
Lecture 7

Let A•=-Ai be a graded IR- algebra with Poincare duality ,
i.e. 7- f. An -→R st Ai ✗ A""→ A"→R is non- degen .V-oeien.E.ggA.
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Lem_ (Cauchy interlacing thin) . Let A be a nxn real symmetric matrix, and B an Cn-c)✗ en-c)

principal submatrix
.

Then XICA) 2- AilB)<_Xi+c(A) Y E- b- - in-c.
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smthproj.C-varodim-n.pt) May assume very ample . Bertini ⇒ mixed HR°
,
and 7-Ysmthproj . surface

with zy= 2×4 - -In-2 . The pairing AKX) ✗ A'CX)→R is the

restriction of the Poincare pairing AYY) ✗AYY)→R to the

image of AYX) under ATX)# ATY) . Now apply weak Lefschetz

along with Cauchy interlacing to the Hodge index thin for surfaces

-4mL ✗ c- Pain
.

Then Hill)# H4XnH ) is Isom . for e- n-2

(weak Lefschetz) injec. for i. En-1 .



trop (A:S, K) has mixed HRH ⇒ for any ✗ipek , the sequence ( X
"

:p '), is
log - concave with no internal zeroes

.

Defn_ For 21, - - - , 2m
c- A ' in a Poincare duality algebra (A:S ) , the volume polynomial

w/rlt 21, - . - , 2m is VP (Wi, - - -, Wm) := J (WiDit- - - + win Dm)
"

Prop_ (Macaulay inverse system) There is a bijection

{ homogeneous polycom. } { Poincare duality R-algebras that→
f C- R[Win , win]

are quotients of R[21, 2m]}
Lorentzian with mixed HR" for Kf=1Rzo{2, . . .,2m}
f of deg d 1-7 A;=R[2u---,2m]_

{ gc-IRD.is] / g.5--0> (2-=¥)

f g = g. ¥ Cdegg=d)
VP wlrlt 2, - - -12m#

Prop_ If CATS, K) has HR ' and mixed HR°
,
then VP work to 2

,
2m c- IT

as a real tct IRM→ 112 is log-concave on R% (i.e. the Hessian of

log VP is negative seonidef. on 112>9)
,
or identically zero.

Exes f Lorentzian ⇒ CAT
,
f
,
14) has 1-112<-1 ⇒ f log-cone. on pos. orth .

But each ⇒ is strict (converse fails) .

E.g A. = R[2x ,2y]
→ VP= x3+3x2y
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