deglgradtl) = C-1)"✗top (UNH) .
Here
, grad (f) : P

"
- -→ P"

,
x1→ [3%04 , - - - , ¥nGu] .

pt) Let F-= {-5--1} CIC
"" lsmth )

,
and d=degt . Under ①"" 163→ PI

,

F,→ Us and F.nÑ→U-nH are d- sheeted covering maps .

Reduce to showing at deglgradtl) = C-1)
" d- ✗top (E) ti ) .

Apply polar curves results from
"

cplx Morse thvy
" /" Picard- Lefschetz" :

# (tangent hyperplanes to E 11 to a fixed general H )
= # (n-cells to attack to Fanti to get homotopy equiv- to F)
= C-1)

" ( ✗top (E)
- people AÑ)) = C-1)"

X-copll-TIHT.ptof Prof) For er=L C- ICE realizing a topless matroid M
,
have

pr-1 -91k¥Prt where l is xox, - - -In restricted to PL
,

2£
"

zr so {1--0} = ¥ELi , and cream = grad Geo - - -xn).
pn-grad-G-b-I.nl pn 2 is the linear inclusion

,
and i the dual projection .

Applying -1hm now to ym-te.CI)= Ymca yields Prot .



\

Defn_ The wonderful compactification (w/rite maximal building set) of t.PL is

a proj. smth variety WL of dim
. rt obtained from IPL by :

blowing up all PLF for all rank r-1 flats, then

blowing up all PIÉ for all rank r-2 Hat, and so forth.

E.gg M= UH Uzis
{xiczt Kik}-176×3=0}PL= {24+36+74--0} |y → '

,
,

c p3 ✗ projective cone
over conic curve

⇐÷.

¥¥←!¥¥
.

M= V3.4
•

- - -→ _••#- { Kokila-1 - - - -10412×3=0}
PL={Iot . - - -1×3=03 •

•
•
•

•

Cayley nodal cubic
Clp }

(has 9 lines)


