
Lecture 6

Let ✗ be smth complete e-variety lived .) of dim __ n ( 2n -dime real mfd)

(1) Had(X) = I • [X]
,
[X]= fundamental class of X .

(2) Poincaré duality : HKLX)_~>Hzn*(X) , 2 ↳ 2h [X] .

(3) YIN subvar
. of codim×Y=c , then

Han -2cL't) Han-zdx)→ 1-124×1
Hands in H

"TX) actually)

[Y] 1-7 2*[Y] 1-7 ZY ( Ry n [X]=z*[Y] )

Notation let A-• (X) = subring of HMX) gen . by {Ry I YEX subvar. }
.

Rein In this course, we call ATX) the " Chow ring of X?

But this actually a quotient of the genuine Chow ring of X .

(somewhat forgivable since for most varieties we will see, they coincide)
.

[Totoro 44 : " Linear varieties"]←

(4) ZY, - 2¥ = Ry, ay, if YinYa (generically) transversal/y .

(5) The degree map f× : Ana)→- Holt)=K . Cpt]

Eof ✗= PI .

6ham
. ring

= A-
•

(X) = Ihh]/hnti ,
h= 2h HOPI hyperplane

YC PI subvar
. of degy = deg. of f if Y= Vt) a hypersurface

= leading coe-H.lcd.my, ! of Hilts. polynom. of Y

= #(Y n L) for L general linear subvar. of
Zy=(degY)h•dimY⇐ ↳ counted w/ mutt. complementary dim .

%=hdimY
*(6) deg Y = f× Ny . hdim" > 0

.

11

( Zy . hdim Y )



"
Codim 1 classes"

(7)lweilldivisorgrp {D= §aiYi I aic-k.Y.ae/codim1subvar
. }

11 ={ line bdls%omK④£" Pick) -9>+14×1
o → Priya )→ Dirk)→ Pick)→ 0 '

QFD) → ZD
{ divest / TEKIN} D ↳ ①

✗(D) t.u-Q.fi where Dlu=V(fu) .

supp (D)
:=UYi

. D - D ' if D-D ' C- Prin CX) ( linearly equiv.)aito It
Zp=Np1

(8) IDI :=PH°(×
,④ (D)) = { D1~D / D1 effective laizo-VY.at }
s 1-7 VCs) := {5--0}

D base - point-free (bpf) if V-xeX 7- D' c- IDI st x¢D!

→ choose so
,
- -ysn spanning H°(D) ,

often a basis .

→ ✗ P" 9-ICHI)= VCs.) ##
D very ample if % :X→ P

" closed embedding
ample if MD very ample 7- m >>0

Exec D bpf & D ' ample ⇒ ☐+D' ample .

(9) f : ✗→ X' morphism , Diva
'

)=%aiYi
'

.
Then

5*0×439 = 0×1 I. ai f-
'(Yi' )) if f- 'Hi') has codim 1 & is generically

reduced

V-ait-0E.g_tP@pnCdD-CGlos-yXnId.X-4
> Pn → 9*h=z☐ ( often written hlx)

Idtll = { deg d hypersurface}

Time (Bertini) ✗ EPI smth proj . var. Then for general HCP?
✗ AH is smth land irred . if dim ✗ > 1)

.

Tim tweak Lefschetz) H
"
(X ) 1-114×11-1 ) is Isom . for KEN-2

, injector k=n-1.



Let KCX)={z☐ / Damp le on X}
.

Let KIX)R= convex hull of
'KCXJ in AYX)☒= A'4) ☒ IR . 4.

Exer above ⇒ If z a D-element of KCX) , my ample IMEI>o .

Defy KLX)R is called the ample cone of ✗
.

(It is open in AYXIIR )

Let Nef (X) := closure of KLXJIR .

Ul

z a HR-) net divisor class
. E.g-b.pt. ⇒ nef

(6') ye KH)µ ⇒ zdim" n [Y] > O F YEX subvar
.

Thm_ ( Nakai - Moishezon- Kleiman) ⇐ holds in above .

ThM_ ( Khovanskii- Teissier) If x.pe/tYX)pnefonsmthproj.var.Xo-dim--n, then

( f- ✗ ^ , f× an-1ps , - - -

, f×p ") form a log-concave sequence.

pt) May assume xp ample , in fact very ample : For any 1<-24-1 , need

( an pit , ✗n-i.pt , ✗ n-i-p.it ) log- conc.

By Bertini , 7-YEX smthvar.at 2y= ✗
"-"'

pit , so reduce to dim✗=2.

Thm_ (Hodge index thm) If Xsmthproj . surface, H ample , and D. 1-1=0. Then 17<-0 .

pf) H'=D-1kt ample for K >>0 . If 17>0
,
then D. It' > 0

,
which implies

MD effective form>so by RR .
But then MD.tl >0 . *.

⇒ [* ✗•B) cannot have signature Ct, -1) (nor t, -1 since ✗2>0) .
d.p p

'

scholium : log- conc. seq . with no internal zeroes ( tisjck , azak -1-0 ⇒ aj -1-0) .

Goal now : Extract the combinatorial & linear algebraic essence of this ineq .

→ Lorentzian polynomials [ Brandeis- Huh 21]
[Amari - (live)- Oveis Gharan- Vinzant /18]


