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Abstract

Motivated by a paper of Cordero-Nazaret-Villani, we proceed to describe how the
Monge-Kantorovich theory for mass transport, leads to a remarkable correspondence
between ground state solutions of certain quasilinear (or semi-linear) equations of the
form div{VV*(=Vf)} — (G o) (f) = ¢'(f) on some domain 2 of IR™ and stationary
solutions of Fokker-Planck equations 2¢ = div{uV(F’(u) + V))}, where V is an appro-
priate convex function, V* its Fenchel conjugate and where F', G and 1 are related
functions. This duality implies most known geometric inequalities —including a general
HWI inequality for any displacement convex functional-and yields convergence rates for
-generalized- entropies of degenerate nonlinear Fokker-Planck equations to their equi-
libria i.e., without assumptions of uniform convexity on confinement potentials. It also
gives a direct and unified way for computing best constants in geometric inequalities
and the extremals where they are attained. In particular, an optimal Euclidean p-
Log Sobolev inequality is established for any p > 1, extending corresponding results of
Beckner (p = 1) and Del Pino-Dolbeault (1 < p < n). A forthcoming paper will deal
with the dynamic aspect of the above duality, with inequalities in the presence of an
additional convolution operator as well as with rates of convergence to equilibrium of

Fokker-Planck type equations in the whole space.
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1 Introduction

Let F': [0,00) — IR be a convex function, V' a real functional on R" and let Q C R"
be open, bounded and convex. The set of probability densities over €2 is denoted by
Pu(Q) ={p:Q — R; p>0and [, p(x)dz = 1}. The associated Free Energy Functional
is then defined on P,({2) as:

HE(p) = [ (F(p) + pV)dr,

which is the sum of the internal energy

H(p) = [ Fp)da,

and the potential energy
Hy(p) = /Qdex.

Motivated by the recent work of [6], we shall establish yet another inequality relating
the free energy functional to the entropy production functional associated to a Fokker-
Planck equation. However, our main goal here is to establish a remarkable correspon-
dence between Fokker-Planck evolution equations and certain quasilinear or semi-linear
equations which appear as Euler-Lagrange equations of the entropy production func-
tionals. More precisely, assume that F' is differentiable on (0, 00), that £'(0) = 0 and
that x — 2"F(z™") is convex and non-increasing, and let Pp(z) := zF'(z) — F(x)
be its associated pressure function. We show that, for any strictly convex C!-function
c: R" — IR such that lim|, | % = 00, and any convex potential V',

—HE () < —HU T2 (o) + | poc® (<V(F" 0 poy+ V) da. 1)

for any probability density py € W1>(Q) with support in 2, and any p; € P,(Q).
Here ¢* denotes the Legendre conjugate of ¢ defined by ¢*(y) = sup,cpn{y - 2 — ¢(2)}.
Moreover, equality holds whenever py = p; = po Where ps is a probability density on
Q2 such that V(F'(ps) +V +¢) = 0.

This inequality leads to a remarkable duality between ground state solutions of cer-
tain quasilinear (or semi-linear) equations of the form

div{Ve' (=Vf)} = (G o y)(f) = ¢'(f) (2)
and stationary solutions of (non-linear) Fokker-Planck equations:

0
a_? = div{uV(F' () + ¢)} (3)
where ¢* is the Legendre transform of ¢, G(z) = (1 — n)F(x) + nxF’(x) and where

1 satisfies |¢%(F’ o) | = K, for some constant K that we choose equal to 1 for



simplicity. Here we have assumed that ¢* is p-homogeneous, that is ¢*(Ax) = | A [Pc*(z),
for all A € IR and for all x € IR™.

Behind this correspondence lies a non-trivial “change of variable” that is given by
the solution of the Monge transport problem. It essentially maps the solutions of the
evolution equation associated to (2) to those of the Fokker-Planck equations (3). The
full theory will be developed in a forthcoming paper. In this note, we shall only deal
with the stationary case which will follow from a variational duality between the Energy
Functional

f(f)ZA[C*(—Vf(x))—G(f(w))] da (4)

whose L?-Euler-Lagrange equations on the manifold {f € C5°(Q); [o¢(f(z))dz =1} is
essentially equation (2) (modulo Lagrange multipliers), and the Free Energy functional

J(p) == [[F (o) + cw)ow)ldy (5)

on the set of probability densities P,(£2), whose gradient flow with respect to the Wasser-
stein distance is precisely the evolution equation (3).
Under appropriate hypothesis on F' and ¢, one gets that

sup{J(p); /Q p(a)dr = 1} < inf{I(f); /Q U(f(2))de =1}, (6)

with equality occurring whenever there exists f (and p = ¥(f)) that satisfies the first
order equation:

—(F' o) (f)Vf(z) = Ve(z) ace. (7)

In this case, the extrema are achieved at f (resp. p = v(f)) which also satisfies (2)
(resp., is a stationary solution of (3)).
A typical example is the correspondence between the “Yamabe” equation

—Af=I[f["2f on R", (8)
where 2% = % is the critical Sobolev exponent, and the non-linear Fokker-Planck
equation

0 1

L~ Au'F o+ div(aw), 9)

ot
which —after appropriate scaling— reduces to the fast diffusion equation:

8u 1
= Aultw. 10
ot~ (10)

The correspondence was motivated by the work of [6] where mass transport is used to
establish Sobolev-type inequalities. Solutions of (8) can be obtained by minimizing the
energy functional on the unit sphere of L?", that is:

inf { (2:5)2/]{ IV f[2dx; f e C&(RY), /R f1¥ dz = 1}, (11)

3



Using mass transport, they show that the above infimum is equal to the supremum of
the functional

Ty =n [ pla) o= [ ot (12

over the space of probability densities.

Cordero et al. also deal with the Gagliardo-Nirenberg inequalities and obtain best
constant results that Del Pino-Dolbeault had obtained earlier by carefully analyzing
porous media evolution equations [8]. The link between the two methods becomes much
clearer via the above correspondence.

This duality seems to be at the heart of many geometric inequalities and also allows
the derivation of associated dual inequalities. Indeed, assuming that D2V > I where
A € R is not necessarily positive, inequality (1) is a special case of a more general
one. Namely, we have for all probability density functions py and p; on €2, satisfying
supp po C €2, and Pr(py) € WH>(Q),

A
HE,poln) + 5Walon, ) < [ ¢ (=V (F o po+ V) o do+ By (o), (1)
where W5 is the Wasserstein distance, and

HY  (po/p1) == H{ (po) — Hi o (p1).

In particular, we have for any probability density p with support containing in €2 and
such that Pr(p) € Wh>(Q),

n )\ *
Hy 33 (0) + 5 W3 (0, poc) < /Qpc (=V(F op+V)) de — H" (po) + Cos (14)
where C, is the unique constant such that
F'(pso) + V + ¢ = Oy while /ono ~1. (15)

We shall see that this inequality easily implies most known geometric inequalities. It
provides a direct and unified way for computing best constants as well as the extremals
where they are attained.

The term H_'¢% (po) should be seen as an error term in (13). Tt can be integrated
in the entropy production-type term - that is, the integral term in (13) - which proves
useful in the Gaussian case, hence leading to the following generalized HWI inequality
essentially established by Otto-Villani [12] in the case of the classical entropy F(z) =
xlnz: For any U such that D?U > pul with g € IR and any o > 0,

1

1 o p
HE (polpn) + 5 (0= Wi po.pr) < 5 [ [V(F 0 po+ U)Ppo dz, (16)

2

In the case where U is a uniformly convex confinement potential (i.e. p > 0) one then
gets - by setting o = ﬁ in (16) - the generalized Gross Log Sobolev inequality

1 ,
H (wlo) < 5 L1V 0 o+ U)po da (17)
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and the generalized Talagrand inequality: for any probability density p on €2, we have

Wa(plpw) < %Hzf(mpz]), (18)

where py is the probability density satisfying
V(F'(py)+U)=0 ae. (19)

If V is now simply convex, then A can be taken equal to 0 and the Wasserstein distance
disappears from the equation. Furthermore, if V' is strictly convex and grows super-
linearly as |z | — oo, we have the identity V(z) — z - VV(z) = —=V*(VV () in such a
way that a correcting “moment” appears in the inequality:

HE P ( /pc Flop+V))do — H (ps) + Cse. (20)

7V*(VV)

Also note that the pressure Pr is always non-negative which means that we can do away
with the term H'F(py,) on the right hand side. This will prove useful in inequality (24).
Finally, the case V' = 0 amply covers the FEuclidean case where the general inequality
becomes the remarkably simple:

HI () < [ pet (=V(F' e p)) do = H (puc) + Cue. (21)

Similar results can be established in the presence of an additional convolution operator.
We shall apply this to various functionals to revisit various inequalities and to de-
termine their corresponding best constants. In particular, we show in section (3) how it
readily implies various Log-Sobolev inequalities, the Gagliardo-Nirenberg inequalities,
and in particular the Sobolev inequalities. For example, it yields the optimal Euclidean
p-Log Sobolev inequality for any p > 1. We note that the case where p = 1 was
established by Beckner in [3], and for 1 < p < n by Del-Pino and Dolbeault!.

In section (4), we show how the above inequality also yields convergence rates to
equilibria for -generalized- entropies of degenerate nonlinear Fokker-Planck equations,
in the absence of confinement potentials. Here it is worth noticing that even in the
absence of a potential V| our energy estimate (1) introduces naturally a non-trivial
confinement potential in the game via the Young functional. Often, this can be used to
cover degenerate cases. Indeed, recall that the generalized relative Fisher information
of p with respect to py, measured against the Young functional c¢* is defined as

w(plpr) = [ V(F(p) = F'(p1)) - Ve* (V(F'(p) = F'(p1) p . (22)
and when V (F'(p1)) = 0, it reduces to
= [ V() - Ve (Y (F(p))) pda. (23)

'We have been informed by J. Dolbeault that the case where p > n has also been established recently
and independently by I. Gentil who used the Prékopa-Leindler inequality and the Hopf-Lax semi-group
associated to the Hamilton-Jacobi equation.



Then, we see that whenever c¢ is a g-homogenous convex Young functional for some
g > 1 and if p is its conjugate, then for all probability densities py and p; on €2 such
that supp po C Q and Pr(pg) € WH>(Q), we have

HE (polpy) < W[Hc(m)]l_%[fc*(po)] . (24)

B =

This will allow us to study the rate of convergence to equilibrium of degenerate Fokker-
Planck equations of the form

% = div{pVe' [V (F(p) + V)] } in (0,00) x Q
pVe [V (F'(p)+ V)] -v=0 on (0,00) x 99 (25)

p(t =0) = po in {0} x Q

on bounded domains €2 when the confinement potential V' is zero. In a forthcoming
paper, we investigate the case where the equations have a confinement potential that is
not uniformly convex.

2 A Remarkable Duality

Our approach is based on the recent advances in the theory of mass transport as de-
veloped by Brenier [4], McCann-Gangbo [9] and many others. For a survey, see Villani
[13]. Here is a brief summary of the needed results.

Fix a non-negative C', strictly convex function d : R"™ — IR such that d(0) = 0.
Given two probability measures p and v on IR", the minimum cost for transporting p
onto v is given by

Wd(:ua V) = Inf d(.ﬁL’ - y>d7<x7 y)a (26)
~vel(pu,v) JR? x R™
where I'(p, ) is the set of Borel probability measures with marginals p and v, respec-
tively. If d(z) = |z |*, then Wy = W3, where W, is the Wasserstein distance. We say
that a Borel map T : IR" — IR"™ pushes u forward to v, if u(T-*(B)) = v(B) for any
Borel set B C IR". The map T is then said to be d-optimal if

Wa(p, v) = /

where the infimum is taken over all Borel maps S : R™ — IR" that push u forward to v.
For quadratic cost functions d(z) = 3|z|?, Brenier [4] characterized the optimal
transport map 7T as the gradient of a convex function. An analogous result holds for
general cost functions d, provided convexity is replaced by an appropriate notion of
d-concavity. See [9], [5] for details.
Let’s call Young function any non-negative C!, strictly convex function ¢ : R® — IR

such that ¢(0) = 0 and lim|;|—q % = 00.

d(x — Tz)dp(z) = i%f - d(z — Sz)du(zx), (27)
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Here and after, supp p denotes the support of p € P,(2), that is, the closure of the
set {x € Q; p(x) # 0}. Here is our starting point:

Theorem 2.1 Let Q@ C RR™ be open, bounded and convez, let F' : [0,00) — IR be
differentiable on (0,00) such that F'(0) = 0 and x — z"F(z™") be convex and non-
increasing, and let Pp(z) := xF'(x) — F(x) be its associated pressure function. Then,
for any Young function ¢ : R™ — IR, and any V : R" — IR with D*V > \ with \ € IR,
we have for all probability density functions py and py on ), satisfying supppy C £2,
po >0 a.e. on Q and Pr(py) € W (),

A N —n
HE o polpr) + 5WE (0, 1) < [ poc (< (F 0 o+ V) do+ H G (o). (28)
Furthermore, equality holds in (28) whenever py = p1 = poo where the latter satisfies:
V(F'(poo) +V+¢)=0 a.e. (29)

In particular, we have for any probability density p on Q with suppp C QL and Pp(p) €
Whe(Q),

n )\ *
Hy 5% (0) + S W3 (py poc) < /Qpc (=V(F'op+V)) de — H™(ps) + C (30)
where Cy, is unique constant such that
F'(pso) + V + ¢ = C while /ono =1 (31)

Proof: If T is the optimal map that pushes py € P,(2) forward to p; € P,(f2) - for
the quadratic cost function d(z) = |z |? -, define a path of probability densities joining
them, by letting p; be the push-forward measure of py by the map T, = (1 — t)I + tT,
where [ is the identity map.

Under the above assumptions on F, it turns out (see McCann [10]) that the function
t — HT(p;) is convex on [0, 1], which essentially leads to the following inequality for the
internal energy:

H ()~ H () > [ H ()] o (52)

As noted in [7], the fact that V : R" — IR is uniformly convex with constant A € IR,
implies the following inequality for the corresponding potential energy:

Hy (1) = Hy(po) 2 [ Hy (o0l a + 5 W20, ). (3

By combining (32) and (33), one gets the following inequality which seems to be the
“mother” of many geometric inequalities.

A
—HY(p1) + SW3 (oo, p1) < —HE(po) + [ (I=T).V(F 0 po+ Voo, (34)

7



This inequality essentially describes the evolution of a generalized entropy functional
along optimal transport. In the case where V' = 0, it was first obtained by Otto [11]
for the Tsallis entropy functionals and by Agueh [1] in general. The case of a nonzero
potential V' was included in [2], [7]. Actually, one can also add another convolution
operator as noted in [7]. In case A > 0 (i.e., if V' is uniformly convex), Cordero et al.
[7] obtain Gaussian Log-Sobolev inequalities by simply using Young’s inequality (with
convex function A% and its Fenchel conjugate) applied to the last term (I — 7).V (F"'o
po + V), then noting that Wi (po, p1) = g | © — Tz |?po to conclude that

—HE (p1) < —HE (po) + — / V(0 po+ V) [2po. (35)

In the case where )\ is not necessarily positive, one can still proceed with a slightly
different application of Young’s inequality after evaluating [, I.V(F'(pg) + V)po. An
additional advantage is that here the Young function need not be related to the cost
of the Wasserstein distance. Indeed, since poV (F' o pg) = V (Pr o py), we integrate by
part in [o(poV (F" o pg), ) dz and obtain

)\ n
—Hy (p1) + §W22(Poapl) < —Hy T2 (po +/ YV (F'(po) +V),T)podz. (36)
Now, use Young’s inequality with a convex function ¢ to get:

(=V(F'(po(z) + V(2))), T(x)) < c(T(x)) + " (=V (F'(po(x) + V(2)))),  (37)

and deduce that
) . I
—HY (p1) + 5WE(po, p1) < =245 (p0) + [ poc” (=¥ (F'(po +V)) + [ e(T)po

Finally, use again that T pushes py forward to p;, to rewrite the second integral on the
right hand side as [, c(y)p1(y)dy to obtain (28).

Now, we set pg = p1 := p in (36). We have that 7' = id, and equality holds in (36).
Therefore, equality holds in (28) whenever equality holds in (37), where T'(x) = x. This
occurs when (29) is satisfied.

(30) is straightforward when choosing py := p and p; := ps in (28), where p,, satisfies
(29).

Note that actually, the assumption py > 0 a.e. is not needed in (28) because all the
terms in (28) remain unchanged when replacing po by poX|py>0, Where x>0 denotes
the characteristic function of the set [py > 0].

In the rest of this section, we apply the above theorem to obtain a general duality
theory, in the case when the confinement potential V' = 0.

Corollary 2.2 Let Q C IR" be open, bounded and convez, let F' : [0,00) — IR be
differentiable on (0,00) such that F'(0) = 0 and x — z"F(z™") be convex and non-
increasing. Let ¢ : IR — [0,00) differentiable be chosen in such a way that ¥(0) = 0

and |1/)%(F’ o) | = K where p > 1, and K is chosen to be 1 for simplicity. Then, for
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any Young function c, such that its Legendre transform c* is p-homogeneous, we have
the following inequality:

sup{~ [ F(p)+cpip € Pul)} < inf{ | ¢'(=Vf)=Grov(f)i f € CGF(Q), [ v(f) =1}

(38)
where Gp(z) := (1 — n)F(x) + nzF’'(x). Furthermore, equality holds in (38) if there
exists f (and p = 1)(f)) that satisfies

—(F' o) (f)Vf(z) = Ve(z) ae. (39)
Moreover, f solves
div{Ve' (=V )} = (Gro ) (f) = MW/ (f) inQ (40)
VA (=Vf)-v=0 on 052,

for some \ € IR.

Proof: Assume that ¢* is p-homogeneous, and let Q" (z) = ZL‘%F”(I’). Let

J(p) = = [ [F(p(w) + e(w)p(y)ldy

and

J(p) = = [ (F+nPe)(p(e))dz + [ ¢ (=V(Q (p(a))da.
Equation (28) (where we use V' = 0 and then A = 0) then becomes
J(p1) < J(po) (41)

for all probability densities pg, p; on § such that supp py C Q and Pr(pg) € WHe(Q).

If p satisfies
—V(F(p(x))) = Ve(z) ae.,

then equality holds in (41), and p is an extremal of the variational problems
sup{J(p); p € Pa(Q)} = inf{J(p); p € Pa(),5upp p C Q, Pr(p) € WH(Q)}.
In particular, p is a solution of

div{pV(F'(p) +¢)} =0 in Q

pV(F'(p)+¢c)-v=0  on 5. (42)

Suppose now ¢ : IR — [0, c0) differentiable, ¢/(0) = 0 and that f € C§°(Q) satisfies
—(F" o) (f)Vf(xz) = Ve(z) a.e. Then equality holds in (41), and f and p = ¢(f) are
extremals of the following variational problems

inf{1(/); f € Cg=(®), [ $(F) = 1} = sup{J(p); p € Pul)}
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where

1) = W) =~ [[Fow+nProvl(f) + [ ¢(-V(@ ()
If now % is such that | ¥ (F' o) | = 1, then | (Q' o) | = 1 and
1) = = [[Fow+nProv)(f) + [ & (=V))),
because ¢* is p-homogeneous. The Euler-Lagrange equation of the variational problem
it { [ (-V(F) = [Fouv+nProvl(f)s [w(f)=1}

becomes

div{Ve* (=Vf)} = (Gro)(f) = M/'(f) inQ
Ve (=Vf)-v=0 on 0f)

where A € IR is a Lagrange multiplier, and G(z) = (1 —n)F(x) + naF'(z).

(43)

Many important inequalities follow from Corollary 2.2. First, we apply it to the
functions F(x) = zlnz, ¥(x) = |z |P, c(z) = (p — 1)| px |9, where p > 0 and ¢*(x) =
%\ & [P and % + % = 1. We note here that the condition |1p%(F’ o1)| = K holds for
K = p. We obtain the following:

Corollary 2.3 Let p > 1 and let q be its conjugate (% +% =1). Forall f € W'?(R"),

such that || f ||, = 1, any probability density p such that [ p(z)|x|idz < 0o, and any
w >0, we have

Ju(p) < L(f), (44)
where
— _ _ q
Jul) == [ pmlp) dy—(p=1) [ pylply) dy.
and v
— p p < P _
) == [ 1w e+ S5
Furthermore, if h € WY?(IR") is such that h >0, || h|, = 1, and
Vh(z) = —plz| x| %h(x) a.e.,

then
Ju(h) = L(h).

Therefore, h (resp., p = h?) is an extremum of the variational problem:

sup{ Ju(p) : p € WHI(IR"), || plly = 1} = inf{L,(f) - f € WH(R"), || f |, = 1}
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It follows that h satisfies the Euler-Lagrange equation corresponding to the constraint
minimization problem, i.e., h is a solution of

PPN+ pf LI 1) = AL, (45)

where A\ is a Lagrange multiplier. On the other hand, p = h? is a stationary solution of
the evolution equation:

2—1: = Au + div(ppd|z|? 2 2u). (46)

We can also apply Corollary 2.2 to recover the duality associated to the Gagliardo-
Nirenberg inequalities obtained recently in [6].

Corollary 2.4 Let1l <p<mn, andr € (O "—pp} such that r # p. Set v := % + 1 where

) n— q’

% + % = 1. Then, for f € WYP(IR") such that || f ||, = 1, for any probability density p

and for all p > 0, we have
Ju(p) < 1u(f) (47)

where ) .
rYH

Jup) = ——— [ p'— —/ “ dy,

u(p) T e T o)) dy

and

1 ry
I = — / ™Y _/ \vaala
A== (g a) [+ 2 [ 1vr
Furthermore, if h € WYP(IR") is such that h >0, || h|, = 1, and
Vh(z) = —plz| 2|7 2he (z)  a.e.,
then
Ju() = 1(h).

Therefore, h (resp., p = h") is an extremum of the variational problems
sup{ Ju(p) : p € WHH(R"), | plly = 1} = inf{ L,(f) : f € W'(R"), || f . = 1}.

Proof: Again, the proof follows from Corollary 2.2, by using now ¢ (z) = |z|" and
F(z) = f—w where 1 # v > 1 — L, which follows from the fact that p # r € (0 ﬂ].

1> ) n—

Indeed, for this value of v, the function F satisfies the conditions of Corollary 2.2. The

W , and the condition

Ep
I

Young function is now c(z) = [ pz |9, that is, ¢*(z) =

|p¥ (F' o) | = K holds with K = .
Moreover, if h > 0 satisfies (39), which is here,

—~Vh(z) = plz| z |9 %he (z) ace.,

then h is extremal in the minimization problem defined in Corollary 2.4.
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As above, we also note that h satisfies the Euler-Lagrange equation corresponding
to the constraint minimization problem, that is, A is a solution of

o daf + (g ) 1P =11 (a9

where A\ is a Lagrange multiplier. On the other hand, p = h" is a stationary solution of
the evolution equation:

% = AuY + div(rypd|z) % zu). (49)

We end this section with the following generalized degenerate Log Sobolev inequality.
It will be useful for the study of convergence to equilibrium in section (4).

Proposition 2.1 Let Q C IR" be open, bounded and convex, let F' : [0,00) — IR be
differentiable on (0,00) such that F'(0) = 0 and x — z"F(z™") be convex and non-
increasing, and let Pp(x) := xF'(x) — F(z) be its associated pressure function. Assume
¢ is an even and g-homogenous Young function for some q > 1. Then for all probability
densities py and py on 0 such that supppy C Q, Pp(po) € WH(Q) and H.(p1) # 0, we
have

B =

H (plpr) < =l el e ()] (50)

where q is the conjugate of p, I(po) is defined by (23), and H (po/p1) := H" (po) —
H"(p1).

Proof: Set V' = 0, and then A = 0 in (28) to obtain for all probability density
functions py and p; on Q, satisfying supp po C Q, and Pr(pg) € W1 (Q),

—HE (p1) < —H""% (po) + [ poc (=V(F' 0 py)) da (51)
For A > 0, apply (51) to cx(x) = ¢(A\x) to get:
HE (polon) < [ po 3 (=9 (F'0 py) da + Hey (1) = H' (p0)
We use that c is even, that
a(z) <z.Vey(x) for >0,
that ¢ is ¢-homogenous and that Ve* is (p — 1)-homogenous to get
F 1 q nPp
H"(polp1) < ﬁfc*(f)o) + A H.(p1) — H"™" (po).

Since the pressure is nonnegative, we get that

(1
H" (polp) < inf {EIC* (po) + ANH.(p1): A > o} .
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The infimum is attained at

which means that
F 2 q P p P 9
H" (polp1) < He(pr)?+a D +{ - L+ (po)7ra.

In other words,

B =

H" (polpr) € —2 [He(pr)]' 7 [Les (p0)]7.

(p—1)

3 Optimal Geometric Inequalities

We now use Theorem 2.1 to establish various new and old inequalities. We start with
the following general HWI-inequality.

Corollary 3.1 Let Q2 C IR" be open, bounded and convez, let F' : [0,00) — IR be
differentiable on (0,00) such that F(0) = 0 and x — x"F(x™") be convex and non-
increasing, and let Pp(x) := xF'(x) — F(x) be its associated pressure function. Let
U:R"— R be a C*-function with D*U > ul where i € IR. Then for any o > 0, we
have for all probability density functions py and p; on ), satisfying supppy C 2, and
Pr(po) € Wh(Q),

1 1 o 2
Hi (polpr) + 5= ;)Wg(f)o,m) < §/QP0‘ V (F opy+U) ‘ d. (52)
Proof: Use (28) with ¢(z) = |z |> and U =V + ¢, to obtain
F F 1 L o
H (po) = Hy(pr) + 5 (1 = — )Wy (po, p1) (53)

< —H . p0) + [ poc’ (< (F o po+U = 0)) da.
Q
By elementary computations, we have
/onc*(—V(F/Opo+U—c)) dz
o , x |2
—§/on}V(F OPO+U)—;} dz
o / 2 1 2 /
Z—/,Oo\V(F Opo+U)\ dx+—/ﬂo|95| dx—/pox-V(F o po) dx
2 Jo 20 Jo Q

—/ pox - VU du,
Q
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and

n n Eds
_H—fFv(U galpo) = —H PF(PO)+/gz 2

1
= —H"PF(po)+/pox-Vde——/ |2 | po da.
Q 20 Ja

1
dx+/p0-:vVde——/ |2 [2py da
Q ag JQ

By combining the last 2 identities, we can rewrite the right hand side of (53) as
_HﬁfFV(U o2 (P0) + /91005k (=V(Flopg+U—c)) dx
:§/QP0|V(F’O,00+U) |2d$—/9p0:1:-V(F’opo) dl'—/QnPF(po)da?
= %/QPO|V(F’O,OO+U) |2,d1’—|—/ﬂdiv(p0I)F’(p0)dlL'—/QnPF(pO)d;p
2
:%/QPO‘V(F’O,OO%-U) ’ da:+n/Qp0F’(p0)dx+/QI.vp(po)dx
_/Q”PF(PO) dz
g 2

_ %/on}v(F’opOJrU) ‘2dx, (54)

where we use an integration by part to get the 2nd and 5th equalities. Inserting (54)
into (53), we conclude the proof.

If U is uniformly convex (i.e., g > 0) inequality (52) - where we use o = l -
yields the following Generalized Log Sobolev inequality inequality obtained by Cordero
et al. in [7]: For all probability densities py and p; on Q, satisfying supp pg C 2, and
Pr(po) € W(Q), we have

1 /
H (wlon) < 5 L1V 0 o+ U)po da (55)

as well as the Generalized Talagrand Inequality: for any probability density p on 2, we
have

2
Wa(p, pu) < ;Hzlf(plpa), (56)
where py is the probability density satisfying
V(F'(py)+U)=0 aee. (57)

For that, it is sufficient to take py = py in (52), and then let o go to oc.
We now deduce the following HWI inequalities first established by Otto-Villani [12]
in the case of the classical entropy F(z) = xInz.
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Corollary 3.2 (Generalized HWI-inequality ) Under the above hypothesis on Q and F,
let U: R" — IR be a C*-function with D*U > ul where u € IR. Then we have for all
probability densities py and py on 2, satisfying supp po C 2, and Pr(py) € WH2(Q),

H (polpr) < Walpo, pr)\/ 1 (polpu) — gwé(po’m)z (58)
where o )
I(polpv) = §/Qp0‘V(F/OP0+U) ’ de,
and
V(F'(py)+U)=0 a.e. (59)
Proof: It is sufficient to rewrite (52) as
F Hirr2 < Lo g
Hy (polpr) + 5W2 (po, p1) < oW (po, p1) + S (pol ), (60)

then minimize the right hand side over the variable ¢ > 0. The minimum is obviously

. _ W
achieved at & = Y2leory)

I(polpu)
Corollary 3.1 applied to F(x) = zlnx yields the following inequality established by

Otto-Villani [12]. For any function U on IR", denote by o the integral [g.e Y dz,

eC:UU. If D?U > pl for p € IR, then for any o > 0,
the following holds for any nonnegative function f such that fpy € WH°(R") and
Jpo foudz =1,

and by py the normalized function

1 1 V12
Rnfln(f)pde+§('u_;)Wg(prapU) < %/Rn| j{|

and in particular, the original Gross Log Sobolev inequality: That is for any nonnegative
function f such that fpy € WH°(R") and [z, f?py dz = 1, we have

pdea (61)

2
J P pode < = [ 95 P puda (62

(61) is a straightforward consequence of (52) when choosing F'(z) = zInx, po = fpu

and p; = py. (62) follows easily from (61) by setting o = %, and then changing f to f2.

Corollary 3.3 (General Euclidean Log-Sobolev inequality )
Let Q C IR™ be open bounded and convex, and let ¢ : IR" — IR be a Young functional
such that its conjugate c* is p-homogeneous for some p > 1. Then,

/ plnpde < 2 <L// oct <—@> d:C), (63)
Rn p ner—tgt’" JR p

for all probability density functions p on IR", such that suppp C Q and p € WhH*°(IR™).
Here, 0. := [pa e~ dx. Moreover, equality holds in (63) if p(z) = Kxe @ for some

-1
A >0, where Ky = (fRn e Ael®) dx) and q is the conjugate of p (% + % =1).

15



Proof: Use F(z) = zln(z) in (21). Note that here Pr(x) = x which means that
HT?(p) =1 for any p € P,(IR"). S0, peo(x) = %c(z) We then have for p € P,(R") N
Whee([R™) such that suppp C Q,

[ompar< [ pe (—@) do—n—In([ e@dr), (64)
Q R™ P "

with equality when p = poo.

Now assume that ¢* is p-homogeneous and set I'f = [g. pc* (—%) dzx. Using
ex(x) :=c(Ax) in (64), we get for A > 0 that
S _Vp

/ plnpdxﬁ/ pc* | —— | de+nlnA —n—Ino,, (65)
Rn R" Ap

for all p € P,(IR") satisfying suppp C Q and p € W1*°(Q). Equality holds in (65) if
pa(z) = (fRn e~ Nel@) d:c)_1 e~e(®) Hence

- plnpdr < —n—Ino, + ir>1f0 (G,(N),

where

1 S Vp\ T
Go(\) =nln(\) + v /n pc <—7> =nln(\) + YR
The infimum of G,()\) over A > 0 is attained at \, = (EFC)UP. Hence
/ plnpdr < G,()\,) —n—In(o,)
Rn

= %ln <§F;) + % —n —1In(o.)

n p
- Py (—2 e,
p <nep—1ag/n p)

for all probability densities p on IR", such that supp p C €, and p € WL°(IR").
Corollary 3.4 (Optimal Euclidean p-Log Sobolev inequality )

[orrmgsmde<tn(c, [ |vipa), (66)
holds for all p > 1, and for all f € WP(IR™) such that || f ||, = 1, where
() 2w [ v e
P (67)
L@+ if p=1,

and q 1is the conjugate of p (1—1) + % =1).

_)qle=zl9

For p > 1, equality holds in (66) for f(x) = Ke @ for some A\ >0 and T € R",
-1

16



Proof: First assume that p > 1, and set ¢(x) = (p—1)|z|?and p = | f |" in (63), where

feCe(R") and || f ||, = 1. We have that ¢*(z) = ‘if, and then, 'S = [p. [V f [P da.
Therefore, (63) reads as
p p n p p
[ 1o ds < (L [ (97 pas). (63
Rn D ner—1gt/" Jrn
Now it suffices to note that
0. 1= e~ Pl g = 7T5Fn(5 - 1) . (69)
R (p—1)7T (3 +1)

To prove the case where p = 1, it is sufficient to apply the above to p. = 1 + € for
some arbitrary € > 0. Note that

e=\Tn J\e) T D)

1+e€

so that when € go to 0, we have

1

1 n n
lim C :—[F(— 1)} ey
oo e ny/m 2" !

Corollary 3.5 (Gagliardo-Nirenberg)
Letl<p<mnandr € (O,n"%)p) such that r # p. Set v := %—I—%, where %+% = 1. Then,
for any f € WYP(IR") we have

£l < Clo. IV Al IS (70)
where 6 is given by
HE N g ()
r . p ry

Pt = n"%; and where the best constant C'(p,r) > 0 can be obtained by scaling.

Proof: Let F(z) = %5, where 1 # v > 1 — %, which follows from the fact that

-1’
pFETE (O, n’%”p). Now, for this value of v, the function F' satisfies the conditions of
Theorem 2.1. Let c¢(x) = 2| x |7 so that ¢*(z) = ——
q p(ry)P
for all f € C°(IR™) such that || f ||, =1,

x ‘p. Inequality (21) then gives
1
(Lpen) [ <2 [ 1Vsp— s + O 72
v — 1 n p JRn
where p,, = hl satisfies
—Vheo(z) = x| 2 |972hr (2) ace., (73)
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and where Cy, insures that [ hl = 1. The constants on the right hand side of (72) are
not easy to calculate, so one can obtain # and the best constant by a standard scaling
procedure. Namely, write (72) as

o 1 ( i ) T
— o +n = > H'"(psg) — Cog =: C, 74
R CES I AT (pec) ™)

for some constant C. Then apply it to fy(z) = f(Az) for A > 0. A minimization over A
gives the required constant.

The case where v = 1 — % - that is, r = p* = n"—_pp - gives the standard Sobolev
inequality: If 1 < p < n, then for any f € WhHP(IR"),
1l < Clp. IV I, (75)

for some constant C'(p,n) > 0.

Note here that the scaling argument cannot be used to compute C(p,n) since || V fy ||F =
NV EE and || fo |2 = AP7"|| f |7 scale the same way. Instead, one can proceed
directly from (72) and (73) to have that

B pi(n—1) v
oo = (o)

Coo
n—1

Coo=(1—n) [/R (Z—;\x|q+1>_n dx]

Similar results can be established in the presence of an additional convolution operator.

where po, = (Z_;‘ x |- )_n. Then using that p. is a probabily density, one finds

easily that
p/n

4 Trend to equilibrium

We now use our approach to study the asymptotic behaviour of solutions of degenerate
but fairly general Fokker-Planck equations of the form stated in (25) when the confine-
ment potential V' is zero. Here {2 is an open bounded and convex subset of R".

The long-time existence of the solution to (25) was established recently by Agueh in [1].
Also, when V' is uniformly c-convex with constant A > 0, Agueh [2] used the entropy
dissipation method to show —modulo regularizing the solutions of (25)— an exponential
decay in relative entropy H{; and in the c-Wasserstein cost functional W, (26) for the
convergence to the equilibrium state ps, V (F'(pss) + V) = 0. The rate of convergence
is pAP~1 when c(z) = % (% + % = 1) and is equal to 1 if ¢ is not necessarily homoge-
neous, but A > 1. His proof uses the generalized Log-Sobolev inequality established in
[7] which only holds when V' is uniformly c-convex with constant A > 0. If Q@ = R™ and
V' = 0, his arguments can be extended to self-similar solutions of (76) at least when

c(z) = % for ¢ > 2, and F(z) =zIlnx or % for 1 %~ >1— 1. Details and complete
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proofs will be provided in a forthcoming paper. But in a bounded domain €2, the proof
in [2] does not hold when V' is merely convex (i.e., when A = 0 or even when V = 0)
and therefore does not extend to equations of the form:

% = div{pVe* [V (F'(p))] } in (0,00) x Q

pVer [V (F'(p)]-v=0 on (0,00) x 90 (76)

p(t =0) = po in {0} x Q

when 2 is bounded. Here, we show again that inequality (28) - or precisely, estimate
(50) - can be used as a substitute to cover this degenerate case. One way to see it is
that our new energy estimate introduces to the game —via the Young functional c¢- a
convenient non-trivial confinement potential.

Proposition 4.1 Let Q C R™ be open, bounded and convez, F : [0,00) — IR be strictly
convez, differentiable on (0,00) such that F(0) = 0 and  — z"F(z™™) be convex
and non-increasing. Let ¢ : IR" — IR be a qg-homogeneous Young functional for some
q > 1, and denotes by p the conjugate of q. Assume that the initial probability density
po € P.(Q) has finite energy H (po). Then (modulo reqularization), solutions p = p(t, )

_1
L at a rate t 1 :

of (76) decay algebraically to the equilibrium solution ps, = ]

1

-1

HY (p(®)lpee) < ([HF (lp)] "+ alp = 1t) 7 (77

where

and H" (p(t)/p) = H" (p(t)) — H" (peo)-

Proof: Since F is strictly convex, the internal energy functional H*(p) (which is
here the Lyapunov functional associated with (76) has a unique minimizer p., which

satisfies V (F'(pso)) = 0 in €, that is, ps = ﬁ because € is bounded. Differentiating

with respect to time H (p(t)) - modulo regularizing solutions of (76) - along solutions
p of (76), we have the following free energy dissipation equation:

d

ZH (plt)lpoc) = — I+ (p(1)) (78)

where I.«(p) is defined by (23). Combining (78) with the generalized degenerate Log-
Sobolev inequality (50), we have for any solution p of (76) that

d

— 1)V
@H%(mpm)s—( )

1 HF )| poo p’
p(Hc(poo))l‘E) [HF (p(t)]poo)]
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which reads as

G 00lon) < (o5 ) e Gl (79)

Integrating (79) over [0, ¢], and using that p > 1, we obtain that

-1 < 1 ’
= [HT (polpso)] P+ alp — 1)t

p
[H (p(t)]pso)|
where « is defined as in Proposition 4.1. This proves (77).

One can apply Proposition 4.1 to various equations that can be written in the form
(76).

Examples:
o Ifc(z) =L ‘ in which case (76) is the heat equatlon = Ap when F(z) = zInuz,
and the porous media or the fast diffusion equatlon E =Ap", 1#v>1-— %

when F(z) = %, Proposition 4.1 gives an algebraic decay of solutions of these
equations to the equilibrium solution p,, = ﬁ at the rate ¢!,

q

o If ¢(2) = L ‘ , q > 1 and p is the conjugate of ¢ (% +% = 1) in which case (76)
reads as 5§ = A,pr- 77 when F(z ) = zlnz, and —9 =A™, m > % when

F(z) = oy and 1 #vi=m+ L= Proposmon 4 1 shows an algebraic decay to

the equﬂlbrlum solution p,, = @ at the rate t 77
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