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CHAPTER 1

Introduction

1.1 Introduction

Toric varieties form a small but wonderful class of algebraic varieties that is easy to work and
compute with. They provide, as Fulton writes in [Ful93|, “a remarkably fertile testing ground for
general theories.” When the study of toric varieties was first introduced in the early 1970s, it didn’t
take long for the subject to be recognized as a powerful technique in algebraic geometry. By the
1980s, the study of toric varieties was a rapidly growing field, producing results pertinent to algebraic
geometry, commutative algebra, combinatorics, and convex geometry.

Loosely put, toric varieties are irreducible varieties containing an algebraic torus as an open
dense subset. They can be defined by monomial mappings or equivalently by semigroups embedded
in a lattice. Thus, one can expect an interaction between combinatorics on a lattice and toric
varieties. What may be surprising is the extent of the deep connection that toric varieties have
with the combinatorics of convex geometry such as cones, polytopes, and polyhedra. For example,
Richard Stanley was able to give a succinct proof of the McMullen conjecture on the face numbers
of a polytope using ideas from toric varieties. The applications of toric varieties have in fact reached
diverse areas such as physics, coding theory, algebraic statistics, symplectic geometry, and integer
programming.

This thesis aims to introduce the basic elements of toric varieties. The focus will be to illustrate
how the combinatorial data of toric varieties provide ease in working and computing with toric
varieties, while retaining a rich class of theory and examples. We start off with a careful study of
affine toric varieties, how they are defined by semigroups and equivalently by monomial parameter-
izations. We will see that normal affine toric varieties are particularly nice in that they correspond
to polyhedral cones. We then move on to construct abstract normal toric varieties by patching
together affine normal toric varieties via data of a fan. For a rich set of examples of toric varieties,
we then study projective toric varieties and discuss how they can be associated to polytopes. Our
introduction of toric varieties culminates in two illustrative examples in which the combinatorics
greatly informs the geometry of toric varieties. The first is the orbit-cone correspondence theorem,
and the second is classification of all complete smooth normal toric surfaces.

1.2 A short note on notations

In this document, the rings under consideration will always be finitely generated C-algebras, and
hence a ring map ¢ : A — B induces a map ¢* : Spec B — Spec A that always maps closed points



to closed points. In this light, we will write “Spec” for “max Spec” unless otherwise noted. By a
lattice we mean a finitely generated free abelian group. For Z™, we denote the standard basis by
{e1,...,en}. For a group G, we denote by C[G] its group algebra over C.



CHAPTER 2

Affine Toric Varieties

In this chapter we introduce and describe affine toric varieties. As the name “toric variety” implies,
affine toric varieties have two main structures, a torus and an algebraic variety. We thus start with
careful a description of the algebraic torus. While we will eventually only consider normal toric
varieties, it is not harder to discuss basic properties of affine toric varieties in the most general
case. So, we then give the most general definition of affine toric varieties along with two main
ways to construct them: by an affine semigroup and by a monomial parameterization. Then we
describe affine semigroups come from rational polyhedral cones define normal affine toric varieties.
We conclude with the study of toric morphisms, particularly toric morphisms of normal affine toric
varieties.

2.1 The torus

The rich interaction between toric varieties and convex geometry starts at tori and the lattices
associated to them. Hence, we first give a careful study of algebraic tori in this section in preparation
for introducing affine toric varieties.

Definition 2.1.1. An affine algebraic group is an affine variety V with a group structure, whose
binary operation VXV — V is given as a morphism of varieties. The set of algebraic maps of
two algebraic groups V, W, denoted Homg,(V, W), is the set of group homomorphisms ¢ : V. — W
that are also morphisms of affine varieties.

The example most important and relevant to us is (C*)" ~ C" — V(zyze---x,) ~ V(1 —

r1---xpy) C C*FL It is an affine variety, and its coordinate ring is indeed Clxz1,...,2Zn]e. 0, =
ClzT,...,x] ~ C[Z"]. The group operation (C*)" x (C*)* — (C*)" by coordinate-wise multipli-
cation is given by C-algebra homomorphism C[t{, ..., t] — Clz,... 2] ® ClyT,...,y;}] defined

by t; — x; ® y;. This algebraic group (C*)™ is the archetype of tori, for which we now give a formal
definition.

Definition 2.1.2. A torus is an affine variety isomorphic to (C*)" for some n, whose group
structure is inherited from that of (C*)™ via the isomorphism.

Example 2.1.3. Let V = V(22 —y) C C?, and consider V,, = V N (C*)2. Since V,, is the graph of
the map C* — C given by ¢ — ¢2, the morphism C* — V,,, given by ¢ — (,t?) is indeed bijective,
and this isomorphism gives V,,, the structure of C* by (a,a?) - (b,b*) = (ab, (ab)?).



It is an important feature that algebraic maps between tori have a particularly nice form:

Proposition 2.1.4. A map ¢ : (C*)" — (C*)™ is algebraic if and only if the corresponding map of
coordinate rings ¢* : C[yli, R V=4 (C[lei, o, xt] ds given by y; > 2% foro; € ZM (i=1,...,m).
In other words, algebraic maps (C*)™ — (C*)™ correspond bijectively to maps of lattices Z™ — 7.

=], which means
that ¢*(y;) is a monomial cx®. Now, that ¢ is a group homomorphism implies that ¢(1,...,1) =
(1,...,1), and thus ¢ = 1. The latter statement follows immediately from the first. [J

Proof. Since y; is a unit in Clyi, ..., yF], it must map to a unit in ClzT, ..., z;F

Define Tori to be the category whose objects are tori and morphisms are algebraic maps, and
define Lattice to be the category of (finitely generated) lattices. The proposition above implies that
Homy((C*)™,C*) ~ Z", and hence one can check that Homgy(—,C*) is a contravariant functor
Tori — Lattice. We likewise have a covariant functor Homg;(C*, —) : Tori — Lattice.

Note that the two functors are in fact category equivalences, as implied by the second part of
above proposition. This will be handy, as we will often use the fact that a contravariant category
equivalence reverses monomorphisms and epimorphisms. These two functors are the starting points
of interaction between toric varieties and rational convex geometry, and are given names as follows:

Definition 2.1.5. A character of a torus T is a map x € Homgy(T,C*), and M := Homgy (T, C*)
is called the character lattice of T. Likewise, a one-parameter subgroup of T is a map A €
Homyg;y(C*,T), and N := Homgy(C*,T') is called the lattice of one-parameter subgroups.

We will reserve letters M and N as the character lattice and one-parameter subgroup of a
torus. Clz7,..., 2] =~ C[Z"] is naturally the coordinate ring of (C*)" because x“ as an element
of Z" ~ Hom((C*)™,C*) is the ith coordinate map of (C*)". Hence, in a likewise manner the
coordinate ring of a torus 7" with character lattice M is naturally C[M]. One can check that the

group multiplication map T'xT — T is given by map of rings C[M| — C[M]RC[M], x™ — x"@x™.

Note that there is a natural bilinear pairing M x N — Z given via the composition map M x N =
Homyg (T, C*) x Homge(C*,T) — Homgy(C*,C*) ~ Z. Choosing an isomorphism 7"~ (C*)" gives
a natural dual bases for M, N as Z™, and under this choice of bases the map M x N — Z is
the usual Euclidean inner product. Thus, the pairing is perfect. Moreover, because C-algebra
homomorphisms C[M] — C bijectively correspond to group homomorphisms M — C*, we now have
a canonical isomorphism 7" ~ Homy(M,C*) ~ Homy(M,Z) ®7 C* ~ N ®z C*. Thus, we denote a
torus with lattice of one-parameter subgroups N as T and its coordinate ring C[M].

2.2 Semigroups and affine toric varieties

Here we give the definition of affine toric varieties. We show how an affine semigroup defines an
affine toric variety and how a monomial parameterization equivalently defines an affine toric variety.
We then finish with the discussion toric morphisms.

Definition 2.2.1. An affine toric variety V is an irreducible affine variety such that (i) it
contains a torus T' as a Zariski open subset and (ii) the action of T on itself extends to an action
T xV —V given as a morphism of varieties.

When the context is clear, we denote by M and N the character lattice and lattice of one-
parameter subgroups of the torus Ty of the affine toric variety.

Here are two simple examples of affine toric varieties:



Example 2.2.2.

e C" is an obvious example, containing (C*)" as the torus and (C*)" x C* — C" given by
Clz1, ... xn) = Clyi, ..., yF] @ Clzt, ..., 2], @i = ¥ @ 2.

e Consider V := V(2? — y) C C?, which as we have seen in Example 2.1.3 contains the torus
{(t,#*) | t # 0} = Vi, ~ C* as an open subset. Moreover, the torus action easily extends to
V. It is the regular multiplication map: for (a,b) € V, (¢,t?) - (a,b) = (ta, t?b).

Our first main result is that an affine semigroup defines an affine toric variety. An affine semi-
group (or just semigroup if there is no ambiguity) is a finitely generated commutative semigroup
with an identity that can be embedded into a lattice. Given a subset @/ C M of some lattice M,
we denote by N the semigroup generated by &/ and by Z.o/ the sublattice of M generated by <.
Given a semigroup S, we define C[S], the C-algebra of a semigroup S, as

C[S] := {Z amX™ | am € C, ay, = 0 for all but finitely many m}

mesS
with the multiplication given by x™ - x™ = x™+™ . For example, we have C[N"] ~ C[zy, ..., 2]
via x% ~ ;. Likewise, we have C[Z"] ~ C[zT,..., 5] ~ Clz1,..., Tn]ey. -

We now show that an affine variety defined as Spec C[S] for some affine semigroup S is in fact
an affine toric variety:

Theorem 2.2.3. Let S be an affine semigroup. Then Spec C[S] is an affine toric variety with the
torus Spec C[ZS].

Proof. Let V. = SpecC[S] and T = Spec C[ZS]. We first check that 7" < V is an embedding
of an open dense subset. Since S is an affine semigroup, it is embedded into a lattice M’, and
has a finite generating set &/ = {m1,...,ms} C M’ (so N&Z = S and Z&/ = 7ZS). Note that
C[Na]ym1 ... ms ~ C[Z4], and so C[Na/] — C[Z.4] is given by a localization. Moreover, a C-algebra
homomorphism out of C[Z.</] is completely determined by the values that x™1,..., ™ take, and
hence C[N&/] — C[Z</] is an epimorphism. Thus, since C[S] is clearly an integral domain, the map
C[S] < C[ZS] induces an inclusion T' < V as an open dense subset.

To show that the action of T on itself extends to V. Consider the map ¢ : C[S] — C[ZS] ® C[S]
given by X = x™ ® x™, which gives us a map ¢* : T x V — V. Since the map ¢ C[zS] —
C[ZS)® C[ZS], x™ — x™ ® x™ induces the torus action ¢* : T'x T'— T, we see from the following
commuting diagram that ¢* is indeed an extension of the torus action on itself:

cmﬂfcwp:¢@f] Spee Txvféf
QZﬂ@C%ﬂ<§—Cm& TiT&»T

Lastly, we check that ¢* is a group action. Let 1 be the identity element of T. Then 1-2 = z follows
from the commutativity of the following diagram

IxVe—sTxV—sV

o]

IXxT——sTXT—>T



since in the boNttom row T ~1xT — T is the identity map and 7" is an open dense subset of V,
implying that 1 x V' — V is also the identity map by [Vak15, 10.2.2]. Moreover, for a,b € T, that
(ab) -x =a- (b-z) follows from applying Spec to the commutative diagram:

C[zS] ® C[zS] ® C[S] <222 ¢[zS] ® C[S]

M‘J }ﬁ

csjecls]  ———  C[s]

where Id ®¢ : C[ZS] ® C[S] — C[ZS] ® C[ZS] @ C[S] is defined by x™ @ x™ + ™ @ x™ @X™ and
¢ ®1d : C[ZS] ® C[S] = C[ZS] ® C|ZS] ® C[S] is defined by x @ x™ — x™ @ x" @ x™. 0

Remark 2.2.4. In fact, all affine toric varieties arise from affine semigroups; for proof, see [CLS11,
1.1.17]

The proof for Theorem 2.2.3 provides a general and useful way to construct affine toric varieties.
We start with a lattice M’ and select a finite set {m,...,ms} so as to make a semigroup N7, and
this then defines the affine toric variety Spec C[N.o7]. The following proposition gives us a way to
embed Spec C[N.Z] in C°.

Proposition 2.2.5. Let T be a torus with character lattice M', and let &7 = {mq,...,ms} C M.
Let L be the kernel of the map Z° — M’ defined by e; — m;. Then there is an isomorphism
i:Clz1,...,x5)/I, = C[N| via z; — x™ where I, C Clz1,...,x4] is an ideal defined as

Iy, = (xa—mﬁ |, €N’ a—pFeL)
In other words, Spec C[N&/| ~ V (I1,) C C*.

Proof. 1t suffices to show that I; is the kernel of the map ¢ : Clxy,...,zs] - C[N&] given as
x; — x™. First, I, C ker¢ not very difficult: if « = (aq,...,a5),8 = (61,...,8s) such that
o — B €L, then S aym; = 3 Bimy, and so ¢(z® — ) = 2 @mi — y2Bimi — (),

Now suppose for contradiction that I, C ker¢. Pick a monomial order on Clxy,...,z,] and
an isomorphism Ty, ~ (C*)™ so that M’ = Z"™ with mq,..., ms now considered as elements in Z".
Since I1, C ker ¢, there exists a nonzero f € ker ¢\I; with minimal multi-degree among nonzero
elements in ker ¢\ /7. Rescaling f if necessary, let x® be its leading term.

Now, define ¢ : Clzy,...,zs] — C[Z"] by ¢ := j o ¢ where j : C[N&/] — C[M'] = C[Z"]. Since
f € ker ¢, the map f*: (C*)" — C® which is given by t — f(x™'(t),...,x™(t)) = f({t™,...,t")
is identically zero for all t € (C*)", and thus the Laurent polynomial f(¢™,...,t™s) itself is zero.
Thus, in order to cancel out the term coming from 2%, f must have at least one monomial 2% (8 < )
such that [[,(t™)% = [[,(t™)%, implying > aym; = > Bim;. Hence, 2% — 2 € I}, C ker ¢, and so
we have f — 2%+ 2” € ker ¢\ I, a polynomial of multi-degree lower than that of f, which contradicts
our minimality condition on f. [J

Remark 2.2.6. The previous proposition implies that given an affine toric variety Spec C[S] for
some affine semigroup S, selecting any finite subset &7 = {my,...,ms} such that No& = S gives
us an embedding Spec C[S] < C*. In fact, we can even let &7 to be a multiset. Moreover, with
respect to this embedding Spec C[N.o/] — C*, we note that x™,..., x™ are in fact the maps into
each coordinates; in other words, if 7; is the projection C®* — C onto the ith coordinate, then x™

is the map Spec C[N/| — C* 5 c.



Since x™ € C[Ng/] as a map SpecC[N&Z] — C is the unique extension of the map X" :
Spec C[Z</] — C*, the previous proposition suggests that one may be able to describe the em-
bedding Spec C[Ng/] — C® in terms of a parameterization by x"’s as functions from the torus
Spec C[Z.27]. We describe such parameterization more precisely in the next proposition:

Proposition 2.2.7. Let T be a torus with character lattice M', and let {mq,...,ms} C M', and
L be the kernel of Z° — M', e; — m;. The affine toric variety Spec CIN«Z] ~ V(I1,) C C*® is the
Zariski closure of the map ® : Ty — C* defined as ®(t) = (X™ (t),...,x™(1)).

Proof. Denote M := Z.a/, Ty := Spec C[Z</], V := Spec C[N&Z]. Note that the map & : Ty, — C*
is given by the map ¢ : Clz1,...,z5] — C[M'], x; — x™i. Now, applying Spec to the following

commuting diagram:
C[M]<~—C[V] <—-Clz1,. ..,z
|
C[M

we obtain A
Tn¢ ye—‘-cC*
\ T %
TN/

Hence, Im(®) = Ty = V since i : V < C? is a closed embedding. [J

Remark 2.2.8. Via Ty ~ (C*)™ and M’ ~ Z", the above Proposition 2.2.7 implies that affine
toric varieties are ones parameterized by Laurent monomials.

We fix here some notations for future reference. Given a torus Txs with character lattice M’
and &/ = {ma,...,ms} C M’', denote by Y., the affine toric variety Spec C[N&Z], and denote by
b, Ty — C° the map O (t) = (X (t),...,x™(t)). Moreover, let L denote the kernel of the
map Z* — M’ e; — m;, and Iy the ideal as given in Proposition 2.2.5. Lastly, when Ty = (C*)"
and M' = 7" so that & = {my,...,ms} C Z", we denote by A the n x s matrix whose columns are
mi,y...,Mg.

We conclude with concrete examples of the constructions introduced so far:

Example 2.2.9. Let’s consider different embeddings of Spec C[N?] ~ C? into affine spaces by
selecting different set of lattice points that generate N2. Let .o/ := {e1,e2} and &’ := {ey,eq,e1 +
ea} C Z2. For both cases, we have N/ = N’ = N? as semigroups, so Y,y ~ Y. But if we
are following the embedding laid out in Proposition 2.2.5, for &/ we get C2, whereas for </’ we get
V(zy — z) C C? since ker A’ has basis (1,1, —1). Indeed, C? ~ V(zy — 2) via (x,y) — (7, y, 2y).

Example 2.2.10. Taking o7 = {2,3} € Z, the kernel of the matrix A = [2 3] has basis [
hence Spec C[N.oZ] ~ V (2® — y?) c C2.

3
_2] , and

Example 2.2.11 (Singular quadratic cone). The singular quadratic cone C' = V (y? — zz) defined
equivalently by parameterization C' = {(s, st, st?) € C3 | s,t € C} is an affine toric variety. One sees
this by noting that C N (C*)? = {(s, st, st?) | s,t,€ C*} is the image of the map ®, where &/ =



{(1,0),(1,1),(1,2)} C Z2. Since L = ker A = span((—1,2,—1)), we have that V(I;) = V(y? — z2)
is an affine toric variety.

Example 2.2.12. Consider the determinantal variety V (zy — zw) C C*. Since the kernel L of the

1 00 1
matrix A= |0 1 0 1 | isspanned by (1,1,—1,—1), we have that V(1) = V(zy — zw) is an
0 01 -1

affine toric variety that is parameterized by ® : (C*)3 — C*, (t1,to,13) > (t1, 2, t3, tltgtgl).

2.3 Cones and normal affine toric varieties

We now turn to the normal affine toric varieties. We will see in the coming sections the particularly
rich interactions between general normal toric varieties and combinatorial structures of lattices.
Here we describe the starting point of such interactions, which is the relationship between affine
normal toric varieties and rational polyhedral cones.

Let M, N be dual lattices. A rational polyhedral cone o C Ny is a set of the form
o = Cone(ni,...,ng) :={An1+ -+ Agni € Ng | A; >0}

for some ny,...,nE € N. The dimension of a rational polyhedral cone o C Ng is defined as the
dimension of the smallest linear subspace that o spans in Ng. Given a rational polyhedral cone
o C Ng, its dual cone ¢" C Mg defined as

o’ :={m € Mg | (m,u) >0 for all u € o}

is also a rational polyhedral cone. A rational polyhedral cone o is strongly convex if o contains no
positive-dimensional subspace of Ng, or equivalently, if 0¥ C Mg is full dimensional. For example,
the two cones drawn below are strongly convex rational polyhedral cones that are duals of each
other:

Figure 2.1: o = Cone(e] — €2, e2) and its dual 0¥ = Cone(ey, e1 + €3)

As in the figure above, when M ~ Z" ~ N, as long as there is no ambiguity we will use
{e1,...,en} as basis for both M and N, although they are technically dual spaces.

Gordan’s Lemma ([CLS11, Proposition 1.2.17]) tells us that given a rational polyhedral cone
T C Mg, its lattice points 7 N M form an affine semigroup. Thus, given a rational polyhedral cone

10



o C Ng, let the affine semigroup associated to o be S, := ¢¥ N M. That we associate to the cone
o C Ng the semigroup defined by its dual 0¥ C Mg may seem odd for now, but the reason will be
clear later. We can now define the affine toric variety associated to a rational polyhedral cone:

Theorem 2.3.1. Let 0 C Ny be a rational polyhedral cone, and define Sy, := o N M to be the

semigroup associated to it. Then
U, := Spec C[S,]

s an affine toric variety, and moreover, the torus of U, is Ty = N ®z C* if and only if o is strongly
convex.

Proof. That U, is an affine toric variety follows from the fact that S, is an affine semigroup by
Gordan’s Lemma. Now, Ty is the torus of U, if and only if ZS, = M. One can check that
if km € ZS, for some £k € N and m € M, then m € ZS,. Thus, ZS, = M if and only if
rank ZS, = rank M, which is equivalent to ¢¥ C Mg being full dimensional. [J

Example 2.3.2. Let M ~ Z" ~ N. Since 0" = Cone(ey,...,e,) C Mg is the dual of o =
Cone(ey, ..., e,) C Ng, we have N = ¢V NZ", so that S, = N and thus U, = C".

Example 2.3.3 (Singular Quadratic Cone). As seen in Example 2.2.11, the semigroup N/ where
o = {(1,0),(1,1),(1,2)} defines the singular quadratic cone C = V(y? — xz). Since N/ =
Cone((1,0),(1,2)) N Z", we have that C = U, where o = Cone((2,—-1),(0,1)), as shown in the
figure below.

Figure 2.2: Cones associated to the singular quadratic cone

Example 2.3.4. Let 0 = Cone(eq, 2, €1 + €3, e2+e3). One can check that o = Cone(eq, e, €3, €1+
ea — e3) and that 0¥ NZ" = N{ey, €2, €3, €1 + €2 — e3}. Thus, as mentioned in Example 2.2.12, we
have U, = V(zy — zw).

The important fact is that every normal affine toric variety arises as U, for some rational poly-
hedral cone o C Nr. The key idea is that S, is saturated: an affine semigroup S is saturated
if for all £k € N and m € ZS, km € S implies m € S. The following theorem tells us that every
normal affine toric variety comes from a saturated semigroup and that every saturated semigroups
arise from rational polyhedral cones, and hence, every normal affine toric variety arises from rational
polyhedral cones.

11



Theorem 2.3.5. [CLS11, Proposition 1.3.5] Let V' be an affine toric variety with torus Tn (and
character lattice M ). Then the following are equivalent:

1. 'V is normal,
2. V = SpecC[S] where S C M = 7S is saturated,
3. V' = SpecC[S,] for some o C Ny a strongly convex rational polyhedral cone.

Example 2.3.6. As seen in Example 2.2.10, the affine toric variety V(2® — 3?) is defined by the
semigroup N{2,3} which is not saturated in Z{2,3} = Z. Hence, it is a non-normal affine toric
variety. Indeed, the affine toric varieties given in Example 2.3.3 and Example 2.3.4 are both normal.

A face of a rational polyhedral cone ¢ C Ng is 7 = o N H,, for some m € ¢V, where H,, :=
{u € Nr | (m,u) = 0}. It is denoted 7 < o, and by 7 < ¢ we mean that 7 # o. For example, in
Figure 2.1, Cone(eg) < o since Cone(ez) = o N He, .

We can now address why we defined the affine toric variety of a cone o C N by the semigroup of
its dual. The reason for doing so is that such association identifies the faces of o to open subvarieties
of U,. The next proposition provides the precise statement:

Proposition 2.3.7. [CLS11, Proposition 1.53.16] Let 0 C Ny be a strongly convez rational polyhedral
cone, and let T be a face of o such that 7 = o N H,, for some m € o”. Then Sy, + Zm = S;, and
thus C[Sq]m ~ C[S;].

Example 2.3.8. We consider some open subsets of the singular quadratic cone C = V (y? — xz).
Let our setting be as in the Example 2.3.3 so that Cxz,y,z]/(y* — xz) =~ C[S,] via z,y,2z
X, xertez yert2ez yegpectively. The ray 7 = Cone(es) = o N He, C Ny is a face of o, and
one computes that S; = N{x(1,0),(1,1)} = Z x N | so U, ~ C* x C. Indeed, we have that
Spec C[Sy]yer =~ C* x C since V(y? — 22), = {(x,y,y*/x) € C3 | x #£ 0}.

We finish with the criterion for when normal affine toric varieties are smooth.

Proposition 2.3.9. [CLS11, Proposition 1.5.12] Let 0 C Ny be a strongly convez rational polyhedral
cone. Then U, is smooth iff the minimal generating set of o N N can be extended to a basis of N.

Example 2.3.10. Consider again the singular quadratic conic as in Example 2.3.3. It is not smooth
since the minimal generating set of o N Z? is {(2, —1),(1,0), (0,1)}, which clearly does not extend
to a basis of Z2. Indeed, V (y? — 22) has a singularity at the origin. In contrast, 7 = Cone((0, 1)) is
generated by (0, 1) which extends to basis of Z2, and so U, = C* x C is smooth as expected.

2.4 Morphisms of affine toric varieties

We conclude this chapter with a discussion of morphisms of affine toric varieties. As morphisms
of tori correspond to group homomorphisms of their lattices (Proposition 2.1.4), it is natural to
define morphisms of affine toric varieties to correspond to semigroup homomorphisms of their affine
semigroups:

Definition 2.4.1. Let V; = Spec C[S;] be affine toric varieties (i = 1,2). Then a morphism ¢ : Vi —
Va is toric if the corresponding map ¢* : C[Sy] — C[S1] is induced by a semigroup homomorphism

A~

¢ZSQ—>51.
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Note that the definition is functorial, in the sense that if we have a chain of semigroup homo-
morphisms S3 E) So £> S1, the composition of induced toric morphisms V3 ﬂ) Vo E) V3 is the same

as the toric morphism induced by S w—oﬁb S1. Moreover, toric morphisms ¢ : V; — V5 are defined
exactly so that the morphism works nicely with the underlying maps of the tori qi>|TN1 TN, — T,
More precisely,

Proposition 2.4.2. If Ty, is the torus of the affine toric variety V; (i = 1,2), then

1. A morphism ¢ : Vi — V3 is toric if and only if $(Tn,) C Tn, and ¢|ry, : Ty — T, is @
group homomorphism.

2. A toric morphism ¢ : Vi — Vi is equivariant, i.e. ¢(t-p) = ¢(t) - ¢p(p) for all t € Ty, and
peW.

Proof. 1. Let My = Z</, My = Za/ be the character lattices of the tori Ty, ,Tn,. A semigroup
homomorphism S — S; uniquely extends to a group homomorphism Ms — M;. Conversely,
suppose a morphism ¢ : V; — V5 induced by a map ¢* : C[Sz] — C[Si] is such that ¢* induces a
group homomorphism (5* : My — Mj. Then ¢* induces a semigroup homomorphism <;§* 1Sy — 51
since ¢*(Cl[S2]) C C[S].
2. The diagram
Iy xVi —— W

¢\TNx¢l l¢

TN, x Vo —— V2

commutes when V;’s are replaced with Tl,’s in the diagram (since ¢ restricted to the tori is a group
homomorphism), and T, x Ty, is open dense in T, x V;. O

Remark 2.4.3. Since a group homomorphism Ms — Mj is in correspondence with its dual group
homomorphism N; — Na, the proof for part 1. in fact shows that a toric morphism ¢ : Vi — Vs is
equivalent to giving a group homomorphism ¢* : My — M, or equivalently ¢ : N1 — No, such that
¢*(SQ) C Sl.

The following is the translation of the above remark for the case of normal affine toric varieties:

Proposition 2.4.4. Let 0; C (N;)r be strongly convex rational polyhedral cones (i = 1,2). Then a
homomorphism ¢ : N1 — Ny induces a toric morphism ¢ : Uy, — Uy, extending ¢ : Tn, — T, if
and only if ¢pr(o1) C os.

Proof. Let gZ;* : My — M, be the dual homomorphism, so ¢ = Spec qAS* when ¢3* is considered as a
map C[Ms] — C[M;]. One can check that ¢r(c1) C o2 if and only if ¢§(oy) C oy, which is exactly
when ¢*|,y : 03 — oy is a semigroup homomorphism. Now use Remark 2.4.3.

Remark 2.4.5. A particularly nice case of the above Proposition 2.4.4 is when N1 = No = N and
5 = Idy. For strongly convex rational polyhedral cones 01,09 C Ng, if 01 C o9 , the inclusion
a canonical toric morphism U,, — U,,. Moreover, by the functoriality of the definition of toric
morphisms, we have that if o1 C 09 C 03, the composition of maps U,, — Uy, = Uy, is the same
as the map U,, — U,, given by o1 C 03. In this view, Proposition 2.3.7 is stating that an inclusion
of a face of a strongly convex polyhedral cone 7 < ¢ canonically induces a toric morphism U, — U,
that is an open embedding.
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Example 2.4.6. Consider the chain of inclusions of cones Cone(ej,ez) C Cone(2e; — eg,es) C
Cone(e; — eg,e2) C R? = Ng which induces morphisms C? 4 V(y? — z2) X C2, where ¢ is the
parameterization map ¢(s,t) = (s, st,st?) and 1) is the projection map v(z,y,z) = (z,y). The
composed map (1o ¢)(s,t) = (s, st) is indeed the map induced by Cone(eq, e2) C Cone(e; — ez, €2).

14



CHAPTER 3

Normal Toric Varieties

The definition of a general toric variety is a straightforward generalization of the affine toric varieties:

Definition 3.0.7. A toric variety is an irreducible variety X such that (i) X contains a torus T
as a Zariski open subset and (ii) the action of Ty on itself extends to an action Ty x X — X given
as morphism of varieties.

While non-normal toric varieties exist (see Example 3.2.6), we focus exclusively on the normal
ones, which are obtained by patching together affine toric varieties with a data of a fan. Historically,
the study of toric varieties included only normal ones, as normal toric varieties provide a rich
interaction between their geometric structures and combinatorial structures that define them.

We start by defining the normal toric variety associated to a fan, and give some examples. We
then study the toric varieties defined by the normal fans of polytopes, which will turn out to be
projective normal toric varieties. These projective normal toric varieties provide rich examples of
toric varieties that are relatively easy to compute and work with. We finish with two illustrative
examples in which the combinatorics informs the geometry of toric varieties, which are the orbit-cone
correspondence and the classification of complete smooth normal toric surfaces.

3.1 Fans and normal toric varieties

We start with how a fan defines a normal toric variety and consider some examples. As in the case
of affine normal toric varieties (Proposition 2.4.4), toric morphisms of general normal toric varieties
correspond particular subset of maps of lattices.

Definition 3.1.1. A fan X in Ny is a finite collection of cones o C Nr such that
1. Fvery o € ¥ is a strongly conver rational polyhedral cone.
2. For every o € %, each face of o is also in 3.
3. For every 01,09 € X, 01 N o9 is a face of each.

Given a fan ¥ C Ng, each of the cones o € ¥ is a strongly convex polyhedral cone, which
defines a normal affine toric variety U,. Moreover, given 01,09 € X, the affine toric varieties Uy,
and U,, each contain an open subset isomorphic to Uy, s, that can be canonically identified via

the canonical embeddings Uy, & Usinos N Us, induced by o1 = 01 Nog < o2 (Remark 2.4.5). The
important result is that the maps g5, », glue together the affine toric varieties into a toric variety.
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Theorem 3.1.2. Let ¥ C Ny be a fan. Then the morphisms gy, 4, glue together the finite collection
of affine toric varieties {Uy }yex to define a variety Xx,. More importantly, Xy is a separated normal
toric variety.

Proof. We need first check that the morphisms g,, -, satisfy the cocycle condition: if o1, 02,03 € X
then gs5,65090,,0, coincides with g,, -, on the appropriate domain. Since the maps Uy, & Usinos N
U,, are canonically induced by the inclusion maps o1 <= o1 N oy < o1 (cf. Remark 2.4.5), the

following commuting diagram

01 <—01 Noyt———> 09 induces Uy, <—U, ——U,,

o1No2

J

o1NogNog alﬂagﬂag

o1 N osc P09 1) 03

Ulﬂ0'3 0'200'3

which implies that gs,.65 © gos,0, agrees with go, o o0 Usngones- Moreover, since every cone in X
is strongly convex, the origin {0} C N is a face of each. Thus, for all ¢ € ¥ we have torus actions
Ty x Uy = U,. For any 01,09 € X, the Ty-actions on U,, and U,, are compatible since the maps
Us, <= Usingy — Us, are toric morphisms and are thus equivariant by Proposition 2.4.2. Moreover,
since the affine varieties {U, },ex defining Xy are normal, so is Xx. Lastly, X5 irreducible since it
is clearly connected and covered by open irreducible subsets. Thus, we have thus shown that Xy, is
a normal toric variety. For the proof that Xy, is separated, see [CLS11, Theorem 3.1.5].

Remark 3.1.3. In fact every normal separated toric variety arises in this way, proof of which is
outside the scope of this article.

Example 3.1.4. Consider the fan 3 in R drawn below that is defined as the collection of two
opposites rays o; = Cone(l),02 = Cone(—1) and the origin 0. Setting U,, = SpecC|z] and
Us, = SpecC[z71], we have that g,, s, is given by Clz~!,-1 = Clz], via 27! — 27! = 1/x.
In other words, ggy,0, : Uy, = C — U,, = C is given as t — 1/t. This is exactly the description of
P! and its two distinguished affine patches. Hence we have Xy, ~ P

e sese

Figure 3.1: The fan corresponding to P!

Example 3.1.5 (Blow-up Bly(C?)). Consider the fan ¥ C N given by cones o1 = Cone(eg, e1 +
e2), oo = Cone(ey,e; + e2) and their faces. The fan ¥ and the dual cones of 01,09 are as drawn
below; note that Sy, + Z(ea — €1) = Soyn0s = Sop + Z(e1 — e2). With U,, = SpecClx,y/x] ~ C?
and Uy, = SpecCly, z/y] ~ C?, one checks that go, o, is given by Clz,y/z],/, — Cly,z/yl,/, via
x = y(x/y), y/x — x/y. This is exactly the description of the patching of two affine pieces in the
blow-up of C? at the origin, and hence Xy ~ Bly(C?). Thus, we have shown that if {vg, v} is a basis
of N, then splitting o = Cone(vg, v1) into a fan ¥ of two cones Cone(vg, vg + v1), Cone(vg + v1,v1)
corresponds to blowing-up U, ~ C? at the origin.
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Figure 3.2: The fan corresponding to the blow-up Bly(C?)

The criterion for when an affine normal toric variety is smooth generalizes immediately to a
normal toric variety Xyx:

Proposition 3.1.6. For ¥ C Ngr a fan, Xx is a smooth variety if and only if every cone o € X is
smooth.

Proof. A variety is smooth if and only if it is covered by smooth affine open patches, which by
Proposition 2.3.9 occurs exactly when every cone o € X is smooth. [J

The definition of toric morphism also generalizes naturally (cf. Proposition 2.4.2).

Definition 3.1.7. Let Xy, be normal toric varieties of fans ¥; C (N;)r for i = 1,2. A morphism
¢ Xs, — Xy, is toric if §(Tn,) C T, and |1y, is a group homomorphism.

The equivariance of toric morphism follows naturally from Proposition 2.4.2, and moreover
Remark 2.4.3 likewise generalizes naturally to the following statement:

Proposition 3.1.8. [CLS11, Proposition 3.3.4] Let Xx, be as above. We say that a map of lattices
qAS : N1 = Ny is compatible with fans 31,39 if for every o1 € 31 there exists o9 € Yo such that
qBR(al) C o09. The compatible maps ¢ : N1 — Ny induce toric morphisms ¢ : Xy, = X5, and
conversely.

Example 3.1.9. In the Example 3.1.5, the identity map is compatible with fans 3 and o, and the
induced map ¢ : Xy — U, is the canonical blow-down map Bly(C?) — C2.

3.2 Polytopes and projective normal toric varieties

In this section, we discuss the projective normal toric varieties, which turns out to arise from lattice
polytopes. A lattice polytope P C My is a set of the form

S
P = Conv(my,...,mg) := {)\1n1+-"+)\sms€MR | \i>0foralli=1,...,s and Zkizl}
i=1

for some my,...,ms € M. The dimension of P is the dimension of the smallest affine subspace of
Mg containing P. For positive integers k, denote by kP the k-fold Minkowski sum of P, which is also
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a lattice polytope. For a lattice point p € PN M, denote by PN M — p the set {m —p | m € PNM}.
Then p is a vertex of P if the cone o, C My defined as

op := Cone(P N M — p)

is strongly convex. Given a full dimensional lattice polytope P C Mg, its normal fan Yp is a fan
in Nr obtained by collecting together 0'1\0/ and all its faces for every very vertex p of P. Thus, a
lattice polytope defines a normal toric variety.

Since the normal fan of P and kP (for k € N) is the same, we can canonically associate a normal
toric variety to a polytope up to scalar multiplication. In this section we show that these normal
toric varieties defined by polytopes are in fact projective normal toric varieties.

We start off with a more general construction of projective toric varieties. Similar to the affine
case, we can construct a projective toric variety by selecting finite set & of lattice points in M
and considering the monomial maps it defines. We will then show that when &/ = PN M for a
very ample polytope P C Mg, the two constructions — one by monomial maps and the other by
the normal fan of P— define the same variety. One advantage of considering the polytope is that
instead of considering the affine patches and their gluing maps, we can compute the ideal defining
the projective toric variety directly from the points of P N M.

We note first the torus that is naturally contained as an open dense subset in the projective
space P”, which is

Tprn :={(ag:...:an) €EP" | apar - an, #Z0} = {(1:ty:...:t,) | t1,...,t, € C'} = (CH".

Recall that we constructed affine toric varieties by considering the image of a map of tori. We
proceed likewise for the projective case.

Definition 3.2.1. Let M be a character lattice of a torus Ty, and let & = {my,...,ms} C M.
Define a map @, : Tn — P51 to be the composition Ty e (C*)* 5 Tpe—1 < P571, and define
Xy = Im(&{ﬂ) to be the closure of the image of the map.

Proposition 3.2.2. Let Ty be a torus with lattice M, and let &/ = {m1,...,ms} C M. Then X
as defined above is a toric variety.

Proof. we will work in the affine patches U; of P! for i = 1,...,s. Since Tps—1 is contained in any
open affine piece U;, under the canonical isomorphism U; ~ C® the map ® o IN — Tps—1 C U; ~ C?
is given as t — (X1 7™i(t),...,x"="™i(t)) (where the term x"i~™i(t) = 1 is omitted). Hence, if
we denote o7, = {m; —m;,...,ms—m;}, then the closure of ®, in U; is Y, an affine toric variety.

Since closure of a set X in P*~! is the same as taking the union of the closures of X is each Uj,
we have that X is the projective variety obtained by patching together the distinguished affine
pieces Y./, which are affine toric varieties. Since a torus is irreducible, its image Im(® /) and hence
the closure X, are irreducible. Moreover, note that Z.7’s for all i = 1,...,s are isomorphic in
that Z<f; ~ 7'/ == {aymi + -+ asms € ZA | a1 + -+ + aym = 0}. X thus contains the torus
Spec C[Z' &/ as an open dense subset whose action on itself extends to X, by working in the affine
patches. [J

We state as a separate lemma an important fact that was stated as part of the proof just given.
In fact, we also give a further improvement of the result.
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Lemma 3.2.3. [CLS11, Proposition 2.1.9] The i*" distinguished affine piece (X )z, of the projective
toric variety Xz is Yo, where o = {m1 —my,...,ms —my;}. Moreover, X is efficiently covered
by ones that form vertices of Conv(&); more precisely,

X, = U Y
el

where I ={i € {1,2,...,s} | m; is a vertex of Conv(&/) C Mg}.

The advantage of this construction is that one can directly compute the defining ideal I(X ).
The next proposition tells us how to do so.

Proposition 3.2.4. [CLS11, Proposition 2.1.4] Let Tn, M, < be given as above. Recall that Iy, is
the lattice ideal of L = ker(Z® — M). Then Y,, C C* is the affine cone of X, C P*~! if and only
if there exists u € N and k > 0 in N such that (m;,u) =k foralli=1,... s

Remark 3.2.5. Using Proposition 3.2.4 we now note how to compute the ideal I(X,/). Let Ty =
(CH), M =7Z" and &/ = {mq,...,ms} C Z". We note that in this case the statement 2. of
Proposition 3.2.4 is equivalent to stating that (1,...,1) is in the row span of the matrix A formed
by columns m;. If (1,...,1) is not in the row span of A, we can simply add it to A as the last row to
obtain a new matrix A’, which this is equivalent to setting &’ := {mji+eni1,...,ms+enr1} C Z"HL.
We see that X, = X, since {(#™ : ... : t™s) € P71 | t € (C*)"} = {(st™ : ... : st™) €
Ps=1 | ¢t € (C*)", s € C*}. This allows us to easily construct and compute the ideals of projective
(even non-normal) toric varieties.

Example 3.2.6. For & = {(2,1),(3,1),(0,1)} C Z?, the matrix A already has a row (1,1,1) and
ker A = span((3,—2,—1)). Thus, we have X, = V(23 — y?2). This is a non-normal toric variety
because (X ). ~ V(2® — y?) is not normal (cf. Example 2.3.6).

Example 3.2.7. Let & = {(0,0),(1,0),(1,1),(1,2)} C Z2?. Since (1,1,1,1) is not in the row

~—

span of A, we add it to obtain A’ =

= o O

1 11
0 1 2|. Since ker A’ = span((0,1,—2,1)), we have
1 11

Xy = V(y* — 2z) C C* (with coordinates (w,z,y,z)). As expected from Proposition 3.2.3, the
semigroup Ny = Cone((1,0), (1,1),(1,2)) gives the singular quadratic cone V(y* — z2) C C3,
which is the affine patch U, of X,,. Likewise, Nz = Cone(—e1, te2) gives C x C*, which is indeed
Uy ~ V(1 —zz) C C? (with coordinates (w, z, 2)).

Figure 3.3: Lattice points &/ = {(0,0), (1,0), (1,1),(1,2)} and the semigroups N.o/; and N3
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We now turn to the case when &/ C M is given as P N M, the lattice points of some lattice
polytope P C Mpg. From the discussion so far, one might guess that the projective variety associated
to a lattice polytope P to be Xpnjys. However, there are two problems with such naive approach.
The first is that if P is not full dimensional then the normal fan > p has cones that are not strongly
convex, so we need restrict ourselves to full dimensional lattice polytopes. The second issue is more
subtle; there are cases when the variety Xpnys does not match the variety Xy, defined by the
normal fan 3 p of P. Consider the following example:

Example 3.2.8. Consider the polytope P = Conv(0, e1, e2,e1 + ez + 2e3) C R3. One can compute
that Xprzs ~ P3. However, ¥p contains a cone o that is the dual of 0¥ = 0y = Cone(eq, e, €1 +
es + 2e3), and S, = N{ep, e2,e1 + e + e3,e1 + €2 + 2e3} so U, ~ V(w? — xyz) C C*, which is not
smooth (has a singularity at the origin).

In the previous example, the main problem is that there is a vertex p € P (p = 0 in the example)
such that N(PNM —p) # Soy = Cone(PNM —m)NM. We can remedy this problem by considering
very ample lattice polytopes P C Mp, which are lattice polytopes such that N(P N M — p) =
Cone(P N M — p) N M for every vertex p € P. Note that when P is full dimensional, being very
ample equivalently means that N(P N M — p) is saturated in M for every vertex p € P. The issue
that arose in the previous example does not occur when P is very ample:

Theorem 3.2.9. Let P be a full dimensional very ample polytope in Mr. Then Xpnn ~ Xxp.

Proof. Let &/ = {mj,...,ms} be the vertices of P, and let o1,...,0s be the corresponding cones in
the normal fan Y p of P. Note that since P is very ample, Noz; = M N Cone(«) = M N o, for all
t=1,...,s. Thus, we have Y, ~ U,, for all i.

By Lemma 3.2.3 we know that X pnjs is covered by affine pieces Y, (i =1,...,s), whereas Xy,
is covered by Uy,. Since Y, ~ Uy,, it only remains to show that the gluing in respective cases match
each other, but this follows immediately from the properties of taking a normal fan of a polytope
shown in [CLS11, Proposition 2.3.13]. O

Example 3.2.10. For a simple example of very ample polytopes, consider a n-simplex defined
as A, = Conv(0,e1,...,e,). For all i, the set A, NZ" — ¢; forms a basis of Z", and hence
N(Agy NZ™ — ¢;) is indeed saturated in Z"™. Thus, A, is very ample. Moreover, one can compute
easily that X, ~ P". For A, its normal fan ¥, is the fan given in Example 3.1.4, which as
we saw gives Xy A P!. For A,, its normal fan YA, is drawn below, and one indeed checks that
01,09,03 all define C? and the gluing maps match that of distinguished affine patches of P2.

Figure 3.4: Normal fan ¥a, of Ay

20



For any lattice polytope P, there is an integer N > 0 such that kP is very ample for any integer
k > N. Since the normal fan X p of P is the same as that of kP, Theorem 3.2.9 implies that we
can canonically associate a projective normal toric variety to a full dimensional lattice polytope P
by defining it as Xgpnps for any k such that kP is very-ample. In other words, just as selecting
any &/ = {my,...,ms} such that No = S gives an embedding Spec C[S] < C?, selecting any k
such that kP is very ample gives an embedding Xx,,, < P#HFPOMI=1 55 X by € PHIFPOMI=1 - Ope
immediate question that one may ask is how these different embeddings are related. When P is
very ample, the isomorphism between X pnys and Xppnas can in fact be related by Veronese maps.

Recall that the Veronese map of degree k, denoted v, : P* — PV with N = (Szd) — 1, is defined
as (zo : ... : ms) = (z1)1e5 where I := {(io,...,is) € N*T1 | 3" i, = k}. In other words, v; sends
(zo : ... : x5) to all possible monomials of degree d. Note that v is a closed embedding that is
isomorphism onto its image.

Indeed, the number #|kP N M| may not equal (#|Pm\g|—1+k)7 but we can modify the embedding
of Xppnas into a projective space so that the isomorphism Xpnns ~ Xppnas is given exactly by the
degree k Veronese map vg. We first note that if &7/ C M is a finite multiset and <7 is the set defined
by &', then X+ ~ X .. Now, consider the multiset {kP N M} defined as

{kPNM} = {{ Z iipr | 1 integers such that i; > 0 and Z W=k }}
pePNM pEPNM

which is the multiset obtained by k-fold Minkowski sums of P N M. When P is very ample, lattice
points of kP are k-fold sums of lattice points of P; in other words, kP N M is the set defined by
{kP N M}. Thus, we have Xjprar = Xprary C PHIRPOMI-L with #|{kP O M}| = (FIPOMIZIR),
We are now ready to relate projective toric varieties of P and kP by the Veronese map:

Proposition 3.2.11. Let P C Mg be a full dimensional, very ample lattice polytope. Then for any

integer k > 0, the isomorphism Xpan =~ X(ppaay s given by restricting the degree k Veronese map
n+k
V. In particular, the isomorphism Xa, ~ Xga, s the degree k Veronese map vy : P* — p("i")-1
Proof. We see this immediately by looking at the parameterizations. Let &/ = PNM = {mo,...,ms}
(so s = #|P N M| —1). Then the toric variety Xpnys is parameterized by &, : Ty — P¥) ¢ —
s+k
(x™(t) : ...t x™=(t)), whereas Xypnys) is parameterized by ®gprpsy 0 Tv — p(" )71, t —
(xI™(t))1e7 where I := {(ig,...,is) € N**1 | 3 i) = k} and 17 = (mo,...,ms). Lastly, one can
check that the multiset {kA,,} has no repeated elements, so {kA,} = kA,. Thus, combining with

Example 3.2.10 we have that Xa,, 5 Xka,, is exactly the Veronese map vy : P — }P’(nzk)_l. O

Example 3.2.12 (Rational Normal Curve). The rational normal curve Cy of degree d is a curve in

P4 defined by a parameterization Cy := {(s% : s471t : ... :st971 : t4) € P? | 5,¢ € C not both zero}.
Equivalently, since the matrix A = g d; ! d i 1 2 can be obtained by adding the row
(d,...,d) tothe matrix [0 1 --- d—1 d] and doing an row operation, Cy is the projective toric variety

of the polytope Conv(0,d) = dA; C Mg = R. Indeed, as Proposition 3.2.11 suggests, the rational
normal curve Cy is equivalently characterized as the image of Veronese embedding vg : P — P2

We conclude with an important class of examples of a projective normal toric varieties, the
Hirzebruch surfaces /7.
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Example 3.2.13. For 1 < a < b € N, consider lattice polytopes Py, = Conv(0, aey, , e, bey +e2) C
Mg = R?, which is very ample. Note that the normal fan of P, depends only on the difference
r = b—a. We define Hirzebruch surfaces 77, to be the normal toric variety given by the normal fan
of P, where b — a = r. By looking at the polytope P, ; and applying Lemma 3.2.3, or by looking
at the normal fan and applying Proposition 3.1.6, it is easy to see that J#. is obtained by piecing
together four patches of C? and is hence smooth. Drawn below is the polytope Py 4 and its normal
fan which corresponds to J73.

Figure 3.5: The polytope P; 4 and its normal fan

3.3 The orbit-cone correspondence

As the first example in which the combinatorial data defining the normal toric variety richly informs
its geometry, we show that the cones of a fan corresponds to torus-orbits of the normal toric variety
that the fan defines. We will see that there are really two key ideas are in play: points correspond
to semigroup homomorphisms, and 7 < ¢ induces a toric morphism U, — U, .

First, we note that given S an affine semigroup, the points of Spec C[S] correspond to semigroup
homomorphisms S — C. Indeed, points of SpecC[S] correspond to C-algebra homomorphisms
C[S] — C, which in turn corresponds to semigroup homomorphisms S — C. Furthermore, this
identification works nicely with the torus action:

Lemma 3.3.1. Let p € SpecCI[S] and v : S — C be its corresponding semigroup homomorphism.
For t € Spec C[ZS], the semigroup homomorphism for the point t - p is given by m +— X" (t)y(m).

Proof. Let &/ = {my,...,ms} generate S so that we embed V = SpecC[S] — C?*. In this em-
bedding, the torus action map Ty x V. — V given by C[S] — C[M] ® C[S], x™ — X" @ x™

becomes Clr1,...,xs)/Ir — C[tF,...,28)/IL @ Cly,...,ts]/IL, ®; — tiy;. In other words, if
a point p € V corresponds to v : S — C, then t - p is just given by the regular multiplica-
tion (x™ (t)y(m1),...,x™ (t)y(ms)), and hence the semigroup homomorphism for ¢ - p is given

by m — x"(t)y(m). O

The second ingredient to the orbit-cone correspondence is that if 7 is a face of a strongly convex
polyhedral cone o C Ng, then the inclusion 7 < ¢ induces a toric morphism U, < U,. Since both
U, and U, have Ty as the torus, the equivariance of toric morphism (Proposition 2.4.2) implies
that U, and U, — U, are T-invariant subsets of U,. Moreover, if we had chain of inclusion of faces
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o1 R 02 = -+ = 0y then we have a chain of T-invariant subsets U,, C --- C U,,,. Therefore, given
a toric variety Xy of a fan 3 C Ng, one may expect the T-orbits to be of the form U, — (U, ~, Ur)
(recall that 7 < o means 7 is a proper face of o). We now show in the following two lemmas that this

expectation is true by using the correspondence between points and semigroup homomorphisms.

Lemma 3.3.2. Let o C Ny be strongly convex polyhedral cone. Then the set of points defined as

O(o) :=U, — (U UT>

T<0
correspond bijectively to semigroup homomorphisms {7 : Sy — C | y(m) #0 < m € ot N M}.

Proof. For T < o a proper face, we have S, C S;, so that the points of U, — U, correspond bijectively
to semigroup homomorphisms 7 : S, — C that does not extend to~ : S; — C. And v : S, — C does
not extend to S; precisely when there is an element m € S, such that «(m) = 0 but m is invertible
in S;. In other words, O(o) exactly corresponds to semigroup homomorphisms 7 : S, — C that has
an element m € S, such that y(m) = 0 but m is invertible in S; for any 7 < o. Indeed, semigroup
homomorphisms {y: S, — C | y(m) # 0 < m € o~ N M} have this property: if 7 = o N H,, is a
proper subspace then m € (¢V N M) \ (¢ N M) because m € o+ N M implies o N H,, = 0.
Conversely, suppose 7 : S, — C is such that y(m) # 0 for some m € (¢V N M) \ (o N M).
Then if {m,...,mg} C M are the minimal ray generators of ¢V, then m = aymy + - - - agmy, for
some ai,...,ar € N not all zero. Since vy(m) # 0, this implies that v(m;) # 0 for all a; # 0, and so
there is m; ¢ o N M for some j € {1,...,k} with a; # 0 (if such i didn’t exist then m € o+ N M).
But this implies that v extends to S, + Z(—m;) = S; where 7 = o0 N Hy,,, is a proper face of . O

Note a distinguished point 7, in O(0) = U, — (U, ~, Ur) given by

1 meotnM
0 otherwise

m) = {

We now show that O(o) is in fact the orbit T - v,:
Lemma 3.3.3. Ty - v, = O(0), and thus O(c) is a Ty orbit in U,.

Proof. Let v € O(c); we need show that ¢ - v, = v for some ¢ € Ty. Since o= is a subspace of Mg,

the lattice points o~ N M form a sublattice of M, say of rank k. Let {m1,...,mg} C M be a Z-basis
of o N M and extend it to &7 = {+my,...,Emy, mpy1,...,ms} C M so that Nov = 0¥ N M (and
Mpy1, ..., ms & ob).

Now, by Lemma 3.3.2, the point v corresponds to a k tuple (y(m1),...,v(mz)) € (C*)*. Then
by Lemma 3.3.1, this is equivalent to showing that such that there exists some t € T satisfying
X™i(t) = y(m;) for all i = 1,..., k. But this is immediate once we choose an isomorphism Z.o/ ~
7k x grank M=k o that m; — e;. O

In the proof given above, we see that O(c) is in fact in bijection with (C*)*. The following
lemma provides an intrinsic description of this torus.

Lemma 3.3.4. Let N, be sublattice of N spanned by o N N, and let N(o) := N/N,. Then the
pairing o~ N M x N(o) — Z induced from M x N — Z is a perfect pairing, and thus we have

O(0) ~ Homg (ot N M, C*) ~ TN(o)-
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Proof. Tt is not hard to show that the map N(o) — Homgz(cb N M,Z) defined as @ +— (@, -) is
both injective and surjective. The first part O(c) ~ Homg (o N M,C*) follows easily from the
identification of O(c) and {7y : Sy — C | v(m) # 0 < m € - N M} (Lemma 3.3.2), and the perfect
pairing induces Homgz (ot N M, C*) ~ Homgz(c- N M,Z) ®z C* ~ N(0) ®z C* ~ Ty O

We are now ready to state and prove the main theorem of this section:

Theorem 3.3.5 (Orbit-Cone Correspondence). Let ¥ C Ngr be a fan and Xy its toric variety.
Then

1. There is a bijective correspondence:

{cones in ¥} <«— {Tn-orbits in Xy}
o +— O(0) ~Homg(o N M,C*)

2. The affine open subset U, is the union of the its orbits:

U, = | O(r)

T0

3. dim O(0) + dim o = dim N

Proof. Statment 2. follows immediately from Lemma 3.3.2 and Lemma 3.3.3, and statement 3.
follows from Lemma 3.3.4. For statement 1., let O be a Ty-orbit of Xs5. We show that O = O(o)
for some o € X. Since Xy is covered by Ty-invariant subsets {U, }scx, which are in turn covered
by orbits {O(7)}r<o, we have O = O(o) for some o since two orbits are either equal or disjoint. [J

Example 3.3.6. Consider Xa, ~ P? (cf. Example 3.2.10). One can check without Theorem 3.3.5
that the Tpe-orbits of P? are given as {(r : s : )1, {(0: s : )}, {(r: 0 : )}, {(r : s:0)},{(0:0:
)}, {(r:0:0)},{(0:s:0)}. Indeed, by applying Theorem 3.3.5 one obtains the following diagram:

Figure 3.6: Orbits of P? and the corresponding cones
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3.4 Classification of complete smooth normal toric surfaces

In this section we classify all complete smooth normal toric surfaces as the second illustrative
example of how the combinatorial structure of normal toric varieties informs their geometry. By
combinatorial arguments about points in the lattice, we will find that every complete smooth normal
toric surfaces arise from blow-ups of P? or Hirzeburch surfaces /.

One can show that the toric variety Xy of a fan ¥ C Np is complete if and only if the the support
of ¥, defined || := U o, is equal to the whole N (for proof, see [Ful93, §2.4]). Combining this

ogED
with Proposition 3.1.6, we have that complete smooth normal toric surfaces are given by a sequence
of lattice points vy, v1,...,vq = vy in counterclockwise order in N = Z? such that each consecutive

pair of points {v;,v; 11} forms a basis of Z2.

Thus, to classify all complete smooth normal toric surfaces, we consider what conditions the
lattice points vg,...,vq = vo need satisfy. Without loss of generality, we can assume vy = e; and
v1 = eg. This forces v9 = —ey + keg for some k € Z. Thus, if d = 3 and 4, one can check that the
only possible surfaces are P? and %, respectively. We can now state the main theorem:

Theorem 3.4.1. Every complete smooth normal toric variety can be obtained by successive blow-ups
starting either from P2 or J,.

Proof. The statement holds for d = 3 and 4, and thus theorem follows from the remark at the end
of Example 3.1.5 and the following claim:

Claim: For d > 5, there exists j such that v; = v;_1 +v;1. O
We now work towards the proof of the claim.

Lemma 3.4.2. Let lattice points vy, . ..,vq = vo € Z*> be given as above. Then:

(a) There cannot exist pairs {v;,viy1}, {vj,vj41} such that vj is in the angle strictly between viiq
and —v; and vj11 s in the angle strictly between —v; and viy1, as drawn below

(b) For every 1 < i < d, there exists an integer a; such that a;v; = v;—1 + V41
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Proof. Note that since B; = (v;,vi4+1), Bj = (vj,vj+1) are both bases of Z? oriented the same way,
if P is the change of basis matrix from B; to B; then det P = 1. However, if v;,vj41 are positioned
—a —c
b —d
and hence the determinant ad + bc > 2. This proves (a).

as stated in (a), then we have (v; v;41) ] = (vj wj41) for some positive integers a, b, ¢, d,

For (b), we note that the change of basis matrix P from (v;—1,v;) to (v;, v;11) has (1) as its first

column, and hence the second column must be [_1] for some a; € Z. [

Qg

Proof of Claim. We first show that if d > 4, then there exist v;, v such that—v; = vg. For the sake
of contradiction, suppose not. Consider the maximal chain of lattice points that all lie in a same
half-space. Without loss of generality, suppose the chain is vy, vy, ..., v and vg = e1,v1 = es. Since
d > 4, one can check that k > 2. Considering the pairs (v, v;+1) and (vg,vg41) for 0 <@ < k — 1,
Lemma 3.4.2(a) implies that vg41 is not between —v; and —v;11. Since vg41 cannot be an opposite
of vy, ...,vr, we have that vg,q lies between —vy and vg, which contradicts the maximality of the
chain.

Thus, for d > 5, we have lattice points v;, v; that are opposites, and moreover, one of two half-
spaces divided by v;, vi has at least 4 lattice points. So, without loss of generality, let v; = vg = e,
v1 = ez, and k > 3. For 1 < j <k, define ¢; := b; + b; where v; = —bjvy + b;-m. Note that ¢y > 2
and ¢; = 1, ¢ = 1. Thus, there exists 2 < j* < k — 1 such that ¢;; > ¢jr41 and ¢y > ¢jr—;. From
Lemma 3.4.2(b) we have that ajicjy = cjy_1 + ¢jr41, and since ¢y > ¢jr41 and ¢y > cj_q, we have
a; =1 and thus vy = vj_1 + vji41, as desired. [

Classifying higher dimensional smooth toric varieties is an active research problem.
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