
Lecture 5

Last time : deletion- contraction
, ✗Mlg) Poincare polynom. of [ =L A IF

Detn For P a finite poset, the Miibiustct µp:P xp→ z is defined by

(1) Ix←z±yMG4Z ) = {
1 if x=y .

0 it ✗Ey
(2) µ Gy)=0 if x 4- y

Rem_ ( 1 ' ) ,I⇐yµlZ / y) = [
it ⇐Y equivalent to (1) . (A priori not obvious ! )

0 if KEY

µ (M) :=µLd, E) is called the Mobius invariant of M . (top Whitney #'s of 1st kind)

P-ropt-orM-CE.FI, F- c- Fe, and SEF ,
define eels, F) = {

0 it 54-8

Then
, MCs,F) =I C-1)

1×151
.

Mls, F) else .

SEXEF

CIMCXKF

pf) If 54¥, 7-EEEIS st 5-= site .
Then for SEX

,
have XTe=I

.

If SEF
, $1S

,
F) := -2411*1 satisfies g¥g=$G,G) = -2 C-1)

1×151
= {

1 if s=F

SEXEF
I=F

SEXEF 0 else
.

Er ¥qµ(b. F) qr
- rkmlf) = I c-1) 1×1 qr-rt.MU) = ✗mcq)

✗EE

N.B_ ( t) (G-1) divides ✗mcql . → Fmcg) := ✗mcq)kq-1) reduced char
. pot .

(2) XM = ✗simpcm) if M loop less.
(3) degxm =r if M topless .
(4) Xmcq) has alternating sign coetf. (: Rota)

↳ if M is E- realizable , follows from that

c-of)r✗G1q)=a Poincarepdynom.com#(Heron-Rota-Welsh'70s)1Coe--f.s1of pm form a log- concave sequence
(in particular unimodal) .



Thin To any E-variety X , one can assign the virtual Poincare polymom . # (g)
determined by : d) If ✗ smtk & got, Tk = Px

(2) VP× = ✓Put vP×µ UEX
open .

E.gg *F- (of- IT ,

✓Pen = Cgi)
"

Red Q a simplicial polytope ⇒ toric variety ✗ is a union of £120) many
Him"

-i

for -1£ is dim 20 .

* (g) = I tiara)Cq2- 1)
dim"-i

= haalqz)
iz- 1

1 16¥¥• → ✗= (PIP
1 5 12

✓ I 4 7 8
I 3 3 I = I 3 3 I

Prof If LE ICE realizes M
,
then ✗mlqt)= VP

, (g)

Thm_ (Mobius inversion) For fats f:P→ A
, g : P→A ,

where A an abel . grp ,

fly )=¥y god ⇐ gly) = Eg Muay) -104 ,
and fix) = -2 gly) ←→ gcx) = I µGuys -5cg)

sky say

pf of Prop) For a flat F
,
let if ÷ 4=1 .=Li) .

Then
,

42=43, = ¥=vP↳ ⇐>
'

Pi
,
= ¥⇒µCQ F) 7¥

Cqfjrrkm(F)

Ques_ Other families of varieties st
✓Px = Px ?

Exes IMU ) = ✗top ( PE) using Mobius inversion ( no Gysin seq.)

Rem_ The beta invariant of a matroid PCM)= (4)MIMA ) satisfies

BCM) 20 with BIM)=o if M a loop or discern.



Detn The Tutte polynomial of a matroid M ofrank r on E is the bivariate polynom.

TMGC.gl := Icx-Dr-rkmklcy-ylxl-rkmlxj.co/EXEEN.B.-TMtGGy)--Tmly
,⇒ and Tmi Ma = Tm , - Tmz .

Thin Tmtxiy) satisfies the following (defining) property
:

For EEE
, Imlay) = yTme if e a loop ✗

⑦

( TMK it e a coloop
TMK + True if neither

,

and Tué
,
=

y , Tu, , = X .
( Tuo
,

= 1)

Reed could've removed (F) and instead impose TM,-0M, = TM,
• Tmz

cor_ Suppose -5 is an invariant of matroids with values in a comm . ring
R satisfying

d) 7- a ,b c-Rst TCM) = aflmle) t b-51M /e) it e neither looplcoloop, and
(2) TCM) = { fllloatcmle) if e a loop

5- (Un) 5- (MK) if e a coloop .

(such f are called Tutte- Grothendieck invariants)

Then
,
FIM) = atttrklm) brk'M) Tm (0£

,
y÷) where 10=-51%1)

Yo= -5141)

E.g._ C-1)rtmltq , o) = ✗Mlg)

Full , 1) = # bases , TM 12,D= # indep. subsets

[Brylawski- Oxley
'92] , [Welsh '99] for more.

Defy Let < be a total order on E. For a basis B of M
,

(1) beB is internally active if e the mind elt . of E)(Bts )
(2) EEEIB is externally active if e the mind etc. of the unique

circuit in Bue .



IIntActlBHIEx-LActl.BY
Thin Tmlxiy ) = I x y

BEB

•

Ef. gj
• Bm x±yE
:/IF

4 5 g-
124 x3

•

125 x2
M M*
123 12 134 ok

1245 45

345 134 135 x

135 145 OLY234

235 234 Xy

☐ + DO 235 y

Tm=x3+x4x+y + Guy)2 245 Yh
= sit 2×4 Zxy +y2+x+y

Ques_ (1) Geometric interpretation of Tm that makes positive coeff. apparent ?

EE ✗m has at. sign coeff. for realizable matroid baez betti# 20,

PCM) := C-1)
"' IMU) 20 since dwelling 2Wh)

" almost" globally gets.
Log-concavity statements

(2) Explain /expand [Kochel/21] via internal-external activities


