
Lecture 10

E.gg L=É , i. e. M is a Boolean matroid (53--5-4). Then WL in this case is

known as a permutohedral variety Xan , built from P" by blowing-up all
(strict transforms of) coordinate subspaces in IP?

✗Az
← →E- {0,1/2} : •€ ☒ ,
p
'
-

em_
→ P2

Ui,z ④UH V73

µ Ñn = Win"'t where MCL) = Mlkm,) and one uses mink building set.

Props When LEGE realizes M
,

so we have PL↳ P? the wndcpt
Wh is the closure of PK in ✗An , I. e. the strict transform fitting
into WL=Ñ=PI→ ✗An

✓ #11¥
PLC> pn-cr-em-I.ph

Deft Let xp be pullbacks of source & target P
"

hyperplane classes . Then :

co-rpr-lnf.NL] = fxanp" . 2W
,
=/ ytmlo)| . Moreover

,
✗
""

pi n[WL]=µYMl,
where ytmlq)=µ°CM)qr-1-MYMlqr-2-i-cor-fu.im)); form a log-conc. nonneg . seq . w/ no internal zeroes if M realizable.

pt) Pullbacks of b.pt. are b.p.fr , so xp restricted to WL are net
.

Now apply Khovanskii- Eissler to above Cor
.

How to get arbitrary , not necessarily realizable
,
case ?

Defn/Thm The Chow ring of a loopless matroid M is

[Fichtner-Yuzvinsky
' 04]

[deconcini -Proust ' 95] A-
•

(M) :=
K[XF I 04 FEE flat in M]

44=74--11 F.F' incomp.> +(EFF- ÉgXG / i.j c-E)
and A-• 1M) = A-

•

(WL) via 34=1-7 exceptional divisor from blowing-up PLF.

II. Here, ✗m=¥-,xF , pm __¥j KG.fm ✗Ñi' = 1
.



T_hm[Adiprasito- Huh-Katz ' 18] ATM)☒ is a Poincaré duality algebra with Sm hmm =L ,
and satisfies (mixed) 1-112<-1 wlrlt the submodular cone

Km= { ⇐ G- IF I a., :2E→R strictly submodular with cp=cE=o} .

In fact
,
(ATM)☒

,
Sm , Km ) has the Kahler package :

(PD) fm : AMIM)→I and Art- ilm) ✗ Ai→K perfect.

(HL) For lekm
,

ATM) ¥5
"

A
"-4M) is Isom. Hi

.

(HR) For IEKM
,
Qi :Ai×Ai→z

,

Cx,g) l→ C-1)ifmxylr-1-25
is positive definite on

kerter-2-4.comResolution of [Heron- Rota-Welsh ' 70s]
,

i. e. µiCM) log-conc. nonneg. Self .

w/ no internal zeroes for arbitrary loopless matroid M.

Rem_ Proof of [AHK '

18] is a double induction : rank M & order filters

rank M : for a flat F
,

¥1M /f) = [IF] , ¥1M/F) = [F. I] .
→ A. (M)/annexe ) = AMMIF) ④ ATM/F)

"↳
= restricting to subvar.

representing xp
39

f- c- R[wo
,
- - ;Wn] → Aj = Rao, - -;2n]/~

÷.
-5 → A:S/annai)

Red [Backman- E .

- Simpson] hf := ✗m- ¥÷Xq .

Then
,

ATM)/annlhpj = A-
•

( Trp (M) ) . (Troy) = Trp (Mt)

+ Lorentzian polynom. applied to he's (which are net, whereas
Xp were not) .

[ Briindén- Leake '21] Just polynomial proof .

→ KEY in both: surface case Crank 3 case) HRH easy to show .

Rein Volume polynom.si. [Eur '201 [BES] [ Dastidar- Ross]



Ques_ Let Li 9- -
-
- 9- Lk be a flag of linear spaces.

Is / ÑMCL;)G) I log-conc. with no internal zeroes ?

(The original case 09-4 9- - - - 9-↳=L where ↳=LAlgeneral linear subsp.)) .

(# h
,

Una -0 this# V34
H°(OCÑ-Ei -Ez)) =L ,

not net
.

)

Cf
.
[Eur- Huh 120]

"
# indep. subsets

" still (ultra-110g-concave.


