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@ Introduction and the main result
@ Navier-Stokes and previous estimates about higher derivatives

@ Our main result : V% € Weak—L?‘O/C(aH)

Kyudong Choi Estimates on Fractional Higher Derivatives of Weak Solutions fo



Introduction and the main result

Navier-Stokes and previous estlmates abou} higher derivatives
I

Our main result : VHu €

We consider 3D Navier-Stokes equations.

ou+ (u-V)u+ VP —Au=0 and
divu =0, te(0,00), z€R3

with L? initial data

ug € L*(R?), divug = 0. (2)
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Our main result : Vu

In this talk, we are looking for an estimate like

Viu e LI(Jt ) weak-Lft o = weak-L} L%
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In this talk, we are looking for an estimate like
Viu e I}(Jt’m)7 weak-Lftyx) = weak-LY L%,

For second derivatives V32u,

@ Parabolic regularization V2u € Li
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In this talk, we are looking for an estimate like
Viu e LI(Jt ) weak- L(t o = weak-L} L%

For second derivatives V2u

. N 5
@ Parabolic regularization V2u € L1
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Introduction and the main result

Navier-Stokes and previous estlmates abou} higher derivatives
I

Our main result : VHu €

In this talk, we are looking for an estimate like

Viu e LI(Jt ) weak- L(t o = weak-L} L%

For second derivatives V2u

@ Parabolic regularization V2ue L1
@ P. Constantin'90 V2u € Li~ for § > 0
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Introduction and the main result

Navier-Stokes and previous estlmates abou} higher derivatives
I

Our main result : VHu €

In this talk, we are looking for an estimate like

Viu e LI(Jt ) weak- L(t o = weak-L} L%

For second derivatives V2u

@ Parabolic regularization V2ue L1

o P. Constantin’90 V2u € L5 for § > 0

@ P. Lions'96 Vu € Weak—Lg(or L%OO)
assuming that Vug is a bounded measure.
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In this talk, we are looking for an estimate like

Viu e LI(Jt ) weak- L(t o = weak-L} L%

For second derivatives V2u

@ Parabolic regularization V2ue L1

e P. Constantin'90 V2u € L5~ for § > 0

e P. Lions'96 V2u € Weak—L%(or L%’OO)
assuming that Vug is a bounded measure.
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Introduction and the main result

Navier-Stokes and previous estimates abo#‘f higher derivatives

Our main result : V®u

In this talk, we are looking for an estimate like

Viu e I}(Jt’m)7 weak-Lftyx) = weak-LY L%,

For second derivatives V32u,

@ Parabolic regularization V2ue L1
o P. Constantin’90 V2u € L5 for § > 0
e P. Lions'96 V2u € Weak—L%(or L%’OO)
assuming that Vug is a bounded measure.
(Let f and vy be a bounded measure. Let v € L%m) be a solution

of v, — Av = f. Then Vv € weak-L?)
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Our main result : Vu

In this talk, we are looking for an estimate like

Viu e I}(Jt’m)7 weak- L(t o = weak-L} L%

For second derivatives V2u

@ Parabolic regularization V2ue L1

o P. Constantin’90 V2u € L5 for § > 0

e P. Lions'96 V2u € Weak—L%(or L%’OO)
assuming that Vug is a bounded measure.
(Let f and vy be a bounded measure. Let v € L%t’m) be a solution
of v, — Av = f. Then Vv € weak-L?)

For general order derivatives V%u, integer d > 1,
e
@ A. Vasseur'09 Véu e LT for 6 >0

loc
as long as u is smooth.
The estimate depends only on ||lug||p2(gs)-
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Introduction and the main result

Navier-Stokes and previous estimates abo#} higher derivatives

Our main result : Vu

For second derivatives V2u,
e P. Constantin'90 V2u € L3~ for § > 0
e P. Lions'96(a book) V2u € weak—L%(or L%’OO)
For general order derivatives V%, integer d > 1,
@ A. Vasseur'09 Véu € Ll‘ffié ford >0
as long as w is smooth.

In this talk, we prove

e C., A Vasseur'll Veu € weak-LjM (or La+17)
for real 1 < o < 3 and for weak solution w.
(If w is smooth, then o > 3 also holds.)
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Navier-Stokes and previous estimates abo#} higher derivatives

Our main result : Vu

_4 4
e C., A. Vasseur'll Veu € weak-LjH (or La+17)
for real 1 < v < 3 and for weak solution w.
(If u is smooth, then a > 3 also holds.)

Few remarks.

@ For any real a > 1, we define V® := (—A)%vd for d > 1 integer
and 0 < 8 < 2 real where o« = d + 5.
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_4 4
e C., A. Vasseur'll Veu € weak-LjH (or La+17)
for real 1 < v < 3 and for weak solution w.
(If u is smooth, then a > 3 also holds.)

Few remarks.
@ For any real a > 1, we define V* := (—A)gvd for d > 1 integer
and 0 < 8 < 2 real where o = d + S.
@ Let p:= 1. Then, for any t() >0and any a > 1,

o (K)
IV u||1£f.ooL§.oo[(to_T)XK] (HV“”L? [(0,T)xR3)] T jfo )-
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_4 4
e C., A. Vasseur'll Veu € weak-LjH (or La+17)
for real 1 < v < 3 and for weak solution w.
(If u is smooth, then a > 3 also holds.)

Few remarks.

@ For any real a > 1, we define V* := (—A)gvd for d > 1 integer
and O<B<2 real where o = d + .

o lLetp:= a—H Then, for any to >0and any a > 1,
(K)
IVl e e g mysei) < Cor IV 0,1y + 25570
4 . . . .
° “5is optimal and weak space is necessary in our approach.
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Our main result : Vu

_4 4
e C., A. Vasseur'll Veu € weak-LjH (or La+17)
for real 1 < v < 3 and for weak solution w.
(If u is smooth, then a > 3 also holds.)

Few remarks.

@ For any real a > 1, we define V* := (—A)gvd for d > 1 integer
and O<B<2 real where o = d + .

o lLetp:= Then, for any to >0and any a > 1,

a+1
* K
Hv u”Li)’ooLg’oo[(to,T)XK] (HVU‘HLZ ([(0,T)xR3)] + Rg( ))

° %_H is optimal and weak space is necessary in our approach.
@ We use a blow up type technique.
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4
e C., A Vasseur'll Vou € weak-L/ (or L%H,OO)
for real 1 < a < 3 and for weak solution .
(If u is smooth, then a > 3 also holds.)
Few remarks.
@ For any real a > 1, we define V* := (—A)gvd for d > 1 integer
and O<B<2 real where o = d + .

@ Letp:= Then, for any to >0andany o > 1,

a+1
R?’(K) )

HVO‘U||L5’°°L5’°°[@0,T)xK] (||V“||L2 (10, 7)xR3)] T
° %_H is optimal and weak space is necessary in our approach.
@ We use a blow up type technique.

@ For local study, De Giorgi-type argument will be used
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Our main result : VHu €

4
e C., A Vasseur'll Vou € weak-L/ (or L%H,OO)
for real 1 < a < 3 and for weak solution .
(If u is smooth, then a > 3 also holds.)
Few remarks.
@ For any real a > 1, we define V* := (—A)gvd for d > 1 integer
and O<B<2 real where o = d + .

@ Letp:= Then, for any to >0andany o > 1,

a+1

o 0
IV ull? o0 Lo 0,y i) < Cor - IVl 30,1y oy + Em)-

%H is optimal and weak space is necessary in our approach.
We use a blow up type technique.

For local study, De Giorgi-type argument will be used

For weak solutions, we need to handle nonlocality of the convective
velocity.
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Our main result : V®u

4
e C., A Vasseur'll Vou € weak-L/ (or L%H,OO)
for real 1 < a < 3 and for weak solution .
(If u is smooth, then a > 3 also holds.)
Few remarks.
@ For any real a > 1, we define V* := (—A)gvd for d > 1 integer
and O<B<2 real where o = d + .

@ Letp:= Then, for any to >0andany o > 1,

a+1

o 0
IV ull? o0 Lo 0,y i) < Cor - IVl 30,1y oy + Em)-

%H is optimal and weak space is necessary in our approach.
We use a blow up type technique.

For local study, De Giorgi-type argument will be used

For weak solutions, we need to handle nonlocality of the convective
velocity.

@ For fracional derivatives, we encounter nonlocality of pressure.

Kyudong Choi Estimates on Fractional Higher Derivatives of Weak Solutions fo



Introduction and the main result

Navier-Stokes and previous estimat al;%ni\hlg,her derivatives

T/1a

oc

Our main result : V&u € weak-L;

Our main theorem(C., A. Vasseur'11) is the following.

Theorem

There exist universal constants C4 o, which depend only on integer d > 1 and real o € [0, 2) with the following
two properties (1) and (I1): '

(1) Suppose that we have a smooth solution u of (1) on (0, T) x R® for some 0 < T < oo with some initial
data (2). Then it satisfies

1(=2) 8 V¥ul .00 (k) < Cara (lluol22 g3 + )7
LP2 (19,7570 (K)) < Cda (M0l sy + 7
for any to € (0,T), any integer d > 1, any a € [0, 2) and any bounded open subset K of R, where
p= MT and | - | = the Lebesgue measure in R3.

(I) For any initial data (2), we can construct a suitable weak solution u of (1) on (0, c0) X R3 such that
a

(—=A)2 V% is locally integrable in (0, 00) x R® ford = 1,2 and for o € [0, 2) with (d + a) < 3.
Moreover, the estimate (1) holds with T' = oo under the same setting of the above part (I) as long as
(d+ o) < 3.
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Outline

© Local to global
e Why p =4/(d + 1) and why weak-L? with V% € weak-LP?
@ CKN theorem and its quantitative variation
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Local to global Why p = 4/(d+1) and why weak-L? with V% € weak-LP?

CKN theorem and its quantita ation

The origin of p =4/(a + 1) for VYu € weak-LP, a > 1.
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Local to global

Why p = 4/(d+1) and why weak-L? with V% € weak-LP?

CKN theorem and its quantita riation

The origin of p =4/(a + 1) for VYu € weak-LP, a > 1.

o e-scaling : uc(t,z) = eu(e’t, ex)
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Local to global /(d+1) and why weak-LP with V% € weak-LP?

m and its quantitative variation

The origin of p =4/(a + 1) for VYu € weak-LP, a > 1.
o e-scaling : uc(t,z) = eu(e’t, ex)

@ We want to use full power of the scaling factor % of |[Vul|? :
[ |VuePdzdt = X [[ |Vu|>dzdt
Q1 Qe
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Local to global Why p = 4/(d+1) and why weak-L? with V% € weak-LP?

CKN theorem and its quantitativ riation

The origin of p =4/(a + 1) for VYu € weak-LP, a > 1.

o e-scaling : uc(t,z) = eu(e’t, ex)

e We want to use full power of the scaling factor of |[Vul? :
[ IVue*dadt = X ff|Vu]2dxdt
Q1
o | V%P has the same factor 1 :
[ |Veucpdzdt = X I Vu[Pdzdt
Ql Qe
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Local to global

Why p = 4/(d+1) and why we with V4u € weak-LP?

CKN theorem and its quantitatiy ation

The origin of p =4/(a + 1) for VYu € weak-LP, a > 1.
o e-scaling : uc(t,z) = eu(e’t, ex)
e We want to use full power of the scaling factor of |[Vul? :

I [Vue|?dzdt = iff|Vu]2dxdt
Q1

@ |VZu/P has the same factor 1 :
[ |IV4ucPdzdt = X ff\Vdu|pd$dt
Q1 Qe
@ p=4/(a+ 1) is optimal if we use only |Vu|? € L(f 2)
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Local to global

Why p = 4/(d+1) and why weak-L? with V% € weak-LP?

CKN theorem and its quantitat ariation

Why weak-LP not just LP?
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Local to global Why p = 4/(d+1) and why weak- LP with V%u € weak-LP?

CKN theorem and its quantitativ

Why weak-LP not just LP?

@ Definition of weak-LP space: For 0 < p < oc.

weak-LP = { (a CI|f] > a}}) < oo}
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4/(d+1) and why weak-L? with Véu € weak-LP?
ation

Local to global Why p
CKN theorem and its quantitati

Why weak-LP not just LP?
@ Definition of weak-LP space: For 0 < p < oc.
weak-LP = { f measurable | sup,~ (ozp ~LI{|f| > oz}}) < oo}

@ Chebyshev : L[{|f] > a}] < @
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Local to global Why p = 4/(d+1) and why we: P with V4u € weak-LP?

CKN theorem and its quantitat riation

Why weak-LP not just LP?
@ Definition of weak-LP space: For 0 < p < oc.
weak-LP = { f measurable | sup,~ (ozp ~LI{|f| > oz}}) < oo}

o Chebyshev : L[{|f| > a}] < L=

@ We want to use a blow-up type theorem :
[ Fup(s,y)dyds <8 = |u(t,z)] <C
Q1(t,x)
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Local to global Why p = 4/(d+1) and why weak-L? with V% € weak-LP?

CKN theorem and its quantitative variation

Why weak-LP not just LP?
@ Definition of weak-LP space: For 0 < p < oc.
weak-LP = { f measurable | sup,~ (ozp ~LI{|f| > oz}}) < oo}

o Chebyshev : L[{|f| > a}] < L=

@ We want to use a blow-up type theorem :
[ Fup(s,y)dyds <6 = |u(t,z)] <C
Q1(t,»)
e IfF,pec L<1f ., then we get
Li{lul > CH< LI [[ Fup(s,y)dyds > 8} < 5LIQ[IFupllr:
Q1(t,x)
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Local to global Why p = 4/(d+1) and why weak-L? with V% € weak-LP?

CKN theorem and its quantitative variation

Why weak-LP not just LP?
@ Definition of weak-LP space: For 0 < p < oc.
weak-LP = { f measurable | sup,~ (ozp ~LI{|f| > oz}}) < oo}

o Chebyshev : L[{|f| > a}] < L=

@ We want to use a blow-up type theorem :
[ Fup(s,y)dyds <6 = |u(t,z)] <C

Qi1 (t,x)
o IfF,pe L(lt »)» then we get

L{lul > CY < LI{ [I Fupr(s,y)dyds > 6} < 5L[Q1]||Fu,pl s

Qi1 (t,x)

@ With e-sclaing, we expect

L[{|u| > C/e}] < [,[{é [ Fup(s,y)dyds >} < éEE‘”FMﬁPHLl

Qc(t,x)
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Local to global Why p = 4/(d+1) and why weak-L? with V% € weak-LP?

CKN theorem and its quantitative variation

Why weak-LP not just LP?
@ Definition of weak-LP space: For 0 < p < oc.
weak-LP = { f measurable | sup,~ (ozp ~LI{|f| > oz}}) < oo}
o Chebyshev : L[{|f| > a}] < L4

@ We want to use a blow-up type theorem :
I Fup(s,y)dyds <5 = |u(t,z) <C

Qi1 (t,x)
o IfF,pe L(lm), then we get
L{lul > CH < LI{ [ Fur(sy)dyds >3} < FLIQ1]|Fupl

Qu(t,x)

@ With e-sclaing, we expect
Liflul > C/e) < LI{t [ Fup(s,y)dyds >0} < 5.€°||Fupl
Qc(t,x)
@ weak-LP is natural.
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Local to global Why p = 4/(d+1) and LP with V%u €

CKN theorem and its quantitative variation

Examples of blow-type theorems:
[ Fup(s,y)dyds <& = |u(t,z)| < C
Q1 (t,)

Kyudong Choi Estimates on Fractional Higher Derivatives of Weak Solutions fo



Local to global Why p = 4/(d+1) an -LP with Vu € v

CKN theorem and its quantitative variation

Examples of blow-type theorems:
[ Fup(s,y)dyds <& = |u(t,z)| < C
Q1 (t,)

@ L. Caffarelli, R. Kohn and L. Nirenberg'82 proved two local
regularity theorems. The first theorem says that (version of
F.Lin'98)

I [J(jul® + |P|%) dadt < 6, then |u| < C'in Q.

Q1
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CKN theorem and its quantitative variation

Examples of blow-type theorems:
[ Fup(s,y)dyds <& = |u(t,z)| < C
Q1 (t,)

@ L. Caffarelli, R. Kohn and L. Nirenberg'82 proved two local
regularity theorems. The first theorem says that (version of
F.Lin'98)

If [J(jul® + |P|%) dwdt < 6, then |u| < C'in Q.
Q1
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Local to global Why p = 4/(d+1) and weak-LP with V%u € weak-LP?

CKN theorem and its quantitative variation

Examples of blow-type theorems:
[ Fup(s,y)dyds <& = |u(t,z)| < C
Q1 (t,)

@ L. Caffarelli, R. Kohn and L. Nirenberg'82 proved two local
regularity theorems. The first theorem says that (version of
F.Lin'98)

If [J(jul® + |P|%) dwdt < 6, then |u| < C'in Q.
Q1

Here is another version due to Vasseur'07

@ Letp>1.
If llullLee 2 Qo) + IVullL22(00) + P22 L1 (Q0) < Ops
then |u| < C'in Q1.
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Local to global Why p = 4/(d+1) and weak-LP with V%u € weak-LP?

CKN theorem and its quantitative variation

Examples of blow-type theorems:
[ Fup(s,y)dyds <& = |u(t,z)| < C
Q1 (t,)

@ L. Caffarelli, R. Kohn and L. Nirenberg'82 proved two local
regularity theorems. The first theorem says that (version of
F.Lin'98)

If [J(jul® + |P|%) dwdt < 6, then |u| < C'in Q.
Q1

Here is another version due to Vasseur'07

@ Letp>1.
If llullLee 2 Qo) + IVullL222(0) + 1P 2P L1 (Q0) < Ops
then |u| < C'in Q1.
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Local to global Why p = 4/(d+1) and k-LP with Ve € weak-LP?

CKN theorem and its q ative variation

Examples of blow-type theorems:
[ Fup(s,y)dyds <& = |u(t,z)| < C
Q1 (t,)

@ L. Caffarelli, R. Kohn and L. Nirenberg'82 proved two local
regularity theorems. The first theorem says that (version of
F.Lin'98)

If ff (Jul® + |P|?) dadt < 6, then |u| < C in Q1.

Here is another version due to Vasseur'07

@ Letp>1.
If [[ull e r2(Qo) + IVullL2L2(Q0) + IP2rL1(Q0) < O
then |u| < C'in Q1.

We improve it for p = 1 by adopting a new pressure decomposition,
which will be used to get the limit case : weak-L? instead of LP~¢.
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Local to global Why p = 4/(d+1) eak-LP with Veu €

CKN theorem and its quantitative variation

Here is the second theorem of L. Caffarelli, R. Kohn and L.
Nirenberg'82.

o If limsup * [[|Vu|? dzdt < 6,
€ Qe

—0
then wu is regular at (0,0).
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Local to global Why p = 4/(d+1) eak-LP with Veu €

CKN theorem and its quantitative variation

Here is the second theorem of L. Caffarelli, R. Kohn and L.
Nirenberg'82.

o If limsup 1 [[|Vul?dadt<§,
€ Qe

—0

qualitative
then w is regular at (0,0).
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Local to global Why p = 4/(d+1) eak-LP with Veu €

CKN theorem and its quantitative variation

Here is the second theorem of L. Caffarelli, R. Kohn and L.
Nirenberg'82.

o If limsup 1 [[|Vul?dadt<§,
€ Qe

—0

qualitative
then uwis regular at (0,0).
~——

qualitative
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Local to global Why p = 4/(d+1) a cak-LP with Veu €

CKN theorem and its quantitative variation

Here is the second theorem of L. Caffarelli, R. Kohn and L.
Nirenberg'82.

o If limsup? [[|Vu|?dadt < 6,
e—0 Qe
then w is regular at (0,0).

@ It is not quantitative, but qualitative.
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Local to global Why p = 4/(d+1) a cak-LP with Veu €

CKN theorem and its quantitative variation

Here is the second theorem of L. Caffarelli, R. Kohn and L.
Nirenberg'82.

o If limsup? [[|Vu|?dadt < 6,
e—0 Qe
then w is regular at (0,0).

@ It is not quantitative, but qualitative.
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Local to global Why p = 4/(d+1) a cak-LP with Veu €

CKN theorem and its quantitative variation

Here is the second theorem of L. Caffarelli, R. Kohn and L.
Nirenberg'82.
o If limsup? [[|Vu|?dadt < 6,
e—0 Qe
then w is regular at (0,0).
@ It is not quantitative, but qualitative.

Can we make it quantitative?
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Local to global Why p = 4/(d+1) and k-LP with Ve € weak-LP?

CKN theorem and its q ative variation

Here is the second theorem of L. Caffarelli, R. Kohn and L.
Nirenberg'82.

o If limsup? [[|Vu|?dadt < 6,
e—0 Qe
then w is regular at (0,0).

@ It is not quantitative, but qualitative.
Can we make it quantitative?
More generally, we seek the following type of theorem :

@ (777) There exists a (pivot) function
F.p(--) € LY((0,00) x R?) such that
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Local to global Why p = 4/(d+1) and k-LP with V% € weak-LP?

CKN theorem and its q ative variation

Here is the second theorem of L. Caffarelli, R. Kohn and L.
Nirenberg'82.

o If limsup? [[|Vu|?dadt < 6,
e—0 Qe
then w is regular at (0,0).

@ It is not quantitative, but qualitative.
Can we make it quantitative?
More generally, we seek the following type of theorem :

@ (777) There exists a (pivot) function
Fup(--) € L*((0,00) x R3) such that
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Local to global Why p = 4/(d-+1) and why weak-LP with V9u € weak-LP?

CKN theorem and its quantitative variation

Here is the second theorem of L. Caffarelli, R. Kohn and L.
Nirenberg'82.

o If limsup? [[|Vu|?dadt < 6,
e—0 Qe
then w is regular at (0,0).

@ It is not quantitative, but qualitative.
Can we make it quantitative?
More generally, we seek the following type of theorem :
@ (777) There exists a (pivot) function
Fup(--) € L*((0,00) x R3) such that
(I) F,,p has same scaling factor 1 like that of |Vu/|? :

[[Fu..p, dedt = X [[F, p dzdt and
Ql QE
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Local to global Why p = 4/(d-+1) and why weak-LP with V9u € weak-LP?

CKN theorem and its quantitative variation

Here is the second theorem of L. Caffarelli, R. Kohn and L.
Nirenberg'82.

o If limsup? [[|Vu|?dadt < 6,
e—0 Qe
then w is regular at (0,0).

@ It is not quantitative, but qualitative.
Can we make it quantitative?
More generally, we seek the following type of theorem :
@ (777) There exists a (pivot) function
Fup(--) € L*((0,00) x R3) such that
(I) F,,p has same scaling factor 1 like that of |Vu/|? :

[[Fu..p, dedt = X [[F, p dzdt and
Ql QE

(INIf ffFu,pd:Edt < 4, then |u| < C'in Q%
Q1
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Local to global Why p = 4/(d+1)

CKN theorem and its quantitative variation

We achieve a quantitative theorem following a flow

Theorem

Let 0 < €2 < t. Then there exist a function F, p(-,-) € L'((0,00) x R?)
and a flow X" () depending on (e, t,x) such that

(1) F,p has same scaling factor L like that of |Vul|* and

(1) If%Q (ff )Fu,p(s,y + X595 (8)) dyds < 6,
(t,x

then |Vou| < Cqo /€™ in Q¢ (t,x) for real o > 1.

@ e.g. for smooth u, we take F, p = |Vu|? + |[V2P).
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Local to global Why p = 4/(d+1) and weak-LP with Vv € weak-LP?

CKN theorem and its quantitative variation

We achieve a quantitative theorem following a flow

Theorem

Let 0 < €2 < t. Then there exist a function F, p(-,-) € L'((0,00) x R?)
and a flow X" () depending on (e, t,x) such that

(1) F,p has same scaling factor L like that of |Vul|* and

(1) If%Q (ff )Fu,p(s,y + X595 (8)) dyds < 6,
(t,x

then |Vou| < Cqo /€™ in Q¢ (t,x) for real o > 1.

@ e.g. for smooth u, we take F, p = |Vu|? + |[V2P].

© Jo Jis Fup(s,y+ X7 (s))dsdy = [ [ Fup(s,y)dsdy < o0
due to incompressibility of X.
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Local study for smooth solutions Converting into a problem with a right parabolic cylinder

Outline

© Local study for smooth solutions
@ Converting into a problem with a right parabolic cylinder
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Local study for smooth solutions Converting into a problem with a right parabolic cylinder

To prove the following:
L ff Fup(s,y+ X0 (s) dyds < 8 = [V3u| < Cg /(D) in Qe (t,) for integer d > 1,

€

Qclt,z)
we reformulate the problem via

Ul(s,y) = U(t + S, T + y)
Ql(say) = P(t + s,z +y)7
UQ(Say) = Evl(EQSaEy)

Q?(Su y) = 62@1 (625) Ey)

translation

e-scaling
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Local study for smooth solutions Converting into a problem with a right parabolic cylinder

To prove the following:
% Il Fu,p(s,y+ Xff’t’z)(s)) dyds < 6 = \Vdu\ < Cd/é(dJrl) in Q%(t,z) for integer d > 1,

Qclt,z)
we reformulate the problem via

Ul(s,y) = U(t+ s,x—i—y)

translation
Ql(say) = P(t + s,z + y)a
2
V2 S = €V €78, €
e—scaling 2( ay) 21( 32 y)
QQ(Say) =€ C?l(6 S)Ey)
T R? B3
. 1
- (0,0) f —1 b, 0) 3
(u: F) translation= (01,Q1) € scaling= (v, Q2)
(cont'd)
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Local study for smooth solutions Converting into a problem with a right parabolic cylinder

translation, e-scaling,
v3(8,y) = va(s,y + X, (8)) — Xo, (5)

and Galilean invariance N
QS(‘S?y) = QZ(Svy) + yXU2 (S)
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Local study for smooth solutions Converting into a problem with a right parabolic cylinder

translation, e-scaling,
v3(8,y) = va(s,y + X, (8)) — Xo, (5)

and Galilean invariance N
QS(‘S?y) = QZ(Svy) + yXU2 (S)

3 1]R:s S
i i ) 1
-1 >
] ,0) 1t
- Moo 7
(v2,Q2)
—flow X, Galilean invariance=- (v3,Q3)
X, (8) = (vg * s, Xy, (s .
where va(8) = (v2 % B) (5, Koo )) Note, vs is mean zero w.r.t. ¢ :
X,,(0) =0.
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Local study for smooth solutions Converting into a problem with a right parabolic cylinder

To prove the following:

1 (ff )Fu,p(s,y + x8) (6)) dyds < § = |V3u| < Oy /e(dtD) in Qg (t.x) for integer d > 1,
Qe(t,x

we reformulate the problem via
translation, e-scaling, and Galilean invariance

R3 )
I 1
1 >
i (X f 0.0) ,)
01, Q1) -
(w1, @1 (vz, Q2) (v3, Q3)

(etx) . cenling— - . .
— flow X translation=- e—scaling= Galilean invariance=-
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Local study for smooth solutions Converting into a problem with a right parabolic cylinder

To prove the following:

1 (ff )Fu,p(s,y + x8) (6)) dyds < § = |V3u| < Oy /e(dtD) in Qg (t.x) for integer d > 1,
Qe(t,x

we reformulate the problem via
translation, e-scaling, and Galilean invariance

- RS )
I 1
1 >
i (X f 0.0) ,)
01, Q1) -
(w1, @1 (vz, Q2) (v3, Q3)

— flow X' translation=> e—scaling=

Galilean invariance=>

Hence, it is enough to show that
if (v,Q) is a solution with mean-zero [3 v(z)¢(x)dx = 0
and if [[F, o(s,y)dyds <94,
Q1
then V| < Cy in Q% for integer d > 0.
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Local study for smooth solutions Converting into a problem with a right parabolic cylinder

@ Hence, it is enough to show that
if (v,Q) is a solution with mean-zero [p; v(z)¢(x)dr =0
and if [[F, o(s,y)dyds <9,
Q1
then |Veu| < Cy in Q% for integer d > 0.
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Local study for smooth solutions Converting into a problem with a right parabolic cylinder

@ Hence, it is enough to show that
if (v,Q) is a solution with mean-zero [p; v(z)¢(x)dr =0
and if [[F, o(s,y)dyds <94,
Q1

then |Veo| < Cy in Q% for integer d > 0.

@ Thanks to mean-zero property, we can control ”/UHLQOLQ(QQ/S)
and |]QHLOQL1(Q2/3) so small that we can apply the local
regularity theorem
(p = 1 variation of A. Vasseur'07), which can be proved via
De Giorgi argument:

If lull oo r2 Qo) + VUl L2220y + 1Pl 111 (00) < 0,
then |Vu| < Cy in Q% for integer d > 0.
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Local study for smooth solutions Converting into a problem with a right parabolic cylinder

@ Hence, it is enough to show that
if (v,Q) is a solution with mean-zero [p; v(z)¢(x)dr =0
and if [[F, o(s,y)dyds <94,
Q1

then |Veo| < Cy in Q% for integer d > 0.

@ Thanks to mean-zero property, we can control HvHLooLz(QZ/S)
and ||QHLOOL1(Q2/3) so small that we can apply the local
regularity theorem
(p = 1 variation of A. Vasseur'07), which can be proved via
De Giorgi argument:

If [[ull g r2(Qo) + IVullLzL2(Qo) + 1P ll2L1 (o) < 0
then |Vau| < Cy in Q% for integer d > 0.
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Local study for smooth solutions Converting into a problem with a right parabolic cylinder

@ Hence, it is enough to show that
if (v,Q) is a solution with mean-zero [p; v(z)¢(x)dr =0
and if [[F, o(s,y)dyds <94,
Q1

then |Veo| < Cy in Q% for integer d > 0.

@ Thanks to mean-zero property, we can control HvHLooLz(QZ/S)
and ||QHLOOL1(Q2/3) so small that we can apply the local
regularity theorem
(p = 1 variation of A. Vasseur'07), which can be proved via
De Giorgi argument:

If [[ull g r2(Qo) + IVullLzL2(Qo) + 1P ll2L1 (o) < 0
then |Vau| < Cy in Q% for integer d > 0.

@ It finishes the proof for the case u:smooth.
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need a smooth approximation scheme.

N . Difficulities from convective velocity
Nonlocality : weak solutions ’

Outline

@ Nonlocality : weak solutions
@ We need a smooth approximation scheme.
@ Difficulities from convective velocity
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We need a smooth approximation scheme.
Difficulities from convective v

Nonlocality : weak solutions

Let u be a weak solution of (N-S).
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We need a smooth approximation scheme.
Difficulities from convective velocity

Nonlocality : weak solutions

Let u be a weak solution of (N-S).
We can not apply our method directly to V%u especially for d > 2
because
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We need a smooth approximation scheme.
Difficulities from convective velocity

Nonlocality : weak solutions

Let u be a weak solution of (N-S).
We can not apply our method directly to V%u especially for d > 2
because

@ our argument is based on the following set inclusion:

z . C
E ] Pl X0 s < 6 < (19 < o
Qe (t,x)

which implies

C
LUV > SN LU [ P, X0 (s) dyds > o)
Qc(t,x)
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We need a smooth approximation scheme.
Difficulities from convective velocity

Nonlocality : weak solutions

Let u be a weak solution of (N-S).
We can not apply our method directly to V%u especially for d > 2
because

@ our argument is based on the following set inclusion:
1 € x
G Pats X5 dyds < 8} < (197l < o
Qc(t,x)
which implies

C € I
LUVl > ) < LI // Fop (s, X0 (5) dyds > 6]
Qc(t,x)
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We need a smooth approximation scheme.
Difficulities from convective velocity

Nonlocality : weak solutions

Let u be a weak solution of (N-S).
We can not apply our method directly to V%u especially for d > 2
because

@ our argument is based on the following set inclusion:
| Fupls X9 dyds < 6} € (9% < —op)
p u,p\S; Ay §)ayas = u d+1
Qc(t,x)
which implies
d c (e,t,x)
LI{|IV*u| > d+1} {f Fup(s, X00% (s) dyds > 6}]

Qe(t,m)

@ This argument requires measurability of V%,
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We need a smooth approximation scheme.
Difficulities from convective velocity

Nonlocality : weak solutions

Let u be a weak solution of (N-S).
We can not apply our method directly to V%u especially for d > 2
because

@ our argument is based on the following set inclusion:

1 6tz
{ // Fup(s, X007 (s) dyds < 6} € {|Vu] < d+1}
Qc(t,x)
which implies

L{|Vu| > d(il} {f // Fop(s, X962 () dyds > 6}

Qe(t,m)

o This argument requires measurability of V%,

@ which we do not know if d > 2.
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We need a smooth approximation scheme.
Difficulities from convective velocity

Nonlocality : weak solutions

Instead we consider an approximation scheme.

o J. Leray'34: for integer n > 1,

Ou+ ([u* iy - V)u+ VP —Au=0 and
divu = 0,
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We need a smooth approximation scheme.
Difficulities from convective velocity

Nonlocality : weak solutions

Instead we consider an approximation scheme.

o J. Leray'34: for integer n > 1,
Oru + ( [u %P1 /)] V)u+VP—-Au=0 and
N——

wy=convective velocity
divu = 0,
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We need a smooth approximation scheme.
Difficulities from convective velocity

Nonlocality : weak solutions

Instead we consider an approximation scheme.

o J. Leray’34: for integer n > 1,
Opu + ( [u* G(1/m)] V)u+ VP —-Au=0 and
N———

wy=convective velocity

divu = 0,

@ Now u € C°°.
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We need a smooth approximation scheme.
Difficulities from convective velocity

Nonlocality : weak solutions

Instead we consider an approximation scheme.
o J. Leray'34: for integer n > 1,
Ou + ( [u* 1 /m)] V)u+VP—Au=0 and
N———
wy=convective velocity
divu = 0,

@ Now u € C*.
@ To control wy, :=u* ¢(1/n) on B(e), we need u on B(e+ +).

u* élfn u
. i
' —(\ w/}\]
R \_/
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We need a smooth approximation scheme.
Difficulities from convective velocity

Nonlocality : weak solutions

Let (u, P) satisfy Oru + ([u* (1 /my] - V)u+ VP — Au = 0.

v(s,y) = eu(€?s, ey)

Apply e-scaling Q(s.1) = P(s, ey)

. Then (v, Q) satisfies
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We need a smooth approximation scheme.
Difficulities from convective velocity

Nonlocality : weak solutions

Let (u, P) satisfy Oru + ([u* (1 /my] - V)u+ VP — Au = 0.

v(s,y) = eu(€?s, ey)
Q(s,y) = €P(e%s, ey)

@ not O + ([v* 1 /my] - V) +VQ — Av =0,

Apply e-scaling . Then (v, Q) satisfies
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We need a smooth approximation scheme.
Difficulities from convective velocity

Nonlocality : weak solutions

Let (u, P) satisfy Oru + ([u* (1 /my] - V)u+ VP — Au = 0.

. v(s,y) = eu(€?s, ey)
Apply e-scaling { Q(s.1) = P(s, ey)

@ not O+ ([v* d(1/m)] - Vv +VQ — Av =0,
@ but Ov + (v * Gb(ﬁ)} Vo +VQ —Av=0..

. Then (v, Q) satisfies
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We need a smooth approximation scheme.
Difficulities from convective velocity

Nonlocality : weak solutions

Let (u, P) satisfy Opu+ ([u* ¢ /my] - V)u+ VP — Au =0

v(s,y) = eu(es, ey)

o If we apply e-scaling :
Q(s,y) = €P(%s, ey)

then (v, Q) satisfies
not 0w+ ([v* dymy] - Vv +VQ — Av =0

but O + ([v*gé(ﬁ)] V)v+VQ — Av =0.
—_———

Wy
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We need a smooth approximation scheme.
Difficulities from convective velocity

Nonlocality : weak solutions

(u, P) : ou+ ([u* ¢y - V)u+ VP — Au=0
(an) : O + ([U*¢1/(n6)]V)U+VQ—AU=0
—_———

Wy
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We need a smooth approximation scheme.
Difficulities from convective velocity

Nonlocality : weak solutions

(u, P) : ou+ ([u* ¢y - V)u+ VP — Au=0
(an) : Opv + ([U*¢1/(n6)]V)U+VQ—AU:0
—_———

@ For local study (De Giorgi type), we need a uniform local

estimate of the scaled convective velocity w, := [v * @(%)].
(ne
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We need a smooth approximation scheme.
Difficulities from convective velocity

Nonlocality : weak solutions

(u, P) : ou+ ([u* ¢y - V)u+ VP — Au=0
(an) : O + ([U*¢1/(n6)]V)U+VQ—AU=0
—_———

@ For local study (De Giorgi type), we need a uniform local
estimate of the scaled convective velocity w, := [v * qb( 1 )].

(ne)
@ To control w, := v * ¢1/(ne) on B(1), we need v on B(1 + %)
U0y u U D1 /(ne) v
e ""H]f('ne\)\
T i/nm \.
S~ N
\\\ _,/}’
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Wi a smooth approximation scheme.

y . Difficulities from convective velocit
Nonlocality : weak solutions cu Y

@ To control w, := v * ¢y /(,,c) on B(1), we need v on B(1 + %)

U @l/ﬂ U 1’*@1/(7}5) v
s ""H]f'('nf\)\
. Tn \
) () :‘ ‘w
N N
.«"/}‘
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We need a smooth approximation scheme.
Difficulities from convective velocity

Nonlocality : weak solutions

@ To control w, := v * ¢y /(ne) on B(1), we need v on B(1 + --).

. o v
U*Qpy u U 01/(ne) 17w,
T / g x\.‘
ey } ‘\W ( |
N N
As € become smaller,|[while n is fixed.
1/(ne)

TS
—€
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We need a smooth approximation scheme.
Difficulities from convective velocity

Nonlocality : weak solutions

@ To control wy, := v * ¢ /(ne) on B(1), we need v on B(1 + --).

. o v
Uk w U* P1/(ne) 17w,
T / g x\.‘
ey TN ( |
N -
As € become smaller,|[while n is fixed.
1/(ne)
€ :;/”

@ The scaled convective velocity depends on v too much
nonlocally as ¢ goes to zero.
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We need a smooth approximation scheme.

i . Difficulities from convective velocit
Nonlocality : weak solutions culities y

@ For local study (De Giorgi type), we need a uniform local estimate
of the scaled convective velocity w, = [v * ¢(ﬁ)]'

@ The scaled convective velocity depends on v too much nonlocally as
€ goes to zero.

@ We take F, p = |Vul? + V2P| + -
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We need a smooth approximation scheme.
Difficulities from convective velocity

Nonlocality : weak solutions

@ For local study (De Giorgi type), we need a uniform local estimate
of the scaled convective velocity w, = [v * ¢(ﬁ)]'

@ The scaled convective velocity depends on v too much nonlocally as
€ goes to zero.

2
@ We take F, p = |Vul|? + |V2P|+ {/\/{l(\V“D} :
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We need a smooth approximation scheme.
Difficulities from convective velocity

Nonlocality : weak solutions

@ For local study (De Giorgi type), we need a uniform local estimate
of the scaled convective velocity w, = [v * ¢(ﬁ)]'

@ The scaled convective velocity depends on v too much nonlocally as
€ goes to zero.

2
o We take F, p = |Vul|? + |V2P|+ [MT/(\VUD} .

@ While the scaled velocity v is mean-zerp, the scaled convective
velocity [v Cﬁ(ﬁ)] is not mean-zero.
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We need a smooth approximation scheme.
Difficulities from convective velocity

Nonlocality : weak solutions

@ For local study (De Giorgi type), we need a uniform local estimate
of the scaled convective velocity w, = [v * ¢(ﬁ)]'

@ The scaled convective velocity depends on v too much nonlocally as
€ goes to zero.

2
o We take F, p = |Vul|? + |V2P|+ [MT/(\VUD} .

@ While the scaled velocity v is mean-zerp, the scaled convective
velocity [v * qb((li))] is not mean-zero.

@ We need to find a different flow.
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Difficulity from pressure

More nonlocality : fractional derivatives of weak solutions

Outline

© More nonlocality : fractional derivatives of weak solutions
o Difficulity from pressure
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Difficulity from pressure

More nonlocality : fractional derivatives of weak solutions

@ The fractional Laplacian (—A)g for 0 < B <2:
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Difficulity from pressure

More nonlocality : fractional derivatives of weak solutions

@ The fractional Laplacian (—A)g for 0 < g <2

f(t’x) — f(tvy) dy

|z — y[3+F

[(—A)% f] (z) = P.V.

R3

e Assume |Veu| < C and |Vl < Cin @y
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Difficulity from pressure

More nonlocality : fractional derivatives of weak solutions

@ The fractional Laplacian (—A)g for 0 < g <2

f(t’x) — f(tvy) dy

|z — y[3+F

[(—A)é f] (z) = P.V.

R3

o Assume |V%u| < C and |V lu| < Cin Q

@ Due to nonlocality of (—A)%
we cannot derive directly |[V®u| < C'in Q1
ford <oa<d+1.
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Difficulity from pressure

More nonlocality : fractional derivatives of weak solutions

@ The fractional Laplacian (—A)g for 0 < g <2

f(t’x) — f(tvy) dy

|z — y[3+F

[(—A)% f] (z) = P.V.

R3

o Assume |V%u| < C and |V lu| < Cin Q
@ Due to nonlocality of (—A)g,
we cannot derive directly |V*u| < Cin Q4
ford<a<d+1.
@ To get |[V?u| < C, we need boundedness of

Veu(t,
g(t) = fMZ ‘y|us(+5y) dy,

1
2
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Difficulity from pressure

More nonlocality : fractional derivatives of weak solutions

@ The fractional Laplacian (—A)g for 0 < g <2

f(t’x) — f(tvy) dy

|z — y[3+F

[(—A)% f] (z) = P.V.

R3

o Assume |V%u| < C and |V lu| < Cin Q

@ Due to nonlocality of (—A)g,
we cannot derive directly |V*u| < Cin Q4
ford <o <d+1.

e To get |V?u| < C, we need boundedness of
. V@u(t,y)
g(t) = f|y|2% [y3+3 dy,
@ To get g € L°°, we need to use structure of the equation.
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Difficulity from pressure

More nonlocality : fractional derivatives of weak solutions

@ The fractional Laplacian (—A)g for 0 < g <2

f(t’x) — f(tvy) dy

|z — y[3+F

[(—A)% f] (z) = P.V.

R3

o Assume |V%u| < C and |V lu| < Cin Q

@ Due to nonlocality of (—A)g,
we cannot derive directly |V*u| < Cin Q4
ford <o <d+1.

e To get |V?u| < C, we need boundedness of
. Véu(t,y)
g(t) = f|y|2% [y3+3 dy,
@ To get g € L™, we need to use structure of the equation.

@ As a result , non-local information of V2P is required.
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Difficulity from pressure

More nonlocality : fractional derivatives of weak solutions

e We want to capture non-local information of V2P.
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Difficulity from pressure

More nonlocality : fractional derivatives of weak solutions

e We want to capture non-local information of V2P.
e Due to V2P € L!L!, Maximal function sup;- (OO * |v2p|>of
V2P lies not in L' but in weak-L.
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Difficulity from pressure

More nonlocality : fractional derivatives of weak solutions

e We want to capture non-local information of V2P.
o Due to V2P € L} L}, Maximal function sups.., (s *[V2P|)of
V2P lies not in L' but in weak-L'.

e We use V2P € H(Hardy space) which implies
Supgs s * V2P| € L.
(R. Coifman, P. Lions, Y. Meyer, and S. Semmes)
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Difficulity from pressure

More nonlocality : fractional derivatives of weak solutions

e We want to capture non-local information of V2P.
o Due to V2P € L} L}, Maximal function sups.., (s *[V2P|)of
V2P lies not in L' but in weak-L'.

e We use V2P € H(Hardy space) which implies
Supgs-q |5 * V2P| € L.
(R. Coifman, P. Lions, Y. Meyer, and S. Semmes)

@ It plays a similar role of Maximal function.
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Difficulity from pressure

More nonlocality : fractional derivatives of weak solutions

Thank you.
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