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Open Problem (1)
Equation: us + DW(u) = f
Pivot Space: U < H — U’ (e.g. HY(Q) — L%(Q))

Energy: W : U — R coercive but not convex.



Open Problem (1)
Equation: us + DW(u) = f
Pivot Space: U < H — U’ (e.g. HY(Q) — L%(Q))
Energy: W : U — R coercive but not convex.

Example: Oseen Frank elastic energy for liquid crystals.
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Nematic |u| ~ 1
W(u, Vu) = (1/2) (ki div(u)® + ko (u.curl(u) + q)* + ks |u x curl(u)|?)
Notation: Vu = [Ju;/0xj] € R¥*¢.



Open Problem (1)
Equation: us + DW(u) = f
Pivot Space: U < H — U’ (e.g. HY(Q) — L%(Q))
Energy: W : U — R coercive but not convex.
Estimate: uy € L?[0, T; H] and u € L]0, T; U]
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Open Problem (1)
Equation: us + DW(u) = f
Pivot Space: U < H — U’ (e.g. HY(Q) — L%(Q))
Energy: W : U — R coercive but not convex.
Estimate: uy € L?[0, T; H] and u € L]0, T; U]
Compactness:

» Solutions are compact in LP[0T; H] for all 1 < p < 0.

» Solutions are compact in LP[0, T; U] when
{veU| DW(u)e H} — U — H

DW(u) = f — u; € L?[0, T; H]



Open Problem (1)
Equation: us + DW(u) = f
Pivot Space: U < H — U’ (e.g. HY(Q) — L%(Q))
Energy: W : U — R coercive but not convex.
Estimate: uy € L?[0, T; H] and u € L]0, T; U]
Compactness:

» Solutions are compact in LP[0T; H] for all 1 < p < 0.

» Solutions are compact in LP[0, T; U] when
{veU| DW(u)e H} — U — H

Problem: Construct a time stepping scheme which inherits both
stability and compactness in LP[0, T; U].
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Harmonic Mapping: u: Q — S971

I(u):(1/2)/Q|Vu|2—f.u



Open Problem (1)
Harmonic Mapping: u: Q — S971

I(u):(1/2)/Q|Vu|2—f.u

Stationary Values: Lagrange multiplier p

/Q(Vu) : (Vv)—pu.v:/Qf.v

/QIUI2q=/Qg(q),

velu

qge P



Open Problem (1)
Harmonic Mapping: u: Q — S971
I(u) =(1/2 Vul®> - f.
()= (1/2) | Vo= .

Stationary Values: Lagrange multiplier p

/Q(Vu):(Vv)—pu.v:/Qf.v veu

/Q\UI2q=/Qg(q), qgeP

Problem: What spaces give a well posed problem?

[(u, P)luxp < C(I(F, &)llvrxpr)



Open Problem (1)
Harmonic Mapping: u: Q — S971
I(u) =(1/2 Vul> - f.
(0) = (1/2) [ [Vuf* =

Stationary Values: Lagrange multiplier p

/Q(Vu) : (Vv)—pu.v:/Qf.v veu

/Q\UIQq=/Qg(q), geP

Problem: What spaces give a well posed problem?

[(us P)lluxe < C(I(F.8)lurxpr)

Numerical Approximation: 0 < e << 1

/Q(VU) (V) + (1/e)(|u —l)u.v:/ﬂf.v



Stationary Stokes' Equations
Strong Form: —Au+ Vp = f and div(u) =0

Weak Statement: (u, p) € HA(Q) x L?(Q)/R
/(Vu) :(Vv) — p div(u) :/ f.v v e H} Q)
Q Q
/quiv(v) =0 g < *(Q)/R

Bilinear Forms:

a(u, v):/Q(Vu) :(Vv) and b(p, v):/ﬂpdiv(v)



Babuska—Brezzi Theory
Saddle Point: a: U x U —Rand b: P x U — R are continuous
a(u,v) — b(p,v) = f(v) veU
b(q,u) = g(q) qgePpP

Kernel: Z={ue U | b(q,u) =0, g€ P}



Babuska—Brezzi Theory
Saddle Point: a: Ux U — R and b: P x U — R are continuous
a(u,v) — b(p,v) = f(v) velu
b(q,u) = &(q) qgepP
Kernel: Z={ue U | b(q,u) =0, g€ P}

Lax=Milgram Theorem: ||(u, p)|luxp < C||(f,&)|lvxp iff
» a:UxU—Ris coerciveon Z x Z
a(u, v)

sup >cllully, e Z and supa(u,v) >0, veZ\{0}
veZ ”VHU ueZ

» b: P x U — R satisfies the inf-sup condition

b(p, v)
veu [Iviu

> cllplle



Babuska—Brezzi Theory
Saddle Point: a: Ux U — R and b: P x U — R are continuous
a(u,v) — b(p,v) = f(v) velu
b(q,u) = &(q) qgepP
Kernel: Z={ue U | b(q,u) =0, g€ P}

Classical Situation: ||[(u, p)|luxp < C||(f,g)lluxp if
» a: U x U — R is coercive

a(u,u) > c|lul?, uel
» b: P x U — R satisfies the inf-sup condition

b(p, v)
veU HV”U

> c|lplle



Evolutionary Stokes' Equations
Strong Form: uy — Au+ Vp = f and div(u) =0

Problem:

uAVp=f+Auec ’[0, T;H Q)] # wel’0,T;H Q)]



Evolutionary Stokes' Equations
Strong Form: uy — Au+ Vp = f and div(u) =0

Weak Statement:

/(ut, + (Vu,Vv) — (p, div(u)) /f(

/ (q.div(u) =0



Evolutionary Stokes' Equations
Strong Form: uy — Au+ Vp = f and div(u) =0

Weak Statement:

/(ut, + (Vu,Vv) — (p, div(u)) /f(

.
/ (g,div(u)) =0
0
Saddle Point:

Bilinear Forms:

T

Alu,v) = i (ut,v)+ (Vu,Vv) and B(q,u):/0 (g, div(uv))



Babuska—Brezzi Theory
Continuity: A:UxV —R

U=L2[0,T;UNnHYO, T; U] and V=1L20,T;U]

T
A(u,v) = /0 (ug, v) + a(u, v)



Babuska—Brezzi Theory
Continuity: A:UxV —R

U=L2[0,T;UNnHYO, T; U] and V=1L20,T;U]
T
Aw) = [ () + a(u )
0

-
Bi(q,u) = b(q, u)



Babuska—Brezzi Theory
Saddle Point: (u,p) e U x P

A(u,v) = Ba(p,v) = F(v) vev
Bi(q,u) = G(q) q€Q
Kernels: Zy ={ueU| Bi(q,u) =0, g€ Q}

Zy={veV | Byp,v)=0, peP}



Babuska—Brezzi Theory
Saddle Point: (u,p) e U x P

A(u,v) = Ba(p,v) = F(v) vev
Bi(q,u) = G(q) g€Q
Kernels: 7, ={uelU| B(q,u)=0, geQ}

Zo={veV | Bp,v) =0, peP}

Lax-Milgram Theorem: ||(u, p)|uxe < C||(F, G)|lvxq iff
» a:U xV — R is coercive over Zi1 X Z»

sup a(u,v) >0, veZ\ {0}

A
(v, v) > cllully, v€Zy and

sup =
vez, |Ivilv uEZy

» B :QxU—Rand By : P xV — R satisfy the inf-sup
conditions

Bila, ) >clale and  sup 2P >

sup
veVv ” ”

uelU



Babuska—Brezzi Theory

U="L2[0,T;UNnHYO, T; U] and V=L20,T;U]

(1) If P = L2]0, T; P] then By(p, v) inherits the inf-sup condition
from b(p, v) and Z, = L2[0, T; Z]

bp7V BZ p,v
sup 2PV > ol o sup 2PV
S Tl 0 vl

> cllplle



Babuska—Brezzi Theory

U="L2[0,T;UNnHYO, T; U] and V=L20,T;U]

(1) If P = L2]0, T; P] then By(p, v) inherits the inf-sup condition
from b(p, v) and Z, = L2[0, T; Z]

(2) The inf-sup condition for Bi(q, u) determines |.||g

T .
lqllg =~ sup Jo (g, div(u))
we [[Ull 2,701 + luell 2o, 750

Example: q(t,x) = qo(x)é(t — to) € Q if go € H*(Q)/R

) Z1 =7



Babuska—Brezzi Theory

U="L2[0,T;UNnHYO, T; U] and V=L20,T;U]
(1) If P = L2]0, T; P] then By(p, v) inherits the inf-sup condition
from b(p, v) and Z, = L2[0, T; Z]
(2) The inf-sup condition for Bi(q, u) determines |.||g

(3) Let Up ={u € U | u(0) =0} then
» Ais coercive on Ug x V

A
sup W) > clully wey and  sup AGwv) >0, v e V\[0}
vev vilv uel,

» Except for special cases (eg. U = Hj#(Q)) coercivity on
Z1 X Zy is open.



Time Stepping Schemes

Time Partition: 0 = t% < t! <

t}n 1 tn
CG Time Stepping Scheme DG Time Stepping Scheme

Strong Form: uy + Au=F

T T
Weak Statement: / (ug,v) + a(u,v) = / F(v)
0 0



Time Stepping Schemes

Time Partition: 0 = t% < t! <

t}n 1 tn
CG Time Stepping Scheme DG Time Stepping Scheme

CG Scheme: uy, € Py[t"L, t"; Uy) satisfies up(t! 1) = up(t" 1)

and
tn

t"
/ <(Uht7 vih)H + a(up, Vh)) :/ (F, vh)
t-n—l tn—l
for all vy, € Pp_1[t" 1, t"; Up)
Stability: Set vy = ups € Pp_1[t" 1, t" Up] ...



Time Stepping Schemes

Time Partition: 0=t < tl < ... <tN =T

0 _ n—1
uv e u" 1 o - u+
uZ \lj/
f f f ‘ | f 1
tn—l tn tn—l tn

CG Time Stepping Scheme DG Time Stepping Scheme

DG Scheme: uy, € Py[t"L, t"; Uy
tn

/tf” ((Uht, vh)H + a(up, Vh)) + (" v Y= / (F,vn)

n—1 tn—1

for all v, € Py[t"1, t"; Up)
m

Notation: Jump term [u7] = u — u”



Parabolic Problem

Discrete Problem: U< H < U and u° ¢ H

N gn
A ) =37 [ (et ale)) + ([l vy
n=1 tn

Discrete Space: U’ = {u € L[2[0, T; U] | up|(en-1,em € Pe[t"1, t"; U]}



Parabolic Problem

Discrete Problem: U< H < U and u° ¢ H

N n
Alu,v) = Z / . ((Ut, V) + a(u, v)) + ([u], V+)nH71
n=1"1t"

Discrete Space: U’ = {u € L[2[0, T; U] | up|(en-1,em € Pe[t"1, t"; U]}

Discrete Norm: ||u||%7 = HUHiZ[O,T;U] + HDtUH%UZ)/

N t" .
| Deul| ey = sup 2 n=1 Jen—1 (e, V) + ([u], vi)fy
( ) VGUZ ||VHL2[0,T,U]



Parabolic Problem

Discrete Problem: U< H < U and u° ¢ H

N gn
A ) =37 [ (et ale)) + ([l vy
n=1 tn

Discrete Space: U’ = {u € L[2[0, T; U] | up|(en-1,em € Pe[t"1, t"; U]}

Discrete Norm: [|u||? = ||u||i2[07T;U] + HDtuH%UZ),

N t" .
| Deul| ey = sup 2 n=1 Jen—1 (e, V) + ([u], vi)fy
( ) VGUZ ||VHL2[0,T,U]

Lemma: If u € U’ then HUH2°°[O,T;H] < |23, + Colull3.

cf: L2[0, T; Ul N HYO, T; U] — C[0, T; H]



Parabolic Problem

Discrete Problem: U< H < U and u° ¢ H

N gn
A ) =37 [ (et ale)) + ([l vy
n=1 tn

Discrete Space: U’ = {u € L[2[0, T; U] | up|(en-1,em € Pe[t"1, t"; U]}
Discrete Norm: ||u||$7 = ||u||i2[07T;U] + HDtUH%Uz)/

Theorem: If u, v € U’ then A(u,v) < Cllullallvlle2po, 7,07 when

u® =0 and
A
sup _Alwv) >cllulls  and  sup A(u,v) >0, v#D0.
veve [IvIlezp, 71 e

Thus A(u,v) = F(v) has a unique solution for all F € (U*)" and
[ulln < (1/)IFll ey -



Example: Ericksen Leslie Equations

Linear Momentum Equation: div(v) =0

pv — div <—p/ + pD(v)+ T, — (Vn) [gg‘;]) = pf

Angular Momentum Equation: |n| =1

+0n+ v — div W1 _
&v on oVn —re

Notation: i = ny + (v.V)n and D(v) = (1/2)(Vv + (Vv)T)



Example: Ericksen Leslie Equations

Linear Momentum Equation: div(v) =0

pv — div <—p/ + pD(v)+ T, — (Vn) [aWD = pf

Angular Momentum Equation: |n| =1

+0n+ v — div W
&v on oVn —re

Dissipation (Leslie): Most general frame indifferent expression
linear in the gradients ... (six coefficients)

Tv:ﬁ/l(h(g)n)sym - ’Yl(h®n)skew +...
8v = ’71'07 —+ ...

Notation: A= n— W(v)n and W(v) = (1/2)(Vv — (Vv)T)



Ericksen Leslie Equations

Linear Momentum: div(v) =0
/ pv.w — (p+ W) div(w) + uD(v) : D(w)
Q
+ (@ n): Ww)+ (910 — pg) (Vn)w = / pf.w
Q

Penalized Equation: W,(n, Vn) = (1/€)(|n|?> — 1) + W(n, Vn)

/ﬂhm—k W m+ OWe 'Vm—/ m
Q/l ' on ’ ovVn| - N ng'




Ericksen Leslie Equations

Linear Momentum: div(v) =0
/Qp\'/.w —(p+W)div(w) + uD(v) : D(w)
+71(A@n) s W(w) + (i — pg) (Vn)w = /pr-w
Penalized Equation: W,(n, Vn) = (1/€)(|n|?> — 1) + W(n, Vn)

/ﬂhm—k W m+ OWe 'Vm—/ m
Q/l' on )’ ovn| "’ N ng'

Energy Estimate:

» Set w = v into the linear momentum equation

» Set m = n; into the angular momentum equation



Ericksen Leslie Equations

Linear Momentum: div(v) =0
/Qp\'/.w —(p+W)div(w) + uD(v) : D(w)
+ (@ n): Ww)+ (910 — pg) (Vn)w = /pr-w
Penalized Equation: W,(n, Vn) = (1/€)(|n|?> — 1) + W(n, Vn)

[onnms () s | S0 v = [ g
Q0 on )’ ovn| " N ng'

Theorem: (njw 2011) If W(Vn) is quadratic then numerical
approximations of (v, n) computed using

» DG approximations of the linear momentum equation
» CG approximations of the angular momentum equation

with £ =1 converge.



