
Lecture 18

Reem. on proofs of the two fund . thorns in trop . Hodge thry :

_hmL 1-211=1-24 then El Lefschetz <⇒ -22 Lefschetz .

_hmLB_. -2m is Lefschetz for any topless matroid M .

Cor_ [HLSW ' 22?] Hodge thry of polymatroids [Pagaria -Pezzoli
'21]

Lem_ d) HE + ( HR
"
at lek) ⇒ HRI for all K .

(2) If A.
•
= RAG , -skin]/I P.D.ae/g.w1faandlc-lRsoExi,.--,Xm} , then

(HÉHRI for all A/anncxj) at lg) ⇒ Hhi for A• at l .

pf) fed-242 = § fgcjf.tt?i2i-1--oi-ff-f=owhenfld-Zi--oIT J (since -1g prim.)

Induction I.① A•(Em)/anngg⇒ = A-
•

CEMIF) ④ A-
•

(IM/F)

② Let ✗ :=¥ggKF for
any 2- c- E

,
and define hf = ✗-E. XG

.

GZF

A-
•

EM)/ann (hf)
= A•(ETy=cm)) where

B(Tq=lMD={ Bts : BEBCM)
,
+ c- BNF -1-4}

0123

E→;#÷_ oiii
✗ ✗ 2 3 \o//2

3
\ \O/1-

012,013,023 02/03, 12,13, 23

Rent ATRFCM) = Am Ast Anf BCHF)={ BEGÉI ,)/ BFF }

Thm_ [Backman- E. - Simpson'M] hf, . - - her , n Am = {
1 if

KtGJE[r-µm¥Fj)Zl_[Postnikov
'

09]
0 else

Does II. - yE-, admit a transversal in Eli
that is indep. in M for any i. c- E ?

Rem_ [Dastidar - Ross '21] Matroid Psi classes : hp 's are pullbacks of some psi classes from
✗An = t.MN#-- { (C, Coon, po, . . -, pns )

( 1,1 , E, - -

, E)



Induction II.

Defn t:X→Y proper surj . , ✗ smth
, is semi-small if

codimylsk :={YEYI dim f-'(g) =k} ) 2 2k YK
.

Thm_ [de Cataldo - Migliorini
'02] Let l be ample & base-pt-free on Y, and

F. ✗→Y proper surj . w/ ✗ Smith . Then -5*1 satisfies HL IHR if -5 semi-small .

E.gg If ZCY smthsubvar
. of smth Y of codimyZ=c , then

I: ✗= BlzY→Y semi-small if c-2 .
h3

Eg①Bhp3=X ATX)=/¥-0B =Z[h h
'

he
(semi-small)

h et < tie
,
Chet}

,p3=Y #A.LY)⑦(A.G)④ e)
② BlpeP3=✗ AHH ⑦ ☐ ④

☐

=%¥÷E>
"
h' E (not semi-small)¥3 =Y hy e

For Thm A, weak factorization via edge subdivisions :[Abramovich- Karu-Natsuki-Wlodarczyk
/02]

7- I, = -2
"'

,
. . -

,
-2cm' = -22 st Ici ) & I'

"" related by
the stellar Subdiv. of a 2-dime cone.

For Thm B
,
if i c- E not a coloop, then IM→ Imi analogue of semi-small map .

R%RI→1REi%R± [Braden-Huh-Matherne
- Proudfoot-Wang

'20]

E.gg BLM)= ( " "

3) \ { 12343 (note ✗An→ ✗Am, has 1-dim'd fibers) .

p3 (actually LMn+ ,→ Lmn is the univ. curve)
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