
Lecture 4 .
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Recall : B
,
I

,
6
, rkm , I

Let M be realized by identifying E with a set of vectors . Then

span (E) A span (E) 7- span (FAE) (equality when ? )

Defn_ The closure of SEE in M , denoted dmls) or 5, is the mind flat in M containing S .

NII coloop : in every basis of M (← bridge in a graph) .
cocircuie : the complement of a hyperplane it M
•independent: complement of spanning

Prof rkmt (5) = rkm LEIS) + 1st - r

Equivalently , denoting corankmls) := rank 1Mt - rkmls)
, nullityµ (5) := 151- rkmls) ,

have nullmi LEIS) = corankmls)

Deth Let Me = LEI
,
B , ) and Mz=CEz,BD be matroids on disjoint Ei and Ez.

Then the directsum-Mi-DMz.is a matroid on EIU Ez with

bases { Biv Bal BieBi , BaeBz} .

€-9. loops & • loops are direct summands .

prop-HMT-t-L.FI , Ma -_ (Ea
,
%)

.
Then FCM ,④Ma) = ¥ ✗ %

.

(2) M is connected ( i.e- not a nontrivial direct sum) ⇐ Yi,jEE 7-Ceeestijec.
In fact

, (i~j if i.j in a circuit) is an equivalence relation [Oxley'll, Ch-4]

For a graph G, components (G) as a graph can be a strict coarsening
of components LMCGD .

Eat !¥-•
Reed G is 2- conn . ←→ MCG) is conn .



NrB_ The chromatic polynomial ✗gcql satisfies (defining ) property :

✗GIGI = ✗Gie (f) - ✗Gie (g) .

Detn For matroid Mon E
,
and EEE

,
define matroids Mle and Mle on ground see Eleby:

rkrnel - I := rkml. ) and rkmiel.j-rkml.ve ) - rkmle) .

Equivalently , Blmle) = {B / Bote} it e not a •loop Crklmlel __ rklml)

BIM /e) = {Ble / Bae} if e not a loop lrkcm/e) = rklml-1)

(Mle = Me when e a loop or a adaop) .

Deth The characteristic polynomial ✗mlq) of a matroid M defined by :
41 Xm = ✗me - ✗me if e neither loop nor coloop ,
(2) ✗m=o if M has a loop ,
(3) Xm = left )XM/e if e a coloop , and

(4) Yu,, = of-1 (or equiv. ✗uo.FI ) .

Exe ✗Gcq) = of
#comp (G) ✗µ (g) .

Thm_ Suppose LEGE realizes M
,
and recall [ = LA ÷ Then

,

c-qtrvmttq) = Pilaf) := I rank 1-14%2) qi .
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(May replace Q by any algebraically closed field k, and consider Hietllikeltchark)

pf drawn from [Kim
'
94]) If M has a loop, [ = 01

,
so both zero. Assume topless now.

① For EEE
,
let tie:= LY ,¥eLi ) and Lie :=Le\iY=eLi) .

Note that Lie.¥↳ realizes Mle
,
and Lie realizes Mle

.

② Purity/Gysin seq . on tie ¥aKe&enL° :

- - - → HE:(Kel -0> ticket→Hill )→ H fire) -0s - - -

Is (Thomison)
by noting the weights WeHi

Hi-44dL-1)



Proj Topological / Igusa / Motivic Zeta functions of hyperplane arrangements .

Detn For P a finite poset, the Miibiustct µ:p Pxp→ z is defined by

d) Ix←z±yMG4Z ) = {
1 if x=y .

0 it xEy
(2) µ Gy)=0 if x 4- y
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Ef Lattice of flats Fe -9123, -① 01 1002 ①03②123 5
* MH.¥→)

: ¥? xxx
Mlb, F) 2

3
④ ° 3 -4

① I
✗• (g) = qlq-tkq-D-qlq3-4q.at5q-2)


