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Introduction



Terminology

e A defaultable claim is any financial contract with features related to the
credit risk of some entity, e.g., a corporate bond, a vulnerable option, a
defaultable swap, etc.

e A credit derivative is a special device that is tailored to transfer (buy or
sell) the credit risk of a reference name.

e Plain vanilla credit derivatives: credit default swaps on a single name and
related options (credit default swaptions).

e Multi-name (structured) credit derivatives: CDOs (collateralized debt
obligations), basket swaps, index swaps.

e [ he term default time refers to the time of occurrence of some credit

event.



Main issues

e How to hedge a defaultable claim within the framework of a given

intensity-based model of credit risk?

e How to construct a model for given a set of liquid credit risk sensitive
assets and given “practically acceptable” hedging strategies for credit

derivatives?



Objectives

To analyze unconstrained and constrained trading strategies with
default-free and defaultable assets.

To examine the arbitrage-free property and completeness of a model via
the existence and uniqueness of a martingale measure.

To study replicating strategies for a generic defaultable claim in terms of
traded default-free and defaultable assets.

To derive of explicit formulae for prices and replicating strategies of credit
derivatives.

To derive PDE approach to valuation and hedging of credit derivatives in
a Markovian setup.



Risk-Neutral Valuation of Defaultable Claims



1 Risk-Neutral Valuation of Defaultable Claims

We adopt throughout the framework of the intensity-based approach.

1.1 Defaultable claims

A generic defaultable claim (X, Z, 7) consists of:

e The promised contingent claim X representing the payoff received by the
owner of the claim at time T, if there was no default prior to or at
maturity date 7'

e The recovery process Z representing the recovery payoff at time of
default, if default occurs prior to or at maturity date 7.

e The default time 7. The name default time is merely a convention.
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1.2 Default time within the intensity-based approach

The default time 7 is a non-negative random variable on (€2, G, Q).

The default process equals H; = 1<, and the filtration generated by this
process is denoted by IH.

We set G = F V H, so that G, = F; V 'H;, where F = (F;) is a reference
filtration. The choice of I depends on a problem at hand.

Define the risk-neutral survival process GG; as
Gtzl—Ft:Q{T>t|ft}, Ft:Q{TStlft}
Then the risk-neutral hazard process I' equals

Ft = —ln(l — Ft) = —lnGt.
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1.3 Dividend process

The dividend process D represents all cash flows associated with a defaultable
claim (X, Z, 7).
Formally, the dividend process Dy, t € [0, T, is defined through the formula

Dy = X1(ramyLery + /] Zua,
0,t

where the integral is the (stochastic) Stieltjes integral.

Recall that the filtration G models the full information, that is, the
observations of the default-free market and the default event.
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1.4 Ex-dividend price

The ex-dividend price process U of a defaultable claim (X, Z, 7) that settles at

time 7' Is given as

Ut:BtE@(/]tT]BgldDu Qt), \V/tE[O,T[,

where QQ is the spot martingale measure (also known as the risk-neutral
probability) and B is the savings account.

In addition, at maturity date 1" we set

Upr =Ur(X)+Ur(Z) = X1 romy + Zrlory.
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1.5 Pre-default values
1.5.1 Valuation of a survival claim (X, 0, 7)

For an Fp-measurable r.v. X and any ¢ < T the value U;(X) equals

Ui(X) = B Eg(L >y By X |Gt) = 1,54y BiEg(e" T "B X | ).

1.5.2 Valuation of a recovery process (O, Z, 7')

For an [F-predictable process Z and any t < T the value U;(Z) equals

T
Ui(Z) = Bt Eg(B: ' Z: Ly rery|Gt) = Lipnny Bre' ' Eg </ B 'Z,dF,
t

ft> |

Note that Uy(X) = 1754 Uy(X) and Uy(Z) = L~y U,(Z) for some
IF-predictable processes U(X) and U(Z).
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1.6 Comments

e The process U(X) is called the pre-default value of a survival claim
(X,0,7).

e The process (7(Z) is termed the pre-default value of a recovery process
(0,Z2,71).

e Valuation results for defaultable claims presented in this section were not
supported by replication arguments. It was assumed, somewhat arbitrarily,
that Q is the pricing measure (risk-neutral probability).

e In what follows, we shall examine separately on replication of (X, 0,7) and
(0,Z,7).

e Replication will hold on the closed random interval [0, 7 AT], where 7 AT
represents the effective maturity of a defaultable claim.
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Trading Strategies: Default-Free Assets

16



2 Trading Strategies: Default-Free Assets

e First, we shall recall the properties of the wealth process of a standard
self-financing trading strategy without and with constraints.

e In this section, we concentrate on trading in default-free assets.

o Let V', Y2 ..., Y[ represent the cash values at time ¢ of k traded assets.
We postulate that Y1, Y2, ... Y* are (possibly discontinuous)
semimartingales with respect to a filtration IF. Usually F = Y.

e \We recall the properties of the wealth process of self-financing strategies

without and with constraints in a semimartingale set-up.
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2.1 Self-financing strategies

Definition. The wealth process V(¢) of a trading strategy

¢ = (0", 0% ...,¢") equals

k
=) Y/
1=1

A process ¢ is in @, i.e. is a self-financing strategy if for every t € [0, T]

V@) =Va() + Y [ ¢havi
i=1 70

Remark. Let Y'! be strictly positive. The last two formulae yield

AC) ( Z qﬁtw) )t Z & dY7.

1=2
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2.2 Discounted wealth

The last representation of V' (¢) shows that the wealth process depends only
on k — 1 components of the process ¢.

Let us choose Y'! as a numeraire asset. Then, writing
Vie) = Vo))V, Y =Y Y

we get the following well-known result.

Lemma. Let ¢ = (¢!, @2, ..., ¢%) be a self-financing strategy. Then

k t
Ww:WW+ZA%MT,WHMT
1=2
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2.3 Replication

Proposition. Let X be an Fp-measurable random variable. Assume that there
exists © € R and IF-predictable processes ¢, i = 2.3, ...,k such that

X e
= = LAY
7 “;/o 4 dY,

Then there exists a IF-predictable process ¢! such that the strategy
¢ = (¢, 9%, ..., 0") is self-financing and replicates X. Moreover

k t
T (X) . i i1
T _a:+;/0 oL dY;

t

where 7¢(X) is the arbitrage price (cost of replication) of X.
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2.4 Constrained trading strategies

e By definition, a constrained strategy ¢ satisfies

k
> G =2

1=0+1

where Z is a predetermined IF-predictable process.

e [ he constraint above is referred to as the balance condition and the class
of all constrained self-financing strategies is denoted by ®;(7).

e For any ¢ € ®;(Z) we have, for every t € [0,T],

k 12
Vie () = Y oY, =) oY) + 2.
1 =1 1 =1
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2.5 Dynamics of a relative wealth

Lemma. The relative wealth V,'(¢) = V;(¢)(Y;!)~! of any strategy ¢ € ®;(2)

satisfies

Lot t g1

Z / ¢ZdYJ’k:,1—|— U dyk,l
0

k1 Yu
i=1+1 0 Y,

! t
Vi) = V@) + 3 / oL Ayl 4
i=2 Y0

where we denote Z! = Z;/Y,' and

}/tz,ki,l _ / (dYJ’l . ’llLC—l dYuk:,1> .
0 Y,

u
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2.6 Replication under balance condition

Let X be a Fpr-measurable random variable.

Proposition. Assume that there exist IF-predictable processes
¢, i=2,3,...,k— 1 such that

X LT
WZ“Z/ o) dY;" +
T 5 J0

Then there exist the IF-predictable processes ¢! and ¢* such that the strategy
¢ = (¢, 9%,...,0"%) € ®;(Z) replicates X. Moreover

el | t g1
> / D dYJ’k’l—l—/ e S
0 o Y,”

1=Il+1 Uu—

k—1 T k1 T Z]_ L1
) LR, t )
0 0 t—

1=1+1

! ¢
Vi@ o+ [ elavits
i=2 70
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2.7 Synthetic assets

e Processes Y**:1 given by

o= [ (s B
0 Y ™

u_

represent relative prices of synthetic assets.

e More specifically, for any: =1+ 1,1+ 2,...,k — 1 the process
Yokl = Y1y“Fklis the cash price of the ith synthetic asset. We write

briefly Y = Ykl

e The ith synthetic asset Y can be obtained by continuous trading in
primary assets Y!, Y and Y.
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2.8 Case of continuous semimartingales

Lemma. Assume that the prices Y, Y? and Y* follow strictly positive
continuous semimartingales. Then we have

¢
ik,1 Lky—1_ab®t 1Tkl
0

where
ik,1

f/;',m _ Yti’ke_o‘t

and

u

t
az,kz,l _ <lnYi’k,1I1Y1’k>t :/ (ij,k)—l(yl,k:)—l d<Yi’k,Yl’k>u.
0
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2.9 Further properties

e Each primary asset Y*, i =1+ 1,...,k — 1 can be obtained by trading in
primary assets Y!, Y* and a synthetic asset Y.

e Constrained market models
MU(Z)= (Y1 Y?,... ) YF ®(2))
Miu_1(Z) =1, Y2, .. YLyt YRl YR e (2))
are equivalent. Note that ¢ € ®;,_((Z) if oFYF = Z;.

e Instead of using primary assets Y'', Y2, ... Y* it is more convenient to

replicate a contingent claim using the assets
yLy? .. yLyHt YRl YR

26



2.10 Remarks

e In the case of a single constraint, the wealth V(¢) of a self-financing
trading strategy ¢ = (¢1, @2, ..., ¢F) is completely specified by the
k — 2 components ¢2, ..., " ! of ¢.

e The coefficients ozi’k’l represent the correlations between relative prices
Y%* and Y1'* (in so-called volatility-based models they are given as

integrals of products of the respective volatilities).

e The concept of a self-financing constrained strategy allows us to deal with

the recovery process Z. For a survival claim (X,0,7) we set Z = 0.

e |t remains to specify the behavior of defaultable tradeable assets at the

time of default (recovery rule).
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Trading Strategies: Defaultable Assets
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Standing assumptions
e /Zero recovery scheme for all defaultable assets.
e Pre-default values of all defaultable assets follow continuous processes.
e All defaultable assets have a common default time.
e Prices of default-free assets follow continuous processes.

These assumptions are not realistic and too restrictive, but each of them can
be subsequently relaxed.

29



3 Trading Strategies: Defaultable Assets

o Let Y', i =1,...,m be prices of defaultable assets traded in the market.
A random time 7 is the common default time for all defaultable assets.

e If Y is subject to zero recovery then
Y =1,

where the process Y, representing the pre-default value of Y, is adapted

to the reference filtration I,

e \We assume that the pre-default price processes 177573, t €10,T], are
continuous semimartingales and Y'! is strictly positive.
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3.1 Self-financing strategies

Let Y1,..., Y™ be prices of m defaultable assets, and let Y1 ... Y*
represent prices of k — m default-free assets. Processes Y™ +1 ... Y* are

continuous semimartingales and Y* is strictly positive.
We postulate here that the processes ¢!, ..., ¢" are G-predictable.

Definition. The wealth V;(¢) of a trading strategy ¢ = (¢!, ¢2,. .., ¢%) equals
Vi(o) = Zle PLY;! for every t € [0, T]. A strategy ¢ is said to be

self-financing if

k t
> /gb;dyg, vt e [0,T].
0

1=m-+1

m ot
Vio) = V(o) + 3 [ olavi+
i=1 70
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3.2 Pre-default wealth

Definition. The pre-default wealth ‘7(gb) of a trading strategy
¢ =(¢", 0%, ..., ¢") equals

ZqﬁzYw Z o1, Vtelo,T).

1=m-+1

A strategy ¢ is said to be self-financing prior to default if

V(o) = Vo(o +Z/¢ Ay’ + Z /¢ dy?, vtelo,T].

1=m-+1

Comments:

e If a trading strategy is self-financing on [0, 7 A T'[ then it is also
self-financing on [0,7 A T7.

e We may and do assume that the processes ¢!, ..., »" are IF-predictable.
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Replication of a Generic Defaultable Claim
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4 Replication of a Generic Defaultable Claim

Recall that U;(X) and U,(Z) stand for pre-default values of defaultable claims
(X,0,7) and (0, Z, 7), respectively.

Definition. A self-financing trading strategy ¢ is a replicating strategy for a
defaultable claim (X, Z, 7) if and only if the following hold:

o Vi(¢) = Uy(X) + Uy(Z) on the random interval [0, 7 A T,
o V.(¢) =Z; ontheset {7 <T},
e V(o) =X on theset {7 > T}
We say that a defaultable claim is attainable if it admits at least one

replicating strategy.
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4.1 Replication of a survival claim

It is enough to deal with the pre-default wealth process V (¢).

Proposition. Let a constant ‘701 and IF-predictable processes 9" for
i =2,...,mand Y% for i =m+1,...,k — 1 be such that

m T k—1 T
v <V01+Z /0 LAY+ Y /O wiﬁ’ldY;”fJ):X.
=2 1=m-+1

Let V, = YV,! where

~

mo g
- S [ it
i=2 70

k—1 t
Tk, v Lk,
Y / gikl gyikl
0

1=m-+1
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Proposition (continued).

Then the trading strategy ¢ = (¢!, 92, ..., ¢*) defined by

i - (aEom)
1=2

i i .

. o= WY, 1=2,...,m,

; ik 11k —gbkd :

o= Yy Y "e ™ i=m+1,... k-1,
k—1

ko }: ivivky—1

¢t - o ¢t}/t(}/t) ;
1=m-+1

is self-financing and it replicates (X,0,7). We have V,(¢) = V, = U;(X), that
is, the process V' represents the pre-default value of a survival claim.
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4.2 Remarks

e To completely specify a strategy ¢ it suffices to specify (in fact, to find if
we wish to replicate a given defaultable claim) & — 2 components only,
namely, the components ¢2,..., ¢" 1.

e The coefficients &’i’k’l are correlations between the relative asset prices
Yok =Y1/Y* and Y1# = Y1 /Y* and, typically, they equal to integrals

of products of the respective volatilities.

e The volatility of Y1* = Y1 /Y* will depend on the properly defined
volatility 3(¢,T") of the hazard process (if ' is deterministic then 3(t,T)
vanishes).
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4.3 Replication of a recovery payoff

Proposition. Let a constant V! and F-predictable processes v’ for
i =2,...,mand Y"1 for i =m+1,...,k — 1 be such that

m T k—1 T
V01+Z/O YL Ayt 4+ > /O YLkt gy ik
1=2 1=m+1

Let V, = YV,! where

k—1 t
ik, v Lk,
E /wu dy,
0

1=m-+1

mo ot
=5 [ i
i=2 0
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Proposition (continued).

The replicating strategy ¢ = (¢, ¢2,..., ") for a recovery process Z is given
by the following expressions

5= (v 7 ngzf@) T,
1=2

o = P, i=2,....m,

. = Ni’k’lzl’ke_ai’kjl, t=m+1,...,k—1,
k—1

oy = <Zt > ¢1Y;> Y/~
1=m-+1

Moreover, V;(¢) = V, = U,(Z), that is, the process V represents the
pre-default value of a recovery payoff.
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Examples of Replication
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5 Examples of Replication

5.1 Standing assumptions

e \We are given an arbitrage-free term structure model driven by a Brownian
motion W. The reference filtration IF is the Brownian filtration: F = FW .

e We are given the IF-hazard process I' of default time 7.

e Default-free discount bonds B(t¢,T) and defaultable bonds with zero
recovery D°(¢,T') are traded assets. For a fixed T' > 0, we define

DO(t,T) = B Bg(By irory | Ge) = Loy DO(1,T),

where ﬁo(t, T') stands for the pre-default value of the defaultable bond.
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5.2 Forward martingale measure

Let Qr stand for the forward martingale measure on (€2, Gr)

dQr 1
40 BrBO.T) TS

so that the process W1 = W, — fo u,T) du is a Brownian motion under Q7.

Denote by F(t,U,T) = B(t,U)(B(t,T))" ! the forward price of U-maturity
bond, so that

dF(t,U,T) = F(t,U,T)(b(t,U) — b(t, T))dW,"

where W' is a Brownian motion under Q.

Since the savings account B; and the bond price B(t,T) are IF-adapted, it can
be shown that I' is also the IF-hazard process of 7 under Qp

Qr{it <7 <T |G} = ]1{T>t}E@T(eFt_FT | F).
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5.3 Volatility process 3(t,T)

Observe that
Do(t, T) = ]1{7.>t}l50 (t,T) = ]1{7.>t}B(t, T) Eg, (ert_FT | ).

We set
T'(t,T) =D, T)(B(t,T)) " =Eq, ("' | F).

Lemma. Assume that the IF-hazard process I' is continuous. The process
['(t,T),t € [0,T], is a continuous IF-submartingale and

dr(t,T) =T (t,T)(dly + B(t,T) dW")

for some IF-predictable process 3(¢,T'). The process I'(¢,T) is of finite
variation if and only if the hazard process I' is deterministic. In this case,
we have that I'(¢,T) = elt 71T,
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5.4 Example 1: Vulnerable option on a default-free bond

For a fixed U > T', we assume that the U-maturity default-free bond is also
traded, and we consider a vulnerable European call option with the terminal
payoff

Cr =1y (B(T,U) — K)*.

We thus deal with a survival claim (X, 0, 7) with the promised payoff
X =(B(T,U) - K)™.

We take Y,! = D¢, T), Y, = B(t,U) and Y;? = B(t,T) as traded assets.

Let us denote
F(t) = B, TYO(EU) = b(t,T)), Vit e [0,T],

and let us assume that f is a deterministic function.
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5.5 Replication of a vulnerable option

Proposition. Let us set F(¢t,U,T) = B(t,U)/B(t,T). The pre-default price C,
of a vulnerable call option written on a default-free zero-coupon bond equals

<Z::ﬁ%@jﬁ@%uUﬂvd?ﬂ@dwv@+@JLT»—Javm_@JLT»>

where

InF(t,U,T) —log K + [ f(u)du+ 3v2(t,T)
u(t, T)

ha(t,U,T) =

and v2(t,T) = [ |b(u,U) — b(u, T)|? du. The replicating strategy satisfies
'

gb% - = , OF = e T F(th)N(h-l—(t: U, T))7 gb? - _gb?F(t? U,T).
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5.6 Remarks

e The pricing formula is structurally similar to the pricing formula for a bond
futures option in the Gaussian HJM setup.

e The promised payoff is attainable in a non-defaultable market with traded
assets B(t,T') and B(t,U).

e To replicate the option we assume, in addition, that a defaultable bond
DY(t,T) is traded.

e If I' is deterministic then the price 6'75 = I'(t,T)C}, where C} is the price
of an equivalent non-defaultable option. Moreover

¢ = CeB(t, 1), ¢; =T, T)N (hy(t,U,T)), ¢} = —¢;F(t,U,T).

e The method is quite general and thus it applies to other claims as well.
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5.7 Example 2: Vulnerable option on a default-free asset

We shall now analyze a vulnerable call option with the payoff
C% — ]1{T<T}(YT2 - K)+-

Our goal is to find a replicating strategy for this claim, interpreted as a
survival claim (X, 0, 7) with the promised payoff X = Cr = (Y7 — K)™,
where C'r is the payoff of an equivalent non-vulnerable option.

Method presented below is quite general, however, so that it can be applied to

any survival claim with the promised payoff X = G(Y3#) for some function
G : R — R satisfying the usual integrability assumptions.

We assume that ;! = B(t,T), Y;> = D(t,T), and the price of a default-free
asset Y2 is governed by

dYy? = Y7 (e dt + o dWy)

with F-predictable coefficients 1 and o.
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5.8 Credit-risk-adjusted forward price: definition

Definition. Let Y be a Gr-measurable claim. An F;-measurable random
variable K is called the credit-risk-adjusted forward price of Y if the
pre-default value at time ¢ of the vulnerable forward contract represented by

the claim 171 (Y — K) equals 0.
Then we have the following result.

Lemma. The credit-risk-adjusted forward price ﬁy(t,T) of an attainable
survival claim (X, 0, 7), represented by a Gr-measurable claim ¥ = X1 7,

equals 7:(X,0,7)(D(t,T)) !, where 7;(X,0,7) is the pre-default price of
(X,0,7).
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5.9 Credit-risk-adjusted forward price: computation

Let us now focus on default-free assets. Manifestly, the credit-risk-adjusted
forward price of the bond B(t,T') equals 1. To find the credit-risk-adjusted
forward price of Y2, let us denote

Fy2(t,T) := Fy2(t,T) "~ = Y2 eor 0,

where a; := (In Y% InY31), satisfies
t t
ap = / (0w — b(u, T))B(u, T) du = / (0w — b(u, T)) (d(u, T) — b(u,T)) du.
0 0

Lemma. Assume that ay, t € [0,T], is a deterministic function. Then the
credit-risk-adjusted forward price of Y2 equals Fy- (¢, T) for every t € [0,T].
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5.10 Replication of a vulnerable option

Proposition. Suppose that the volatilities o, b and 5 are deterministic. Then
the credit-risk-adjusted forward price of a vulnerable call option written on a

default-free asset Y2 equals
F\Cd (tv T) — F\YQ (tv jﬁ)]\f(d—i-([ﬁY2 (ta T): t, T)) o KN(d— (ZﬁY2 (ta T): t, T))
where

-~ Inf—InK =+ Lo2(t,T)
d:l:(fvtaT) — ’U(t T)2

and
T
2= [ oo T
t
The replicating strategy ¢ in the spot market satisfies, on the set {t < 7},
61 B(t,T) = —¢7Y?, ¢f = D(t, T)(B(t, T)) " N(dy (t,T))e "

and ¢3D(t,T) = C?, where d(t,T) = dy(Fy2(t,T),t,T).
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5.11 Example 3: Option on a defaultable bond

Consider a (non-vulnerable) call option on a defaultable bond with maturity
date U and zero recovery. Let T' be the expiration date and let K > 0O stand
for the strike. The terminal payoff equals

Cr = (DY(T,U) - K)™.
Note that
Cr = (LirsryDY(T,U) = K)" =1 praqy (DU(T,U) = K)" =1 pram X

where X = (D°(T,U) — K)*, so that we deal again with a survival claim
(X,0,7). Since the underlying asset is defaultable here, the replicating
strategy will have different features. We now postulate that defaultable bonds
of maturities U and 1" are the only tradeable assets.
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5.12 Replication of an option on a defaultable bond

Proposition. Let (t,U) + b(t,U) — b(t, T) be deterministic. Then the
pre-default price ét of a call option written on a U-maturity defaultable bond

equals
Cy = D°(t,U)N (k. (t,U,T)) — KD°(t,T)N (k_(t,U, T))

where

In DO(t,U) — In DO(t,T) — log K + 13%(¢, T)
o(¢, T)

ki(t, U, T) —

d 02 (t,T) = ftT 18(w,U) + b(u,U) — b(u, T)|? du. The replicating strategy
= (¢, ¢?) is given by

~

¢y = (Cy — ¢y DO(t, U))(D (¢, 7)) ", ¢f = N(ky(t,U,T)).
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5.13 Remarks

e The payoff is attainable in a defaultable market with traded assets
DY(t, T) and D°(t,U). Default-free assets are not used for replication.

e If I' is deterministic then
Cy =" "B, U)N (ki (t,U,T)) — Ke"* """ B(t, T)N (k_(t,U,T))

where

InB(t,U) —InB(t,T) —log K — 'y 4+ T'y + 20%(¢,T)
v(t,T)

ki(t,U,T)=

and v2(t,T) = [ |b(u, U) — b(u, T)[? du.

e This corresponds to credit-risk-adjusted interest rate 3 = ry + y(t).
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Two Defaultable Assets with Total Default
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6 Two Defaultable Assets with Total Default

We shall now assume that we have only two assets, and both are defaultable
assets with total default. This special case is also examined in a recent work
by P. Carr (2005) Dynamic replication of a digital default claim.

We postulate that under the statistical probability Q we have, for i =1, 2,
d}/tz — }/ti_ (Mi,t dt -+ Ot th - th)
where W is a d-dimensional Brownian motion, so that

Vi =lpenYy, Y9 =T1pon Y7
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6.1 Pre-default values

The pre-default values are governed by the SDEs
AYy =Y, (e + 1) dt + 040 dW;).

The wealth process V' (¢) associated with the self-financing trading strategy
(¢t, ¢?) satisfies, for every t € [0,T],

!
i) =7 (o) + [ 2arz)
0
where V! = Y2/Y}. Since both primary traded assets are subject to total

default, it is clear that the present model is incomplete, in the sense, that not
all defaultable claims can be replicated.

56



6.2 Completeness

e \We shall check that, under the assumption that the driving Brownian
motion W is one-dimensional, all survival claims satisfying natural
technical conditions are hedgeable, however.

e In the more realistic case of a two-dimensional noise, we will still be able
to hedge a large class of survival claims, including options on a defaultable
asset and options to exchange defaultable assets.

e \We shall argue that in a model with two defaultable assets governed,
replication of a survival claim (X,0,7) is in fact equivalent to replication
of the promised payoff X using the pre-default processes.
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6.3 Replication with pre-default values

Lemma. If a strategy &', i = 1,2, based on pre-default values Y, i = 1,2, is a
replicating strategy for an Fpr-measurable claim X, that is, if ¢ is such that
the process V;(¢) = ¢ Y, + ¢?Y}? satisfies, for every t € [0, T,

AVi(9) = ¢y dY}! + ¢ dYY,  Vr(9) =X,
then for the process Vi(¢) = ¢; Y, + ¢7Y? we have, for ¢ € [0, T],
dAVi(9) = ¢ dYy' + &7 dY?, Vi(9) = Xlirery.

This means that a strategy ¢ replicates a survival claim (X, 0, 7).
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6.4 Replication of a survival claim

We conclude that a strategy (¢!, ¢*) replicates a survival claim (X, 0, 7)

whenever
~ T ~
%, (x +/ &2 de’l) — X
0
for some constant 2 and some IF-predictable process ¢2.

Note that

d?tz’l = 57752’1 ((Mz,t — 1t + o101 — 02,t)) dt + (o2t — 014) th)

and introduce a probability measure Q, equivalent to Q on (£, Gr), and such
that Y21 is an F-martingale under Q.
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6.5 Complete case: one-dimensional noise

We argue that a survival claim is attainable if the random variable X (Y})~! is
Q-integrable. The pre-default value V; of a survival claim equals

Vi =Y, By (X(Y7) ' | F)

and from the predictable representation theorem, we deduce that there exists a
process ¢ such that

'
Bo(X(V) | F) = Eg(X (7)) + | oRav2
The component ¢! of the self-financing strategy ¢ = (¢!, ¢?) is chosen in

such a way that ¢ Y;! 4+ ¢2Y2 =V, for t € [0, 7).

60



6.6 Incomplete case: multi-dimensional noise

We work here with the two correlated one-dimensional Brownian motions, so
that

d}/tz — ti_ (ui,t dt + 04t thz — th), 1= 1, 2,
where d(W1, W?2), = p; dt for some correlation coefficient p.

The model is incomplete, but the exchange option (Y2 — KY )T

is attainable and the option pricing formula in terms of pre-default values is
exactly the same as the standard formula for an option to exchange
non-defaultable assets.

It is remarkable that in the next result we make no assumption about the
behavior of stochastic default intensity.
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6.7 Example 4: option to exchange defaultable assets

Proposition. Let the volatilities 1,09 and the correlation coefficient p be
deterministic. Then the pre-default price of the exchange option equals

Cr = V2N (d: (V2! 1,T)) — KTN (d_(V2",1,T)),
where

~ Iny —In K + 202(¢,T)
d:l:(yataT) — ’U(t T)2

and
T
v (t,T) = / (0%’,“ + ag’u — 204,01,402.4) du.
t
The replicating strategy ¢ satisfies for ¢t € [0,T], on {t < 7},

¢ = —KN(d_(Y'1,T)), ¢? = N(d (Y,,t,T)).
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6.8 Conclusions

e Pricing and hedging of any attainable survival claim with the promised
payoff X = g(Y},Y2) depends on the choice of a default intensity only
through the pre-default prices Y;! and Y.

e The model considered here is incomplete, even if the notion of
completeness is reduced to survival claims. Basically, a survival claim can
be hedged if its promised payoff can be represents as X = Y%h(Yﬁ’l).

e The number of traded (default-free and defaultable) assets
Y1, Y2 ..., Y¥*is arbitrary.
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7 Open Problems

e Explicit necessary and sufficient conditions for the completeness of a

model in terms of tradeable assets.

e Selection of tradeable assets for a given class of credit derivatives. The
choice should be motivated by practical considerations (liquidity).

e The case of discontinuous prices of default-free and defaultable assets.

e The case of a general recovery scheme for defaultable assets.
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8 Related Works

e In “PDE approach to valuation and hedging of credit derivatives” we
develop the PDE approach in a Markovian set-up.

e In “Pricing and trading credit default swaps” we examine, in particular,

hedging strategies for basket credit derivatives based on single name CDSs.

e In “Hedging of convertible bonds in the default intensity set-up” we
study the valuation and hedging of convertible bonds with credit risk.
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