
Lecture 11

Toric varieties : Alg. geom . : Polyhedra : Combinatorics . [Fulton '93][Cox-Little-Schenck 'll]

Let M
, N be lattices lie . finger - tree abel. grp) with perfect pairing

< -

i> :M✗N→Z.

Mr __ MOIR, NR=N④R .

Deff A polyhedron P C-MR is a finite intersection of half- spaces, i.e. IUIEN
,
ai c-R

P = { ME MR 1 <Mili> zai Yi} = AH -1 (EI
, 1-1-1<0)

-2 Ui
,
Ai

polytope it bounded
.

lattice polytope if vertices of P are all in M .

Defy A face of a polyhedron PEMR a polyhedron F that arise as PA Hu,a
where P C- Huta

.

Vertices are 0- dim 'd faces
, edges 1-dim'd

,
facets Max'd proper faces.

Write FIP in this case.

%E.gg t

Defn_ dim (P) = dim (affine span of P)
EP =

←µyTP
,
← F

+

6ne(Uh . .
-MK)

Defn_ A Crational) polyhedral come JENN is
"Rzo{ Ui, - --, UK} 7- Ui, - - - , UKE NR (N) .

Its dual come is = { mc-Mpnkm.ie> zolfueof . Denote oh -_ {m km,u>⇒ Hoof
.

Linearity link) of r is the largest R-vect. sp . contained in a f-mind face)

T-hm7-icod.im . reversing bijection: { faces of r } ← { faces of or}
IST → ovn It

i.E¥
. _¥É→→± . ← .;¥¥#* (strongly convex ⇐ 1inch __ so} )
.

-

I

rape gvcpi rays = 1-dim'd faces ofastrongly convex o.

Exes It dimer) = dim Nir and strongly convex , do o&N have same # rays ?

Detn A crate'll fan E.CNR is a collection of (rathe) comes ↳ CNR} st

d) one -2 and tho ⇒ TEE
,
and (2) a.see -2 ⇒ oinrs.IQ & anorak

Defn_ For PE Mir polyhedron , its normal tan Ip = { ( IR>☐(P-p))
" I pep} .

N-B.codim reversing bijection btw { cones of Ip } ← { faces of P }

We will always assume that cones in NR are rated now.



Let k be an alg. closed field .

Deff An algebraic torus T=(k*)
"

7-nc-kzo.Facts-DM-chartt-Homaeg-grp.IT,
k*) = In character lattice

F- Spec KIM] , KIM] := { Ea.ir/ti/aic-k,mieM } ✗m✗m'=✗m+m
'

= k[tF
,
- . -,tn±]

N= Cocharct)=Homlk*,T) cocharacter lattice
.

Write T=TN
.

M ✗N→K by -4mm> = ym( Felts) .

② If V a f.d. Trap .

,
then f- ④ Vm where

Vm = { ve V1 t.ir = ✗mt4v }
.

③ T acts on k[M] by t.YM-X-mltl.fm (This is really a convention, not face)

Prop_ It CMR rated
,

then on M is fin - gen . sernigrp , i. e.

(Gordon's hem) NAM= 2>-0 {My - - -

, MK} 7- My - - -

, MK EM .

Defn For a raid cone r CNR
,
denote So = NAM

,
and Uo := Spec k[So] .

Ur is the affine toric variety assoc. to 0.

N.B._ Us has a (dense) Faction (since T acts on k[So]) with stabilizer T '

where Cochart ') = link) NN.

So
,
if or strongly convex, UDT.

E.gg J = Cone (2e, - ez , ez , tez) CIR
}
← N= Cone (el , eitzez) CRS

" ✗ I .
:#

Writing 24--49×2=4%13--4
"

,
have k[So] = k[Xi, Kids, 04×5]

Ur = { ca,b,c) Eff I ac-b2=o } = k[a
' b' c]/{ ac-bya

T (-4,4-4) . lab
, c) = ( tea, titsb, titsc) , stab -_ {11,1, -↳)}

Rein Every affine normal toric variety arises as Uo for some • and N.


