
Lecture 17

[Kh-T] : If Yd c- X " proj . van , Xp net on ✗ , then (✗d-ipin [Y]); log-conc.

M a matroid of rank r on E. = {0, - - -, n } (assume loopless) .
Em Bergman tan : cones ← chains of (nonempty , proper ) flats

↳ is a balanced fan : Am c- MWm(Ian) by AMG) ↳ {
1 TEEM

the Bergman class
.

0 or ¢-2M

E.g-UH-DUz.rs QUI .

µ
Does (✗""pin Am )z have similar¥¥÷¥¥ ,
behavior as if Am=[Y] for YEXAN

a 3 subvariety ?
123

( i. e. a quasiprof. fan)
Let I be a simplicial fan that is subfan of a proj . fan É ,

link)=o and

of pure dim=D in Nir (where dim Nir __ n ) .
Let A.

•

(E) = R[Xp I pc-ICIM.fr ,
MW.CI) as usual BUT w/

IR-coetf.kz:={DE AKE) / D= ¥, xp st 7- ample ¥£a,ap'xp wlqi-ap-orpc-E.cn}

Defn_ A pair CEAE) for AEEMWDIE) satisfies the Kahler package if :

(PD) A-• (E) is a Poincaré duality alg . of dim. d with fz :AdE)→Rvia5l→5nDm.

⇐ A-
•
= ④ Ai st A°=R and f : Ad -5112 with Adi ✗Ai→ IR perfect .

-2=0

(Hh) For V-OEKE.dz and any LEKE,

✗Idk : AK→ Alok
,
51-7 5. ld→k is an Isom.

(HR) For Y ☐ ⇐KEI and any I
c- KE

,

AK ✗ Ak→ IR
,
( 2. 5)↳ zesed-2k

is positive definite on kerlxld-21<+1 )
.

Rem_ [Cattani 108] HL
, HR in all deg.s ←→ mixed HL & HR.

↳
necessary ! ( see prem exer. on Lorentzian polynom.)



hey (a) (AIFA )→ (B; SB ) of P.D. alg. of same dim . is an Isom
.

(b) f. c- Ak homog.int?D.algo-dimn.ThenA7ann(-)--tzaeAo1a---o} is
a Poincaré duality alg. of dim n-kwlfneiip-fc.it .

A

N.B._d) It YCX smthproj . var. H.CN/anncyy-- ring whose elts are 5nA] ,

is and malt . is TRACY])GREY])

image of 1-17×1→HEY) if the image has CPD)
= (281 NEY].

If A-•(E) has ( PD)
,
then Mwd (E) = RAE , ( converse :[Adiprasito] )

and in particular, A.(E)→ A-
•

(E) . 2Gt> {
xro.EE

I £ 0 T¢ -2

A-
•

(E)/annaz and fz : Ade)→R
,
es NAE

.

(2) Stark, E) = fan in NR/spang,
whose cones are images of IET

✗
starer

,-zj=
VG) the orbit-closure corresp. to on in

X-z.E.fi#FPstarcp,EI--s.--sXP!E.g.-starCp,=
, -2m) for a flat F is EMIF ✗ EMIF ¥

A.(E)→ A-
•

(E) Ianncxp,
= A-

•

(starts, -2))

Detn For a balanced fan I
,
it is Lefschetz if it satisfies theKahler package

and every stark, -2) is Lefschetz .

-hmL[Ardila- Denham- Huh /20] If two quasiproj I & -22 have the same support,
then -21 is Lefschetz if -22 is

.
( Trop . Hodge thry)

-hmL[Adiprasito - Huh- Katz / 18] Em is Lefschetz
.


