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Abstract

Let the costs C(i,7) for an instance of the Asymmetric Travel-
ing Salesperson Problem (ATSP) be independent copies of a non-
negative random variable C' from a class of distributions that in-
clude the uniform [0, 1] distribution and the exponential mean 1
distribution with mean 1. We describe an algorithm that solves

ATSP exactly in time elOgHO(l)", w.h.p.

1 Introduction

Given an n xn matrix (C(4, j))i jem, the Asymmetric Traveling Salesperson Problem (ATSP)
asks for the cyclic permutation 7 on n elements that minimizes Y ., C(¢,7(:)). We let
Zarsp = Zj(&)sp denote the optimal cost for ATSP. As the ATSP is NP-hard in general, the
goal of this paper is to analyze whether the ATSP can be solved efficiently when (C(4, j)); jepn]
is an average-case, rather than worst-case, matrix. We consider the situation where the costs
C'(i,7) are independent copies of a continuous random variable C'. We assume that C' has a
density f and satisfies

(i) f(z) =a+bx+ O(z?) for 0 < x < L, where a,b are constants and aL > 1.

(ii) P(C > z) < ae P for constants a, 3 > 0.
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(iii) To avoid some pathologies, we will also assume that there is a constant M such that
f(z) < aM for z > 0.

0, M = 1) and the

The prime examples are the uniform [0, 1] distribution U [ 1] (a=1,b=
= 1). The main result

exponential mean 1 distribution EXP(1) (a=1,b=—-1,a=0=M
of this paper is as follows:

Theorem 1 Let the costs for ATSP, (C(i,7)), be independent copies of C, where C' has a
distribution satisfying (i), (ii), (iii) above. There is an algorithm that solves ATSP exactly in

log®*Wn time, with high probability over the choices of random costs.

1.1 Background

Given (C(i, j))i jefn), We can define another discrete optimization problem. Let S, denote the
set of permutations of [n] = {1,2,...,n} . The Assignment Problem (AP) is the problem
of minimising C'(7) = > | C(¢,7(i)) over all permutations m € S,, (while the ATSP only

optimizes over cyclic permutations). We let Zxp = Zﬁ,) denote the optimal cost for the AP.

Another view of the assignment problem is that it is the problem of finding a minimum
cost perfect matching in the complete bipartite graph K4 p where A = {a,a9,...,a,},
B = {b1,bs,...,b,}, and the cost of edge (a;,b;) is C(1, 7).

It is evident that Zﬁ,) < ZE“CT)SP' The AP is solvable in time O(n?) [Tom71l, EK72]. In
1971, Bellmore and Malone [BMTI] conjectured that using the AP in a branch and bound
algorithm would give a polynomial expected time algorithm for the ATSP. Lenstra and
Rinnooy Kan [LR79] and Zhang [Zha97] found errors in the argument of [BMT71].

Several authors, e.g. Balas and Toth [BT86], Kalczynski [Kal05], Miller and Pekny [MP91],
Zhang [Zha04] have investigated using the AP in a branch-and-bound algorithm to solve the
ATSP and have observed that the AP gives extremely good bounds on random instances.
Experiments suggest that if the costs C(i,j) are independently and uniformly generated as
integers in the range [0, L], then as L gets larger, the problem gets harder to solve. Rigorous
analysis supporting this thesis was given by Frieze, Karp and Reed [FKR95]. They showed
that if L(n) = o(n) then Zxrsp = Zap w.h.p. and that w.h.p. Zarsp > Zap if L(n)/n — co.

We implicitly study a case where L(n)/n — oo. Historically, researchers have considered
the case where the costs C(i, j) are independent copies of the uniform [0, 1] random variable
Ul0,1]. This model was first considered by Karp [Kar79]. He proved the surprising result
that

Zatsp — Zap = o(1) w.h.p. (1)

Since w.h.p. Zxp > 1, we see that this gives a rigorous explanation for the previous obser-
vation that the AP often gives extremely good bounds on the ATSP. Karp [Kar79] proved
constructively, analysing an O(n3) patching heuristic that transformed an optimal AP
solution into a good ATSP solution. Karp and Steele [KS85] simplified and sharpened this
analysis, and Dyer and Frieze [DF90] improved the error bound through the analysis of a
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related more elaborate algorithm to O <M> Frieze and Sorkin [FS07] reduced the error

nloglogn
bound to

Zarsp — Zap <

log?n
¢ 5 w.h.p. (2)

Frieze and Sorkin also used this result to give an e time algorithm to solve the ATSP
exactly w.h.p. The main result of this paper is that we significantly improve this run-time,
reducing the exponent from n/2+t°( to log?™°M n. Our result also allows for a larger class
of random distributions for C'.

One might think that with such a small gap between Zxp and Zarsp, that branch and
bound might run in polynomial time w.h.p. Indeed one is encouraged by the recent results
of Dey, Dubey and Molinaro [DDM21] and Borst, Dadush, Huiberts and Tiwari [BDHT23]
that with a similar integrality gap, branch and bound with LP based bounds solves random
multi-dimensional knapsack problems in polynomial time w.h.p. Given Theorem [I} one is
tempted to side with [BMT71] and conjecture that branch and bound can be made to run in
polynomial time w.h.p.

1.2 Chernoff bounds

We use the following Chernoff bounds on the tails of the binomial distribution Bin(n,p):
here 0 < e < 1.

e*Ean/Q.

IN

< (1=¢)np)
P(Bin(n,p) > (1 + €)np) < e=<"/3

We also use McDiarmid’s inequality: let Z = Z(Y1,Ys,...,Y,) where Y1, Y, ... )Y, are
independent random variables. Suppose that |Z(Y1,Ys,...,Y,) — Z(Y1,Ys, ..., Y| < ¢
when Y; =Y, except for exactly one index. Then

P(1Z-B2)| 2 0 <o -5} (3

c'n

2 The Assignment Problem and Nearby Permutations

Frieze and Sorkin [FS07] proved that when the distribution of costs is U[0, 1], the following
two lemmas hold w.h.p.:

Lemma 2 max.cy+ C(e) < 710% for some absolute constant v > 0.
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In Section [6], we will prove that these lemmas still hold for our more general class of distribu-
tions. For Lemmal3] this comes via a short coupling argument, but the analysis to generalize
Lemma 2| is more involved. We will use v* to denote Vk’% and ¢* to denote @ for the
corresponding v and ¢ under which we prove Lemmas [2] and [3

2.1 AP as a linear program

The assignment problem AP has a linear programming formulation £P. In the following z;
indicates whether or not (a;,b;) is an edge of the optimal solution.

LP  Minimise Y C(i,j)z,

(i,4)€n]?

subject to sz =1, fori=1,2,...,n.
i=1 (4)
sz = 1, fOI'j: 1,2,...,71.
i=1
2 >0, for (i,5) € [n].

An optimal basis of LP can be represented by a spanning tree T of K4 p that contains the
perfect matching M*, see for example Ahuja, Magnanti and Orlin [AMO93|, Chapter 11.
The 2n — 1 edges of T™ are referred to as basic edges and the edges not in 7™ are referred to
as non-basic edges. In the dual formulation, w.h.p., T* is consists of those (i, ) € [n]? for
which w; +v; = C(1, 7).

LP has the dual linear program:

DLP Maximise Z u; + Z v;
i=1 j=1 (5)

subject to u; +v; < C(i, ), for (i,7) € [n]*.

Remark 4 Note that replacing u;, v; by w4+, v;—\ for alli, j does not affect the constraints
or the objective value. We can therefore, when necessary, choose an s and assume that us = 0
for some s € [n].

Proposition 5 Condition on an optimal basis for , that is, fix T* (which is unique with
probability 1) and fix C(i,7) for all (a;,b;) € E(T*), but do not yet fix C(i,j) for (a;,b;) ¢
E(T*). We may w.l.o.g. take uy = 0 in , whereupon with probability 1 the other dual
variables are uniquely determined. Furthermore, the reduced costs of the non-basic variables
C(i,j) = C(i,j) — u; —v; are independently distributed as either (i) C —u; —v; if u;+v; <0
or (i) C'—w; —v; conditional on C' > u; + v;, if u; +v; > 0.

Proof. The 2n — 1 dual variables are unique with probability 1 because they satisfy 2n — 1
full rank linear equations. The only conditions on the non-basic edge costs are that C'(i,j) >
(u; +v;)*, where 1 = max {z, 0}. 0



3 Outline Proof of Theorem [1

Recall the complete bipartite graph K4 p where A = {a;,as,...,a,}, B = {b1,ba,...,b,},
and the cost of edge (a;,b;) is C(i, 7). Let M* denote the minimum-cost perfect matching in
K 4 g, which is the solution to the AP. Any other perfect matching of K4 g can be obtained
from M* by choosing a set of vertex disjoint alternating cycles C1,Cy, ..., C,, in K4 g and
replacing M* by M* & Cy --- & C,,. Here an alternating cycle is one whose edges alternate
between being in M* and not in M*. We use the notation S @ 7T = (S\T)U (T'\ S).

For a matching M we let C(M) = >__.,,; C(e). The basic idea of the proof is to show that if
a matching M is “too different” from M*, then w.h.p. C(M) — C(M*) > % (where ( is
from ), and thus by , M cannot be the optimal ATSP solution. Once we have shown
this, it does not take too long to check all possible M that are “similar to” M*, to see if M
defines a tour and then determine its total cost.

More specifically, let T* O M* be the spanning tree representing the optimal basis in the
LP formulation of AP (see Section [2.1). Our definition of “too different” is that M contains
more than 1og2+°(1) n edges outside 7. Each such edge corresponds to a non-basic variable.
These reduced costs turn out to be conditionally independent. This makes it easy to show
that the sum of “many” of them is greater than @ w.h.p. Lemma (15| shows that this
will w.h.p. preclude M from corresponding to the optimum to ATSP. This is because the
sum of the reduced costs associated with these non-T™* edges will be greater than the upper

bound in w.h.p.

In Sections [4] and [f] we will prove Theorem [I] in the special case where the distribution of
the costs C(1, ) is exponential mean one, EX P(1), i.e. P(C' > x) = e~*. We need to make
this assumption for the proof of Lemmal(7} In Section [7} we will subsequently generalise our
proof to the full class of distributions in Theorem [T}

4 'Trees and bases

We have that for every optimal basis T,

C(i,7) = u; +v; for (a;,b;) € E(T™) (6)
and

C(i,7) > w; +v; for (a;,b;) ¢ E(T7). (7)

Define the k-neighborhood of a vertex to be the k vertices nearest it, where distance is given
by the matrix C'. Let the k-neighborhood of a set be the union of the k-neighborhoods of
its vertices. In particular, for a complete bipartite graph K4 p and any S C A, T C B,

Ni(S)={be B: 3ds € 5 s.t. (s,b) is one of the k least cost edges incident with s}, (8)
Ny(T)={a€ A: 3t eTst. (a,t)is one of the k least cost edges incident with ¢}. (9)



Given the complete bipartite graph K4 p and a perfect matching M, we define a directed

graph Dy as follows: it has backwards matching edges E); and forward “short” edges EM,
where

Eyv ={(b,a): be B, ac A, {a,b} € M}

Ex={(a,b): a€ A, be Ng(a)}U {(a,b): be B, ae Ny(b)}.
Paths in D, are necessarily alternating, i.e. the edges alternate between being in M and
not in M. We assign a cost C(i,5) to edge (a;,b;) € Ey and a cost —C(,7) to an edge
(bj,a;) € EM. The cost of a path P being the sum of the costs of the edges in the path

equals the change in the cost of a matching due to replacing P N Ew by PN E w7~ Lemma
below proves that w.h.p. for every perfect matching M, a € A,b € B,

Dy contains a path P from a to b of cost at most 7. (10)

Given this we can prove a high probability upper bound on the u;, v;.

Lemma 6 Let u,v be optimal dual variables and suppose that u; = 0. Then,

|wil, |vi| < 27" fori € [n], w.h.p. (11)

Proof. Fix a;,b; and let P = (a;,,b;,,...,a;,bj; ) be the alternating path from a; to b,
promised by Lemma . Then, using @ and , we have

k k—1 k k—1
V2 COP) =) Clir,i) =Y Clivgr, o) = (uiy +v5) = > (wiy, +03,) = ui +v;. (12)
=1 =1 =1 =1

For each ¢ € [n] there is some j € [n] such that u; + v; = C(i,7). This is because of the
fact that a; meets at least one edge of T and we assume that @ holds. We also know that
from that uy + v; < ~* for all ¢/ # i. It follows that u; — uy > C(i,j) —v* > —+* for
all i' # 4. Since 1 is arbitrary, we deduce that |u; — uy| < ~* for all ¢, € [n]. Since u; =0,
this implies that |u;| < ~* for i € [n]. We deduce by a similar argument that |v; —v;/| < ~*
for all 7,7’ € [n]. Suppose that the optimal matching

M* = {{a;, by} :i € [n]}.
Then we have u; +vy;) = C (4, ¢()), and because (as will be shown in Section@ C(i,p(7)) <
v*, we have |v;| < 2y* for j € [n]. O

Condition on the edges of the matching M* and let G denote the subgraph of K4 p induced
by the edges (a;, b;) for which u; + v; > 0 where u, v are optimal dual variables. Let 7.
denote the set of spanning trees of GG, that contain the edges of M*. Note that u,v do not
determine T™*. Let f(u,v) denote the joint density of u, v then

Lemma 7 IfT € T, then

P(I* =T |uwv)fuv)= ][ e™™, (13)
(ai,bj)EG’_._

which is independent of T'.



Proof. Fixing u,v and T fixes the lengths of the edges in T. If (a;,b;) ¢ E(T) then
P(C(i,j) > u; +v;) = 1 if u; +v; < 0 and e~ (F%) otherwise. Remember that we are
assuming that C' is exponential mean one at the moment. If (a;,b;) € E(T) then the density
of C(i, ) is e~(*v), Thus, Propostcmnland the “memoryless property” of the exponential
distribution imply

P(T* =T |u,v)f(u,v) = I & 1] ™™
(ai,b;)€EGL\E(T) (ai,bj)€E(T)
= —(uituy), (14)
])€G+

In the first product we use , and the second product comes from @ and from the density
function of the costs. O

Thus
T is a uniform random member of 7. (15)

Now let @Jr be the multi-graph obtained from G, by contracting the edges of M* and let
T™ be the corresponding contraction of 7.

Lemma 8 The distribution of the tree T* _1s equal to that of a random spanning tree of the
complete graph K,, plus M where w.h. p. M is a matching of size at most \* = log® n. (M
yields double edges, other edges occur once.)

Proof. We have that for all 4, j € [n],
(i + U¢(j)) + (w5 + vo()) = (wi + U¢(i)) + (uj + vg(5)) = C(i,0(2)) + C(4, ¢(j)) > 0.

So, either u; + vg) > 0 or u; + v4) > 0 which implies that G, contains the edge {a;, a;}
and so G, contains K 4, the complete graph on A, as a subgraph. So from , T™ consists

of a random spanning tree of K4 plus a set of edges M. The edges M arise when both
u; + vg(j) > 0 and u; + v4) > 0 and where both edges have cost at most 4v*.

We know from @ and Lemma@that T* only contains edges of cost at most 4v*. Thus each
repeated edge arises from a cycle of length 4 (a;, bs(j), a;j, by, @) in which each edge has
length at most 4v*. The expected number of such cycles is O((ny*)?) and so by the Markov

inequality, ]]\7 | <log®n w.h.p. At this density, any copies of C; will be vertex disjoint w.h.p.,
as can easily be verified by a first moment calculation. |

We need the following lemma:

Lemma 9 LetT be a random spanning tree of K,. Let P be the set of paths inT" of the form
Ty, To, T3, T4 such that xo, 13, 24 are of degree 2 and let X = |P|. Then w.h.p. X > 2e73n/3.

Proof. We use the following relationship between random spanning trees and random
mappings from Joyal [J82] (this paper is quite long and so we give details of the exact
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relationship). We begin with a random mapping ¢ : [n] — [n] and construct the digraph
D,, with vertex set [n| and edges (i,%(7)) : @ € [n]. Given the cycles Cy,Cy, ..., C, of D, we
interpret them as the cycles of a permutation zy,zs,...,z, on Vo = [J;_; V(C;). We then
let P be the path x;,2,,...,2, and we let T; be the sub-tree pointing into z; in D,. We
then construct a tree T, by adding 7; rooted at z;,2 = 1,2,...,s to P. Ignoring orientation,
T is a uniform random spanning tree of K.

Let Y be the number of paths of the form 1,9, 3, x4 such that x1,x9,23 € U where
U = {v: v ' (¢(v))] =1} i.e. where z1,x9, 3 have unique pre-images under ¢. Now
E(Y) ~ e ®n and changing ¢ (w) for some w € [v] changes Y by at most 4. It follows
from McDiarmid’s inequality with ¢ = 4 and t = n?/3 that Y > ¢™3n/2 w.h.p. (Here
A ~ B stands for A = (14 0(1))B, assuming that A, B are functions of n and that n — oc.)

Now when we delete the edges of the cycles of D, we delete o(n) edges w.h.p. (see for
example [FK15], Chapter 14), and so Y > e¢~*n/3 w.h.p. O

Corollary 10 Let T be a random spanning tree of K,,. Wh.p. for every v € [n] there are at
least n/400 edge disjoint paths P = (x1,x2, x3,x4) of length 3 such that there is a path from
v in T that finishes with P or its reversal. Denote such a path as being useful.

Proof. Let P be as in Lemma [9 A path P € P can share edges with at most 4 other
members of P and so we can find |P|/5 edge disjoint members of P. Given v, all but at
most one of these paths will contribute to the set of paths described in the statement of the
corollary. Giving us at least e™3n/15 — 1 > n/400 paths. O

We need to know that w.h.p., for each a;, there are many b; for which u; +v; > 0. We
fix a tree T and condition on 7* =T. For i =1,2,...,nlet L; y = {j : u; +v; > 0} and
let L;_ = {i:u; +v; > 0}. Then let A; ; = A, +(n) be the event that |L; ;| < nn and let
A; _(n) be the event that |L; _| < nn, where n > 0 is some small positive constant. For any
tree T, let B = B(T') be the event that C(i,j) > w; + v; for (a;,b;) ¢ E(T). Note that if B
occurs and @ holds then T* =T

The following lemma shows that the minimum degree in G, G is Q(n). This enables us to
prove that there are no long alternating paths made up entirely of basic edges, see Lemma

Lemma 11 Fiz a spanning tree T of Gy. Let € be the event {|u;],|v;| < 2v* fori € [n]} as
shown to hold w.h.p. in Lemmal6l Then there exists n > 0 such that

]P)(E"L . (.AZ"_;,_ V Ai’_) NE ‘ T = T) = 0(1) (16)

Proof. We can assume as in Lemma [§ that C(i,j) < 49" for (a;,b;) € T. Let Y =
{C(i,j) : (a;,b;) € E(T)} and let §;(Y) be the indicator for A, A E. We fix us; = 0 and
write,

JOY)P(B|Y)dY

P(A, . AE | B) = BB | Y)Y (17)




Then we note that since (a;,b;) ¢ E(T) satisfies the condition (7)),

PB|Y)= ] (BCG ) > (w(Y)+v;(Y)7))
(ai bj)
= e_W’ (18)

where W =W(Y) =3, (w(Y) + v (Y))T.
We first observe that McDiarmid’s inequality implies that

2> t?
P(|W —E(W)| > t) < 2exp {_(Zn — 1)(4717*)2} < 2exp {_W} . (19)

To see this, we view the random variable W as a function of 2n — 1 random variables, each
independently distributed as FX P(1) conditioned on being at most 4y*. (The variables are
the costs of the tree edges.) If we change the value of one variable then we change W by
at most 4ny*. To see this, suppose that in this change the cost of edge e = {a;,,b;, } goes
from C'(e) to C(e) + &, |€| < 2v*. The effect on u,v, under the assumption that u;, does not
change is as follows: (i) v; < v; + & for all j € [n] and (ii) u; < w; — & for all ¢ € [n] \ {i1}.
So, u; + v; changes only for i = ;.

We have, using Holder’s inequality with p = n®/4, that

/ S(Y)P(B|Y)dY = / e Vo (V) dY

Y

(r-1)/p 1/p
< (/ e~ PW/(p—1) dY) (/ 5 (V)P dY)
Y Y
(r—1)/p 1/p
_ V) ( / o—P(W—E(W))/(p-1) dy> < / 51 (V)P dy> .
Y %

(20)

We also have

/ P(B|Y)dY = e BW) / e~ W-EW) gy (21)
Y

Y

Putting ¢ = n?? in (19), we see that if Q; = {V : [W — E(W)| < n*3} then Y € Q; w.h.p.
Conditioning on Y € Q; we have that since p = n%/*,

/ o PW-E(W)/(0-1) gy / o~ (W-E(V) gy
Ye Ye

Combining this with , and we see that
P(As;+ NE| B) SP(As+ A S)l/p ~P(A; 4 | 5)1/”. (22)

Due to equation , for the remainder of this proof, we will now only take our edges to
be selected conditioned on &£ holding and that the C(i,j) for (a;,b;) € T satisfy C' < ~*.
Denote this conditioning by F.



Fix j and let P; = (i1 = s, j1, 2, jo, - - ., i, jx = j) define the path from a, to b; in 7. Then
it follows from @ that v;, = vj,_, — C(i1, ji—1) + C(i, ji)). Thus v; is the final value S, of
a random walk S; = Xo+ X1 + -+ X;,t =0,1,...,k, where Xg > 0 and each X;,t > 1
is the difference between two copies of C' subject only to F. Assume for the moment that
k>3 and let v = u;,_, € [—27*,27*]. Given = we see that there is some positive probability
po = po(x) = P(x 4+ Xg—o + Xj—1 + Cig, jx) > 0| F). Let np = min{x > —29* : py(x)} and
note that ny > 0 and bounded away from 0.

The number of edges in G, of cost at most v* incident with a fixed vertex is dominated by
Bin(n,~v*) and so w.h.p. the maximum degree of the trees we consider can be bounded by
2vlogn. So the number of vertices in T at distance at most 3 from a, in T is O(log* n). This
justifies assuming k& > 3 in the context of the next claim. Corollary [10| implies that there
are n/400 — O(log* n) choices of b; giving rise to edge disjoint useful paths. We know that
each such j belongs to L; ; with probability at least 7y, conditional on &£, but conditionally
independent of the other useful j’s. Using equation (22)) and the Chernoff bounds we see
that
P(A, . AE | B) <P(Bin(n/401,10) < non/500)P < e~ n=om/p),

It follows that by taking the union bound over i € [n] and +,-, we have
P(3i:(Aiy VA )ANE| T =T) < o(1) + 2ne”Hn=o/p) — (1),

This proves the lemma with 7 = 7,/500. O

So, from now on we assume that £ occurs and that A, ; does not occur for any s =1,2,...,n.

4.1 Alternating paths

We now consider the the number of edges in alternating paths that consist only of basic
edges. We call these basic alternating paths.

Lemma 12 The expected number of basic alternating paths with k edges is at most

k
n? (1 — 1—1—77) , where n is as in Lemma .

Proof. Let P = (by(i,), @iy, Do(is): Qis - - - » Do(iy), @i, ) De & prospective basic alternating path.
Then @ = (a;,,a;,, . ..,a; ) must be a path in f*, which is defined in Lemma |8 above. The
edge {ait,aml} arises either (i) from (bg(,), @iy, s boicy,)) OF (il) from (ai,, beir,1)s @iy, ) and
we get an alternating path in 7™ only if we have the former case for t =1,2,... k.

Consider the random walk construction of a spanning tree as described in Aldous [AId90]
and Broder [Bro89]. Here a spanning tree is constructed by including the edges of a random
walk that are used to first visit each vertex. We have to modify the walk so that the tree
contains M*. We do this by giving the edges of M* a large weight W > n. This will mean
that when the walk arrives at some a; it is very likely to move to by;) and then back to a; and
so on. It will however eventually leave the edge (a;, bg(;)) and either leave from a; or from
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bsi). We can model this via a sequence of independent experiments where the probability
of success is at most n/(W + n) at odd steps at least nn/(W + nn) at even steps. (n from
Lemma [11]) Here odd steps correspond to being at a; and being in case (i) and even steps
correspond to being at bg(;) and being in case (ii). The degree bound in Lemma [11] implies
that when the walk adds an edge to the tree there is a probability of at least 1 that the edge
arises from case (ii) above. The probability of an even success is therefore at least

S (o) (o )T
W +n W +n W+n

k>1

n nn 1 n
1— . . ~ . (23
( W+n) Wan 1-(1-w5) (1-g45) 147 )
This will be independent of the addition of previous edges and so the expected number of

k
basic alternating path with & edges can be bounded by n? (1 — %) and the lemma follows.
O

Corollary 13 W.h.p. the mazimum length of a basic alternating path is at most 3n~*logn.

Fix w = w(n) to be an arbitrary function such that w — oo, w = log®™ .

Lemma 14 W.h.p there are at most m = wn basic alternating paths, each using O(logn)
edges.

Proof. Let Z; denote the number of basic alternating paths. We would like to use the
following result of Meir and Moon [MM70]: if 7" is a uniform random spanning tree of the
complete graph K, and dr(i, j) is the distance between i # j € [n] in T, then

ko nn—=1)---(n—-k+1)

n—1 nk

P(dr(i,5) = k) = : for1<k<n-1.

The problem is that if a tree of K4 contains ¢ edges of M (see Lemma [8]) then its probability
of occurring in @Jr is inflated by 2. On the other hand, the probability that a random tree
in K4 contains ¢ given edges is at most (2/n)*. (This is 2/n for £ = 1 and at most (2/n) in
general using negative correlation, see [LP17].) So, assuming \]\//7 | < Mog®n (see Lemma ED
the expected number of basic alternating paths can be bounded by

"k n ¥ Aog®n\ [ 4 £ o

2
N ([ I Z) <22
n;n—l (1 1+77) Z( 14 n) — n

>0

This finishes the proof when combined with the Markov inequality and Corollary [13] O

So, w.h.p. the matching M corresponding to the ATSP solution is derived from a collection
of short basic alternating paths Py, P, ..., P, joined by non-basic edges to create alternating
cycles Q1,Qs, ..., Q. Now consider an alternating cycle @ = (a;,bj,, ..., bj,, a;;) made up
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from such paths by adding non-basic edges joining up the endpoints. Putting C’(i, j) =
C(1,7) — u; — vj, we have that where j, = ¢(i;) for t =1,2,... k,

t

C(Q& M) = C(M") = (Clirsr, i) — Clix, jr))

k=1

t
Z((é(lk+1,jk)) + Wipiq + Ujk) - (é<lk7]k) + Uiy, + Ujk)
1

B
=+l

= Cliks1, ji)
1

T

t

= § Cligt1, Jr)-
k=1
(¢k+1,Jk) non-basic

2+0

Lemma 15 The optimal solution to the ATSP uses at most log>°Y n non-basic edges w.h.p.

Proof. For any k € N, let Z; be the number of perfect matchings M in K4 p with
IM\T*| =k and C(M) — C(M*) < ¢* (see Lemma [3]).

For a perfect matching M with |M \ T*| = k, we have that M @& M* consists of ¢ cycles
Q1,Qs,...,Qp where each @); has k; edges outside T* where k; + ... + k, = k. For each
i € [{], we specify @Q; by choosing k; alternating paths in 7, then ordering and orienting
them in at most k;!2% ways. M can correspond to the ATSP solution only if the C of the
k corresponding non-basic edges sum to at most ¢*. Thus, if Cy, Cs, ..., Cy are independent
random variables distributed as (i), (ii) of Proposition [5, we have

E(Z) <Z > H( )kz-!zkip<(§1+02+---+ékgc*) (24)

{=1 k1+-+ki=k 1=1

2*
)’“—k, Z’{kla---,kzZ23k1+~"+7€e:k}| (25)

< ) ()

/=1

k
S(gﬁ%§ﬁ>. (26)

Where, to go from to , we used

k

P(Cit+Gise)< [ [[e " do

21tz <t
(2¢)"

gﬁ/’ ldz =
214tz <C* k!
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The proof is completed by noting that E(3_* g2+o(1)n Zr) = o(1). (The 4v* in the first line
comes from the u; +v; in (i) of Proposition [3]) 0

5 Finishing the proof of Theorem

Now that we know the solution to the ATSP satisfies Lemma [15], we will give an algorithm
to iterate over the possible ATSP solutions. As w.h.p. every potential ATSP solution uses
at most log?"°W n non-basic edges, and there are n? edges in total, we can quickly see that

there are at most )
n 2+40(1) 3+40(1)
2o ) S (n2)log n S elog n
log

potential ATSP solutions to iterate through. The goal of the technical work in this section
is to describe an algorithm that works with a run-time reduced from 18" "' n to elog®™*n

The intuitive reason that we can obtain run-time €'°8"" """ is the following lemma, recalling
¢* defined at the start of Section

Lemma 16 W.h.p., every non-basic edge in the optimal solution to the ATSP that is not in
T has reduced cost at most C*.

Proof. Let C’l, C’g, .. C’k be the reduced costs of the non-basic edges that are used to go
from the optimal solutlon to AP to the optimal solution to the ATSP. We have Cy+- - -+Cj, <
¢*, and we have C, > 0 for every edge e, so in particular, every C. < (*. O
Now, though there are n? total edges, intuitively each vertex is on average likely incident to
approximately n¢* = Clog?n edges that have reduced cost at most ¢*, giving a “branching
factor” that is polylogarithmic in n for the number of possible non-basic edges to choose.
We will formalize this intuition in the following subsections.

5.1 Specifying a possible ATSP

A walid cycle or path is a cycle or path respectively in K4 p whose edges outside of 7™ have
length at most 2¢*. We know from Lemma [I6] that the ATSP solution is formed from M* by
taking its symmetric difference with valid cycles. For a valid cycle or path, let its non-basic
cardinality be the number of edges that are in the cycle or path but not in 7.

By Lemma (15| all sets of cycles @1, ..., Q, that we need to consider along with M* to form
the ATSP solution have non-basic cardinalities that total to at most log?"°™"(n).

3k+1

Lemma 17 With high probability, for all 1 < k < log®n, there are at most log n valid

cycles with non-basic cardinality k.

Proof. Let N, be the number of valid cycles with non-basic cardinality k. Let C’j, ] =

13



1,2,...,k be the non-basic costs in a generic valid cycle. Then, if m is as in Lemma, |14}
m ko ( * : m k( x\k 2 \k 3k
E(Nk)g(k)k!Q P(C; <¢"1<j<k)< (k)k!Q (¢")" < (2¢wlog®n)” <log™ n.

We choose k alternating paths, order them in k!2% ways, and multiply by the probability
that the reduced cost of the non-basic edge joining them into a cycle is at most (*.

The result then follows from the Markov inequality. |

We also have an analogous statement for paths instead of cycles:

3k+2

Lemma 18 With high probability, for all 1 < k < log®n, there are at most nlog n valid

paths with non-basic cardinality k.

Proof. This is proven just like Lemma [17], except that instead of choosing k alternating
paths, we can now choose k + 1 alternating paths, giving an extra factor of 2wn < nlogn
throughout. O

Now, the previous two lemmas were not algorithmic. To prove Theorem [I, we need to
actually compute the valid cycles.

Lemma 19 With high probability, we can find and store all valid cycles and paths with
non-basic cardinality at most k in time O(n?log***™n).

Proof. We will prove this inductively. Our base case is that for £ = 1, we can take all
of the wn (see Lemma basic alternating paths and see which pairs form a valid path or
cycle with non-basic cardinality 1. This takes O(w?n?logn) time.

Assume that we have already found and stored all valid paths and cycles of non-basic cardi-
nality less than k. Now, every valid path of non-basic cardinality k is the concatenation of
a valid path with non-basic cardinality |£| and a valid path with non-basic cardinality [£].
So, we iterate over all pairs of valid paths, where the first has non-basic cardinality L%J and
the second has non-basic cardinality [g} By Lemma the total number of such pairs is

at most
<n log?lk/2)+2 n) (n Jog?k/21+2 n) < n2log¥ i n,.

We store the pairs where the end-point of the first equals the start point of the second, as
these are exactly the valid cycles with non-basic cardinality k.

Finally, we iterate through the valid paths with non-basic cardinality £ to check which are
cycles. a

14



5.2 Iterating through Possible ATSP Solutions

First, we precompute and store all valid cycles with non-basic cardinality at most the value
given by Lemma which by Lemma [19| takes time at most

log2+"(1> n

2+4o0(1) 2+o(1)
9] § : n2 10g3k+4n — O(n2 log?)log n+4n> — O<€log n)
k=1

Then, we run through the possibilities for k, the number of edges in the ATSP but not in
T*. By Lemma , k < log?™°W p whop.

Next, we run through the possibilities for ¢, the number of distinct valid cycles made by
adding the k£ edges into 7™, and accounting for the parity of the number of times a tree edge
is in one of these cycles. We then specify the non-basic cardinalities (ky,...,ky) of the ¢
valid cycles. Because k; + ...+ k;, = k, we have that this step selects a partition of k, and
thus we have (crudely) that there are at most 22¢ < ¢°6*"""'n choices for (ki, ..., k), and

thus at most elos” " » possibilities to iterate through in the outer loop.

Now, for a fixed (ki, ..., k¢), for each 1 < i < ¢, we specify the ith valid cycle by choosing
one of the at most log®**! i pre-computed and stored valid cycles with non-basic cardinality
k;. Thus, the total amount of possibilities needed to iterate through for this particular

(k1,...,ke) is at most
¢

X 2+o0(1)
H10g3k1+1 n — log3k+f n < elog n
i=1
as desired.

So we can iterate through each of these possible selections, check in polynomial time whether
this gives a Hamilton cycle and if so evaluate its cost, and then remember the Hamilton cycle
of minimum cost.

This finishes the proof of Theorem [I], subject to the generalized proofs of Lemmas 2] and
in Section Bl

5.3 Reducing the Space Complexity

A downside of the previous algorithm is that of storing all elos™ " alid paths and cycles
with non-basic cardinality up to 10g2+0(1) n uses elos”"n memory. The previous algorithm
can be amended to use only the optimal amount of space, O(n?) (the amount of space needed

to store the costs) without significantly increasing the time complexity:

Theorem 20 With high probability, we can find the ATSP within 5" " time and O(n?)
space.

Proof. Instead of precomputing and storing all valid cycles with non-basic cardinality up
to 10g2+0(1) n, we instead only precompute and store all valid paths and cycles with non-basic
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6loglogn”

cardinality up to fy = —2%" . By Lemma , there are at most
Lo
o) (Z nlog3k+2 n) < loglogn/(Qloglogn)—i—Q n < 2n1.5 10g2 n
k=1

of these paths, each of which has length at most log®n (as alternating paths in 7% have
length O(logn)).

Now, as in the algorithm described in Section we still iterate through all possible
(k1,...,ke). For the ith cycle, we specify it in one of two ways, depending on whether
k; < ¥y or whether k; > ¢,.

Case 1: k; < {y. Then just as before we iterate through the O(log?)k"Jrl n) stored cycles.

Case 2: k; > {y. Now, we have not stored the valid cycles with non-basic cardinality

k;. Instead, we specify these cycles in a similar way to Lemma [I9, In particular, we can

specify any cycle with non-basic cardinality k; by specifying (5—01 valid paths of non-basic

cardinalilty at most ¢y that concatenate to form this cycle. Using this process, as we had at
most 2n'9 log? n < n? valid paths of non-basic cardinality at most £, we have at most

n2(1+k:,-/€0) — n2612k:i loglogn

possibilities to iterate through in order to iterate through every valid cycle of non-basic
cardinality k;.

Then the total amount of time this new lower-space algorithm takes on a given (ki, ..., ko)

is asymptotically at most
H IOgSki—H n H n2612ki loglogn

iki<lo=1 il <k; <log?+°()
2+4o0(1)

S (log3k+€ n) (nlog n/€0)612k10glogn

IOgQJ”’<1> n

<e

as desired. O

6 Properties of the assignment problem

In this section, we verify Lemmas |2 and |3] under our more general distribution of costs. We
assume that C has a density f and satisfies

(i) f(x) =a+bx+ O(2?) for 0 < x < L, where a, b are constants and al > 1.
(ii) (a) P(C > z) < ae P for constants a, 3 > 0, or (b) f(x) =0 for z > L.

(iii) To avoid some pathologies, we will also assume that there is a constant M such that
f(z) < aM for z > 0.
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6.1 M~* only has low cost edges

In this section we prove that w.h.p.,

. 7logn
< —
max {C(e)} <~

for some absolute constant v > 0. (27)

Much of this section is a direct adaptation of the proof used by Frieze and Sorkin to show
the same lemma in the particular case where the cost distribution is U|0, 1] [FS07].

Let Dy ete. be as defined prior to .

Lemma 21 W.h.p. over random cost matrices C, for every perfect matching M, the (un-
weighted) diameter of Dy is at most kg = [3log, n].

Proof. This is Lemma 5 of [FS07]. O

If we ignore the savings from edge deletions in traversing an alternating path then it follows
fairly easily that

1 2
max {C(¢,7) : {a;, bj} € M} < MO8 M g1 some absolute constant 7 > 0. (28)
n

Indeed, for a fixed i we have, where the density of C is a + bx + O(2?) as z — 0,

n/2
101 10logn/(an)
P <0(¢,j) > 10losm e Wz]) < (1 —/ (a + bz + O(2?))dx
an .

=0

2 n/2
< (1 ~ 10logn Lo (log n)> _ o(n?).

n n?

It follows that w.h.p. all of the forward edges in the paths alluded to in Lemma [21] have cost
at most 10(11%. If r € Aand y € B then Lemma implies that w.h.p. there is a path from
x to y for which the sum of the costs of the forward edges is at most 101@3%
matching edge of cost greater than % then there is an alternating path using at most
ko edges that can be used to give a matching of lower cost, contradiction. This verifies .

. So if there is a

We now take account of the edges removed in an alternating path and thereby remove
an extra logn factor. We will need the following inequality, analogous to Lemma 4.2(b)
of [FG85], which deals with uniform [0, 1] random variables.
Lemma 22 Suppose that ky + ko + -+ kp = K < klog N,k = O(1), and Y1,Ys,...,Yp
are independent random variables with Y; distributed as the k;th minimum of N independent
copies of C. If A\ > 1, A= O(1) and N is sufficiently large, then

P <y1 F 4 Y > M%]\v < N(eHorA-0N)x
where 0 = (/2.
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Proof. For 0 < z < L we have P(C' < ) = ax + O(2?) < az(1 + Ax) for some A > 0.
Therefore, the density function fi(x) of the kth order statistic Y(x satisfies

N—k
for x < L.

o) = (3 ) fae + 00 (1 - az + O)
fr(z) < (]Ij) (CLZB)]‘“_1611\/16_6(]%’“)z for x > L.

Therefore the moment generating function of Y}, satisfies

N
E(e®) < akM( ) / e (x + Ax?))F e N R0z gy
>0

< CLkM (N> / kalef((ka)Gfthk)rdl,
k x>0

< a* M NF
T k(N —k)O—t— A

So,if Y =Y, +--- 4 Yp then

P

=1 (i =) = () T =)

=1
N alN K:)\K
ON —t ’

if we take t = (6 — aA"')N.
So,
A log N . tAklog N AE
P(YZT)SP(G ZGXP{T Sm

We go along way towards proving by proving

Lemma 23 The following holds with probability 1—o(n~2). Foralla € A,b € B, D contains
an alternating path from a to b of total cost less than v*

Proof. Let
k k-1
Zy = max {Z Clai,yi) — Z C(yi, $i+1)} ) (29)
i=0 i=0
where the maximum is over sequences Zo, Yo, X1, - - -, Tk, Y Where (z;,7;) is one of the 40

shortest edges leaving z; for i = 0,1,...,k < ko = [3log, n], and (y;,x;11) is a backwards
matching edge. Also, in the maximum we assume that all C'(-,-) are bounded above by
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[ = mloe’n oo . We compute an upper bound on the probability that Z; is large. For

n )
any constant ¢ > 0 we have

Elogn ko 1
P (Z1 > . ) < Zn2k+2<—x

n— 1)k+1
k=0

L 1 ylogn\"!
y=0 :

po+p1+--+pp<40(k+1)

where

logn
Q(p07p17-~-7pk;77):P(XO+X1+"'+XI€Z 1 ng ),

Xo, X1, ..., X}, are independent and X is distributed as the p;th minimum of n — 1 copies
of C. (When k = 0 there is no term (M)k)

n

Explanation: We have < n?*2 choices for the sequence z,vo, %1, .., %, Ys. The term

ﬁ (yk;g”)kfl dy asymptotically bounds the probability that the sum ¥ = C(yo, 1) +

<o+ Clyp_1,my) is in 105"[3/, y + dy|. Indeed, if Cy,Cs, ..., Cy are independent copies of C,
then since y < L,

k

1 o
n Z1+...+zk610%[yvy+dy] =1 "

1 ylogn bl
212 € 8 [y y+dy] (k—1)! n

We integrate over y. ﬁ is the probability that (x;,y;) is the p;th shortest edge leaving x;,

and these events are independent for 0 < i < k. The final summation bounds the probability

that the associated edge lengths sum to at least W.

It follows from Lemmathat if v is sufficiently large then, for all y > 0, q(p1, ..., pr; 7+y) <
n~(*¥)/2 and since the number of choices for pg, p1, ..., pr is at most (41k+40) (the number
of non-negative integral solutions to zo + 1 + ...+ 2541 = 40(k + 1)) we have

ko k—1 o]
log™ " n (84k
P(Zy >~") < on27/2 —( ) / yk_ln_y/Qdy
2ol )/,
ko

log" 'n [ 168e g

< 2p20/2 I'(k
= kz:; (k—1)! (logn> (k)
< 2n*77/2(168e)k0+!

=o(n?).

|

Proof of Lemma [2]
Suppose e = {a;,b;} € M* and C(e) > ~*. It follows from Lemma 23 that there is an
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alternating path P = (a4, ...,b;) of cost at most v*. But then deleting e and the A/*-edges
of P and adding the non-M* edges of P to M* creates a matching from A to B of lower cost
than M*, contradiction.

7 From exponential mean one to more general distri-
butions

7.1 A high probability bound on Zspsp — Zap

~

We now verify with our more general distribution for costs. We let the C(7, j) be inde-
pendent copies of a uniform [0, 1] random variable and then let C(i, j) = F~Y(C(4, §)), where
F(z) =P(C < x).

(Note that P(C(i,j) < z) = P(FYC(i,j)) < z) = P(C(i,j) < F(z)) = F(z) and
C(i,j) = 1+ 0()C(4,§) for z = o(1).)

i,

Then, using Lemma [2] we have

Q
N
~
nn

=

IN

/N
—

+

)

N

<)

09

S

N——— —m——

2

< (AP)+O(IO§L
logn
<o o (£2)

7.2 Dealing with Lemma

Lemma [7]is only valid for the costs C' being exponential with mean 1. However, we will now
show that our result still holds on a more general class of distributions. If we replace the
costs C(i,7) by C(i,7) = aC(i,7) then our proof will go through almost unchanged. This
yields a distribution as in the introduction where a is now 1. We assume then that a = 1.

Suppose that the edge costs C' = C(i, ) are distributed as claimed in Theorem . We can

naturally couple these edge costs to EXP(1) edge costs, which we will call X, as follows:

first sample a cost ¢ from C, then find p = P(C < ¢) = F(c¢), and set the cost z under X
1

such that 1 —e™ = p or x = log O (in other words, drawing from the same places on

the respective cumulative distribution functions).

We know P(C' < 2) = 2 + O(2%) and P(X < 2) = z + O(z?) as z — 0. We also know
from Lemma [16|that under X, w.h.p. all edges in the AP solution have cost at most 2¢* =

O <@> Suppose now that the costs of the edges in the optimal ATSP under X are U,
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i=1,2,...,n where each U; < 2¢*. Now we know that Y, U; = O(1) w.h.p. [ES07], which
then implies that >, U? = O (%) (We maximise the sum by putting U; = 2¢* for
at most O(n/log”n) indices and putting U; = 0 for the remaining indices.) It follows that
C(ATSP)—-X(ATSP) <O (%) The same argument (noting Lemmaholds for both X

and C) gives | X(AP) — C(AP)| < O (). Therefore, |C(ATSP) — X(AP)| < O (lng)

so our enumeration above (starting from the optimal AP under X and replacing ¢* by %g%
for sufficiently large K') will also w.h.p. find the optimal ATSP under C.

8 Summary and open questions

One can easily put the enumerative algorithm in the framework of branch and bound. At
each node of the B&B tree one branches by excluding edges of M*. So, at the top of the
tree the branching factor is n and in general, at level k, it is n — k. W.h.p. the tree will have
depth at most elog®*Wn

The result of Theorem [1| does not resolve the question as to whether or not there is a branch
and bound algorithm that solves ATSP w.h.p. in polynomial time. This remains an open
question.

Less is known probabilistically about the symmetric TSP. Frieze [Fri04] proved that if the
costs C (i, j) = C(j,1) are independent uniform [0, 1], then the asymptotic cost of the TSP and
the cost 2F of the related 2-factor relaxation are asymptotically the same. The probabilistic
bounds on |T'SP — 2F| are inferior to those given in [FS07]. Still, it is conceivable that the
2-factor relaxation or the subtour elimination constraints are sufficient for branch and bound
to run in polynomial time w.h.p.

Yatharth Dubey [D23] pointed out that combining the above analysis with arguments from
[DDM21] shows that using the subtour elimination LP relaxation in a branch and bound
algorithm will also lead to a quasi-polynomial time algorithm w.h.p.
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