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LANS equation

« Incompressible Navier-Stokes Equation:

Oru —vAu+div(u®u)=Vp
divu=0, wu(0)= uo.

« Incompressible, isotropic Lagrangian Averaged Navier-Stokes
Equation (more or less):

Oru —vAu+div (u® u+ a2(1 — azA)_l(Vu -Vu))=Vp
divu =0, u(0)= up.
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Lagrangian Averaging

o« F: I xM— M, where [ is a time interval, M C R"
° atF: u

. Euler Equation Lagrangian:

L(F) = /(u(t,x),u(t,x)),_2dt
i
« F minimizes L if u satisfies the Euler equation:

Oru +div (u® u) =0,
div u =0.
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« Averaged Lagrangian:

-
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Lagrangian Averaging: Derivation of the LAE equations

« Averaged Lagrangian:

. 1 /7
L(F) = 5/ /[(U, u)p2 — Ozz(Au, u) 2] dxdt.
0
. F minimizes L if u satisfies the Lagrangian Averaged Euler
equation:

Oru+div (U@ u+ (1 — ?A)"HVu-Vu)) = Vp
divu=0
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Usefulness of LANS equation

. History:
« Shkoller 1999, 2000, Marsden et al 2003, Ratiu, et a/ 2000

« Improves upon previous numerical approximation to
Navier-Stokes:

« Chen et al 1999, Mohseni et al 2003, Hecht et al 2008

. Global Existence of LANS equation:

« Marsden and Shkoller 2001 for uy € H>2(R3),
« In previous work, we proved global existence for initial data

uy € H3*(R3?) and for uy € Béf’q/4)+(R”).
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Proving Global Existence

Standard to use Energy Methods to extend local solutions to
global solutions:

. For Sobolev spaces, take the L2 product of the equation with
u.

« For Besov spaces, apply the Littlewood-Paley operator A; to
the equation, take the L2 product with Aju, and finally sum
over j.

« In general, requires the solution to be in an L2-like space
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Alternate approach to global existence

. Solution of Gallagher/Planchon (2002) for Navier-Stokes
equation.
« Ingredients:
@ Well-known global solution for initial data uy € L?(R?)

@ Known small data global solution for initial data
vo € BPTH(R?)

© Choose W = [12,BYP Y.

« Technique gives unique global solution for arbitrary data in W.
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Context of Gallagher/Planchon result

. Let X a Banach space such that
1fllx = [[AF(- = AMllx-

X called critical space.

Proposition 1

If X is a critical space, then X — BO_O%OO.

. Gallagher/Planchon result gives global solutions in
Bg{o%_l(Rz) for large p.
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Analogous LANS result

. Replacement for the L?(R?) result:

Theorem 1 (P.)

Let ug € B;{f(R") be divergence free. Then there exists a unique
global solution u to the LANS equation with u(0) = up.

. Replacement for the B,%,/qp(Rz) result:

Theorem 2 (P.)

Let v € B;,’/qp (R™) be divergence free. Then there exists a unique
local solution v to the LANS equation with v(0) = vg. If vy has a
sufficiently small norm, v can be taken to be a global solution.
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Theorem 3 (P.)

Let U= B"/Z(R”) and V = BY/P(R") with 3 < n < 6. Choose
0<6<1, and define s and p by

L
2 p
1-6 ¢

1
b 2 p

Then for any wy € BS (]R" ) there eXIsts a unique global solution to
the LANS equation e e BC([0, ¢) : B ,(R")) with w(0) = wo.

v
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Proof of Theorem 3

Steps in the proof:
@ Construct the modified LANS (mLANS) equation:

@ Derive local solutions to the mLANS equation

© Extend the local solution to the mLANS equation to a global
solution

@ Unify results
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Step 1: Constructing the modified LANS equation

« For any wg € W, have wy = ug + vy, where
2
uo € By'2(R"), vo € By (R™), [voll gy/p small

. Let v be known global solution with v(0) = vp.
Then

O(u+v)—A(u+v) +div ((u+v)® (u+v))
+div (1 —?2A) H(V(u+v) +V(u+v)T)
A(V(utv) = V(u+v)T) = Vp.

. Simplifies to (essentially)

Oru—Au+div(uQu+u®v+veu)

. 2 Ay_1 (1)
+div (1 — a“A)"(VuVu+ VuVv) = Vp,

. Called the modified LANS (mLANS) equation.
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Step 2: Deriving a Local solution to mLANS

« Define
Ck7;—s,p,q = {f € C((07 T) : B;,q(Rn)) : ”f||k;57p,q < OO}
where
[ llk;5.p.q = Sup{t“(|F(£)lls,p,q : t € (0, T)}.

. 'C,Is’p’q denotes subspace of Ck-l;—s,p,q such that

lim tX||f(t =0.
Jim, £ (t)lls,p.q

Theorem 4 (P.)

Let up € Bg’/qz(]R”) and let v as above be given. Then there exists
a local solution u to the mLANS equation such that

ue BC(0,T): BY2(RM) N ],

a;52,2,q°

where a = (s — n/2)/2,0< sy —s; <1, and T depends only on
||U0||n/2,2,q-
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Proof of the Local Solution

. By Dumabhel’s principle, LANS becomes
t
b= ethyy — / =92V (u(s)) + WO (u(s), v(s))ds,
0
where

VA u,v) =div (u® u+ (1 — al) H(VuVu)),

W(u,v) =div (@ v+ (1 —ad) Y (VuVv)).
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W (u, v)llgs,, = llu @ vilggs + [VuVvge.
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Proof of the local solution

« W(u,v) =div (u®v) +div (1 - A)"Y(VuVy), so
W (u, v)llgs,, = llu @ vilggs + [VuVvge.

Corollary 1.3.1 in [Chemin, 96]:

Proposition 2

Let u € B! (R") and let v € B2 ,(R"). Then, for any p such
that 1/p < 1/p1 + 1/p> and with
s=s1+s—n(l/p1+1/p>—1/p), we have

luvllss, < llullsg ,IVllsg,,:

provided s; < n/p1, s, < n/pa, and 51 + s, > 0.

. Avoids taking a high-regularity norm of v.
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Step 3: An a priori estimate

Theorem 5 (P.)

Let u be a solution to the mLANS equation with small-data global
LANS solution v. Then

lulls, < llu(0)lls; exp(/ (lu(s)ll ggenrz + 1V (Sl grinrs ) ds

where 2 < r < 3.

« This provides an a priori bound for solutions

« Application to known local solution requires a technical
extension

. Global existence then follows from standard extension
methods.
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Proof of Theorem 5

. Re-state the mLANS as:

(1 —a?N)u+V+R +R+R3+ Ry
=—vy(1 - a?A)Au— Vp,
where
V=V,1-a?A)u—a?(Vu)T - Au

Ri=V.,(1-a?A)v

Ry =V,(1—-a?A)u

Ry = —a?(Vu)T - Av

Ry = —a*(Vv)T - Au.
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Proof of Theorem 5

. Apply A; to both sides, take L? inner product with 2Au:

%%(HAJ-UH@ + ?|AV2Nu|%) S WA h 4 b+ Ji + o,
where
h = CllAjull2]| Aj(Vu(1 = a® A)v)|l2,
b= CllAjull2| Aj(V (1 = o A)u)|2,
Ji = Cl|Ajulla]| 80 (Vu)T - Av|a,
S = C||Djull2]| 82 (Vv)T - Aullo.

« W similar, only contains u terms.
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o For Ii:
Aj(Vu(l — ?A)v) = K1 + Ko + K3

where
Z Aj((Sk_zu . V)Akv)
li—k|<2

—0® > A((Sk-au - V)ALAY)
i—k|<2

Z A; (Aku > VAk+,v>
k>j—

/I=—1
I=1
—()é2 Z Aj (Aku Z VA/(_HAV) N
k>j—3 I=—1

« K> similar to Kj
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« For K1,2,
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° FOI’ K]_’2,

/ Bi(x — ) (Se2t(y))V (AA(y)) dy

_ / —A(Vi(x — y) - (Skeau(y))) Dxv(y)dy.

« Used integration by parts and the incompressibility condition.

. Removal of derivative fails when applied to the transpose
gradient.
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« Eventually reach
d q
Gllulg, <P+ Mt M+ N,
.9

where

My = Ca Y 202 3 gl Y 20PN iy
Jj=0 li—k|<2
o= Devlle > 23 Amull,2
m<k—2
N=Cqy 22 )|t Y (A ()
j>0 k>j—3
=1
N= (D 285 P Ay 1),
|=—1
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Proof of Theorem 5

« My similar to My, without the 2("/P)(k*1) term
« P similar to the sum of the other three terms, only contains u

. Have
Mz < Cllulg 'R,
where
R = Z( Z 2(1+H/P)(k+1)2j—(k+1)HAkV”Lp(i’?))’
>0 |j—k|<2
R = Z QU=m(=3+r)orm A vl 5)T)H 9.
m<k—2

Applying Holder's inequality, give
R < CHUHBquV”B;;"/P?

provided
Z 2(—m)(=3+r)d
m<k—2
is finite, which requires r < 3.
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Constructing the new global solution to the LANS equation

. For any wy € W, we currently have:

« unique local solution w € C([0, T) : W) to LANS equation
with w(0) = wy

o Ug € U and vy € V such that wp = ug + v

« Global solution v € C([0,00) : V) to the LANS equation with

v(0) = v
« Global solution u € C([0,00) : U) to the mLANS equation
with u(0) = up

« For U— V,canshow u+v e W

« So by uniqueness, w = u + v is a global solution.



