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Summary

We obtain solutions of the nonlinear degenerate parabolic equation

2%~ aiv{sve [V (F(5)+ V)] )

as a steepest descent of an energy with respect to a convex cost functional.
The method used here is variational. It requires less uniform convexity
assumption than that imposed by Alt and Luckhaus in their pioneering work
[2]. In fact, their assumption may fail in our equation. This class of problems
includes the Fokker-Planck equation, the Porous-medium equation, and the
p-Laplacian equation.
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Chapter 1

Preliminaries on Elementary
Analysis

1.1 Introduction

We consider a class of parabolic evolution equations, so-called doubly de-
generate parabolic equations. These equations arise in many applications in
physics and biology [11], [19], [20], [22]. They are used to model a variety
of physical problems: the evolution of a fluid in a certain domain: Porous-
medium equation [18], Fokker-Planck equation [12], etc. In this work, we
focus on these parabolic equations of the form

M) — div (a (b(u), Vu)) on (0,00) x ©
u(t = 0) = ugp on f) (1.1)

a(b(u),Vu)-v=0 on (0,00) x 9.

where

a(b(u),Vu) := f (b(u)) Ve [V(u+ V)],

and ¢* denotes the Legendre transform of ¢: R? — [0, 00), that is,

(z) = sup{x - z — c(x)},
r€ERI

for z € R Here, Q is a bounded domain of R? v is the outward unit
normal to 0¥, b : R — IR is a monotone non-decreasing function, V :
Q — R is a potential, ¢ : R? — [0,00) is a cost function, f is a non-
negative real-valued function, and ug : £ — IR is a measurable function.
The unknown is u : [0,00) X Q@ — R, u=u(t,x).

In a previous work, Alt and Luckhauss [2] proved existence of weak
solutions to (1.1), when V =0, under the following “p-uniform convexity”

5
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assumption on a(t, z) := f(t)Vc*(z),
(a(t,z1) —a(t,z2),21 — 22) > A|z1 — 22 |P, (1.2)

for z1, z» € R% and for some A >0 and p > 2. This amounts to imposing
that f is bounded below, and the cost function ¢ satisfies the ellipticity
condition

(V¥ (z1) = Ve (z2),21 — 22) > A| 21 — 22 |P. (1.3)

They approximated (1.1) by a time discretization, and they used a Galerkin
type argument to solve the resulting elliptic problems. Then, they obtained
a sequence of functions which converges to a solution of (1.1).

In the same paper, they proved uniqueness of solutions to (1.1) when V' = 0,
assuming that (1.2) holds, and the distributional derivative aba(f) of a solu-
tion w of (1.1) is an integrable function. The last condition was removed by
Otto in [16]. The technique used in [16] is called the “doubling of variables”,
and goes as follows: given two solutions u = u(t,z) and v = v(7,y) of a
PDE, one doubles the variables of u and v, that is, v = u(t,z,7,y) and
v =uv(T,y,t,x), and then, treats each solution as a constant with respect to
the differential equation satisfied by the other solution. This technique was
introduced by Kruzkov in [13], and helped to overcome a lack of regularity
in solutions. In [16], Otto doubled only the time variable of solutions u; and
ug of (1.1), and then established the L!-contraction principle

[ b @) = blus(e)). < / [ (ur(0)) — b (ua(0))],
Q Q

from which he concludes uniqueness of the solution to (1.1).
Carillo, Jiingel, Markowich, Toscani, and Unterreiter studied the large-time
behavior of solutions to (1.1), under assumption (1.2) [5]. They proved that,
in the absence of a potential V, solutions of (1.1) decay algebraically to the
steady state zero. But, in the case of the Fokker-Planck equation, they
obtained an exponential convergence in relative entropy.

In this work, we eliminate assumption (1.3), and we impose instead, the
following growth condition on the cost function c :

Bla|* <e(z) <a(l2]*+1), (1.4)

for z € R? and for some «, 3 > 0 and ¢ > 1. Notice that (1.4) is much
weaker than the ellipticity condition (1.3) imposed by Alt and Luckhaus in
[2]; for example, c(z) = @ or ¢*(z) = §|Z|3/2 satisfies (1.4), but not
(1.3). We interpret (1.1) as a dissipative system, and then, we introduce
the internal energy density function F : [0,00) — R, satisfying F’ = b~ 1.
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Setting s := b(u), sp := b(ug), and f(x) = max(x,0), we rewrite (1.1) as

%—Fdiv(sUs):O on (0,00) x 2

s(t =0) = so on

sUs-v=0 on (0,00) x 9N.

Here
Us:=—Vc* [V (F'(s)+ V)]

(1.5)

denotes the vector field describing the average velocity of a fluid evolving
with the continuity equation (1.5), sg : @ — [0,00) is the initial mass
density of the fluid, and the unknown s : [0,00) X Q@ — [0,00), s = s(t, z),
is the mass density of the fluid at time ¢ and position x of {2. The free energy

associated with the fluid at time ¢ € [0, 00), is given by

B(s(t)) = /Q (F (s(t,2)) + s(t, )V (2)] da.

Problem (1.5) includes the following well-known equations:

e the Fokker-Planck equation

% = As+div(sVV)
2
where ¢(z) := %, zeRY and F(z):=zlnz, z e (0,00),

e the Porous-medium equation

0
8—? = As", m>1
_ =P o _
where ¢(z) := 5 F(z) = p— and V =0,
e the parabolic p-Laplacian
% = div{ |Vs"|p_2Vs"}
m -2
Fx) = o= n=m-5=>0,
P11
where ¢(2) ::%, -+—=1p>1, and V=0.
p p D

Note that when n =1, we obtain the usual p-Laplacian

% - div{\ Vs \Hvs}.
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We are interested in the following questions: under what conditions does
(1.5) have solutions? Is the solution unique? What are the most relevant
properties of ¢, F' and V, which ensure that solutions converge asymptoti-
cally to an equilibrium?

In this work, we answer the first and the second questions. We prove the
existence and the uniqueness of solutions to (1.5), when the initial mass
density sg is bounded below and above, that is, sq + % € L*°(Q). This re-
striction was made to simplify the proofs, and not to bury fundamental facts
into technical computations. More precisely, we construct a weak solution
to (1.5) (see Theorems 3.4.1, 3.4.2) when ¢, F' and V are sufficiently smooth
convex functions satisfying

(HC) ¢(0) =0, and (1.4),

(HF): F(0) =0, F has a super-linear growth at +o0o, and
(0,00) > & — 2¢F(2~%) is convex.

Furthermore, we anticipate the following asymptotic results on solutions
to (1.5): if ¢(z) := ZTW, g > 1, then
W ( 1 1 _(q*)\q*71)t
1 (5(t),500) < 5 [B(s(0) — Blsao)] < s e [B(s0) — B(soc)]
(1.6)
and for general cost functions c,

We (5(t), 500) < = [E (5(8)) — E(s00)] <

3 e ' [E(so) — E(s00)]. (1.7)

> =

Here, A is the constant of the uniform c-convexity of the potential V' (see
(4.5)), and s is the equilibrium solution of (1.5). We have not been
able to establish (1.6) and (1.7) rigorously although we think that their
proof are not out of reach. Notice that (1.6) extends the result stated
in [5] on the asymptotic behavior of the Fokker-Planck equation, where

c(z) = |22|2, F(z) = zlnz, and V is uniformly convex with Hess(V') > Aid.

Our approach in studying the existence of solutions to problem (1.5) was
inspired by the work of Jordan, Kinderlehrer and Otto [12]. In [12], the au-
|2

thors observed that the Fokker-Planck equation (c(z) = ‘Z2 , F(x) =zn ZE)
can be interpreted as the gradient flow of the entropy functional

H(s) := /(slns+sV) dz,

with respect to the Wasserstein metric ds, and then, they proved the exis-
tence of weak solutions to the Fokker-Planck equation. Recall that dy is a

I
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metric on the set of probability measures on R%, with finite second moments,
defined by

‘  — ul2 1/2
da(po, p1) = [mf{/Rd » ’Ty'dv(m,y) : Y€ F(NOyﬂl)}} ,
X

where T'(uo, 111) denotes the set of probability measures on R?%x R?, having
to and g as their marginals (see the definition in Section 1.2.2 below).
Here, the interpretation of our discrete scheme is that at each time, the
system tries to minimize its free energy

E(s) ::/ [Fos+sV]dx
Q
against a penalty Wch(, s), viewed as the kinetic energy,

Wl (po, p1) := inf { /

R

r—=y
C< B > d’}/(l',y) : v e F(POyPl) }7
dw Rd

where h > 0 is a time-step size, and m—;y is viewed as a velocity. In other
words, if 52_1 is the state of the system at time t;_1 = (k — 1)h, its state
at time t; = kh is the unique minimizer of

E(S) + hWCh(SZ—h 3)7

over all probability density functions s on 2. Here, Wch(sz_l, s) is actually
the minimum work required to move the system from the state sﬁ_l, to the
state s at time t = kh.

Outline of methods

For the sake of illustration, we outline the proof of the existence theorem
to problem (1.5), assuming that V' =0, and so+ % € L>(Q). By standard
approximation arguments (see Proposition 1.4.2), one can extend the result
to the case where % fails to be bounded. Once (1.5) is solved for special
initial data sg, one can look for a-priori estimates to extend the existence of
solutions to a wider class of initial data, sg € LP(Q2), p > q. The proof of
our existence theorem consists of three main parts:

9

1. We interpret (1.5) as a “steepest descent” of the internal energy func-

tional
Pa(Q) 5 51— Ey(s) = / F(s(2)) dz
Q
against the Monge-Kantorovich work W/, where h > 0 is the time-step
size, and P,(2) denotes the set of all probability density functions s: Q —
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[0,00). In other words, given a mass density 52_1 of the fluid at time t;_1 =
(k — 1)h, we define the mass density sz at time t; = kh, to be the unique
minimizer of the variational problem

(PP : nf {h wh (sg_l, s> + Ey(s) } (1.8)

(see Proposition 2.1.1). So, at each time ¢, the system tends to decrease its
internal energy E;(s), while trying to minimize the work to move from state
s(t) to state s(t + h).

2. We write the Euler-Lagrange equation of (P]?), and then, deduce
that

% = div{sZVc* [V (F/(SZ))} } + Ag(h) (1.9)

weakly, for k € IN (Proposition 2.3.1), where Ay (h) tends to 0, as h goes to

0. The subsequent equality (1.9) shows clearly why (1.8) is a discretization
of (1.5).

3. We define the approximate solution s” to (1.5), as the time-discrete
function

sh(t,z) = si(z) if t € ((k—1)h,kh]
sh0,2) = so(x),
and we deduce from (1.9) that, s” satisfies
o5t = div{ s"Ver [V (F/(s") ] }+A(h) on (0,00) x Q
(1.10)
sh(t=0)=s9 on

in the weak sense (Proposition 2.5.1), where A(h) is shown to be 0 (he(q)) ,
€(q) :=min(1,q — 1), as h goes to 0. (Proposition 3.1.2).

4. We let h go to 0 in (1.10), and we wish to show that the sequence
(s")), converges to a function s, which solves (1.5) in the weak sense. Here,
two convergence results are established:

4.1. the weak convergence of (s"), to sin L' ((0,T) x Q) (up to a

subsequence) for 0 < T' < oo, which clearly proves that % . converges

weakly to % in [C(R x Rd)]/, and

4.2 the weak convergence of the nonlinear term { shver [V (F’(sh)) } }
to sVe* [V (F'(s))] in L' ((0,T) x Q), for a subsequence.

h
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(4.1) follows from the fact that E; (s"(t)) < E;(so), and F has a super-
linear growth at +00. But, since we require here that sg is bounded above,
we use instead, the maximum principle stated in Proposition 2.2.1, to obtain
(4.1) (see Lemma 3.2.1). Indeed, starting with an initial probability density
function sy which is bounded above, that is, sg < N, we prove that, at
any time t; = kh, k € IN, the probability density function sz - solution of
(P,?) - is bounded above, as well, that is, 82‘ < N. As a consequence, we ob-
tain that (s")y is bounded in L* ((0,00) x ), and then, we conclude (4.1).

(4.2) is one of the most difficult tasks in the proof of the existence
theorem. Its proof requires elaborated intermediate results. We proceed as
follows:

(i). First, we improve (4.1) by showing that, in fact, (s"), converges
strongly to s, for a subsequence, in L' ((0,7T) x Q) for 0 < T < c©
(Proposition 3.2.5).

(ii). Next, we show that { Vet [V (F'(s") ] }h converges weakly to
Ve [V (F'(s))] in L1((0,T) x ), for a subsequence (Theorem 3.3.3).

To prove (i) and (ii), one needs to have a good control on the spatial
derivative of s", for example, to show that {V (F ! (sh)) }h is bounded

in LT ((0,T) x ), for T < oo. The main ingredient needed to establish
this fact is the following Monge-Kantorovich type energy inequality:

Ei(po) - Ei(pr) > /Q (V (F'(p1) () — 4)pr(y) dy. (1.11)

for po, p1 € Pu(Q). Here, S denotes the c-optimal map that pushes p;
forward to py (see the definition in Proposition 1.2.1). A more general
statement of the energy inequality can be found in Theorem 2.4.2. In fact,
(1.11) is a direct consequence of the displacement convexity of the energy
functional P,(2) 3 p — E;(p), that is, the convexity of

[07 1] St Ei(pl—t)a

where,
p1—t = ((1 —t)id +t5) 4 p1

|22

is the shortest path joining p; and pg in Py (2). When ¢(z) = *5-, in which
case S is the gradient of a convex function, the above interpolation in p1_;
was introduced by R.McCann in [14].

Indeed, setting pg := 52_1 and p; = SZ, in (1.11), and using the Euler-

Lagrange equation of (P}), that is,

e [y (reb)], a2
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where S Q is the c-optimal map pushing SZ forward to 82_1, we obtain that

h /Q v (Fs)) Ve [V (Fs) ) sk < Bilsho) = Ei(sh). (113)

We integrate (1.13) over t € [0,T], T < oo, and we use Jensen’s inequality,

to deduce that
T
/O /Q v (F(sh) . Ve [v (Fh) s

< Ei(so) — |Q|F <ﬁ> . (1.14)

We combine (1.4), (1.14), and the fact that (s”), is bounded in
L ((0,00) x ), to conclude that

/OT/Qsh ‘ \Y (F'(sh)) v < cst.

And since (#) , is bounded in L ((0,00) X ) - by the minimum princi-

ple of Proposition 2.2.1 -, we deduce that {V (F’(sh)) }h is bounded in
LT ((0,T) x Q), for T < oo.

Organization of the work

This work consists of five chapters. In sections 1.1 and 1.2, we include
the introduction, notations, assumptions and definitions used in the work.
Some important results of previous authors are also collected in section 1.2.
In sections 1.3 and 1.4, we recall two approximation results: the approxi-
mation of a convex cost function by regular cost functions, and the approx-
imation of a probability density by probability densities which are bounded
below and above. The first approximation is used to establish the energy
inequality (2.58), and the second approximation is needed in the proof of the
maximum /minimum principle of Proposition 2.2.1. In chapter 2, we study
problem (1.5) by discretizing in time. In section 2.1, we prove the existence
and uniqueness of the solution to the variational problem

(P): inf { Whish | s)+ %E(s) 1 s € Pe(Q) }
In section 2.2, we establish a maximum/minimum principle for the mini-
mizer SZ of (P), that is, SZ is bounded below and above, provided 32_1 is
bounded below and above. We use the maximum principle in Lemma 3.2.1,
to prove the weak convergence in L' ((0,T) x oco), T < oo, of the approx-
imate sequence (s"); to a solution s of (1.5), and the minimum principle,
in Lemma 3.2.2, to control the spatial derivative of s, namely, (Vsh)h is
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bounded in L9" ((0,T) x Q), T < oo. Moreover, we show in section 2.2 that
the interpolant probability density s1_; between two probability densities sg
and s; which are bounded above, is also bounded above. This result will be
used in Lemma 3.2.3 to establish the time-compactness of the approximate
sequence (s")y, one of the ingredients needed to prove the strong conver-
gence of a subsequence of (s");, to s in L' ((0,T) x Q), T < co. In section
2.3, we establish the Euler-Lagrange equation for (P) and some useful prop-
erties of SZ. In section 2.4, we prove the energy inequality for smooth cost
functions, and then, extend it to general cost functions. In section 2.5, we
define the approximate solution s” to (1.5), and we show that s satisfies

o5t = div{ " Ver [V (F/(s") + V)] |+ A)
(1.15)
s"(t =0) = so,

in the weak sense. Chapter 3 deals with the limit of (1.15), when sq is
bounded below and above. In section 3.1, we show that A(h) =0 (hE(‘Z)), as
h goes to 0, where €(q) := min(1,¢—1). In section 3.2, we prove that the ap-
proximate sequence (s");, converges strongly to some s in L ((0,T) x ),

for a subsequence. In section 3.3, we show that {Vc* [V (F ! (sh))] }h con-

verges weakly to Ve* [V (F'(s))] in L9((0,T) x ), for a subsequence. In
section 3.4, we state and prove the existence and uniqueness theorem to
problem (1.5), when sq is bounded below and above. In chapter 4, we com-
ment on few open problems related to (1.5), namely, the asymptotic behavior
of solutions of (1.5), and the contraction in the Wasserstein metric of two
solutions of (1.5). The appendix is presented in chapter 5. In section 5.1, we
collect some previous results of other authors which are used in this work.
In section 5.2, we establish some intermediate results needed in the previous
chapters.

1.2 Notations, Definitions, and Assumptions
1.2.1 Notations
The following notations will be used in this work.

e Q denotes an open bounded convex and smooth subset of R?, where
d>1.

e Bp(r) denotes the open ball of R” of radius R, centered at x € R,
and Bg(z)¢ := RP \ Bg(z), for some D > 1.

o P,(€2) denotes the set of all probability measures on {2, which are ab-
solutely continuous with respect to the Lebesgue measure. We identify
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these probability measures with their density functions;

Po(2) := {s : 1 — [0,00) measurable, /
Q

s(z)dx = 1}

e |A| denotes the Lebesgue measure of a Borel set A of R
® |¢|lLe(q) denotes the Li-norm of a function ¢ :Q — R.

e spt (p) denotes the support of a real-valued function ¢, that is, the
closure of the set {z € Q: ¢(x) # 0}.

e p* denotes the conjugate index of a positive real p, that is, %—i— 1% =1.

o If v = (x1,---,24), and y = (y1,---,yq) are vectors in IR, then
(x,y) denotes the scalar product of = and y, that is,

d
=1

o If x = (x1,---,24), then |2| denotes the norm of z in R?, that is,

|z| = (2, 2).

o If G: R — R is convex, then G* : R — R denotes the Legendre
transform of G, that is,

G*(y) = sup {(z,y) — G(z)}.

rzER

e If A is a Borel subset of R, T4 denotes the characteristic function of
A, that is,

1 ifzeA

0 otherwise.

Ia(z) := {

Throughout this work, M and N are positive reals, a.e. refers to the d-
dimensional Lebesgue measure, and

cp(z)i=c <%> .

The following definitions are needed in the work.



1.2. NOTATIONS, DEFINITIONS, AND ASSUMPTIONS 15

1.2.2 Definitions
1.2.2.1 Probability measures with marginals

Let po and p; be probability measures on R?. A Borel probability measure
~ on the product space R%x R? is said to have o and p; as its marginals,
if one of the following equivalent conditions holds:

(i). for Borel A C RY,
/7[14 X Rd] = MO[A]a

and
AR x A] = [ A

(ii).

[ @ 0w dien) = [ @@ + [ vt

for all (p,v) € LLO (R%) xL}H(IRd), where L}M_(IRd) denotes the space
of pj-integrable functions on R (i = 1,2).

We denote by T'(uo, 111), the set of all probability measures satisfying
(i) or (ii). If wo and pp are absolutely continuous with respect to
Lebesgue, and pg, p1 denote their respective density functions, we
simply write I'(po, p1)-

1.2.2.2 Push-forward mapping

Let p19 and p1 be probability measures on R?. A Borel map T : R? — R?
is said to push pg forward to pq, if

(1). u1[A] = po[T~1(A)] for Borel A C R?, or equivalently
(1) fpo #®) A1 (1) = a0 (T@)) duo(a) for all € L, (R,

Whenever (i) or (ii) holds, we write that p; = Tizpo, and we say that 7'
pushes pg forward to p;.

The next proposition is due to Caffarelli [3], and Gangbo-McCann [10].
It asserts the existence and uniqueness of the minimizer for the Monge-
Kantorovich problem.

Proposition 1.2.1 (Ezistence of optimal maps.)
Let ¢: R* — [0,00) be strictly conver, and pgy, p1 € Pa(Q). Then

(i). there is a function v:Q — R such that, T := id— (Vc*)oVu pushes
po forward to p1, where u(x) = inf, g {c(ac —y) — v(y)} for x € Q.
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(ii). T is the unique minimizer (a.e. with respect to pg) of the Monge
problem

(M) : inf {/QC(J)—TZL’) po(x) dz, T#,oo:pl}.

(iit).  The joint measure v := (id x T)yxpo uniquely solves the Kantorovich
problem

(0 it { [ elw—y) a7}

(iv). T is one-to-one, that is, there exits a map S pushing p1 forward to
po, such that T'(S(y)) =y a.e. with respect to py, while S(T(x)) =
x a.e. with respect to pg.

Moreover, S = id+ Vc*(=Vv), where v(y) = inf o {c(m—y)—u(x)}
for y € Q.

v 18 called the c-transform of u, and it is denoted by v := u®.

We will refer to T (respectively S') as the c-optimal map that pushes
po (respectively p; ) forward to p; (respectively pg), and v will be called
the c-optimal measure in I'(pg, p1).
1.2.2.3 Wasserstein metric
Let ¢: R? — [0,00) be strictly convex, h > 0, and pg, p1 € Pa(Q). We
define

. T —
Wk (po,p1) = inf {/Rd Rd0< - y) dy(z,y): v € P(P(),Pl)}-
X

_ 2l h h — I —
If ¢(z) = =, we denote W¢' by Wg'. When c(z) = 5- and h = 1,
dy := /W) is called the Wasserstein metric.
We deduce from Proposition 1.2.1 that, there exist a unique probability

measure 7y € I'(pg, p1), and a unique mapping T pushing pg forward to
p1, whose inverse S pushes p; forward to pg, such that

Wh(po,p1) = /RdedC<x;y> dy(z,y)
= /QC<x_hTm> po(x) dz
= /QC<Syh_ y) p1(y) dy.

The following assumptions will be needed in this work.
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1.2.3 List of assumptions

(HC1) : ¢: R*— [0,00) is strictly convex.
(HC2) : 0=1¢(0) < ¢(z), for z # 0.

(HC3) @ lim, oo % = o0, i.e. ¢ is coercive.

(HC4) : Blz]7 < ¢(2) < a(|z]9+1), for z € R?, where
«, 3>0and g > 1.

(HF1) : limg—joo Fix) = 400, ie. F :][0,00) — R has a super-linear

growth at infinity.

(HF2) : (0,00) > 2 — 2?F(z~%) is convex.

Examples of cost and energy density functions

e Any finite, positive, linear combination of cost functions |z |%, ¢; >
1, i € IN, satisfies (HC1) - (HC4). For example, if ¢(z) = > 1" | A; | z|%,
where n € IN, ¢; > 1, and the A; > 0 are not all zeros, then
q = maxy—1,...n}(¢) = Giy, 0= Aiy, and a =377 | A;.

e The following energy density functions satisfy (HF1) - (HF2):
F(z) =zlnz, F(z) =z™, where m > 1, and F(z) = > | A; F;(z),
where n € IN, the A; > 0 are not all zeros, and the F; are like the
previous F'.

1.3 Approximation of convex costs by smooth costs

Throughout this section, ¢ : R% — [0,00) denotes a convex function. We
prove that ¢ can be approximated by a sequence (g¢)|o of strictly convex
and smooth functions, such that the Legendre transforms g} are twice con-
tinuously differentiable. This approximation will be used in section 2.4 to
extend the energy inequality (2.21) to general cost functions (see Theorem
2.4.2).

Proposition 1.3.1 Assume that c is of class C' and satisfies c(0) = 0
and (HC4). Then, there exists a sequence (ge)ejo of non-negative, strictly
convex functions on R®, satisfying:
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(i). gc € C®(RY), and gF € C?(RY).
(i1). (ge)eyo converges to c, locally in C(IRY).
(111). 0= ge(0) < ge(2), for z#0.

Proof. Because ¢ € C'(R?) is convex and has a super-linear growth as
| x| — oo, we have that ¢* € C(R?). Let p € C*(R?) be such that p > 0,
spt (p) C B1(0), and [pq p(z)dz = 1. For € > 0, consider

cd2) = perez) + 5|2 Vze R,

where pc(z) = Eid p(%) is the standard mollifier, and p. x ¢ denotes the
convolution of p. and c. It is clear that ¢, € C*™(IR?%) is non-negative and

strictly convex, as the sum of the convex function p. x ¢ and the strictly

convex function z — §[z[%. Also, (cc)ejo converges to ¢ locally in C1(R?).

Furthermore, standard arguments show that c¢* € C'(R?), and
Ve Ve (z)] =2 Vze R
As a consequence, the function

i cof (D2CE[VC:(Z)]) .
det (D2¢ [Ver(2)])

= Ac(2),

z

is well-defined, continuous on R?, and D?cs = A,; here, cof (A) denotes
the matrix of the cofactors of a matrix A. Therefore, ¢ € C?(R?). Now,
let R and e be such that R? > %, and 0 < e? < min(R?, gRq—l). Because

of (HC4), we have that c(z) > BRY, for z € R*\ Br(0). So, for |z|> 2R,
we deduce that

c(z) > perelz) = /B e dy
> ﬂRq/ pe(z —y)dy = BRY,
Bc(2)

where, the last inequality holds because B.(z) C R?\ Bg(0). Hence,

inf c.(2) > BRY. 1.16
‘Zl‘ngC(Z)_ﬁ (1.16)

Furthermore, due to (HC4), we have that
w0 = [ ply)el)dy < a(er + 1) < 5B, (1.17)
<(0)

Combining (1.16) and (1.17), we conclude that

inf ” < (0) < inf e (2).
zEéIle(O)C (Z) = ¢ ( ) |21|I£2RC (Z)
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Therefore, ¢, attains its minimum over R? at some z. € Byr(0). Let Z
denote the limit of (2¢)¢o, which exists because (z¢). is bounded. We have
that

C(Z) = hf(()l Ce(ze) < hﬁ)lce(z) = C(Z), Vze Rd,
and then, z =0, because 0 = ¢(0) < ¢(z) for all z # 0. Now, define g, as
follows:

9e(2) == ge(2) — ge(0), where g.(z) := cc(z + 2¢).

Clearly, g. is strictly convex and satisfies (i). Moreover, the non-negativity
of ge and (iii) follow easily from the following inequality:

9e(0) < ge(2), Yz #0, (1.18)

which we prove next. For all z € R? we have that

9e(0) = ce(ze) < ce(z + 20) = ge(2),

with strict inequality, unless z = 0. Indeed, if g (z) = G.(0), we have that
Vge(z) = 0 = Vg, (0), which implies that z = 0, by the strict-convexity of
Je-

To prove (ii), let r > 0. It is straightforward to check that

sup | ge(2) — c(z) |
ZEBT(O)
< sup  fee(z) —c(2) [+ sup [e(z + z) —c(2) |-
B 42r(0) By (0)

The limit as € goes to 0 of the above inequality shows that (gc)ejo converges
to ¢, uniformly on B,(0). And since ¢(0) = 0, we conclude that (g.) con-
verges to ¢, locally in C(IR?). Furthermore, because Vg.(z) = Ve (z + 2),
(2e)ejo converges to 0, and Ve, converges to Ve locally in C(R?), we have
that (Vge)ejo converges to Ve locally in C(R?). This proves (i), and then
completes the proof of the proposition O

1.4 Approximation of probability densities

In 1.4.1, we prove that a probability density function s on €2, which belongs
to LP(2) for some 1 < p < 0o, can be approximated in LP(€2), by a sequence
(SR)R1oo C L™(R2) of probability densities. Furthermore, if F': [0,00) —
R is convex, and [, F(s(x))dz is finite, we show that [, F(sg(x))dz is
bounded, uniformly in R. In 1.4.2, we prove that sg can be approximated
by probability densities which are bounded below and above.
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1.4.1 Approximation of a probability density by probability
densities that are bounded above

Proposition 1.4.1 Let s € P,(Q)NLP(Q), 1 <p<oo, and F : [0,00) —
R be conver. Assume that fQ F(s(x))dx < oco. Then, there exists a se-
quence (SR)Rioo i Pa(2) N L>®(Q), such that

(i). (srR)Rteo converges to s, in LP(S2), and

(i1).  Jo F( ydz < [, F(s(x)) da.
Proof. To avoid trivialities, we assume that s ¢ L°°(£). Since
fQ )dx = f[s>0] x)dx, we assume without loss of generality that s is

posmve a.e. on {2; othervvlse, we use the restriction of s to the subset [s > 0]
of Q. For R >0, we define Agr:={xe€Q: s(x) >R}, and

s(z) if zeQ\ Agr
sgp(x) = )
An] fAR s(y)dy if z € Apg.
Clearly, sg € Pa(€2) (because s € P,(R2)), and
1
0 < sp(r) < max <R, — s(x) dm) :=¢er > R.
| AR Jag,

Since |a + b|P < 2P(|a|P 4+ |b|P) for all a,b € R, we have, because of
Jensen’s inequality, that

/( ) — sp(z (pda;
< o </AR s(m)pdaz—i—/AR [@ ARs(y)pdy} dm)

= 2p+1/ s(z)P dx.
AR

And, because s € LP(Q) and limpjo | Ar| = 0, we conclude that (sg)rjeo
converges to s in LP(€)). Furthermore, by Jensen’s inequality, we have that

/QF(SR(x))d:c < /Q\AR F(s(m))dx—i—/AR [’A—lR’ . F(s(y))dy] dz

= /QF(s(x)) dzx

This completes the proof of the proposition O
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1.4.2 Approximation of a probability density by probability
densities that are bounded below and above

Proposition 1.4.2 Let s € Py(Q) be such that 0 < s < R, for some R >
0. Let F:[0,00) — R be conver, and let 1 < p < oo. Then, there exists a
sequence (S5)si0 in Pq(Q) N L>X(Q) satisfying the following properties:

(i). ms < ss <R, for some 0 <ns <4.
(11). (ss)si0 converges to s in LP(QQ).
(iii). o F(ss(x)) dx < [, F(s(x)) da.

Proof. The proof is analogue to that of Proposition 1.4.1. Indeed, with-
out loss of generality, we assume, as before, that s is positive a.e. For § > 0,

we define Bs:={z € Q: s(z)<d}, and
s(x) if xeQ\ B;
ss(x) == )
mea s(z)dx if =z € By.

We have that, s5 € P, (€2), and

ss(x) > min < s() da:) = ns € (0,0].

1
0, ——
| Bs | /B,

Moreover, ss < R, because s < R. Hence, (i) holds. Next, we observe that
lims|o | Bs| = 0 (because s > 0 a.e.), and then, we follow the lines of the
proof of Proposition 1.4.1 to conclude (ii) and (iii) O

Combining Proposition 1.4.1 and Proposition 1.4.2, we deduce the fol-
lowing corollary:

Corollary 1.4.3 Let s € P,(Q)NLP(Q), 1 <p<oo, and F: [0,00) - R
be convex. Assume that [, F(s(x))dx < oo. Then, there exists a sequence
(SR)R1co in Pa(2), such that

(i). nr < sg <e€g, for some 0 <nr < }%, and e€g > R.
(11). (Sr)Rico converges to s, in LP(2), and

(ii). [oF(sr(x))de < [ F(s(x)) de.
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Chapter 2

Calculus of Variations on

Pa($2)

In this chapter, we discretize (1.5), and prove in section 2.1 that the problem

(P): inf {I(s) == Wl(s0.5) + %E(s) Csera@) )

admits a minimizer s1; here

B(s) = /Q [F(s(x)) + s()V (x)] da,

for s € Py(§2). The reason why we minimize such a functional will be clear
in section 2.3, where we find the Euler-Lagrange equation of (P). In fact, we
shall see that the Euler-Lagrange equation is nothing but the discretization
of (1.5). In section 2.4, we show that

> dE(Sl_t)

Blso) =Bls1) 2 =5

(2.2)
where s1_; denotes the probability density obtained by interpolating s¢ and
s1 along “geodesics” joining them in P,(2) [14]. We refer to (2.2) as the
energy inequality. We shall see later on, that (2.2) is an essential ingredient
in the proof of the convergence of the approximate sequence (s"); (See the
definition in section 2.5) to solutions of problem (1.5).

2.1 Existence of solution to a minimization prob-
lem (P)

Proposition 2.1.1 Let F : [0,00) — IR be strictly conver and satisfy
(HF1). Let h > 0, and so € Pq(2) be such that E(sp) < oo. Let

23



24 CHAPTER 2. CALCULUS OF VARIATIONS ON P4(92)

Vi Q — [0,00) be conver, and assume that c¢ : R% — [0,00) satisfies
(HC1) - (HC2). Then (P) has a unique minimizer s1. Moreover

1

HMFQEO§E@Q§M%> (23)

Proof. Let I;,¢ denote the infimum of I(s) over s € P,(£2). Since sg €
Pa(82), E(sg) < oo and ¢(0) =0, we have that

(1) Ling < +E(s0).

Moreover, Jensen’s inequality gives that

ﬁ/ﬂF(s(z))dz > F <|—512|/Qs(:c) dx> —F (ﬁ) (2.4)

for s € P,(f2), and then, we use that ¢ and V are non-negative, to deduce
that

(i) Tng 2 GUF (7).

We combine (i) and (ii), to conclude that I;, s is finite. Now, let (s("))n be
a minimizing sequence for (P), that is, lim, e I(s™) = I,y Tt is clear
that (I (s(")))n is bounded in RR. As a consequence,

sup [ /Q F(s™)(2) d:n] < 0.

The above inequality, together with (HF1) imply that (8("))n converges
weakly to a function s; in L'(Q) (up to a subsequence). Clearly s; €
P.(2). Furthermore, because of Proposition 5.3.1 and the continuity of V,
we have that P, () > s +— I(s) is weakly lower semi-continuous on L!(£2),
as the sum of weakly lower semi-continuous functions. Therefore

I(s1) < liminf I(s™)) = L,p < I(sy).

This proves that s; is a minimizer of (P). The uniqueness of s; follows from
the convexity of P4 () 3 s — W/ (sg,s) and Py(Q) 2 s [, s(z)V(z)dx,
and the strict-convexity of Py(Q) 3 s — [, F(s(x))dxz (See Proposition
5.3.1).

Next, we have that I(sy) < I(sg), and since W/ (sg,s9) = 0 and

Wl (s9,51) > 0 (because of (HC2)), we deduce that F(s1) < E(sq). Finally,
we use (2.4) and the fact that s,V > 0 to conclude (2.3). This finishes the
proof of the proposition. O
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2.2 Maximum and Minimum principles

In this section, we state three propositions. In the first proposition, we
show that, if sg € P,(£2) is bounded below and above, then the probability
density s1, minimizing the variational problem (P) (2.1), is bounded below
and above, as well. In the second proposition, we prove that the interpolant
probability densities s;—; = (S¢)gs1, t € [0,1], between two probability
densities sg, s1 € P,(2), which are bounded above, are also bounded above;
here Sy = (1—t)id+tS, and S is the c-optimal map, that pushes s; forward
to sg. The third proposition will be used in the next chapter, to prove the
strong convergence of the approximate sequence (s")y, Lo in L' ((0,T) x Q),
for 0 < T < .

Proposition 2.2.1 (Maximum/minimum principle)
Let h >0, and so € Po(2) be such that N < sy < M. Let F :[0,00) — R
be strictly convex, and satisfy F € C%((0,00)) and (HF1). Let V : Q —
[0,00) be convez, of class C', and assume that ¢ : R — [0,00) satisfies
(HC1) - (HC2). Denote by sy the minimizer for (P) (2.1).

e IfVV =0, then N <s1 <M a.ec.

o If VV #£ 0, and in addition to the assumptions, ¢ satisfies c(z) >

Blz|9 for some ¢ >1 and >0, then N <s; <M a.e.
(R)

Proof. Let R > 2M, andset Pg ' () :={s€P(Q): s<R ae.}.

Clearly, PC(LR)(Q) is precompact for the weak topology in L'(2). So, as in

Proposition 2.1.1, I admits a unique minimizer sip over Pc(lR)(Q), and

/QF(SlR) < E(SQ). (25)

Claim 1 If N<syp <M ,then N <s1gp <M a.e.

Proof. Since the proof of “s;g > N a.e.” is analogue to that of
“s1r < M a.e.”, we only prove that s;g < M a.e. Suppose by contradiction
that F := {y € Q: si1r(y) > M} has a positive Lebesgue measure. The

idea is to come up with sgel)z € P(SR)(Q), such that I(si1r) > I(sﬁ%). This
will contradict that s;p is the minimizer of I over Pth)(Q).
Let g be the ¢p-optimal measure in I'(sg, s1g). We have that

(i) YR(E® x E) >0,
where E¢:= R%\ E; otherwise

M|E| < / sirW)dy = 7R(R x E) = 7a(E x E) < vr(E x RY
E

_ /so(x)dmgME\,
E
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which yields a contradiction. Consider the measure v := g Igex g defined
by

/ E(z,y) dv(z,y) = / §(x,y) dyr(z,y),
Rix R4 E<xXE
for £ € Co(R? x RY), or equivalently

v(F) = r[FN(E° X E)],

for Borel sets F C R? x R?. Denote by vy and v, its marginals, that is,
[ e+ u)] dvlog) = [ p@dn@ + [ s@)dn),
Rix R4 Rd Rd

for ¢,y € Co(R?). Since v < g and yr € I'(s,s1r), we have that
vy < so(z)dz and 11 < s1g(y)dy. As a consequence,

(ii) vy and vy are absolutely continuous with respect to Lebesgue.

Let vy and vy denote their respective density functions. Clearly

(iii) 0<vyg<M ae, and 0<v; <R a.e.
Moreover,
w(E) = g [(E N E°) x (RN E)} =0 (2.6)
=k |(RINEY) x (BN E)| = n(E°).
Hence

(iv) v =0 a.e. on E, and v; =0 a.e. on E°.

Now, let € € (0,1), and define s&% := s1r + €(vg — v1), and the probability

measure 71(;) by

[ tewafey = [ deodnt)
RixRd Rdx Rd
o[ fea) — gl dvntan)

for ¢ € Co(R? x R?). Because of (ii), (iv) and the fact that 2M < R, we
have that 0 < s&% < R, and

| S50y = 1+ €l x ) u( B x BY] = 1.
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Hence, s&% € PéR)(Q). Moreover, since yr € I'(sg, s1r), and v has

marginals vo(z)dz and vi(y)dy, we have that

/ (@) dr (2, y) = / o()so(x) da,
Rax R4 R
and

/Rded(p(y) dyiy (2.y) = /QsO(y)is(y) dy
+e [/Rd o(x)vo(x) do — /Rd o(y)01(y) dy]
= /Qso(y)sg?a(y) dy.

Hence 71(;) € I‘(so,sge)). Next, we show that I(.Sge})z) < I(s1Rr), for € small

enough. Indeed,

I(s\%) — I(s1r) = [Wj(so,sg) - Wf(soais)] +%/Q [F(Sgez)%) — F(s1R)

+ % /Q <8§6,)% - SlR) V. (2.7)

Because ’yg) € I'(so, sﬁ?z) and ¢(0) = 0, we have that

x* —

Wl (so, Sgg)) —Wh(so,51r) < c < ;
RIx R4

x J—
- / c <Ty> dyr(z,y)
Rdx R4

_ _/EE<;y) dya(z,y). (28)

On the other hand, according to (iv), we have, for € small enough, that

()

d’YR (l‘, y)

Sge})z =sip—€ev1 > M —evy >0 on FE, (2.9)

and
3§%231R+60025U0>0 on E°N[vy>0]. (2.10)

We combine (iii), (iv), (2.9), (2.10), and the fact that F' € C*((0,00)) is
convex, and v = yglgeyp has marginals vg(x)dz and v1(y) dy, to obtain
that

| [Pl = Pl
— /C [F (s1r + €vo) — F(s1R)] +/ [ F (s1r — ev1) — F(s1R) |

E
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<e [/ F'(s1g + evg)vg — / F'(sip — €U1)U1]
Een[v>0] E
<e [ F/(M + EU())U() - / F,(M — 61)1)1)1:|
Ee E
=[O e) - FOL - ) dinen)].
EexE
And since F € C?((0,00)), (iii) and the above estimate give that
/Q [P~ Flaim) | = 0(@). (2.11)

Furthermore, because of (i), (iv), and the fact that V € C'(Q) is convex,
we have that

/Q(s%—is>V = e/ﬂ[vo(w)—vl(x)]V(:c)dx
~ / V() ~ V()] dyaley)
FEc¢xFE
< e /E (W@ dey). (212)

Combining (2.7) - (2.8) and (2.11) - (2.12), we conclude that

I(sﬁi%,) —I(s1r) < —6/ c<az—y> dyr(z,y)
FEcx E h
€

+ﬁ /ECXE(VV(:L'),QT —y)dvr(z,y).

If VV =0, we deduce, because of (HC2) and (i), that

I(sﬁ%) —I(s1gr) < —e/ e Y dyr(z,y) < 0.
EexE h

If VV # 0, using that c(z) > 3|z|?, and V € C}(Q), we have that

€

V@ - =0 (3).

() e-o(z)

We deduce that

€ T —
I <3§1§> —I(s1Rr) < —e/ | C< h y> dvyg(z,y) < 0.
E<xFE

and
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This completes the proof of Claim 1.

Claim 2 (s1r)Rrjeo converges weakly to s, in L1(). Therefore,
N<s1 <M a.e.

Proof. According to (2.5), we have that

sup F(s1r) < E(so).
R>2M JQ

And since FE(sp) < oo and F satisfies (HF1), we deduce that (sir)rieo
converges weakly to a function 5; in L'(f2), for a subsequence. Clearly,
51 € Pu(), and N < 5 < M a.e., because N < s1pg < M a.e. for

R > 2M. To complete the proof, we show that 57 = s1. Let (SgR) be

a sequence in Pl(lR)(Q), converging to sy in L'(€2), and such that

Af(ﬁm)g[fwﬁ% (2.13)

®

) Rloco

as in Proposition 1.4.1. Since sqg is the minimizer of I over P, *, we have

that
HﬁR)gz(ﬁm), (2.14)

and since <S§R)>R converges to s; in L*(Q), Proposition 5.3.2 gives that

: h (R)\ _ yyh
}121%?0 w. (so,s1 > = W2(so0,51). (2.15)
We let R go to oo in (2.14), and we use (2.13), (2.15), and the fact that
Ve CHQ), (ng))R converges strongly to s; in L'(Q2), and s — I(s) is
weakly lower-continuous on L(€2), to deduce that I(51) < I(s1). And, since

s1 is the unique minimizer of (P), we conclude that 5; = s;. This completes
the proofs of Claim 2 and Proposition 2.2.1 O

We state a lemma needed to establish the second proposition of this sec-
tion. Let (), denote a sequence of strictly convex cost functions satisfying

cr, ¢ € C%(RY),
cx — ¢ locally in C*(IR?), (2.16)
0=ci(0) < cx(z) for z#0

where ¢ : R? — [0,00) is convex, of class C*(RY), and satisfies c(0) = 0,
and (HC4) (see Proposition 1.3.1).
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Lemma 2.2.2 Let sq, 51 € Pa(Q), and let ¢: R* — [0,00) be strictly con-
vex, of class C1(RY), and satisfy c(0) = 0 and (HCJ). Denote by v, (re-
spectively Yoo ) the ¢ (respectively c¢) - optimal measure in I'(sg, s1). Then,
there exists a subsequence (fykj)j of (k)k, which converges weakly * to Yoo.
Therefore, (Sk;); converges to S, in L2 (Q, R); here, Sp; and S denote
respectively the cy; and c - optimal maps that push sy forward to so, and
L2 (Q, RY) is the set of functions @ — R?, whose square are summable with
respect to the measure p1 = s1(y) dy.

Proof. We set We, = ch; and W, := Wch when A = 1. Because
spt (so), spt (s1) C 2, we have that

spt () C QA xQ, VrveT(sg,s1).

Then, (y%)x is a tight sequence of probability measures on R¢ x R?. There-
fore, there is a subsequence (7x;); of (7k)k, which converges weakly x to a
probability measure 4. Clearly, 5 € I'(sg, s1). Now, we prove that § = yuo.
Let v € I'(so, s1). Because spt(y) C 2 x Q, v[R? x R =1, and (cx; ),
converges to ¢, uniformly on compact sets, we have that

i [ aje-pdien = [ de-pdiey. 2D
J7 JRAx R Rix R4

And since + is arbitrarily chosen in (2.17), we deduce that

lim We, (s0,s1) = We(s0, 51)- (2.18)

J—o0

On the other hand, because spt (vx;) C Q x Q, we have that

Wey, (50, 51) zléﬂﬂ%ﬂm—w—cw—yﬂdwﬂaw

—l—/ﬁxﬁc(x —y) d’ykj(x,y). (2.19)

We let j go to oo in (2.19), and we use that (vx;); converges weakly x to
Yy Vkj (R*x RY) =1, (cy ;)j converges to ¢, uniformly on compact sets, and
spt (§) C 2 x Q, to deduce that

lim W, (s0,51) = / c(x—y)dy(z,y) = / c(z —y)dy(z,y).
J—0 QxQ Rix R
(2.20)

We combine (2.18), (2.20), and we use the uniqueness of vy, in We(so, s1),
to conclude that ¥ = vo.

Now, set Fy(z,y) = |x|? and Fy(x,y) = (z, Sy), V(z,y) € Qx Q. Because
Sy =y+ Ve* (—Vu(y)), and v is Lipschitz, there exists a sequence (v(”))n

in C1(Q), such that FQn)(x,y) = (2,8M™y) converges to Fy(z,y) for a.e.
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y € Q; here S™(y) :=y+ Ver (=VolM(y)). Clearly, F2n) € C(2 x Q) and
{Fz(n), Fy},, are uniformly bounded. We use the dominated convergence
theorem, and the fact that ’ykj(Q x 1) = 1, to obtain that

_ ,F2($7y)d7k](x7y)
QxQ
= lim [ [ F@y) - B @) | dnay)
=00 JOxO
= lim Fz(")(:n,y) dvkj(x,y). (2.21)

oo JaxQ

We let j go to oo in (2.21), and we use that F2n) € C(QxQ), (;); con-
verges weakly x t0 Yo, and the dominated convergence theorem, to deduce
that

lm [ Fa(ey)dugle,y) = T lm | B @) dg ()
J—oe OQOxQ n—0o0 3—oo OxO
= | B(z,y)dy(z,y). (2.22)
QxQ

Furthermore, since yx; = (id X Sk;)gs1 and v = (id x S)xs1, we have
that

/Q | Sy — Sy *s1(y) dy
z/Q[Fl(Skjy,y)+F1(Sy,y)—2F2(Skjy,y)}81(y)dy

_ / Fuey) doe (29) + / Fi(zy) droo(, 9)
OxN OxN

—2/_  Fy(w,y) dy(, y)-
QxQ

We let j go to oo in the above equality, and we use (2.22), and the fact that
(Vk j) ;j converges weakly * to 7., to conclude that

lim/\Skjy—Sylzsl(y)dy = 2/_ [ Fi(z,y) — Fa(x,y) ] dyso(z,y)
Q QxQ

j—o0
= 2/9(!5@/!2—!Sylz)sl(y)dyzﬂ

This completes the proof of Lemma 2.2.2 O
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Proposition 2.2.3 Let sg, s1 € Py(Q) be such that sg, s1 < M a.e. Let
c: R — [0,00) be strictly convez, of class C*, and satisfy c(0) = 0 and
(HC4). Let S be the c-optimal map that pushes s1 forward to sy, and define
the interpolant map

St = (1 - t) Zd+ tS,

for t € 10,1]. Then,

/Q £ (Siw) 1) dy < M [ € () d, (2.23)

R

for € € CO(RY), € > 0.

Proof. The proof will be done in two steps. In step 1, we prove
(2.23) for sufficiently regular cost functions. The key ideas in this proof
is the fact that V.S is diagonalizable with positive eigenvalues (see (ii)), and
A (det)l/ ¢ is concave on the set of d x d diagonalizable matrices with
positive eigenvalues (see 2.26). In step 2, we approximate a general cost
function ¢, by regular cost functions cg, and we obtain (2.23) in the limit as
k goes to oo.

Step 1. Case where c is strictly convex, and ¢, ¢* € C?(IR%).
Theorem 5.2.2 gives that g4 := (S¢)gs1 is absolutely continuous with
respect to Lebesgue, for all ¢ € [0,1]. Let s;_; denote the density function
of p1—¢. Then, (2.23) reads as

/95(96‘)51—t (x)de < M [ &(x)da.

Rd

Thus, it suffices to show that
s1-¢ < M.

Because of Theorem 5.2.1, Theorem 5.2.2 and Corollary 5.2.3, there exists
aset K C Q of full measure for u; := s1(y)dy, such that

(i) St is injective on K,
and for y € K,
(i) VS(y) is diagonalizable with positive eigenvalues,
and
07# s1(y) = s1-¢ (Se(y)) det [VSi(y) ], Vi€ [0,1], (2.24)
where

VSi(y) = (1 — t)id + tVS(y).
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Moreover, since sp, s1 < M a.e., and Sys1 = sp, then K can be chosen so
that
s1(y), s0(S(y)) <M, Vye€ K.

We use t =1 in (2.24), and the fact that s¢ (S(y)) < M, to deduce that

det [VS(y)] = Slj\(j/). (2.25)

Because A — (det A)l/ 4 is concave on the set of d x d diagonalizable
matrices with positives eigenvalues, we have that

[det VS, (1) ]9 > (1 —t) +t (det [VS(y)] )< (2.26)
We use (2.25), (2.26), and the fact that s;(y) < M, to obtain that

det [VSi(y)] > Sl(y).

- (2.27)
Combining (2.24), (2.27) and (i), we conclude that
si—t < M, on SiK). (2.28)
But, since p1(K¢) =0, and pi1—¢ = (S¢)4p1, we have that
pi—t [ (Se(K))“] =0, and then
s1-¢ =0 on [Sy(K)]°. (2.29)

We combine (2.28) and (2.29), to conclude that s;_; < M.

Step 2. c satisfies the assumptions of the Proposition.
Let (cx)r be a sequence of strictly convex cost functions satisfying (2.16),
and (Sy;); be as in Lemma 2.2.2. Set

SU = (1 —t)id + S, Vte[0,1],j€ N.

J

Because of Lemma 2.2.2 and Step 1, we have that

(iif) (Sky)) ~ converges to S, a.e., on [s1 # 0], a.e.,
j

for a subsequence, and
StV dy <M d 2.30
& (Sk; (y)) s1(y)dy < §(x) da. (2.30)
Q R4

We let j go to oo in (2.30), and we use (iii), 0 < & € C2(R?), and Fatou’s
lemma, to deduce (2.23) ]

Next, we state a proposition needed in the next chapter, to prove the
strong convergence of the approximate sequence (s),o in L' ((0,T) x Q),
for 0 < T < o0.
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Proposition 2.2.4 Let X be a bounded open subset of R%, d > 1. Let
f:R— R and g: R — R be strictly conver, of class C'(IR), and assume
that lim; oo @ =o00. Given M, >0, and p, g > 1, define

Apr = {(unu2) € LX) 5 [l llpagxy < M, |19/ () llwnox) < M,
Sy 1) = fwn) ] [uz = w] <6, (G =1,2)},

and set
Ap(0) = sup | u2 —ua || 11 (x)-
(u1,u2)EAN,s
Then
lim Aps (9 )
im Ay (8) =0

Proof: Suppose by contradiction that there exist x> 0 and (u?)a 10
(j =1,2), such that (u$,ud) € Aprs, and

[REEE 1) > K- (2.31)

By the Sobolev embedding theorem, (g’ (u?)) 5 converges strongly in LP(X),

and then, a.e., for a subsequence (not relabeled). Since g € C1(IR) is strictly
convex and has a super-linear growth at oo, we have that (g’)~! is continu-
ous. We deduce that

(i) (ug)(; converges to some function u;, a.e., for j =1,2.
We use (i), [l u] HLq y < M, and the fact that ¢ > 1 to conclude that
(ii) (ug)(g converges strongly to u; in L!(X).

We combine (ii) and (2.31) to obtain that

H U2 — U HLl(X) > K. (2.32)

Now, we use (i), the convexity of f, and the fact that
| [ - rad] [u -] <o
X
to have that

0

IA

/[WWﬁ—fWQHw—uﬂ
X

< lirgll%nf i [f’(ug) - f'(U‘f)} [ug,s — u1,5] < 0.

This implies that

[f'(u2) = f'(u1)] [ug —u1] = 0 ae. (2.33)
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By (2.33), we either have
ug(z) = uy(x) forz € X ae.,

I (ug(z)) = f' (ur(x)) forz e X ae. (2.34)

But, because f € C'(IR) is strictly convex, we have that f’ is one-to-one,
and then, (2.34) implies that

ui(z) = ug(x) for z € X a.e.

This yields a contradiction to (2.32) O

2.3 Properties of the minimizer for (P)

In this section, we establish the Euler-Lagrange equation for the variational
problem (P) studied in section 2.1, and we derive some properties of the
minimizer for this problem. We recall that

(P): inf {Wch(so,s) + %E(s) : o SE Pa(Q)},

where

Bls) = /Q [F(s) + V],

and sg € P,(€2). The next proposition is the first step towards showing
that (P) is a discretization of (1.5), or in other words, (1.5) is the steepest
descent of the energy functional £ with respect to W/

Proposition 2.3.1 Let so € P,(Q2) be such that N < sog < M. Let F :
[0,00) — R be strictly convez, and satisfy F € C*((0,00)), and (HF1).
Let V : Q — [0,00) be convex, and of class C*. Let ¢ : R — [0,00) be
strictly convex, of class C1, and satisfy c(0) =0, (HC3), and c(z) > B|z|4,
for some ¢ > 1 and > 0. If s; denotes the minimizer for (P), then the
followings hold:

v () v drtea + [ Pl aiovto) dy
- [ 5@(TVa). v =0 (235

for ¢ € CX(Q, R?Y). Here P(x) := Pp(z) := 2 F'(x)—F(x) for z € (0,00),
and 7y is the cp-optimal measure in I'(sg, s1). Moreover,

(i). P(s1) € Whe(Q).
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(ii). If S is the cp-optimal map that pushes sy forward to sg, then

Sy —
= Ve [V (1) + V()] (2.36)
for a.e. y €Q, and
Q
+/Qsl(y)<VC* [V(EFs10)+ VW) |, Vely)) dy
1 2 2
<gp s D@ | [ ey ) (237
for ¢ € C*(9Q).
Proof. Since ¢ € C'(RY) is strictly convex and has a super-linear

growth as |z | — oo, we have that ¢* € C1(R?), and (Vc)™! = Ve*. We
consider the flow map (¢¢)cer in C(Q,Q), defined by

26 _ o
{(gzdf Pe (2.38)

where ¢ € C°(Q, R?). We have that det (V¢,) # 0, and

B(det V)
Oe

= dive. (2.39)

We define on €, the probability measure g := (¢e)gs1. Since ¢ is a Ccl-
diffeomorphism, then p. is absolutely continuous with respect to Lebesgue.
Let s denote its density function. Clearly, s. € P,(£2), and

(sco@e)det (Vo) =s1  ae. (2.40)

Next, we define on € x €2, the probability measure v, := (id X ¢¢)47, i.e.

/ E(a,y) dre(e,y) = / £l 6 w)] dr(zy),  VEECE@QxQ).
QxQ

QxQ

We have that v, € I'(sg, s¢), and then, the mean-value theorem gives that

Wch(s()7 36) - Wch(807 81)
€

< [ Hlento = o) = e — )] dafe)

¢e_¢0
€

:_/(vch[:c—y+9(y—¢g(y))], (v) ) dy(z,y),
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where 6§ € [0,1]. Because of (2.38), we have that | @| < ¥ |lp=, for
¢ > 0. Then, we use that ¢ € C'(R?), the Lebesgue dominated convergence
theorem, and (2.38), to obtain that

lim sup Wl(s0,se) — Wl(s0,51)
€l0 €

< - [(Vene—p), w(w) d(op). (241
On the other hand, because of (2.40), we have that

/ F(se(x) dz = / F(sc 0 de(y)) det Vo, (y) dy
Q Q

_ /QF (ﬁ%) det V. (y) dy.

And since, F € C'((0,00)), we deduce by the mean-value theorem that

[ Elede) =Flort o,
Q €
1

_ E/Q [(F (de:%qs) _ F(sl)> det Vo, + F(s1)(det Vb — 1)]

_ / 51 det Ve — 1
‘/Q[_F<Sl+e<detwe_sl>>sl ¢ ]

+ /Q [F(sl)%] , (2.42)

where 6 € [0,1]. We combine (2.38), (2.39) and (2.42) to conclude that

o [ Flsew)) = Flsay
€l0 Jo €

Day=- [ Per)aivsay. (24
Q
Furthermore, because of (2.40), we have that
[sav@ae = [ (50 001V (6.0) det Vouw) dy
Q Q
= [ 5@V @)

And since V € C1(), we deduce by the mean-value theorem, that

o) =),
/Q V(z)d
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where 6 € [0,1]. We let € go to 0 in both sides of the above equality, and we
use (2.38) and the Lebesgue dominated convergence theorem, to conclude
that

T G RGO B P [ 5@ (VV@ew) > w2

el0 Jo €

We combine (2.41), (2.43) and (2.44) to obtain that

/ (Ven(x — y).ly) ) dy(z. ) (2.45)
QxQ

w3 | [ Petavemar - [ se(vve. s

Since Vep(2) = £ Ve (%) , and 4 is arbitrarily chosen in C2°(Q, RY), then
(2.45) implies (2.35).

(i). Proposition 2.2.1 gives that N < s3 < M a.e., and since F €
C1 ((0,00)), we have that P(s1) € L°°(Q).

Now, let ¢ € C°(Q2), and for an arbitrary i € IV, define 9 = (¢;)j=1,..d €
Cx(Q, RY) by Y := 0;; ¢, where d;; denotes the Kronecker symbol. Be-
cause of (2.35), we have that

| rengEo]
‘/ng o2, ( >90(y)dv(w,y)—/981(y) az(i e(y)dy

dJc (x
s[sup o (5 \+||W||Loo<m] [ 1wy
z,y€Q ! OZi Q

Oc <:17
sup

z,yeN azz

aV (y)

<M

Y
) ‘""HVVHLOO(Q)] lellz)-
And since V € C1(Q) and ¢ € C'(IR?), we deduce (i).

(ii). Because P(s1) € WLH°(Q), we can integrate by parts in (2.35). We
use that v € I'(sg,s1) and Sysi = sg, to obtain that

L17e(22) v st a
— /Q(V[P(sl(y))] +s1(y)VV(y),¥(y) ) dy
_ /Qsl(y) (V [F'(s1(9) + V()] ,¥(y)) dy,

for ¢ € C(4, R%). And since v is arbitrarily chosen, we deduce that

ve (Syh_ y) s1(y) =V [F'(s1(y) + V(y) ] s1(y), (2.46)
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for a.e. y € . We combine (2.46), and the fact that (Vc)™! = V¢* and
s1 # 0 a.e., to conclude (2.36).

Next, we consider ¢ € C?(Q), we take the scalar product of both sides of
(2.36) with s1(y)Ve(y), and we use that v = (id x )4 s1, to obtain that

% /Q A= a Vo) dr )

- /Q (Ve [V (F (s10) + V) ], Vov) ) 1 (v) dy. (2.47)

Now, we express 1 [ o(y — =, Ve(y))dy(z,y) in terms of
Jo M ¢(y) dy. Since v € I'(sp, s1), we have that

/Q 1) = 200) oy gy - L /Q lel) — (@) dalay).

Combining the above equality with the first order Taylor expansion of ¢
around y, we obtain that

‘ %/ngw — 2, V(y) dvy(z,y) — % A (s1(y) — so(v)) ¥(y)

1
< —sup| D%p(z) |z —y [P dvy(z,y). (2.48)
2h cq OxQ

We substitute (2.47) into (2.48) to conclude (2.37). This completes the proof
of the proposition. O

2.4 Energy inequality

In this section, we establish an inequality relating the energy E(sg) and
E(s71) of two probability density functions sg and s1. This inequality will be
called energy inequality, and will be used later on, to improve compactness
properties of the approximate sequence s” (see the definition in Section 2.5),
to solutions of problem (1.5). First, we prove this inequality for smooth
cost functions ¢, whose Legendre transform c* are C2. Instead of using the
density function F', we consider a more general function GG, which satisfies
some assumptions to be specified later on. The (internal) energy inequality
reads as

/ Glso(y)) dy - / Gls1(y)) dy > — / Pe(s1(y) div (Sy — y) dy, (2.49)
Q Q Q

where S is the c-optimal map pushing s; forward to sg, and Pg(x) :=
zG'(x) — G(x) . For smooth cost functions ¢, this inequality is simply a con-
sequence of the displacement convexity of Py (Q) 3 5 — [, G(s(x)) dz, that
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is, the convexity of [0,1] 3 ¢t — [, G(si—(x))dx; here s;_; is the proba-
bility density obtained by interpolating sg and s;, along the “geodesics”
joining them in P, (£2) (see Theorem 5.2.2 - (iii)). To prove (2.49), we rather
follow a more direct procedure, using the following result of Cordero and
Otto (Theorem 5.2.1): if sq, 51 € Pu(Q), ¢, ¢ € C*(RY), and S is the
c-optimal map that pushes s; forward to s, then VS(y) is diagonalizable
with positive eigenvalues for py := s1(y)dy - a.e. y € Q. Moreover, the
pointwise Jacobian, det V.S, satisfies

0 # s1(y) = det VS(y) so(Sy), (2.50)
for py - a.e. y € .

Proposition 2.4.1 (Energy inequality for reqular cost functions)

Let sg, s1 € Pa(Q2) be density functions of two Borel probability measures
po and 1 on RY, respectively. Let ¢: R — [0,00) be strictly convex, such
that ¢, & € C%(R%). Let G : [0,00) — R be differentiable on (0,00), such
that G(0) = 0, and (0,00) > x — x?G(x~%) be convex and non-increasing.
Let V : Q — [0,00) be convez, of class C1(), and denote by S the é-optimal
map, such that Sysi = so. Then, the internal energy inequality (2.49), and
the following potential energy inequality hold:

/ so(u)V(y) dy - / 51(9)V (y) dy > / (VV(y), Sy —y)s1(y) dy. (251)
Q Q

Q
In addition, if Pg(s1) € Wh°(Q), and s1 >0 a.e., then

/Q Glso)) dy— [ Glsi(y)) dy > / (VLG (s1(9) ], Sy—y)si (y) dy. (2.52)

Q Q
Proof. Set

Az) == 29G(z™), V€ (0,00).
We observe that

Al(z) = —dz® 1 Pg(z™?). (2.53)
Since A is non-increasing, we have that Pz > 0, and then
(i) (0,00) 3+ @ is non-decreasing.

Theorem 5.2.1 gives that V.S(y) is diagonalizable with positive eigen-
values, and that (2.50) holds for py - a.e. y € Q. So, so(Sy) # 0 for py -
a.e. y € Q. We use that G(0) =0, Sgs1 = s, and (2.50), to deduce that

/QG(SQ(ZC))dCC = /[so;éo}G(SO(x)) dz

_ !/‘G%&KSy»
o s0(Sy)

s1(y)
/QG <m> det VS(y) dy. (2.54)

s1(y) dy
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Comparing the geometric mean (detV.S (y))l/ ¢ to the arithmetic mean

W%@, we have that

s51(y) d I
&m%S()Zsﬂy)QHVS()>'

Then, we deduce from (i) and the above inequality, that

G<%%%%QddV%)>MG<X?)za@m<;$Wﬁ (2.55)

where
tr VS(y)
—

Now, we use (2.53) and the convexity of A, to obtain that

1A () = 00 | Ao ) +4 (s ) (S ) |

— ) [ Gy Pl

A=

s1(y) s1(y)
= Gi(s1(y) — Pa (s1(y)) tr (VS(y) —id). (2.56)
Combining (2.54) - (2.56), we conclude that
/G so(y)) dy — /G s1(y > _/QPG (s1(y)) tr (VS(y) —id) dy

. /Q P (s1(y)) div (Sy — y) dy.

This proves (2.49).
Now, because Sxsi = sp, we have that

/ so(x)V () dz — / 510V (y) dy = / (V(Sy) - V()] s1(y) dy.
Q Q Q

And since V(Sy)—V(y) > (VV(y),Sy—y) (because V € C(Q) is convex),
we deduce (2.51).

Next, assume that Pg(s;) € WH(Q) and s; > 0 a.e.. Because Pg > 0,
we can approximate Pg(s1) by non-negative functions in C°(R%). We use
Theorem 5.2.1 - (iii), to obtain that

—/ Fa(s1(y)) div (Sy —y)dy > /<V[Pa(sl(y))],5‘y—y>dy (2.57)
Q Q

= [(VE Sy =) 1)y
We combine (2.49) and (2.57) to conclude (2.52) O

The next theorem extends the energy inequalities (2.51) and (2.52) to
general cost functions c.



42 CHAPTER 2. CALCULUS OF VARIATIONS ON P4(92)

Theorem 2.4.2 (Energy inequality for general cost functions).

Let sq, 51 € Po() be such that s1 >0 a.e., and c: R — [0,00) be strictly
convez, of class C' and satisfy c(0) =0 and (HC4). Let G :[0,00) — R
be differentiable on (0,00), such that G(0) =0, (0,00) > x — z?G(2~%) be
convex and non-increasing, V (G'(s1)) € L®(Q), and Pg(s;) € WH™(Q).
Let V : Q — [0,00) be convez, of class Ct, and denote by S, the c - optimal
map, such that Sys1 = sg. Then, the following energy inequalities hold

/ Glsoly)) dy— / Gls1(y)) dy > / (VE (s1(9)], Sy—1)s1(y) dy, (2.58)
Q [9] Q
and

/ so(y)V(y) dy - / s1(y)V(y) dy > / (VV(y). Sy —y)s1(y) dy. (2.59)
Q Q

Q

Proof. Let (cg)r be a sequence of regular cost functions satisfying
(2.16). By Proposition 2.4.1, we have that

/ Glso(y)) dy — / Gs1(y) dy > / (V (G (519))) + S () — v)s1(y) dy,
Q Q Q

(2.60)
and

| sV [ vy [ (IS - vl d.
(2.61)
for all j € IN, where Sy ; is defined as in Lemma 2.2.2. We let j go to oo in
(2.60) and (2.61), and we use that V (G'(s1)) € L*(Q2), VV € L*(Q), and
(Sk;); converges to S in L2 (Q, R?) (see Lemma 2.2.2), to conclude (2.58)
and (2.59) O

2.5 Approximate solutions to the parabolic equa-
tion

Throughout this section, sy denotes a probability density in P,(€2) which
is bounded below and above, that is, sg+ % € L>(Q). For fixed h > 0 and

1 € IN, we denote by slh the minimizer of
hy . h h 1
(P"): inf {I(s) = W2(si1,8) + EE(S) : s€ Pa(Q)},

where 56‘ := 59 and
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(see Proposition 2.1.1). We define the approximate solution s” to (1.5), as

so(z) if t=0
sh(t,z) = { (2.62)

sh(z) if te (tio1,ti,
where t; = ih, for all ¢ € IN. The next proposition shows that

88—8: = div {sh \Ye [V <F/(Sh) + V) } } + A(h),

in the weak sense. We show in the next section, that
| A) w2 oy =0 (A
where €(¢) = min(1,q — 1).

Proposition 2.5.1 Let F :[0,00) — R be strictly convex and satisfy F €
C%((0,00)) and (HF1). Let V : Q — [0,00) be convex, of class C*, and
assume that ¢ : R — [0,00) is strictly convex, of class C', and satisfies
c(0) =0 and c(z) > B|z|9, for some ¢>1 and > 0. Then

‘/OT/Q(SO—sh)Ofédmdt
+/OT/Q<S,LVC* [V F’(sh)+V)] Ve da dt‘ (2.63)
<= S ‘D2 (t,z) ‘ Z/ |z — y|* dy)' (=, y),

where, € : R x Q — IR is such that £(t,.) € C*(Q) for t € R, and
spt&(.,x) C [-T,T] for x € Q, and for some T > 0. Here,

f(t + h,IL‘) B g(t,l‘)
h )

OE(t,x) =
and I is the cp,-optimal measure in T'(s? |, sh), for i € IN.

Proof.  Without loss of generality, we assume that % € IN. Because
of (2.37), we have that

| [ Abes)ae| < B,
Q
for t € (0,T"), where

Alt,z) = 2 E(t, o)
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and

1
Bih = o7 sup ‘D%(t,m)‘ / |x—y|2d7ih(:n,y).
[0,T]xQ QxQ

We integrate the above inequality over ¢ € (0,T), to obtain that

T/h T/h

‘Z /ti dt/ Ab(t, ) dfc‘ <nY B (2.64)
i=1 Tt /O i=1

The right hand side of (2.64) gives that
T/h ) T/h
R Bl =5 sw [Dta)] Y [ je-yPaley, (26
i=1 [O,T]XQ i=1 QxQ

while, on the left hand side, we have that

T/h

"’ At x) da dt
>k
i=1 Jti-1
T/h hip) — gh
-y / t / 5i(2) hsl—l(x) £(t,x) de dt (2.66)
i=1 Vti-1 /9

T
+ / / SV |V (F(sM) + V)|, Ve D) dadt.
L L ve [T (e +v)]ve)
By a direct computation, the first term on the right hand side of (2.66) gives

that

T/h

oo osh(z) — st (2)
iE:;/ti1 /Q h g(t7$) dx dt

T
:%/0 /Qsh(t,x)g(t,x)dxdt

T/h

1 ol e
N ZZ:;/“I/QS (1 —h,z)&(r,z)dadr

_%/Oh/gso(x)ﬁ(t,x) dz dt.

We use the substitution 7 =t + h in the above expression to obtain that

T/h

t; 8?(1‘) — 5?_1(1‘)
iZ:;/ti1 /Q h f(t,l’) dzx dt

1 [T T—h
:E/o /Qsh(t,x)ﬁ(t,x)dwdt - %/0 sh(t,x) E(t + h, x) da dt
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——//so E(t,x)dedt

—/ /sh(t,x)aff(t,x)dxdt—k%/cp sM(t,xz) E(t + h, x)

T—h
——/ /30 &(t,x) dtdx.

Noting that

——/ /so E(t,x) dtdx—/ /so 8t§(t x)dx dt,

and &(t+h) =0 for t € (T'— h,T), we deduce that

T/h ti 8; — s
/ / E(z,t)dedt (2.67)
tl 1

//so )—s tx)) oNe(t, z) dx dt.

We combine (2.64) - (2.67) to conclude (2.63) O
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Chapter 3

Existence of weak solutions

Below, we study the limit of (2.63), as h goes to 0. This chapter is divided
into four sections. The first three sections deal with the limits of the three
terms of inequality (2.63), and the last section proves the existence theorem
to problem (1.5), when the probability density sg is bounded below and
above. The energy inequalities (2.58) and (2.59) will be crucial in the proofs
of these limits.

Throughout this chapter, s” is defined as (2.62), and Q7 := (0,T) x €, for
0<T < oo.

3.1 Second moments of the optimal measures

In this section, we show that, if ¢(z) > ]|z |4, for some § >0 and ¢ > 1,

then
T/h

S [ e alrly) = 00, (5.)
i=1 Y OxQ

where €(q) = min(1,g—1), v denotes the cj-optimal measure in T'(s? |, s%),
and s? is the unique minimizer of

(P inf (Wl )+ 1B 5 € Pal@) ],

with sg = 5o and

B(s) = /Q [F(s) +sV].

The first step toward proving (3.1) is the next lemma, which states that
S0, Wh(sh |, sh) is bounded, uniformly in h.

Lemma 3.1.1 Let F : [0,00) — R be convex and satisfy (HF1). Let
50 € Pa() be such that E(sg) < oo. Let V : Q — [0,00) be continuous on

47
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Q, and assume that ¢ : R% — [0,00) satisfies (HC1) - (HC2). Then

> 1
> hWEstoy o) < Blow) | 917 (a7 (3.2

Proof. Let T >0, be such that % € IN. Since ¢(0) = 0, Proposition
2.1.1 gives that
hWh(S?—h 8?) < E(Szh—l) - E(Sh)v

C (3
for ¢ € IN. We sum both sides of the above inequality over i, and we use
that V' and 5? are non-negative, to obtain that
T/h
SRSy st) < Blso) = [ Flshy(e) o
i=1

We apply Jensen’s inequality to the integral term above, and we let T" go to
00, to deduce (3.2) O

Proposition 3.1.2 Assume that F : [0,00) — R is conver and satisfies
(HF1), and sq € P,(Q) is such that E(sg) < oo. Assume that V : Q —
[0,00) is continuous on Q, and c¢ : R? — [0,00) is strictly conver and
satisfies ¢(0) =0 and c¢(z) > B|z|?, for some >0 and g > 1. Then, for
T >0 and h € (0,1), such that % e N,

T/h
> /Q Q|w—y|2dv?<x,y> < M(Q,T,F,s0,q,8) k"9, (3.3)
i=1 "X

where €(q) = min(1,q — 1).

Proof. Since c¢(z) > (3|z]|?, we have that

ha

| Ja—yltalag) < 5 Wik ), (3.4
QxQ B

for i € IN. We distinguish two cases, based on the values of gq.

Case 1: 1 <q<2.

Because of (3.4), we have, for i € IV, that

/ |z —yPdyi(a,y) < sup | —y|*? / |z —y|?7dyP (2, y)
QOxQ z,yeN QOxQ

i (2—9)
< BT WAl sl

where, diam () denotes the diameter of {2. We sum both sides of the above
inequality over i, and we use (3.2), to conclude that

T/h
Z/Q Q!fc—yIQd’yf‘(fc,y) < M(Q,F, 50,9, ) h?™".
i=1 "%
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Case 2: q > 2.
Because of Jensen’s inequality and (3.4), we have that

2/q
/ |z —y Pdy)(z,y) < </ !x—y!qdv?(%y))
QxQ QxQ
h? 2/q
< 2/ [Wf(s?—hs?)} :
We sum both sides of the above inequality over i, and we use Holder’s
inequality on the right hand side term, to obtain that

T/h B2 T 1_2 T/h 2/q
2 1 h heh  oh
r—yl[dy'(z,y) < —- <—> We(sii1: 8i
223/99\ Pt < g () | S WE
T/h 2/q

QN

L2 h
=T 7l > hWi(st,st) | (3.5)
i=1

We combine (3.2) and (3.5), to conclude that

T/h
Z/Q o=y Pl a.y) < MO.TFoso. 0. )
i=1 X

This completes the proof of the proposition O

In the following two sections, we assume that V' = 0, and we denote the
internal energy by

Ei(p) = /Q F (p(z)) da,
for p € Pa(Q).

3.2 Strong convergence of the approximate solu-
tions

In this section, we prove that (s"); is compact in L' (0,7) x Q), for 0 <
T < 0o. The main ingredient in the proof is the energy inequality (2.58). It
allows us to obtain a uniform bound in h, of the L7 - norm of V (F'(sM)),
which leads to the compactness of (s");, in L' (0,T) x Q).

We first show that (s”);, converges weakly in L' ((0,7) x Q), for a subse-
quence, and for 0 < T' < co. We introduce the following constant needed in
the next lemma:

M(QvTvFa S(),q,O[)

1
= M(a,q) (Est) CQ|F (W) FaT|Q]| 0 um)) |
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where M(a, q) is a constant which depends on « and gq.

Lemma 3.2.1 Assume that ¢ : R — [0,00) is strictly convez, of class
C' and satisfies (HC2), and F : [0,00) — IR is strictly convex, of class
C?((0,00)), and satisfies (HF1). If sq € Pa(Q2) N L>®(R), then,

8" | zoo(RiLoo()) < | S0 [l ()- (3.6)

Therefore, there exists s: IR x Q) — IR and a subsequence of (sh)hw, which
converges to s, weakly in L' ((0,T) x Q)), for 0 < T < oc.
In addition, if ¢ satisfies (HC4), F satisfies F'(0) =0 and (HF2), then

/QT sh( v (F’(sh))

Proof. Because of the maximum principle of Proposition 2.2.1, we
have that

*

T < (T, F, 50,0, 0). (3.7)

S?S ||SO||L°°(Q)7 Vie N,

which reads as
[ Sh(t) HLOO(Q) <l so HLoo(Q), Vte R.

We take the supremum of the subsequent inequality over t € IR, to deduce
(3.6).

Due to (3.6), we have that (s"); is precompact in L' ((0,T) x Q), for
0 < T < oo. We use the standard diagonal argument, to conclude that
(s")njo converges weakly to some function s : (0,00) x @ — R in

LY ((0,T) x Q), for a subsequence.

Because of Proposition 2.3.1, the maximum/minimum principle of Propo-
sition 2.2.1, and the fact that V (P(s!)) = s"V (F'(s!)), we have that
P(st) € Whe(Q) and V (F'(sh)) € L>®(Q), for i € N. Then, we choose
G := F in the energy inequality (2.58), and we use (2.36), to obtain that

h/Q <V (F%S?)) v [V (F/(S?))] >S?
< [ Pt = [ PG,

for # € IN. We sum both sides of the subsequent inequality over ¢, and we
use Jensen’s inequality, to deduce that
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Because of (5.13), and the fact that ¢(z) < a(|z]?+ 1), we have that
(2, Ve (2)) = ¢*(2) > M(a,q) 12| = o,

and then, (3.8) implies that

M(a, q) PV (F'(s™)
Qp

< [ F(so) - |Q|F 2V haf o (3.9)
/Q <|Q| Qr

We combine (3.6) and (3.9), to obtain that

M(a,q) sh v (F'(s™)
f 1o

*

q

*

q

1
< [P -1917 () +aTi2l0 I,
Q 2]
We divide both sides of the above inequality by M («, q), to conclude (3.7)0

Next, we establish the space compactness of (s), on (0,T) x Q, for
0<T < o0.

Lemma 3.2.2 (Space-compactness)

Assume that ¢ : R* — [0,00) is strictly convex, of class C' and satisfies
c¢(0) = 0 and (HC4), and F : [0,00) — R is strictly convex, of class
C?((0,00)), and satisfies F(0) =0 and (HF1) - (HF2). If sq € P,(Q) is
such that sg + % € L>®(Q), then, for all n #0 and 0 < T < oo,

T
/0 /Q(n)

where e is a unit vector of R, and Q) is defined by

Sh(t7x + 776) - Sh(t,x) < M(Q7T7 F, 50, Q) |77‘7 (310)

QO = {zecQ: dist(x,00) > |n]|}.

Proof. We set ng) = (0,T) x QM. Since sq+ % € L>(Q), the max-
imum /minimum principle of Proposition 2.2.1 implies that (s"); is bounded
below and above. Then, we use that F' € C?((0,00)), to obtain that

H Vst ‘ Z*(QT) _ /QT W §h ‘ v (F/(gh)>

gM(Q,sO,F)/Q sh‘V<F’(8h)> *

*

q

! (3.11)

We combine (3.7) and (3.11), to conclude that (Vs") ,, 18 bounded in
L7 (Qr). As a consequence, we have that (s");, is bounded in W9 (Qr).
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Let (pr)r be a sequence in C*°(7) such that
(i) o — s in LT (Qr), as k — oo
and
(ii) Vyr — Vs in LT(Qrp), as k — oo.

Fixing t € (0,7), and using the mean-value theorem on Q > z —
vi(t, z), we have that

/Q(n)

where 6 € [0,1]. We integrate both sides of the subsequent inequality over
t € (0,T), to have that

q* T q*
or(t,z +ne) — or(t, ) < Inel . Vi (t, z + Oxne
Qn

*

q
thk(t, )

< 7
< [nl @)

q*

Le* (Qr)

/Qm ‘ r(t,z +ne) — o(t,z) (q* <|[n]?” H Ver (3.12)
g

We let &k go to oo in (3.12), and we use (i), (ii), and the fact that (Vsh)h
is bounded in L7 (Q7), to deduce that

/ o 18"t ne) ="t o) |7 < MQT,Foso,0,0) 0|7 (3.13)
of

We combine (3.13) and Hélder’s inequality, to conclude that

/ ()
Q!

N\ L
q
< ‘QT ‘1/(1 (/Q(”) ‘ Sh(tvx + 776) - Sh(tvx) )
T

< M(Q,T,F,s0,0,q) | 1|

sh(t, x4 ne) — s"(t, x) ‘

*

O

Now, we focus on the time compactness of (s");, on (0,7) x Q, for
0 < T < oo. The following constant will be needed in the next lemma:

M(Q7T7 F7 807q7a7ﬂ)

1 *
ol g, 1

2 w(a.8) (Eion) = 1907 (g ) +aTI2 s o).

Leo(Q)

1

50
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Lemma 3.2.3 Assume that ¢ : R® — [0,00) is strictly convex, of class
Ct and satisfies c(0) = 0 and (HC4), and F : [0,00) — R is strictly
conver, of class C%((0,00)), and satisfies F(0) =0 and (HF1) - (HF2). If
so € Pa(82) is such that so—l—% € L>(Q), then, for 7 >0 and 0 < T < o0,

fQT [F' (s"(t+71,2)) = F' (s"(t,2)) ] [s"(t+7,2) —sh(t,2)] (3.14)
SM(QTFSO,Q7 7ﬂ)7—‘ ‘
Proof. Without loss of generality, we assume that % € IN and

7= Nh, for some N € IN. For simplicity, we set

L(h,7) := / F' ("t +7,2)) = F' (s"(t,z) sh(t+7,x) — sh(t,z) |,
P )7 (o) ] | ]

and

K V)= [ [P (shoa@) = 7 (@) ] [t = (0]

It is straightforward to check that

T/h
) =Y hJ(i,h,N). (3.15)

Since Wh does not satisfy the triangle inequality, we introduce the
g-Wasserstein metric dh (Wh)l/ 4, defined by

Sh 1/q
dh(sz 752+N </ ‘ = z+N( )dy) ) (316)

where Sh denotes the |7 |9-optimal map that pushes S?Jr y forward to slh.
Then, setting " N = = F' (s y) — F' (s!'), we obtain that

J(i,h,N) = /Q [cp?,zv(y) — oy (Sﬁ](y)ﬂ st (y) dy.

Since so+ % € L®(Q), F € C*((0,00)), and sP'V (F'(sh)) =V (P(s])) €
L>(Q) (see Proposition 2.3.1 - (i)), the maximum/minimum principle of
Proposition 2.2.1 gives that goZN € Wh>(Q). So, approximating @?JFN by
C*°(2)-functions, and using that (Sg)#sﬁr]v = sh, and the mean-value

theorem, we rewrite J(i, h, N') as follows:

16 = [ [ (Ve (0= 00 4150) v - Sl son)atay
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We combine Hélder’s inequality and (3.16), to deduce that

J(i,h, N) (3.17)

<y (st [ [ [ welion (0=t 150) [ sins >dtdyr/q.

But, observe that sP, Z+N < | s0 ||z (q) because of Proposition 2.2.1, and
| Vgolh’N |9 € L>(Q). So, we approximate | chZ’N |9 by non-negative func-
tions in C2°(R?), and we use (2.23) in Proposition 2.2.3, to deduce that

*

3?+N(Z/) dy

/Q(Vw?,w ((1 —t)y + tS?(y)) !

q*
<lsollo=e [ | Vel an (315)
We combine (3.15), (3.17) and (3.18), to have that
T/h
Lk, 7) < Do 120y 12 D di (sl slton ) IV e o)
i=1

And since dg is a metric, the triangle inequality gives that

1 N T/h
*

L, 7) < D01y 22 30 DIVl oo i (sl i)

k=1 i=1

Then, we apply Holder’s inequality to the interior sum, to deduce that

L(h,7) < (3.19)
1 /h Ve T/h , 1/q
3 Q_i
50 17 oy > Vel e PN DA C Ry
k=1 | i=1

Because of (3.7) and the maximum/minimum principle of Proposition 2.2.1,
the sequences <h1/q* h ) H ) > and

LT7() i=1,-,T
(hl/q* (F'(s H-N)) ‘ Lq*(m> . belong to l4+(2). Then, we combine

Holder’s inequality, Minkowski’s ineqﬁality, (3.7), and the
maximum /minimum principle of Proposition 2.2.1, to have that

1/q*

Lo (Q)

T/h .

h q
doh HV%’,N ‘
=1
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T/h 7t 1/q
< 1/q*
<> <h me)

*

i |5 (P |

> (F6n) [ o

T/h - 1/q*
(Srle e[,
- 1/q*
(Sl

1 _ o
g [ M (Q,T,F,s0,q,a)] /. (3.20)

L>(Q)
On the other hand, since ¢(z) > 3|z |%, we have that

(a)" < we.

and then,
N T/h . l/q
Z |:ng <szh+k—1aszh+k) :|

1 N T/h l/q
S 1/q Z |:ZhW < zh+k1,$zh+k>] :

We use (3.2) and the above inequality, to deduce that

N T/h . 1/‘]
Z Zd ( Sitk—1>5 z—l—k)
k=1 | i=1
1 1N\
< - QIF NhVa, 3.21
<5 [ B - 1217 (57 | (321
We combine (3.19) - (3.21), and we use that 7 = Nh, to conclude that
L(h,7) < M(Q,T,F,s50,4,, 8) 7.

This completes the proof of Lemma 3.2.3 O

Lemma 3.2.4 (Time-compactness)
Assume that the assumptions of Lemma 3.2.8 hold. Then, for 0 < T < oo,
and small T > 0,

T
/ / ‘Sh(t + 7, l’) — Sh(th) < M(R,Q,T, F, S(),Oé,q,ﬂ)\/F—F TA(\/;)v
0 JQ
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where A is such that
lim A(y/7) = 0.

710

Proof. Let R > 0, and for fixed h, T" and 7, define

Eg = {t €(0,7): Ap,(t):= H sh(t) ‘

—I—Hsh(t—{—T)‘

La(Q) La(Q)

—I—HF’ (s"(1)) H +HF’ ht+71)) H

wa*(Q) Wla*(Q)

+1 [ [F (s"t+7)) = F (s"(t)] [s"(t+ 1) —s"(t) ]
> R}.
Because of (3.7), (3.14), the maximum/minimum principle of Proposition

2.2.1, and the fact that F' € C?((0,00)), we have that (0,7) >t — Ay -(t)
belongs to L' ((0,T)). Hence

M(Q7T7 F7 807q7a7ﬂ)

| Er| < = (3.22)
We combine (3.6) and (3.22), to have that
L[]t e =] < 2050l 211 Erl
Er
M(Q,T, F
S ( s Ly éSO7Q7a7ﬂ). (323)

On the other hand, if t € ES := (0,7) \ Eg, setting s"(t) := s; and
sh(t +7) := s9, we clearly have that IsillLa) < R, (| F'(80) lwrar ) < R
forall i = 1,2, and [, [F'(s2) — F'(s1)][s2 — sl] < RT. Then, Proposition
2.2.4 gives that

/ /\sh(t+7,x)—sh(t,x)|g ART) <TART),  (3.24)
B, Jo B,

where A(R7) := Ar(RT) is defined as in Proposition 2.2.4. We combine
(3.23) - (3.24), and we choose R = %, to conclude the proof of Lemma
3.24 ]

Having proved the space-compactness and time-compactness of (s"),, we
are now ready to show that (s"); converges strongly to s, in L' ((0,7) x Q)
(up to a subsequence), for 0 < T' < oo; here s is defined as in Lemma 3.2.1.

Proposition 3.2.5 Assume that ¢ : R¢ — [0,00) is strictly convez, of
class C' and satisfies c¢(0) =0 and (HC4), and F :[0,00) — R is strictly
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conver, of class C%((0,00)), and satisfies F(0) =0 and (HF1) - (HF2). If
S0 € Pu(2) is such that so + % € L>*(Q), then, for 0 < T < oo, there is
a subsequence of (s"),0 which converges strongly to s in L" ((0,T) x ),
for 1 <r < oo, where s is defined as in Lemma 3.2.1.

Proof. Fix § > O, and define Q) := {z € Q: dist (z,00) > d},
and Qgﬁs) = (0,T)x Q) as in Lemma 3.2.2. Because of (3.6), we have that

(sp)n is bounded in L! (ng)) . Furthermore, for € > 0, and small 7 >0

and n € (0,9), we have that QS}S) C Qgﬁ) C Qp, and then, Lemma 3.2.2 and
Lemma 3.2.4 show that

/ st +ne) — s (t2) | < e
Q®
T

and
/ |sh(t+7',:v)—sh(t,m)| < e,
0O
T

uniformly in h. We deduce that, (s");, is precompact in L' (QE}”) (See [1],

Theorem 2.21). We observe that lims_q|Q\ Q® | = 0, and then, we use
the diagonal argument, to obtain that, (s”), converges strongly to s, in
L'(Qr), for a subsequence. And since (s"), is bounded in L>®(Qr) (see
(3.6)), we conclude that it converges to s, in L"(Qr), for 1 <r < co (up
to a subsequence) O

3.3 Weak convergence of the nonlinear terms

We use the energy inequality (2.58), stated in Theorem 2.4.2, to show that
(Ver [V (F'(sM)]),, converges weakly to VX [V (F'(s))], in

L1((0,T) x ), for a subsequence, and for all 0 < T < oo.

Throughout this section, (s");, will denote the subsequence of (s");, which
converges to s, in L" ((0,7) x Q), for 1 <r < oo, as in Proposition 3.2.5.
For simplicity in the notations, we set

ol = Ve {V (F/(sh)> } .
The next lemma shows that (o”), is bounded in L9 ((0,00) x ), and

(Vv (F’(sh)))h converges weakly to V (F'(s)) in LT ((0,T) x Q), for a sub-
sequence, and for all 0 < T < oo.

Lemma 3.3.1 Assume that ¢ : R — [0,00) is strictly conver, of class
C' and satisfies ¢(0) = 0 and c(z) > B|z|?, for some 8> 0 and g > 1.
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Assume that F : [0,00) — IR is strictly convex, of class C?((0,00)) and
satisfies (HF1). If so € Po(Y) is such that so + % € L>(Q), then

1 1

[Ei(so) —|Q|F <ﬁ>] . (3.25)

h |19
| o HLq(QOO) < 1

S0

Leo(Q)

Therefore,

(i) there is a subsequence of (ah)hw, which converges weakly to

a function o in L1((0,T) x Q), for 0 <T < oc.

In addition to the assumptions, if ¢ satisfies (HC4), and F satisfies
F(0) =0 and (HF2), then

(ii) there is a subsequence of {V (F’(sh)) }hlo’ which converges
weakly to V (F'(s)), in LY ((0,T) x Q), for 0 <T < oc.

Proof. By (2.36), we have that

Siw) —y <yh> “Y _ oy [v (F/(sy(y)))] : (3.26)

for i € IN, where Sih denotes the cp-optimal map that pushes szh forward to

sh . We use (3.26) and the maximum/minimum principle of Proposition
2.2.1, to deduce that

19" sy = 300 [ [ Ve [V (Ftn) ] o
S
= ;h/g‘isl(y}z y‘ dy

L - Sty) —y
AL ET
S0 =

IN

L>(9)
Since c¢(z) > ]z ]9, we obtain that

1 o
lonluqn) €~ S AW sh. (3.27)

1 °
S0 i=1

L (Q)

We combine (3.2) and (3.27), to conclude (3.25).

Now, fix 0 < T < oo. By Proposition 3.2.5, (s"), converges strongly to
s, in LY ((0,T) x ), and by (3.6) and the fact that F’ is continuous on
(0, 00), (F’(sh))h is bounded in L™ ((0,7T") x 2). We deduce, due to the
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continuity of F’ on (0,00), that (F’(sh))h
LT ((0,T) x Q). And, since {V (F'(s")) }h is bounded in L ((0,T) x )

(because of (3.7) and the maximum principle of Proposition 2.2.1), we con-
clude (ii) O

converges weakly to F'(s), in

The next lemma extends the energy inequality (2.58) to the time-space
domain (0,7") x €.

Lemma 3.3.2 (Energy inequality in time-space)

Assume that ¢ : R — [0,00) is strictly convex, of class C', and satisfies
c¢(0) =0 and (HC4). Assume that F : [0,00) — R is strictly convex, of
class C? ((0,)), and satisfies F(0) = 0, F € C?((0,)) and (HF1) -
(HF2). If sop € Po(2) is such that sp + % € L>®(Q), and t — u(t) is a
non-negative function in C°(R), then

/OOO /Q (" (Fi(s"),ver [V (Fi(sM)] ) ult)

<t [ [ Feoanue + [T [ R ata,

u(t+h) — ult)
oM u(t) = - .

where

Proof. Let T be such that % € IN, and assume that sptu C [-T, 7).
We choose G := F' in the energy inequality (2.58), and we use (2.36), to
obtain that

<- /Q (V[F (s2w) ] ver [v(Fsten) ] ) sty

for all ¢ € IN. Since u > 0, we deduce that

T/h

ffF (sP(y) — F (571 (y)
;/tl/g (s:() - ( 1y)u(t) 5
S—/Q st <V<F,(sh)>7vc* [V<F,(Sh))}>u(t),

By direct computations, the left hand side of the above inequality gives that

T/h

v E (W) - F (W)
> I . 0
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1 [ F(Pew)u - 3 [ F )

—% /hT/QF<sh(t—h)> u(t).

We use the substitution 7 = t — h in the last integral, and the fact that
u(t+h) =0 for t € (T'— h,T), to obtain that

K[ F () ~ F (st ()
; /t ) /Q : u(t) (3.29)
= [ () bt~ 5 [ (o) )

We combine (3.28) and (3.29), and we let T" go to oo, to complete the proof
of Lemma 3.3.2 n

Theorem 3.3.3 Assume that ¢ : R — [0,00) is strictly convez, of class
C', and satisfies c(0) = 0 and (HC4). Assume that F : [0,00) — R is
strictly conves, of class C% ((0,00)), and satisfies F(0) =0, F € C?((0,00))
and (HF1) - (HF2). If sy € Pa() is such that sp + % € L>*(Q), and
t— u(t) is a non-negative function in C°(R), then

: > h __h /(b _ > /
1}1?8/0 /Q<SO’,V(F(S )>>u(t)—/0 /Q<SJ,V(F(3))>u(t),
(3.30)
where s and o are defined as in Lemma 3.2.1 and Lemma 3.3.1.

Therefore, there is a subsequence of (Vc* [V (F’(sh))])h, which converges
weakly to Vc* [V (F'(s))] in L1((0,T) x Q), for 0 <T < occ.

Proof. Let T > 0 be such that sptu C [-T,T], and assume that
s(t) = sg, for t < 0. Denote by (s");, the subsequence of (s"), such that

(i)  (s")njo converges to s a.e.,

(i)  {V(F'(s")) Injo converges weakly to V (F'(s)), in L9 (Qr),
and

(i) {o" = Ve [V (F'(s")] Injo converges weakly to o, in LY(Qr),

as in Proposition 3.2.5 and Lemma 3.3.1. We first show that

i [ (0" 59 (1(5) utt) = /Q 089 () utt), (3.31)
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and

1}518 o (s"Ver [V (F'(s))],V (F'(sh)) — V (F'(s)))u(t) =0. (3.32)

By (ii), we have that V (F’(s)) € LY (Q7), and by (3.6), we see that (s"),
is bounded in L*°(Q7). We use (i) and the dominated convergence theorem,
to have that

lim

h|0 Qr

ie.
(iv)  {s"V (F'(s)) }njo converges strongly to sV (F’(s)), in L9 (Qr).

We combine (iii) - (iv), and the fact that v € C°(R), to conclude (3.31).
By Proposition 5.3.3, the convexity of ¢, and the fact that c(z) > 5]z,
we have that
*
IVer(2) |7 < c(Ve'(z) —

3 ({2, Ve'(2)) = ¢*(2))

(2, Ve (2)) < M(B,q) | 2]

IN

R R

We deduce that

*

)

Ve [V (F )] [ < MG v (F6) |

and then,
(v) Ve [V(F'(s)] € L9(Qr).
We use (i), (v) and the dominated convergence theorem, to have that
1}5101 o (sh — 5)Ver [V (F'(s)) ] ‘q

=0,

i.e.

(vi)  {s"Ve [V (F'(s))] }njo converges strongly to
sVe* [V (F'(s))], in L1(Q7).

We combine (ii) and (vi), to conclude (3.32).

The proof of (3.30) follows directly from the following three claims.
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Claim 1.

/QT {50,V (F'(s)) ) u(t) < liminf /QT <Sh0—h,V <F'(sh)) > ult).

h10

Proof. Because ¢* is convex, and u and s" are non-negative, we have
that

/QT sh <vc* [v (F’(sh)ﬂ — Ve [V (F(s)],V <F’(sh)) —V (F'(s)) >u(t) >0,
and then,

Jimn inf /Q (0", "7 (F'(s)))ul(?)

h10

< liI}LlliOnf /QT<shah,V (F'(sh)>>u(t) (3.33)

—i—limhls(}lp /QT (s"Ver [V (F'(s)) ],V (F'(s)) =V (F’(sh)>>u(t).

We combine (3.31) - (3.33), to conclude Claim 1.

Claim 2.

i sup /Q ) <sh0h,V (F’(sh))> ult)
< [ [50F'(s0) = F* (Fs0) ] (0
+ /QT [s(t,m)F’ (s(t,x)) — F* (F’(s(t,:c)))] u'(t).
Proof. We first observe that

: h _ /
lﬂr& o F(sM)olu(t) = /QT F(s)u'(t). (3.34)

Indeed, it is clear that

‘ A F(sh)afu(t)—F(s)u/(t)( (3.35)

h / h h /
SA?W@)=HMM@H+/IF@H@uw—u@L

Qp

Because of the maximum /minimum principle of Proposition 2.2.1, and the
continuity of F', we have that (F(sh))h is bounded in L*°(7). We let h go
to 0 in (3.35), and we use (i), the fact that u € C2°(R), and the Lebesgue
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dominated convergence theorem, to conclude (3.34).
Recall that Lemma 3.3.2 gives that

lin;lsoup /QT <Sh0h, \Y <F/(sh)>> u(t)

1 rh
< liminf—/ /F(so)u(t) +limsup/ F(sMol u(t),
hio - h Jo Jo hio Jar

and by (3.34) and the continuity of u, we obtain that

limsup/Q <Shah,v (F'(sh)>> u(t) (3.36)

)

< / F(so)u(0) + [ F(s(t,z))u'(t).
Q

Qp
Since F € C1(0,00)) is strictly convex and satisfies (HF1), we have that
F(a) = aF'(a) — F* (F'(a)), (3.37)

for a > 0. We substitute (3.37) in (3.36) for a = s(t,z) and a = so(x), to
conclude Claim 2.

Claim 3.
/Q [SQF/(SQ) Y (F'(so))] u(0)
—I—/Q [S(t,:n)F' (s(t,z)) — F~* (F' (s(t,:n)))} u'(t)
< /QT<SO',V (F'(s))) u(t).

Proof.  Set &(t,z) := F'(s(t,x))u(t), for (t,z) € R x Q. Because
of (i) - (ii), the maximum/minimum principle of Proposition 2.2.1, and the
fact that F' € C?((0,00)), we have that F'(s) € L°(Qr) and V (F'(s)) €
L7 (Q7). Let (p;); be a sequence in C*°(Qr), such that

0; — F'(s) in Lq*(QT),

and

Ve — V (F'(s)) in LY (Qr), as j — oo.
It is clear that &; := @;u is admissible in (2.63). Therefore, we use Propo-
sition 3.1.2 and the backward derivative 8t_h §i(t,x) == w in
(2.63), to have that

/ (s0— MO ¢ + / (5", ;) = 0(he@), (3.38)
Qp

Qp
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where €(q) = min(1,q — 1). Letting j go to oo in (3.38), we obtain that

Qr

| Go=sharter [ ooV (£6)) ) = o)
Qr

We let h go to 0 in the subsequent equality, and we use (3.31), to conclude
that

fm [ o s ortes /Q (059 (F(e)u(t) =0 (3.39)

Since sptu C [T, T], we have that

[ worte== [* [ tostn

im [ sodhe = — /Q s0()£(0,7) = — / soF (s0)u(0).  (3.40)

h|0 Qr Q

and then,

We combine (3.39), (3.40) and (i), to have that

/ <J7 sV (F,(‘S))> u(t) = lim S(tal')at_hg(t?l‘) + / SOF,(SO)U(O)'
Qr hi0 Jar Q

(3.41)
By direct computations, we obtain that

s(t, )0 et x) = s(t,x) F' (s(t,z)) ;7 " u(t)
+ % s(t,a)ult — h) [ F' (s(t,2)) — F' (s(t — h,)) ] -
Since F™* is convex, and (F*) = (F')~!, we have that
(F'(b) — F'(a)) b > F* (F'(b)) — F* (F'(a)),
for a,b > 0, and then, we deduce that

s(t,x) o7 he(t, ) > s(t,x) F (s(t,x)) 97 "u(t)
1
+E u(t —h) [F* (F' (s(t,:n))) — F* (F' (s(t — h,x))) ] .
We integrate both sides of the subsequent inequality over 7, and we use
that w = 0 on (T'— h,T) (for h small enough), and s(t,z) = so(x) for
t € (—h,0), to obtain that

/Q s(t,2)0 et 7) > / [s(t,2)F (s(t,2)) — F* (F' (s(t,2))) ] & "u(t)

Qp

L /0 "t h) /Q F* (F'(s0).
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We let h go to 0 in the above inequality, to deduce that

1}3{18 o s(t, )0 e (t, x) (3.42)
> / [s(t,z)F' (s(t,x)) — F* (F' (s(t,2))) | u'(¢)
Qp
—/ F* (F'(s0)) u(0).
Q

We combine (3.41) and (3.42), to conclude Claim 3.
Finally, we show that
o=V [V (F(s))], (3.43)

which combined with Lemma 3.3.1 completes the proof of Theorem 3.3.3.
Let € >0, p € C®(Q), and set w(t,z) := F' (s(t,z)) — epp(x), where ¢ is
such that Vi) = . It is clear that Vw. € L9 (Q7), and

Ve (Vi) [ < M(B,0)| Ve |7

as in the proof of (v) in (3.32). We deduce that Vc* (Vwe) € L1(Qr). We
use that ¢* is convex, and s and u are non-negative, to have that

/ sh (Ve {V (F/(sh)> } - V& (Vwe), V (F/(sh)> — Vwe)u(t) > 0.
Qr
We let h go to 0 in the above inequality, to obtain that

limsup/ <sh0h,V(F'(sh)>>u(t)—liminf/ (o, s"Vwe) u(t)
hlo  Jar hl0 Jor

—liminf/ (s"V et (Vw,), V (F'(sh)) — Vwe)u(t) > 0. (3.44)
h|0 Qr
As in the proof of (3.31) and (3.32), we have that

lim inf <ah,sthE>u(t):/ (o, sVwe) u(t), (3.45)
h|0 Qr Qr

and

hl}zlli()nf /QT (s"V e (Vwe), V (F'(sh)> — Vwe) u(t) (3.46)

= / (sV*(Vwe), V (F'(s)) — Vwe) u(t).
Qr
We combine (3.30) and (3.44) - (3.46), to have that

/Q (so — sV (Vwe),V (F'(s)) — Vwe) u(t) > 0.
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We divide the subsequent inequality by e, and we let € go to 0, to obtain
that

/Q (so — sV [V (F'(s))],p(z)u(t)) > 0.

Choosing —¢ in place of ¢, we get that
/ (so— sV [V (F'(s))], e(z)ult)) = 0.
Qr

And since ¢ and u > 0 are arbitrary test functions, we deduce that
so =sVc" [V (F'(s))].

But, (i) and the maximum/minimum principle of Proposition 2.2.1 give that
s # 0. Then, we conclude (3.43) O

3.4 Existence and uniqueness of solutions

In this section, we state and prove two theorems of existence and uniqueness
of solutions to problem (1.5). In the first theorem, we assume that the
potential V' = 0, and in the second theorem, we consider arbitrary V.

Theorem 3.4.1 (Case V =0).

Assume that ¢ : R* — [0,00) is strictly convex, of class C', and satisfies
c(0) =0 and (HC4). Assume that F : [0,00) — R s strictly convez, of
class C?((0,00)), and satisfies F(0) = 0 and (HF1) - (HF2). If s¢ €
Po(2) is such that so+ % € L>(Q), and V =0, then, problem (1.5) has
a unique weak solution s :[0,00) x Q — [0,00), in the sense that

(i). s+ 1€ L>®((0,00);L®(Q)), V(F'(s)) € LT ((0,T) x Q), for 0 <
T < o0, and

(ii). for £ € C2(R x RY),

/OOO/Q { —s% + <ch* [V(F'(s))] ,V§>}
_ /Q so0(x) £(0, 7) da. (3.47)

Proof. By Proposition 3.2.5, (sh)h converges to s a.e., for a sub-
sequence. And since s® > 0 for all h, we deduce that s > 0. We com-
bine Proposition 3.2.5 and the maximum/minimum principle of Proposi-
tion 2.2.1, to conclude that s+ 1 € L ((0,00); L*(f2)). By Lemma 3.3.1,
V (F'(s)) € LT ((0,T) x Q), for 0 < T < co. This proves (i).

Recall that Theorem 3.3.3 gives that Ve* [V (F'(s))] € L9((0,T) x Q)
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for 0 < T < oo, and Proposition 2.2.1 and Proposition 3.2.5 imply that
s € L*((0,T) x ). We deduce that sVe* [V (F'(s))] € L1((0,T) x Q),
for 0 < T < oo. Now, let ¢ € C2(Rx R?) be such that spt&(.,x) C [-T,T)]
for some 0 < T < oo and for all z € Q, and set Q7 := (0,7 x 2. Because
of Proposition 2.5.1 and Proposition 3.1.2, we have that

. A hy * 10 h _
lim QT{(SO shYahe + (Ve [v(F(s ))},vo} 0. (348
Lemma 3.2.1 gives that (s"); converges weakly to s in L'(Qr), for a
subsequence, and then, we have that

lim [ (so—s")ore = / (50— 8) = (3.49)

110 Jo,
_ [/QTS%+/Qso<x>s<0,as>]-

By (3.6) and Proposition 3.2.5, (s");, is bounded in L>(€7) and converges
a.e. to s, for a subsequence. We deduce that it converges strongly in

LT (Qr). And since { Vet (V(F'(sh))) }h converges weakly to

Ver (V (F'(s))) in LI(2r), for a subsequence (Theorem 3.3.3), we conclude
that

(iii) { shVer (V (F'(s5))) }h converges weakly to sVe* (V (F'(s))) in

L'(Q7), for a subsequence.

We combine (3.48) - (3.49) and (iii), and we use the fact that spt{(.,x) C
[—T,T], to conclude (3.47).
Here, we prove uniqueness of the solution to (1.5) when % e L1 ((0,7) x Q),
for 0 < T < co. By using the arguments in [16], we can extend the proof to
the general case. In fact, assumption (1.2) would not be required here; one
just need to notice that (Ve*(z1) — Ve*(22), 21 — z2) > 0 by the convexity
of ¢*.
Let T > 0, and assume that s; and sy are solutions of (1.5) with the same
initial data, such that N < s; < M, and % e L' ((0,T)xQ), j=1,2.
Since V (F'(s;)) € LT ((0,T) x ), and

*

q

Ve [V (F(s) ] [ < M(3.0) | (F/(s9)
we have that Vc* [V (F'(s;))] € L1((0,T) x Q). For § > 0, we define
Qr > (t,z) = & (t,x) == @5 (F' (51(t,2)) — F' (s2(t, 2))) ,

I

where
if 7<0

if 0<r<$
if 7>96

ws5(T) 1=

—oln O
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Using &; as a test function (or a smooth approximation of &g, if needed) in
the equations satisfied by the solutions s; and so, we have that

&5 O0r(s1—s92) = —/ (s1Ve* [V (F'(sl)) ] — 59V " [V (F'(sz))] ,VEs),

QT QT

which reads as

&5 Or(s1 — s2)
Qp

5 [V (9 (P )] = Vet [V (F(52) |9 (1)~ F(s2)

_% /(2(1,2)(81 — so) (Ve [V (F/(52))] 'V (F/(Sl) o F’(Sz))>,

where Qgpl’z) = QrN[0 < F'(s1)—F'(s2) < §]. Because c* is convex, the first
term on the right hand side of the above equality is non-positive. And since
F € C'((0,00)) is strictly convex and satisfies (HF1), and N < s1, so < M,
we have on Qgpm), that

si=ss] = | [(F) o F'] (s1)=[(F") o F(s2)] [ < 6 suwp — (F*)'(7).
TE[F!(N),F'(M)]

We deduce that

&5 O¢(s1 — s2)
Qp

< sw (P /
TE[ F/(N),F'(M)] af?)

We let 4 go to 0 in the subsequent inequality, and we use that ps5 — I )
and [F'(s1) — F'(s2) > 0] =[s1 — s2 > 0], to have that

(Ve [V (F'(52)) ],V (F'(s1) — F'(s2))) (

I [(s1—s2)"] <0,
Qr

which reads as
/[81<T>—52<T>]+s/[sl<o>—52<o>1+=o,
Q Q

for 0 < T < oco. Interchanging s1 and s9 in the above argument, we conclude
that s; = s9 O

Theorem 3.4.2 (General case).
Assume that 'V : Q — [0,00) is conver, of class C', and c : R — [0,00)
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is strictly convez, of class C', and satisfies c(0) = 0 and (HC4). Assume
that F : [0,00) — R is strictly convez, of class C*((0,00)), and satisfies
F(0) =0 and (HF1) - (HF2). If sg € Pa.(Q)) is such that so—l-% € L>(Q),
then, problem (1.5) has a unique weak solution s : [0,00) X Q@ — [0,00), in
the sense that

(i). s+ 1€ L*®((0,00);L®(Q)), V(F'(s)) € LT ((0,T) x Q), for 0 <
T < o0, and

(ii). for all £ € C2(R x R%),
[e.e] a /
L[5 e v F@ )] v
= /Q so(x)€(0,x)dz.  (3.50)

Proof.  The proof of the uniqueness of solution is similar to that of
Theorem 3.4.1. We prove here the existence of solution. Let & € C2(Rx R?)
be such that spt& C [T, T] for some 0 < T' < oo, and set Qp := (0,7)x Q.
Because of Proposition 2.5.1 and Proposition 3.1.2, we have that

1}3}8 o {(so —sMohe + (shver {V (F’(sh) + V) ] ,V§)} =0. (3.51)

We show that the following claim suffices to conclude Theorem 3.4.2.
Claim: For 0 < T < oo, the following estimates hold:

8™ || oo (menoe ) < 11 50 |l 2o (0 (3.52)

/QT sh‘ \Y <F/(sh)) !

and the energy inequality in time-space

< M(Q,T, Fa 807V7Q7a)7 (353)

/ (shV (F’(sh) + v) Vet [v (F’(sh) n v) ]>u(t) (3.54)
Qoo

< % /Qh [F(so) + s0V ] u(t) + /w [F(sh) + shv} A u(t),
where v is a non-negative function in CZ°(R).

Indeed, because of (3.52), there exists s: [0,00) x 2 — [0,00), such that

(iii) (s");, converges to s, weakly in L'(Q7), for a subsequence.
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As a consequence,
lim (so—sM) ol e = (so—s) = o (3.55)
hlo Ja, Qr ot

Using (3.52) and (3.53), we deduce the space-compactness and the
time-compactness of (s");, in L'(€27), as in the case where V = 0. Conse-
quently,

(iv) (s")), converges to s, strongly in L'(Qr), for a subsequence.

Then, we use (iv), the energy inequality in space-time (3. 54) and we follow
the lines of the proof of Theorem 3.3.3, where we use F'(s") + V in place
of F'(sh), and F(s") + s"V in place of F(s"), to conclude that

(v) { Ve [V (F'(s")+ V) ] }h converges weakly to
Ver [V (F'(s)+ V)], in L1(Qr), for a subsequence.

Hence,

lim | (s"Ver [v <F’(sh) + V) } ,VE)

hl0 Jo
_ /Q (Ve [V (F/(s) + V)], VE). (3.56)

We combine (3.51) and (3.55) - (3.56), to conclude (3.50).
As in Theorem 3.4.1, (i) follows directly from (3.52), (3.53) and the mini-
mum principle of Proposition 2.2.1.

Proof of the Claim. (3.52) is a direct consequence of the maximum
principle of Proposition 2.2.1.
Because of Proposition 2.3.1 and the maximum /minimum principle of Propo-
sition 2.2.1, we have that P(s?) € Wh(Q), and V (F'(sh)) € L>(Q).
Then, choosing G := F in Theorem 2.4.2, the energy inequalities (2.58) and
(2.59) read as

/ Fist) = [ Pl = (9 (P6) S s,

Lstav= [ vz [(vv sty st an

where Sih is the cp-optimal map that pushes s? forward to 3?—1- We add
both of the subsequent inequalities, and we use (2.36), to have that

E(s}y) — E(s}) (3.57)

> h QTW (F'(s?) n V)  Ve* [v (F/(s?) + V) ]>s?,

an
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for i € IN. We sum (3.57) over i, and we use that V and sg/h are non-
negative, and Jensen’s inequality, to have that

h/QT<V <F’(sh)+V) ,Ve* [V <F’(sh)+V)}>sh

< Bloo) - 191 F (7 )

We conclude, as in the proof of (3.7), that
/ sh ( v (F’(sh) v V)
Qr

On the other hand, because of (3.52) and the fact that V € C1(Q2), we have

that
Joop o]

*

q _
< M(Q7T7 F, SO,Q,Q)- (358)

1/q
vy S 1901 I VV e (359)
We combine (3.58) - (3.59), and we use Minkowski’s inequality, to conclude
(3.53).
The proof of (3.54) follows the lines of the proof of Lemma 3.3.2 where we
use the free energy inequality (3.57) in place of the internal energy inequality
(2.58) O
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Chapter 4

Open problems

In this chapter, we comment on two open problems related to (1.5). The first
problem deals with the asymptotic behavior of solutions to (1.5): what is the
equilibrium solution of (1.5)? And how fast do solutions of (1.5) converge
to equilibrium? In the second problem, we address the following question:
given two solutions s1 and sy of (1.5), does a contraction principle in the
Wasserstein metric hold for some cost function ¢, that is,

W (s1(t), s2(t)) < f(t) Wz (51(0), s2(0)),
where f is a positive, non-increasing function on [0,00), and Wz := Wéh
when h =17
4.1 Asymptotic behavior of solutions

In this section, we comment on the first problem. We show that (1.5) has an
equilibrium solution s.,, and we argue on why one should expect solutions
of (1.5) to decay exponentially fast to su.

4.1.1 Equilibrium solution

Conjecture 4.1.1 Assume that F : [0,00) — R is strictly convex and
satisfies (HF'1), and V : Q — [0,00) is convez. If sg € Py(2) is such that
E(s0) < 00, then

@: {8 ::A[F(s)+sv]m; sePu@) }

has a unique Minimizer Soo.
Furthermore, if F € C%((0,00)) and V € CY(Q), then so satisfies

500V (F'(500) + V) = 0. (4.1)
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The function s, defined by (4.1) is called the equilibrium solution of
(1.5). Here and after, we assume that s, is positive, and therefore, satisfies

V (F'(ss) + V) =0. (4.2)

Proof. Existence and uniqueness of the minimizer for Z follow the
lines of the proof of Proposition 2.1.1. To show (4.1), we proceed as in
Proposition 2.3.1. Indeed, for 1 € C°(Q, R?), we define ¢, by (2.38), and
s¢ to be the density function of pie := (¢¢)#550. As in Proposition 2.3.1, we
have that

V| dx

lim
e—0 Jo

:_/Q[P(soo)dm/;+soo<vx/,¢>] dz.

[F(se) —EF(SOO) L s —esoo

We use an integration by parts, and the fact that V (P(sx0)) = 500V (F'(800)) ,
to deduce (4.1) O

4.1.2 Trend to equilibrium

We argue that the free energy FE (s(t)) of a solution s of problem (1.5) is a
decreasing quantity, unless s coincides with the equilibrium solution s, in
which case the time derivative of F (s(t)) vanishes. It then makes sense to
expect solutions of (1.5) to decay to the equilibrium solution s, in relative
entropy. Using the generalized transport inequality established in [7], that
is,

W (5,500) < 3 [E(S) — Blse) ],

we expect to obtain a decay in the Wasserstein metric. It might also be
possible to estimate the rate at which solutions tend to equilibrium, as we
shall see in Conjecture 4.1.4. Following Cordero-Gangbo-Houdré [7], we
introduce the generalized relative Fisher information of s with respect to
Seo, Measured against the cost c*

Lo (s)500) 1= /Q (V (F'(s) — F'(s00)) , V" [V (F'(s) — F(s00))]) s .

As noted by the authors of [7], I.«(s/ss) is actually the Fisher information

[(s/soo):/Rd Vin (é) (Qde,
|22

when c(z) = 5~ and F(x) = xzln(z). In this case, so = % is the
Q

Gibbs function, and the following well-known entropy dissipation equation

d
7 H(s) = ~I(s(/520). (43)
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holds for the Fokker-Planck equation; here

H(p) := /Q (pIn(p) + pV) d=
is the entropy functional. We expect the following generalization of (4.3):

Conjecture 4.1.2 (Energy dissipation)
Assume that ¢, F' and V satisfy the assumptions in Theorem 3.4.2. If s is
a solution of (1.5), then

d

o E(s(t)) = —I+(s/s00) < 0. (4.4)
Sketch of proof. Assume that s is smooth enough so that one can

differentiate E (s(t)). We have that

d 0s

L B(s(t) = /Q[F’(s)+V] % da

= /Q[F/(s)—i—V] div{ch*[V(F’(s)—i—V)] }dw

_ —/Q(v (F(s) + V), Ve [V (F(s) + V) ]} s da
= —Ix(8/5c0);

where we use (4.2) in the last equality. And since s > 0, and (z,Vc*(z)) >0
for z € R? (Proposition 5.3.3), we conclude that I«(s/ss) >0 O

Before stating our convergence results, we recall the generalized transport
inequality and Logarithmic-Sobolev inequality of Cordero-Gangbo-Houdré
[7]. These inequalities will be the key ingredients in the trend to equi-
librium of the solutions to (1.5). Here, we will not assume that A = 1,
contrarily to [7]. This will allow us to obtain a sharper rate in the conver-
gence to equilibrium, when the cost function is ¢(z) = %, q > 1. Following
Cordero-Gangbo-Houdré [7], we assume that the potential V' is c-uniform
conver, that is,

V(b) —V(a) > (VV(a),b—a)+ Aec(a —b), (4.5)

for a, b € Q, and for some A > 0. When ¢(z) = ‘Z2|2, (4.5) is equivalent to
the uniform convexity of V, that is, Hess (V) > AId if V € C?(Q). Note
that, since Ac > 0, (4.5) implies that V' is convex, and so, our existence and

uniqueness results of Theorems 3.4.1 and 3.4.2 still hold.

Proposition 4.1.3 (Cordero-Gangbo-Houdré)
Assume that ¢ : R — [0,00) is even, strictly convex, of class C', and
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satisfies ¢(0) = 0 and (HC4). Assume that F : [0,00) — IR satisfies
F e C([0,00)) N C%((0,00)), F(0) =0, lim; oo 20 = 00, and (0,00) 3
t s t?F(t=) is convex and non-increasing. Assume that V : Q — [0,00)
is of class C' and satisfies (4.5). If s0o € Po(Q) satisfies (4.2), then, the
generalized transport inequality

Wi(s, 520) < 3 [B(5) = Blso0)] (4.6)
holds, for s € P,(). In addition, if s € W1(Q) and s > 0, then,
B(s) — E(s00) + A\ Wo(soo, 5) < /Q<Id CS,V[F(s)— Fl(see)])s. (A7)

Here W, := W when h =1, and S is the c-optimal map, such that Sus =

?J?lthermore,
(i). if ¢ is homogeneous of degree q > 1, that is, c(z) = %, then,
B(8) — E(500) € ——rr L (8/500). (4.8)
g\
(ii). if A>1, and c is arbitrary, then,
E(s) — E(5c0) < Iex(8/800)- (4.9)

(4.8) and (4.9) are called generalized Logarithmic Sobolev inequalities.

Proof. Because of the energy inequalities (2.58) and (2.59), where
use (4.5) in place of the convexity of V, we have that

E(po) — E(p1) > /Q<V (F'(p1) + V), S —1d) pr + A\We(po, p1), (4.10)

for pg, p1 € Pa(f2), where S is the c-optimal map pushing p; forward to py.
We set pp = s and p1 = S in (4.10), and we use (4.2), to conclude (4.6).
Next, we set pg = Seo and p; = s in (4.10), and we use (4.2), to conclude
(4.7).

Now, assume that ¢(z) = E

and set ¢(z) = Ac. Clearly,

~% * z 7
&(z) = Ac <X)::§£$%:T’ (4.11)

and then,

*

Ts (4.12)

Ic*(s/soo):/Q‘V(F'(s)—F’(soo))
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We combine (4.7) and Young’s inequality
(y,z) < é(y) + & (2), (4.13)
to obtain that
E(s) — E(5c0) + A We(500, 9)
< /Qé(ld— ) sdy + /Qa* (V (F'(s) - F'(sx0))) s .
We use (4.11), (4.12) and the fact that c is even in the subsequent inequality,
to conclude (4.8).

Next, assume that A > 1 and c is arbitrary. Using Young’s inequality (4.13)
on the cost ¢, and the fact that c¢ is even, we deduce from (4.7), that

B(s) — Blsa) < (1 — A) Wa(500,5) + /Q & (V (F'(s) — F'(s00))) 5 d.

And since 1 — A <0 and (z,Vc*(z)) > ¢*(z) (see Proposition 5.3.3), we
conclude (4.9) O

Conjecture 4.1.4 (Trend to equilibrium)
In addition to the hypotheses of Theorem 8.4.2, assume that ¢ is even. Let
s be a solution of (1.5).

(i). If c(z) = L2 g > 1, then,

Wi(s(t),s00) <+ [E(s(t)) = E(sc0)]

e @XTIE  B(se) — E(s0)],  (4.14)

IN
>l ==

for t €0,00).

(ii). If X > 1, and c is arbitrary, then,

W (s(t), 800) <

IN

et [E(s0) — E(s500)], (4.15)
for t € [0,00).

Sketch of proof. Because of (4.4) and (4.8), we have that

% [E(s(t)) = E(soo)] < =" AT~ [E(s(t)) — Elsoo)]
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which reads as

d *\q*—1

2] @At Tht _ <

—{e [ (5(1) — B(swc)] } <0,
We combine (4.6) and the subsequent inequality, to conclude (4.14). The
proof of (4.15) is similar O

Remark 4.1.5 Conjecture 4.1.4 extends a result of Carillo-Jingel-Markowich-
Toscani-Unterreiter [5], which states that:

if s € Po(Q)NLXQ), and V : R* - R and f : [0,00) — R sat-
isfy:

(H1): infqV =0, V =W/q, where W € C*(R%, R), and
Hess(W) > \1d, for some A > 0,

(H2): f is continuous, strictly increasing, f(0) = 0, and f/ o) €
C? ((0,00)),

(H3): f(u) < 2L uf'(u), foru>0,
and some technical assumptions on f, then the solution s of
9 = div (sVV +V (f(s))) on Qx (0,00)
s(t =0) = so on Q (4.16)

(sVV +V (f(s) - v=0
satisfies
E(s(t)) — E(ss0) < e 2 [E(s0) — E(s00)] s (4.17)
for t>0.

Notice that (4.16) is equivalent to (1.5) when ¢(z) = % and F"(x) =
@, x > 0, and the statement (4.17) is included in (4.14) for that uqadratic
cost function ¢. Now, we show that, under assumptions (H1) - (H3),
Conjecture 4.1.4 still holds. Indeed, because of (H2), and the fact that
F'(z) = @, we have that F' € C ([0,00)) NC*((0,0)) is strictly convex.

Define the pressure

P(x) = { gF’(iﬂ) —~ F(a), ’ zg

and set
(0,00) 3z +— A(z) := 2? F(z™%).
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Because of (H2), we have that P = f, and by direct computations, we
show that
Al(z) = —da?™ (277,

and A (a) = Pt [z‘df(w_d) _ <1 - %) f(w—d)} )

We use (H2) and (H3), to obtain that A’(x) < 0 and A”(xz) > 0, for
x > 0. This shows that A is convex and non-increasing. Then, we can apply
Conjecture 4.1.4, to deduce (4.17) O

4.2 Contraction in the Wasserstein metric

To avoid technicalities, we assme that the potential V' is zero. Let s1 and s
be two solutions of (1.5) in the sense of Theorem 3.4.1, and set Wz = W2,
where h =1 and é: RY — IR is an arbitrary convex cost function. We
address the following question, which ensures uniqueness of the solution to
(1.5) : does the contraction principle

Wz (s1(t), 52(t)) < We (51(0), s2(0)) (4.18)
hold for t € [0,00)?

Sketch of proof. For ¢t € (0,00) fixed, denote by v; the é-optimal
measure in I' (s1(t), s2(t)), and let 7 € [t,00). Since s;, j = 1,2, satisfies

% +div(s; Us;) =0
si(T=1t) = 5(t) (4.19)

Us; == =V [V (F'(s5))],
we have, using the relation between Lagrangian and Eulerian descriptons,
that

si(17) = (;(7)) 4 55(1), (4.20)
where the trajectories ®;(7) are defined by
o (T
5 = Us, (1, %(7)
(4.21)
q)j(t) =idq.

Because of (4.20), v, := (®1(7) x ®2(7)), v € '(s1(7),s2(7)), and then,
we have that
d

/W (51(7), 82(7))
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Wa (s1(7), 52(7)) — Wz (s1(t), s2(t))

= lim
Tt T—1

< lim / (6@ (r, ) — By(r,y)) — &a — )] dyely).
Tt T —t OxQ

We use (4.21), and the fact that ¢ is convex, to have that

a4
d7/ =t

< / (Ve — 1), Us, (1, 2) — Usy (b)) dp(zy). (4.22)
QxQ

We (s1(7), s2(7))

We combine (4.19) and (4.22), to conclude that
d

d7/ =t

- /QXQ<V5(m —y),Vc* [V (F/(sl(t,a:))) ] -V [V (F'(sz(t,a:))) ])d%(:v,y).

Wa (s1(7),82(7)) < (4.23)

Furhermore, because of the energy inequality (2.58), we have that
/F(sl(T))—/F(SQ(T)) > /<v (F(s2(r))) .S — id) sa(r)  (4.24)
Q Q Q
= [ anw) o - ) il
QxQ
and similarly,

[P - [ Fea)z [V (Feima) - o) duly).
Q Q QxQ
(4.25)
We add (4.24) and (4.25), to obtain that
/QXQ<:U -,V (F/(SQ(T, y))) -V (F'(sl(T,x)))>dfyt(x,y) <0. (4.26)

Case 1: c(z) = L

2

We set é(z) = |Z2‘ , combine (4.23) and (4.26), and use that Vé =
Vc* =idga, to have that

d

a7/ Wy (s1(7),82(7)) < 0.

This shows that

W2 (81(7'), 82(7’)) < W2 (81(0), 82(0)) s (4.27)
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for ¢t € [0,00). Hence, one expects the contraction principle (4.27) to hold
for the class of PDE

ds

T
which includes the heat equation and the porous medium equation. A similar
result may be obtained for the Fokker-Planck type equation

os _
ot

div {sV (F'(s))},

div{sV (F'(s) + V)}, (4.28)

if one removes the assumption that V = 0. Indeed, assume that the poten-
tial V' is uniformly convex with Hess(V') > Aid. Following the arguments
presented above, and using the (potential) energy inequality

/Sl(T)V—/SQ(T)VZ/(VV(y),x—y)d%(x,y) AT (s1(7), sa(7))
Q Q Q

we have that

d

E e W2 (81(7'), 82(7’)) S 2\ W2 (81(7'), 82(7’)) .

We deduce the following contraction principle for (4.28)
Wy (51(7), 52(7)) < e™2M Wy (51(0), 52(0)) . (4.29)

In particular, if so coincides with the equilibrium solution s, of (4.28),
(4.29) reads as

W (51(t), S00) < e 2 W, (51(0), S00) » (4.30)

which shows that solutions of (4.28) decay exponentially fast to the equilib-
rium solution s, with the rate 2\. A similar result was obtained by Otto
[18] when F(z) = £ . We expect that (4.30) would extend Otto’s result
to more general energy density functions F.

Case 2: General cost functions

When the cost function ¢ is not homogeneous of degree 2 (the case of
the p-Laplacian equation, for example), we have not been able to establish
(4.18). The difficulty here, is due to the fact that we could not compare the
term on the right hand side of (4.23) and that on the left hand side of (4.26),
which are actually identical when ¢(z) = % We note that this difficulty
does not come from the infinite-dimensional character of equation (1.5), but,

it is due to the form of that equation. Indeed, consider a finite-dimensional
ODE type of (1.5) when V =0, that is,

i(t) =~V [V (@(t) ] (4.31)
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where [0,00) 3t + x(t) € R?, and f: R? — R is convex. By a direct
computation using (4.31), we have that

% [e(x(t) —y(t)] = —(Vi(z —y), V™ (Vf(x)) = V" (V)
where é: R — [0,00) is an arbitrary convex cost function. It clearly
appears that, when c is not homogeneous of degree 2, the mere convexity of
f is not sufficient to ensure that ¢ (x(t),y(t)) is non-increasing in ¢, even if
c=corc¢= @ Consequently, there is not much hope to expect (4.18)
to hold when the cost function ¢ is not homogeneous of degree 2. Still,
one can ask the following questions: are there possible physically acceptable
conditions to impose on f, so that (4.18) holds for conveniently chosen cost
functions é¢ Or, can one establish a contraction principle with another
metric equivalent to the Wasserstein metric?



Chapter 5

Appendix

In this chapter, we collect results of previous authors used in this work, and
we establish intermediate results needed in the previous chapters. Through-
out this chapter, ¢ : RY — [0,00) is a convex function, and p and v are
Borel probability measures on R?. We denote by S :=id + Vc*(—Vwv) the
c-optimal map that pushes v forward to u. Here v is a c-concave function,

that is,

v(y) == u(y) = inf {c(z—y) —ulz)},
TER

where u : R* — R is a measurable function. We recall that S~ := T
id +Vc*(Vu) is the c-optimal map that pushes p forward to v, and u =

For t € [0,1], we define the interpolant map
St = (1 — t)ld + tS,

the interpolant measure
p1—t = Sppv,

and the time-dependent cost function

cw () ==te (%) ,

5.1 Optimality of the interpolant map

for z € R,

[

In this section, we recall a result due to Villani [23], that is, S; is the c)-
optimal map that pushes v forward to u1_, for ¢t € (0,1]. Following Villani
[23], we introduce the time-dependent Monge problem (T'DM P),, and the

time-independent Monge problem (T'IM P),, where 7 € (0, 1]:

(TDMP),: inf { /Rd /OTc(zt(y)) dtdv(y) : for a.e. y, [0,7] Dt +— z(y)

is C°, piecewise C', zo(y) =y and ZrylV = [l },

83
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and
(TIMP), : inf { /R ey (5= Aly) dvly) Ay =pi ).

The following proposition is the first step toward showing the relation be-
tween (I'DMP), and (TIMP);.

Proposition 5.1.1 Let =,y € R and 7 € (0,1]. Then
(1)-

(C)r:  inf { /OTC(Zt(y)) dt: for a.e.y, [0,7] 2t — 2z(y)

is C°, piecewise C, 20(y) =y and 2z (y) = fU}

Therefore, (TDMP), and (TIMP), have the same total cost.

(ii). If ¢ is strictly convez, the infimum in (C;) is uniquely attained at
a(y) =y + Lz —y).

Proof. Because of Jensen’s inequality, we have that

/oTC(Zt(y))dtZTc(%/oTz't(y)dt> :Tc<x;y>, (5.1)

for all paths [0,7] 3 t — 2(y). Moreover, the path ¢ — z(y) :== y+%(z—y)
is admissible in (C;), and

/OTc(ét(y)) dtz7‘c<$;y>. (5.2)

We combine (5.1) and (5.2), to conclude (i).
If ¢ is strictly convex, the infimum in (C;) is unique. Because of (5.2), it is
attained at z(y) ==y + L(z —y) O

Corollary 5.1.2 Let 7 € (0,1].

(i). If [0,7] 2t — z(y) is an infimum of (TDMP),, then for v a.e.,
t — z(y) is also an infimum of (C;).

(i1).  Assume that c is strictly convex. If [0,7] 3 t — 2z(y) is the unique
minimizer for (TDMP),, then z; is the unique minimizer for
(TIMP),.
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Proof. (i) Let 2z; be an infimum of (I'DM P),. If there is an admis-
sible path Z; in (C);, such that

| e(zw) at< [ ety ar

we will have that

/Rd /OTC<Zt(y)> dt < /Rd /OTC(Z"t(y)) dt,

which yields a contradiction.

(i) Now assume that c¢ is strictly convex, and let [0,7] © ¢t — 2z; be a
miminizer for (TDMP),. Because of the following relaxed formulation of
(TDMP)T7

inf{/ / c(Z(x,y)) dtdy(x,y) : for ae. y, [0,7] Dt +— z(x,y)
RixRd Jo
is Cov piecewise 017 ZO(J"ay) =, ZT(l‘,y) =Y and v E F(”?/'LI—T) }7

we have that z; is the unique minimizer for (T'DM P),. By Proposition 5.1.1
- (i), (TDMP), and (T'IM P), have the same total cost, and by Proposition
5.1.1 and Corollary 5.1.2 - (i), the total cost associated with (TDMP) is

/Rd” (M) dv(y) :/ ctry (y = 2:(y)) dv(y).

We deduce that

_ / ) (9 = (1)) dv(y).
R

Hence, z, is the unique minimizer for (T'IM P), O

Theorem 5.1.3 Assume that c is strictly convex. For all T € (0,1], the
path [0,7] 3t — Si(y) ==y +tVe* (=Vu(y)) is the unique minimizer for
(I'DMP).. Therefore, S: is the c(ry-optimal map that pushes v forward to
Hi—r-

Proof. We distinguish two cases.
Case 1: 7=1
By Proposition 5.1.1 and Corollary 5.1.2, the minimizer [0,1] > ¢t +— z; for
(TDMP); satisfies

2(y) =y +t(a(y) —y). (5.3)
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Since S(y) = y + Ve* (—Vo(y)) is the unique minimizer for (TIMP)q,
Corollary 5.1.2 - (ii) gives that

z1(y) = S(y) =y + V' (—=Vu(y)). (5.4)

We combine (5.3) and (5.4), to conclude that z; = S;, for ¢ € [0,1].

Case 2: 0<7<1

Assume by contradiction that there is a strictly better path [0,7] 3¢ — 2,
than [0,7] 5 ¢ +— S;, and define on [0,1] the path

L Zt if tE[O,T]
TS, i tenl]

Clearly, z; is admissible in (I'DM P);, and

L. /01 o) ) = [ [T (élt<y>> at dv(y)
+ /R ) / C(St(y)) dt du(y)
< /Rd /Olc<5t(y)> dt dv(y),

which contradicts the fact that [0,1] 5 ¢ — S; is optimal in (TDMP);.
Hence, [0,7] 3 ¢t +— S; is the minimizer for (TIMP)., for all 7 € (0, 1].

Now, we use Corollary 5.1.2 - (ii), to deduce that S, is the unique minimizer
for (TIMP);. O

5.2 Jacobian equations for optimal transport maps

In this section, we collect some results established by Cordero [6], which are
needed in this work, and we sketch their proofs. In fact, we give a precise
meaning to V.S(y), and we establish few properties of this matrix. In ad-
dition, we show that the interpolant measure pq_; is absolutely continuous
with respect to Lebesgue, and V.S; satisfies similar properties as V.S. Fol-
lowing Cordero [6], we introduce the definitions of the terms we shall need
in this section.

Definitions

e A multivalued mapping T : R* — R? is an application from R? to
the subsets of R?. We also denote it by

T: D(T) — T (D(T)),

where

D(T):={zcR: T(x)#0}
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is called the domain of definition of T', and

e The uniqueness domain of the multivalued mapping T is defined by
dom (T') :={z € D(T) : T(x) is a singleton }.
Hence, T : dom (T') — R? is a single-valued mapping.

e The inverse of a multivalued mapping T : D(T) — T (D(T)) is the
multivalued mapping T~ : T (D(T)) — D(T), defined by

T Yy):={2zeDT): ycT(x)}.
e A multivalued mapping T : D(T) — T (D(T)) is differentiable at

x € D(T), if x € (dom (7)) N (int (D(T')), and there exists a linear
map dT, : R* — R, such that

sup  |y+Tzx—dTy(u)| =o(|ul).
yET (z+u)

dT, is called the differential of T at .

Theorem 5.2.1 (Jacobian equation for optimal transport maps)

Assume that c is strictly convexr and ¢, c* € C?(R?). Assume that p and
v are compactly supported in Q, and are absolutely continuous with respect
to Lebesgue, with f and g as their respective density functions. Then, there
is a subset K of Q, of full measure for v, such that the followings hold for
ye K

(i). VS(y) is well defined, and is diagonalizable with positive eigenvalues.

(ii). The pointwise Jacobian det(V.S) satisfies

0#g(y) = f(S(y)) det (VS(y)).
In addition, if g > 0 a.e., then

(iii). the pointwise divergence div(S) is integrable on Q, and
/Qdiv(Sy—y)ﬁ(y) dy < —/Q(Sy—y, VE) dy,

for € >0 in CZ(RY).
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Sketch of proof. Recall that S(y) =y + Vc* (—=Vo(y)), where v :
Q — Q is c-concave, that is,

v(y) == u(y) = felg {e(r —y) —u(z) }

for y € Q, and u : Q — Q is a measurable function. Because ¢ € C%(RR?)
is c-concave, and 2 is compact, we have that

(iv) v is semi-concave on {.

Let Ov denote the super-differential of v, that is, the multivalued map-
ping dv : D(9v) = Q — R?, defined by

du(y) == {1 € R": vy +z)—o(y) < (L,2) +o(lz])}.
Because of (iv), Aleksandrov’s theorem gives that

(v) there exists K71 C Q, of full Lebesgue measure, such that, dv
is differentiable at y € K1, and D?v(y) := d(dv), is a symmetric matrix.

We use (v), and the fact that ¢* € C?(R?), to conclude that

(vi) the multivalued mapping S : Q 3 y — y 4+ Ve (—du(y)) is
differentiable at y € Ky, and

(d8), = id — D*c* (~du(y)) Du(y).

Now, consider the c-super-differential v of v, that is, the multivalued
mapping 9% : D(0%) = Q — Q, defined by

Fuly) = {zeQ: vy +v(z)=clz—-y)}
= {2€Q: clz—y)—vy) <clzr—2)—v(z), V2€Q}.

Since ¢ and ¢* are continuously differentiable, and ¢ is convex, we have that
8°v(y) C y+ Vet (~du(y)) = S(y). (5.5)
Furthermore, because v is semi-concave, Rademacher’s theorem gives that

(vii) the set D'v C Q where v is differentiable, is a set of full
Lebesgue measure.

Moreover, we have that

K; c D', and 0%(y) = {S(y)}, Yy € D'v. (5.6)
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We combine (v) - (vii), (5.5) - 5.6, and we use the fact that v is absolutely
continuous with respect to Lebesgue, to obtain that v(K;) =1, and

VS(y) i= d(S), = id + D*¢* (=Vu(y)) D*u(y),
for y € K1. We set

K :={ye K;: Ou=0v°is differentiable at S(y), vy is a Lebesgue
point of g, S(y) is a Lebesgue point of f, and g(y) # 0 }.

Since v(K;) =1, T := S~! =id + V¢*(Vu) is the c-optimal map, such
that Tl p = v, and the Lebesgue points of f and g are sets of full Lebesgue
measure, we have that v(K) = 1. Moreover, for y € K, —D?v(y) and
D%c* (—Vu(y)) are respectively symmetric and symmetric positive definite
matrices, and because of the c-concavity of v, we have that

D2c* (=Vu(y)) > D*v(y).

We deduce that VS(y) is diagonalizable with non-negative eigenvalues (see
Lemma A.4, [15]). Interchanging S and T in the above argument, we con-
clude that V.S(y) is invertible, and therefore, V.S(y) has positive eigenvalues.
This proves (i).

Now, let y € K. Because p is absolutely continuous with respect to Lebesgue,
S(y) = 0%(y), and p = Syuv, we have that

L nlB (S
TS = 1 2o TB, (56)]
L v[STUBs)] vl [0 (B

r—0 vol [S~1(B,(Sy))]| r—o0 vol [ B, (Sy) |

)7l = 9% is

We use that the density function of v is g, and that (0
= [d(0°v),]7", to

differentiable at S(y) with differential d ((0°v)™!) S(y)
conclude that

B 9(y)
TW) = GerTa@ew), 1

Hence,

07# g(y) = f(S(y)) det [d(9°)y ] = [ (S(y)) det (VS(y))-

The proof of (iii) follows the ideas of the proof of Proposition A.4 - (c)
[15]. Indeed, let (S(E))elo denote the approximate sequence to S, con-
structed as in [15]. We have that (S —id) — (S —id) in L'(Q2), and
div (S(E) (y) —id) — div (S(y) —id) for y € K, and K is a set of full mea-
sure for v = g(y)dy. Since g >0 a.e. and g, . = 0, we deduce that K is
of full measure Lebesgue measure. Hence, we follow the lines of the proof of
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Proposition A.4 - (c) [15], to conclude (iii) O

The next theorem asserts that, the interpolant map S, viewed as a mul-
tivalued mapping, is injective on its uniqueness domain, and the interpolant
measure p1_¢ is absolutely continuous with respect to Lebesgue. For the
proof of this theorem, we refer to [6].

Theorem 5.2.2 (Injectivity and density of the interpolant map)
Assume that c is strictly convex. Then,

(i). for t € (0,1), the multivalued mapping M; := (1 — t)id + t 0 1is
injective on dom (M) = dom (0°). Therefore, if ¢ € C*(R?), the
single-valued mapping Sy = (My) p1, is injective. Here, D'v C Q is
the set where v is differentiable, which is clearly a set of full Lebesque
measure.

(ii).  Furthermore, if c, ¢ € C*(RY), and p and v have compact support
in Q and are absolutely continuous with respect to Lebesque, then, the
interpolant measure p11—_y = Syuv is absolutely continuous with respect
to Lebesgue.

As a corollary of Theorem 5.2.1 and Theorem 5.2.2, we have the following
Jacobian equation for the interpolant map .St.

Corollary 5.2.3 (Jacobian equation for the interpolant map)

Assume that c is strictly convexr and ¢, c* € C*(RY). Assume that p and v
are compactly supported in Q, and are absolutely continuous with respect to
Lebesgue, with f and g as their respective density functions. If f1_; denote
the density of p1—¢ for t € (0,1), then, there exists K C Q of full measure
for v, such that

0# g(y) = fi-t (Si(y)) det [(1 —t)id +tVS(y)], (5.7)
for ye K.

Proof. Because of Theorem 5.1.3, there exists a c¢(;-concave function
1, such that,
Si(y) =y + Vi (=Vu(y))

is the c(;)-optimal map that pushes v forward to p;—¢. Since c is convex,
¢, ¢ € C?(RY), and cft)(z) = tc*(—z), we have that c( is convex, and
(1) cft) ¢ C?(R%). Furthermore, p;_; has compact support in €, and be-
cause of Theorem 5.2.2, it is absolutely continuous with respect to Lebesgue.

We use Theorem 5.2.1 - (ii), to conclude (5.7) O
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5.3 Intermediate results

For the convenience of the reader, we recall in the next two propositions,
some properties of W/ and the energy functional s — [, F(s(z))dz. For
the proof of the next proposition, we refer to Propositions A.1 and A.2 in
[15], and Theorem 1.1-(iii) in [8].

Proposition 5.3.1 Let sg € Py(2), and h > 0. Assume that F : [0,00) —
R is convex, and c: R® — [0,00) is strictly convex. Then

(i). Pa(Q) > s > Whi(so,s) and Po(Q) > s — [, F(s(z))dz are con-
vex and weakly lower semi-continuous with respect to the L'-norm.
Moreover,

(). Pa() 3 s [ F(s(x)) dr is strictly convex, provided F is strictly
convet.

The next proposition states that P, () > s — W/ (sg,s) is continuous
with respect to the L'-norm.

Proposition 5.3.2 Let sg, 51 € Po(Q), and h > 0. Assume that ¢ : R —
[0,00) s strictly convex. If ( ) is a sequence in Pu(S), converging to
s1 in LY(QQ), then
lim Wh (so,sg )> = Wh(s0,51).
Proof. Let S such that Sys; = sop and v € I'(sg,s1) be optimal in
W¢(so,s1), and S, such that (Sn)#sgn) =59 and v e T (so,sgn)) be

optimal in W7 (so, s&n)> . We first recall the proof of the following estimate,

due to Otto [15] :
n r—Yy n
wh (30,s§ )> — Wh(s0,81) < ws;gpgc( h > /Q <s§ ) 31>+, (5.8)

where,
<S§n) — 81)+ := max <S§n) — S1, 0) .

Indeed, since s1, sgn) € P.(2), we have that,

/Q (Sﬁ") - 31)+ = /Q (31 - sg")>+ = A (5.9)

Consider 4, defined by
[, ety
Riax R4

/{ ) min (s&"),sl) (y)dy
+3 /Q /Q ) (s =s51) @ (s1- ") @) dgdy. (5.20)
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Because Sxs1 = sp, min (s&n),sl> + (sgn) — sl)+ = sgn), and

min (.sg"), 31> + <31 - sgn))+ = 51, we have that 4 € I'(sq, s1). We use (5.9)

- (5.10), and the fact that ¢ > 0 is continuous, and min (s&"), 31) < s1, to
conclude that

Wh <so,sgn)) — We(so, 51)

RdXRd ( > d’y ! y) RdXRdC <x;y> d’}/(l"y)
_/Q (FO=2) (=) a5 [ (507 -s1) @)
< e (552) [, (0 =) 0

This proves (5.8).

We let n go to oo in (5.8), and we use the fact that <S§n)) converges to
n
s1 in LY(Q), to conclude that,

lim W) (So,s§">) < Wh(so, 51). (5.11)

n—~o0

Now, since spty(™ C Q x Q, we have that (7("))n is tight. We deduce
that (’y("))n converges weakly to some 7. Because (™ e T (so,sgn)),
and (s&n)

consequence,

Whisg,s1) < /ngc<x;y> dy(z,y) (5.12)

converges to s; in L'(Q), we obtain that 5 € I'(sp,s1). As a

— lm [ e <x_y> a5 () = Tim W (s0,5(").
axQ h nee

n—oo

We combine (5.11) and (5.12), to conclude Proposition 5.3.2 O

The following estimates will be needed in the previous chapters.

Proposition 5.3.3 Assume that c is strictly convez, of class C', and sat-
isfies c(0) =0 and lim|y_ % = o00. Then

(z,Vc* (2)) > ¢*(z) > 0, (5.13)
for z € R, In addition, if c(z) > (|29, for some B >0 and q > 1, then
(2,Ve*(2)) < M(B,) | 2|7, (5.14)

where M([3,q) is a constant which only depends on [ and q.
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Proof. Since c is strictly convex, differentiable and satisfies

lim| |00 % = 00, we have that ¢* € C'(RR?) is convex. Then,

(z,Vc* (2)) = " (2) + ¢ (V" (2)) > ¢*(2). (5.15)

Because ¢(0) = 0 and 0 minimizes ¢, we have that ¢*(0) = 0 and 0 mini-
mizes ¢*. We conclude that ¢*(z) > 0.

Now, assume that ¢(z) > 8 z|9. Since ¢* € C'(R?) is convex and non-
negative, we have that

(z, Vc*(z)) < *(22) — ¢*(2) < *(22). (5.16)
Moreover, because ¢(z) > (3 z|?, we have that
¢(22) < M(B,q) | =] (5.17)

We combine (5.16) and (5.17), to conclude (5.14) O
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