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The Voigt Regularization

Viscous Camassa-Holm Equations (NS-c, LANS-«)
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The Voigt Regularization
(

Viscous Camassa-Holm Equations (NS-c, LANS-«)

0
E‘H— u- Vv—ZvJVuj——Vﬂ—i-l/Av

V-u=0

v=u-a?Au

@ Leray-a Model (Cheskidov, Holm, Olson, Titi, 2005)

o Clark-o Model (Clark, Ferziger, Reynolds, 1979; C. Cao, Holm, Titi,
2005)

@ Simplified Bardina Model (Layton, Lewandowski 2006; Y. Cao,
Lunasin, Titi, 2006)

@ Modified Leray-a Model (llyin, Lunasin, Titi, 2006)
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The Voigt Regularization

The Simplified Bardina Model (Layton, Lewendowski 2006; Cao, Lunasin,
Titi 2006)

{8t(u —a’Au)+ (u-Viu= -Vp+vAu—o®Au) +f,
V-u=0.
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The Voigt Regularization

The Simplified Bardina Model (Layton, Lewendowski 2006; Cao, Lunasin,
Titi 2006)

{8t(u —a’Au)+ (u-Viu= -Vp+vAu—o®Au) +f,
V-u=0.

The Inviscid Simplified Bardina Model (Euler-Voigt Model) (Cao, Lunasin,
Titi 2006)

{Ot(u —a*Au) + (u-V)u=—Vp,
V-u=0.
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The Voigt Regularization

The Simplified Bardina Model (Layton, Lewendowski 2006; Cao, Lunasin,
Titi 2006)

{(%(u —a’Au)+ (u-Viu= -Vp+vAu—o®Au) +f,
V-u=0.

The Inviscid Simplified Bardina Model (Euler-Voigt Model) (Cao, Lunasin,
Titi 2006)

{8t(u —a*Au) + (u-V)u=—Vp,
V-u=0.

The Navier-Stokes-Voigt Model

{8t(u —a?Au) + (u-V)u=-Vp+rvAu+f,
V-u=0.
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The Voigt Regularization

—a’0Au+ 0+ (u-Viu=—-Vp+vAu+f,
V-u=0.
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The Voigt Regularization

{—a28tAu +ou+ (u-Viu=-Vp+rvAu—+f,
V-u=0.

Some Properties of the Voigt a-Regularization
@ Introduced by Oskolkov (1973) as a model for polymeric fluids.
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The Voigt Regularization

{—a28tAu +ou+ (u-Viu=-Vp+rvAu—+f,
V-u=0.

Some Properties of the Voigt a-Regularization
@ Introduced by Oskolkov (1973) as a model for polymeric fluids.
@ Same steady states as Navier-Stokes (or Euler) Equations.
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The Voigt Regularization

{—a28tAu +ou+ (u-Viu=-Vp+rvAu—+f,
V-u=0.

Some Properties of the Voigt a-Regularization
@ Introduced by Oskolkov (1973) as a model for polymeric fluids.
@ Same steady states as Navier-Stokes (or Euler) Equations.
@ Regularization is inviscid.
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The Voigt Regularization

{—a28tAu +ou+ (u-Viu=-Vp+rvAu—+f,
V-u=0.

Some Properties of the Voigt a-Regularization
@ Introduced by Oskolkov (1973) as a model for polymeric fluids.
@ Same steady states as Navier-Stokes (or Euler) Equations.
@ Regularization is inviscid.
@ Global regularity in bounded domains, with v > 0 (Y. Cao, Lunasin,
Titi, 2006; Larios, Titi, 2010).
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The Voigt Regularization

{—aQE)tAu +omu+ (u-Vju=-Vp+rvAu+f,
V-u=0.

Some Properties of the Voigt a-Regularization

@ Introduced by Oskolkov (1973) as a model for polymeric fluids.

@ Same steady states as Navier-Stokes (or Euler) Equations.

@ Regularization is inviscid.

@ Global regularity in bounded domains, with v > 0 (Y. Cao, Lunasin,
Titi, 2006; Larios, Titi, 2010).

@ Global regularity in periodic case, with v = 0 (Y. Cao, Lunasin, Titi,
2006; Larios, Titi, 2010).
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The Voigt Regularization

{—a28tAu +omu+ (u-Vju=-Vp+rvAu+f,
V-u=0.

Some Properties of the Voigt a-Regularization

@ Introduced by Oskolkov (1973) as a model for polymeric fluids.

@ Same steady states as Navier-Stokes (or Euler) Equations.

@ Regularization is inviscid.

@ Global regularity in bounded domains, with v > 0 (Y. Cao, Lunasin,
Titi, 2006; Larios, Titi, 2010).

@ Global regularity in periodic case, with v = 0 (Y. Cao, Lunasin, Titi,
2006; Larios, Titi, 2010).

@ The parabolic character of the equations is destroyed.
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The Voigt Regularization

{—oﬂ&gﬁu +omu+ (u-Vju=-Vp+rvAu+f,
V-u=0.

Some Properties of the Voigt a-Regularization
@ Introduced by Oskolkov (1973) as a model for polymeric fluids.
@ Same steady states as Navier-Stokes (or Euler) Equations.

@ Regularization is inviscid.

@ Global regularity in bounded domains, with v > 0 (Y. Cao, Lunasin,
Titi, 2006; Larios, Titi, 2010).

@ Global regularity in periodic case, with v = 0 (Y. Cao, Lunasin, Titi,
2006; Larios, Titi, 2010).

@ The parabolic character of the equations is destroyed.

@ Global attractor is comprised of analytic functions (for analytic f)
(Kalantarov, Levant, Titi, 2009).
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The Voigt Regularization

{—a28tﬁu +omu+ (u-Vju=-Vp+rvAu+f,
V-u=0.

Some Properties of the Voigt a-Regularization
@ Introduced by Oskolkov (1973) as a model for polymeric fluids.
@ Same steady states as Navier-Stokes (or Euler) Equations.

@ Regularization is inviscid.

@ Global regularity in bounded domains, with v > 0 (Y. Cao, Lunasin,
Titi, 2006; Larios, Titi, 2010).

@ Global regularity in periodic case, with v = 0 (Y. Cao, Lunasin, Titi,
2006; Larios, Titi, 2010).

@ The parabolic character of the equations is destroyed.

@ Global attractor is comprised of analytic functions (for analytic f)
(Kalantarov, Levant, Titi, 2009).

@ Applications to image inpainting. (Ebrahimi, Holst, Lunasin, 2009)
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Statistics

Question:
Does the Navier-Stokes-Voigt model have the same statistics as the
Navier-Stokes equations?
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Statistics

Question:
Does the Navier-Stokes-Voigt model have the same statistics as the
Navier-Stokes equations?

@ Stationary statistical solutions of the Navier-Stokes-Voigt model
converge to a stationary statistical solution of the Navier-Stokes
Equations. (Ramos, Titi, 2009)
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Statistics

Question:
Does the Navier-Stokes-Voigt model have the same statistics as the
Navier-Stokes equations?

@ Stationary statistical solutions of the Navier-Stokes-Voigt model
converge to a stationary statistical solution of the Navier-Stokes
Equations. (Ramos, Titi, 2009)

@ Sabra Shell model of Turbulence (Constantin, Levant, Titi, 2007)
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The

Question:
Does the Navier-Stokes-Voigt model have the same statistics as the

Navier-Stokes equations?

@ Stationary statistical solutions of the Navier-Stokes-Voigt model
converge to a stationary statistical solution of the Navier-Stokes
Equations. (Ramos, Titi, 2009)

@ Sabra Shell model of Turbulence (Constantin, Levant, Titi, 2007)

@ Computational Study with Sabra Shell Model: Structure functions of
the Navier-Stokes-Voigt regularization are investigated in comparison
to the those of the Navier-Stokes in the context of Sabra Shell Model.
(Levant, Ramos, Titi, 2009)
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Statistics
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Image Credit: Levant, Ramos, Titi, Comm. Math. Sci., 2009.
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Statistics

Energy Spectrum (log-log)
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Statistics

Heat equation: u; = vy,
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Statistics

Heat equation: u; = vy,

— 0P Uy + Uy = Vg on (0, 2m) x (0, T)

(Voigt) { w(0,z) = up(z) on (0, 2)
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Statistics

Heat equation: u; = vy,

— 0P Uy + Uy = Vg on (0, 2m) x (0, T)
u(0, z) = up(z) on (0, 27)

Z(a2k2 + 1),1/1;662/656 =y Z(_kZ)akezk:E

keZ keZ

(Voigt) {
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Statistics

Heat equation: u; = vy,

— 0P Uy + Uy = Vg on (0, 2m) x (0, T)
u(0, z) = up(z) on (0, 27)

Z(a2k2 + 1)ﬂf€ka =y Z(_kZ)akezkz

keZ keZ

(Voigt) {

2
k= —vk ak
FT a2k 41
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Statistics

Heat equation: u; = vy,

— 0P Uy + Uy = Vg on (0, 2m) x (0, T)
u(0, z) = up(z) on (0, 27)

Z(a2k2 + 1)ﬂf€ka =y Z(_kZ)akezkz

keZ keZ

(Voigt) {

2
k= —vk ak
FT a2k 41

2
~k Ak —l/k
v oer <a2k2+1 t)
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Statistics

Heat equation: u; = vy,

— 0P Uy + Uy = Vg on (0, 2m) x (0, T)
u(0, z) = up(z) on (0, 27)

Z(a2k2 + 1),1/1;662/656 =y Z(_kZ)akezkz

keZ keZ

(Voigt) {

2
k= —vk ak
FT a2k 41

2
~k ~k —vk
U =uUyexp| —-5—=10
0 °XP <a2k2 +1 )
o Coefficients do not decay exponentially as ¢t — oo.
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Statistics

Heat equation: u; = vy,

— 0P Uy + Uy = Vg on (0, 2m) x (0, T)
u(0, z) = up(z) on (0, 27)
Z(a2k2 + 1),1/1;662/656 =y Z(_kZ)akezkz

keZ keZ

(Voigt) {

2
k= —vk ak
FT a2k 41

2
~k Ak —l/k
v oer <a2k2+1 t)

o Coefficients do not decay exponentially as ¢t — oo.
@ As k — oo, we have the time scale o /v.
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Statistics

Energy Balance
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Statistics

Energy Balance

—a?Adu + Oyu + (u - Viu+Vp=0
V-u=0
u(O):uo
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Statistics

Energy Balance

—a?Adu + Oyu + (u - Viu+Vp=0
V-u=0
u(O):uo

(a?IVulz + [[uf32) =0

DN | =
S
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Statistics

Energy Balance

—a?Adu + Oyu + (u - Viu+Vp=0
V-u=0
u(0) =ug

(a?IVulz + [[uf32) =0

DN | =
S

o?[Vu(t)[|Z> + [lu(®)]Z2 = o*[[Vuo[Zz + [uoll?-
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Statistics

Energy Balance

—a?Adu + Oyu + (u - Viu+Vp=0

V-u=0
u(0) =ug
1d 2 2 2
577 (@7IVullL + [ul32) =0

Modified Energy Equality (Cao, Lunasin, Titi, 2006)

o?[Vu(t)||Z> + a2 = o*[[Vuo[Zz + [uoll?-
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—a?0,Au+ dyu + (u-V)u=-Vp+rvAu
(1) V-u=0
u(x, 0) = uO(X)

Theorem (Global Existence and Uniqueness)(Y. Cao, Lunasin, Titi, 2006)

Let ug € H', v > 0. Then system (1) has a unique solution in
CY((—o00,00), H') under either periodic or (if v > 0) homogeneous
Dirichlet (no-slip) boundary conditions.
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Analytical

—a?0;Au+du+ (u-Viu=—-Vp+rvAu
(1) V-u=0
u(x,0) = ug(x)

Theorem (Global Existence and Uniqueness)(Y. Cao, Lunasin, Titi, 2006)

Let ug € H', v > 0. Then system (1) has a unique solution in
CY((—o00,00), H') under either periodic or (if v > 0) homogeneous
Dirichlet (no-slip) boundary conditions.

Theorem (H*® Regularity and Analyticity)(Larios, Titi, 2010)

Letuyg € H%, s >0, v > 0. Then system (1) has a unique solution in
C'((—o00,00), V N H?), under periodic boundary conditions. Furthermore,
ifug € VN C¥, thenu € C*((—o0,00), VN C¥).

v
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@ Given initial data ug € H?, s > 3.
@ Let u be a solution to the Euler equations with initial data uy.

@ Let u® be a solution of the Euler-Voigt equations with initial data uy.

Theorem (Convergence)(Larios, Titi, 2010)

Suppose u € C([0, T), H®) N CL([0, T], H*~') for s > 3. Then u® — u in
L>=([o, T, L?).
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@ Given initial data ug € H?, s > 3.
@ Let u be a solution to the Euler equations with initial data uy.

@ Let u® be a solution of the Euler-Voigt equations with initial data uy.

Theorem (Convergence)(Larios, Titi, 2010)

Suppose u € C([0, T), H®) N CL([0, T], H*~') for s > 3. Then u® — u in
L>=([o, T, L?).

Specifically,

lu(t) — a7 + @*[[V(u(t) —u*(®)|7> < Ca®.
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Statistics

Consider the a-energy equality on [0, T'], an interval of existence and
uniqueness for the 3D Euler equations. For ¢ € [0, T7,

lu®(B)][7: + o[ Vu(5)]172 = [[uollZ2 + o*||Vuoll7
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Statistics

Consider the a-energy equality on [0, T'], an interval of existence and
uniqueness for the 3D Euler equations. For ¢ € [0, T7,

lu®(B)][7: + o[ Vu(5)]172 = [[uollZ2 + o*||Vuoll7

[u(®)[|72 +limsup o[ Vu®(#)[|72 = [[uol7:
a—0
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Consider the a-energy equality on [0, T'], an interval of existence and
uniqueness for the 3D Euler equations. For ¢ € [0, T7,

lu® (B> + o[ Vu®(1)]|72 = uollZ2 + 0| Vo7

[u(®)[|72 +limsup o[ Vu®(#)[|72 = [[uol7:
a—0

Theorem (Blow-up Criterion)(Larios, Titi, 2010)

Suppose there exists a finite time T, > 0 such that

sup limsup o?||Vu®(t)||32 > 0.
t€[0,Tx) a—0

Then the Euler equations with initial data ugy develop a singularity in the
interval [0, T%].

v
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Analytical Re

Theorem (Blow-up Criterion)(Larios, Titi)

Suppose there exists a finite time T, > 0 such that

sup limsup o?||Vu®(#)||2: > 0.
t€[0,Tx) a—0

Then the Euler equations with initial data uy develop a singularity in the
interval [0, Ty].

v

Remark

Unlike the Beale-Kato-Majda criterion, in which one tracks a quantity
arising from an equation which is not known to be well-posed, here we
track a quantity which arises from a well-posed equation.
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Statistics

—020; 00 + 00+ (v- V)0 =0
v=Vt(=n)"1?0
0(x,0) = bo(x)
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Statistics

—020; 00 + 00+ (v- V)0 =0
v=Vt(=n)"1?0
0(x,0) = bo(x)

Khouider, Titi, 2008

@ Global Regularity
@ Convergence

@ Blow-up criterion
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The Magnetohydrodynamic-Voigt Equations

The 3D Magnetohydrodynamic-Voigt Model (Inviscid, Irresistive)

1
du+ (u-V)u+ Vp + §V\B\2 = (B-V)B,

(2) OB+ (u-V)B+Vg= (B V)u,
V-B=V-u=0,
B(O) = Bo, u(O) = up.
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The Magnetohydrodynamic-Voigt Equations

The 3D Magnetohydrodynamic-Voigt Model (Inviscid, Irresistive)

1
O+ (u-Vju+Vp+ oVIBP = (B-V)B,

(2) OB+ (u-V)B+Vg= (B V)u,
V-B=V-u=0,
B(O) = Bo, u(O) = up.
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The Magnetohydrodynamic-Voigt Equations

The 3D Magnetohydrodynamic-Voigt Model (Inviscid, Irresistive)

1
du+ (u-V)u+ Vp + §V\B\2 = (B-V)B,

(2) OB+ (u-V)B+Vg= (B V)u,
V-B=V-u=0,
B(O) = Bo, u(O) = up.
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The Magnetohydrodynamic-Voigt Equations

The 3D Magnetohydrodynamic-Voigt Model (Inviscid, Irresistive)

1
—a?0;Au+du+ (u-Vu+ Vp+ §V\B\2 = (B-V)B,

(2) — 03,0, AB+ 0B+ (u-V)B+Vqg=(B-V)u,
V- B=V-u=0,
B(O) = Bo, u(O) = Ug.
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The Magnetohydrodynamic-Voigt Equations
Anal

The 3D Magnetohydrodynamic-Voigt Model (Inviscid, Irresistive)

1
—a?0Au+ Ou+ (u-V)u+ Vp + §V\B\2 = (B-V)B,
(2) — a2, 0 AB+ 0B+ (u-V)B+Vqg=(B-V)u,
V-B=V-u=0,
B(O) = Bo, u(O) = up.

Theorem (Global Regularity)(Larios, Titi, 2010)

Let uy, By € H®, for s > 1. Then (2) has a unique solution
(11, B) € Cl((—OO, OO)) HS)

Adam Larios (Texas A&M) Voigt Models 14 Oct. 2011 15 / 24



The Magnetohydrodynamic-Voigt Equations

The Magnetohydrodynamic-Voigt Model (Inviscid, Resistive)

3) - a2, 04 0t (u-Vu+ vp+ %V|B|2 — (B-V)B,

—puAB+oB+ (u-V)B+Vqg=(B-V)u,
V-B=V-u=0,
B(O) :Bo, u(O) = up.
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The Magnetohydrodynamic-Voigt Equations
The 3L

The Magnetohydrodynamic-Voigt Model (Inviscid, Resistive)

(3) — a0 Au+ du+ (u-Viu+ Vp + %V|B|2 = (B-V)B,
—pAB+ 9B+ (u-V)B+Vqg=(B-V)u,
V-B=V-u=0,
B(O) = Bo, u(O) = up.

Theorem (Global Regularity)(Larios, Titi, 2011)

Let ug, By € H5(T3) N V, for s > 1. Then (3) has a unique solution
(u,B) € C'((—o0,00), H¥(T3) N V).

Independently studied by Catania, Secchi, 2010, with strong initial data.
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The Boussinesq-Voigt Equations

Momentum Equation

0
—u +(u-Viu= -Vp + vAu + kb
ot ——— —— —— ~~
- Advection Pressure Viscous Buoyancy
Acceleration Gradient  Diffusion Force

Continuity Equation

Transport Equation

0

o+ (u-V) = kAO

ot —— ——
Transport e.g., Thermal
by Velocity Diffusion

u := Velocity (vector field) p = Pressure (scalar function)
v := Kinematic Viscosity k := Diffusion Coefficient
0 := Scalar variable (density or heat) k := (0,1) or (0,0,1)
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The Boussinesq-Voigt Equations

Momentum Equation

0
—u +(u-Viu= -Vp + vAu + kb
ot ——— —— —— ~~
- Advection Pressure Viscous Buoyancy
Acceleration Gradient  Diffusion Force
Continuity Equation
V-u=0

Transport Equation

9 (- V)0 = k0
ot ——— ——

Transport e.g., Thermal
by Velocity Diffusion

u := Velocity (vector field)
:= Kinematic Viscosity
:= Scalar variable (density or heat)

p := Pressure (scalar function)
r := Diffusion Coefficient
k :=(0,1) or (0,0,1)
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The Boussinesq-Voigt Equations

— a0 Au+0u+ (u-Viu+Vp =6k+vAu, a>0,
V-u =0
0+ (u-V)0 =rA0.
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The Boussinesq-Voigt Equations

— a0, Au+0u+ (u-Viu+Vp =6k+vAu, o >0,
V-u =0
0+ (u-V)0 =rAb.

Theorem (Oskolkov, 1976)(3D, v > 0, k > 0)

Let ug € H?, 6y € H?. Then there exists a unique global solution to (4).
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The Boussinesq-Voigt Equations
The Bo

— a0 Au+0u+ (u-Viu+Vp =6k+vAu, a>0,
V-u =0
0+ (u-V)0 =rAb.

Theorem (Oskolkov, 1976)(3D, v > 0, k > 0)

Let ug € H?, 6y € H?. Then there exists a unique global solution to (4).

Theorem (Larios, Lunasin, Titi, 2011)(3D, v =0, x > 0)

Let ug € H?, 6y € L?. Then there exists a unique global solution to (4).
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The Boussinesq-Voigt Equations
The Boussi

— a0 Au+0u+ (u-Viu+Vp =6k+vAu, a>0,
V-u =0
8759 + (11 . V)9 = k.

Theorem (Oskolkov, 1976)(3D, v > 0, x > 0)

Let ug € H?, Oy € H?. Then there exists a unique global solution to (4).

Theorem (Larios, Lunasin, Titi, 2011)(3D, v =0, x > 0)
Let ug € H?, 6y € L?. Then there exists a unique global solution to (4).

Theorem (Larios, Lunasin, Titi, 2011)(2D, v = k = 0)

Let ug € H?, 6y € L. Then there exists a unique global solution to (4).
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The Boussinesq-Voigt Equations

Voigt Models



The Boussinesq-Voigt Equations

@ Stream-like function: § = A{ (mean-zero)
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The Boussinesq-Voigt Equations

@ Stream-like function: § = A{ (mean-zero)

@ Yudovich-type estimates (as in anisotropic case)
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The Boussinesq-Voigt Equations

@ Stream-like function: § = A{ (mean-zero)

@ Yudovich-type estimates (as in anisotropic case)
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The Boussinesq-Voigt Equations
Tools

@ Stream-like function: § = A{ (mean-zero)

@ Yudovich-type estimates (as in anisotropic case)

Theorem (Modified Brézis-Gallouet Inequality)(Larios, Lunasin, Titi, 2011)

For every ¢ > 0, sufficiently small, and w € H?*(T?),
Wiz < € (I9Vwllge ™ + [ Awl 2",

where C is independent of .
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The Boussinesq-Voigt Equations
Conve

Theorem (Larios, Lunasin, Titi, 2011)

Given initial data ug, 0y € H3, choose an arbitrary T € (0, Trmax), where
Tmax is the maximal time for which a solution to the Boussinesq-Voigt
equations exists and is unique. Then u® — u in L*([0, T], H') and
6% — 0 in L*([0, T), L?).
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The Boussinesq-Voigt Equations
Blow-

Energy Balance Equation

t
o?[u ()] + [u®(1)]* = o®|[uo||* + |uo|* + 2/ (6% (s)k, u(s)) ds.
0

Theorem (Larios, Lunasin, Titi, 2011)

Given initial data ug, 6y € H?, suppose that for some T, < oo, we have

sup limsup o||u®(t)||? > 0.
t€[0,Ty) a—0

Then the solutions to the 2D Boussinesq become singular in the time
interval [0, Ty).
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Conclusions

@ The Voigt-regularization may be useful as a regularization for the
Euler and Navier-Stokes equations.
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Conclusions

@ The Voigt-regularization may be useful as a regularization for the
Euler and Navier-Stokes equations.

@ Numerical studies indicate that small a values give a good match
with statistics.

@ Convergence as a — 0.
@ A new blow-up criterion for 3D Euler equations.

@ Similar results for SQG, MHD, and Boussinesq equations.
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Current and Future Work

@ How well does the Voigt-regularization do in terms of improving
computational simulations?

@ Test the blow-up criterion numerically.

@ Prove the convergence of solutions to Voigt-regularized equations in
higher-order norms.

@ Can the stream-function approach be adapted to a yield any useful
numerical techniques?

@ Improve the result for the 3D Boussinesq-Voigt equations even
further. Can we drop the requirement that « > 07 Can require only
ug € HY7?

o Extend the Voigt-regularization to other fluid models.
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Conclusions

Happy Birthday Professor Constantin!
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