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medium with self-averaging properties

periodic, almost periodic, random (stationary ergodic)

phenomenon /law described by a spatially inhomogeneous equation

Flu,z] =0

look from far away — scale ¢

microscopic properties average out in the limit ¢ — 0

ut — u

and

Fla]=0

spatially homogeneous, translation invariant equation



PROBABILISTIC SETTING

() = {“all equations”} P probability on €2 frequency to have certain equation

F,(-,-) = F(-,-,w) element of

at position x we observe F(-,z,w)
at position = + y we observe same configuration labeled by different w but with the same

frequency

F(,z+vy,w)=F(,z,7,w) and 7, is measure preserving (stationarity)

at large scale “media averages”

under translations operators “repeat each other”

ACQ, P(A)>0= P< U @A) =1 (ergodicity)

y ERTL
N—_——
translation invariant



GENERAL PROBLEM

F(D2u5,6D2u€,Du5,uE,x,%,w) =0 in UCRY

(BVP). {

us =g on OU

ASSUMPTION

F stationary ergodic wrt (z/e,w)

CONCLUSION

Ue(+, w) e in C(U) and a.s. in w

F(D%u, Du,ii,z) =0 in U
(BVP)

u=g¢g on 00U



HISTORY

e periodic many references

almost periodic many open problems

e stationary ergodic

linear theory Papanicolaou-Varadhan; Kozlov; Jikov; Yurinskii;...
variational nonlinear Dal Masso-Modica

nonvariational nonlinear Souganidis; Rezankhanlou-Tarver

viscous Hamilton-Jacobi Lions-Souganidis

Kosygina-Rezankhanlou-Varadhan
Freidlin (N=1); Sznitman;...

fully nonlinear second-order Caffarelli-Souganidis-Wang; Caffarelli-Souganidis



HAMILTON-JACOBI EQUATIONS

H(Dus,us, g) =0

effective geodesics

random medium ‘/\/

[Duf| -V (=,w) =0 u(z,w) 1nf{/0 V(@, )ds: z(0) =0, z(1) =z, |#] < 1}
u(,w) —u as € — 0
(D) = 0 i(x) =inf{/0 A (2(s)) ds : 2(0) = 0, 2(1) =z, i <1}
(H* convex dual of H)
recall H convex

H*(q) =sup{q-p— H(p)}

H(p) = sup{p-q— H*(q)}



“VISCOUS” HAMILTON-JACOBI (BELLMAN EQUATIONS)

—etr A(x, g,w)Dzu8 + H(Due, ue, x, g,w) =0

e large deviations of Brownian motions in random environments

dst\/%o- Xg’g_ng,w dB "
t (X £>w) dB; 7o exit time from U C RY
X;=xcU K;z

“effective” asymptotics of P(X: eT) (' Cc oU)

1
us = P(X7. €T) = exp(—glg)

—ctr[(ooT)(x, g,w)D2I€] + (o007 (a, g,w)DIS, DIfY=1 in U

I¢ = exp[—é(f + o(1))]

( ((66")(x)DI,DI) =1in U

y 0 on T
J—
\ +00 on QU \T

I “effective” rate for large deviations



e premixed turbulent combustion with separated scales in random environments

1
Ugr — EAUL + a(az, %,w) - Du, = —f(ui,a:, %,w) in RY x (0,00)
£ € €
us(-,0) =0 off Gy c RY F(0) u
f KPP-type with equilibria at 0 and 1 S @)

/o 1

0 in {v >0}
Ue —
1 in int {v =0}

max|[v; + H(Dv,z),7] =0 in RY x (0,00)
{ 0 in Gy interface 9{v > 0}
—oo off Gy

effective Hamiltonian H is identified at the limit, as € — 0, of

Ver — 1T YA, + a(az, %,w) - Dv. — |Dv.|* — f,, (O,a:, < w) =0

o)

€ €

« OPEN for other f (bistable)

o random travelling waves



front propagation

scale in space-time

identify effective front

long time behavior (percolation)

identify effective shape

14

V ==0trDn+a(n,z,w)

'y — Iy as.

e—0

wy — 0M (D*u, Du) + H(Du, z,w) =0

M(X,p) =tr(l —p®p)X
H(p,z,w) = a(—p, z,w)|p|
(p = p/Ipl)



percolation

random walk

%

I —>

voter model

effective shape

10



V ==0trDn —a(n,z,w) ut — dM(D*u, Du) + H(Du, x,w) = 0

different scallings — different effects of heterogeneity

(z,1) — (f)f)

g £

V =—edtrDn — a(n, E, w) us — edM(D?*uf, Duf) + H(Dug,

,w):O
£

0 = 0 and H not convex unless medium is almost periodic

OPEN <

0 # 0 unless medium is almost periodic

1 1
V =—0trDn — —a(a, f,w) us — SM (D*uf, Du®) + —H(Due,
£

,w)=0
€ €

OPEN in all settings (including periodic)
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FULLY NONLINEAR, SECOND-ORDER, UNIFORMLY ELLIPTIC EQUATIONS

F(D?*u., Dug,u., x, g,w) =0

x

« Monge-Ampere det D*u, = f(=,w)
£

» minimal surface

~tr|a ) (1= PSP ) | = 12 )

3

V=—-trd (z,w) Dn,
- OPEN

@ A (g) Dn.Dn. =1

N O

© @

random configuration

ey — tr{A(g, W)[T — (A(g,w)DugDug)_lA(g, w)Due Du.|Du.}

_I_

™ | DN

(A(g,w)DugDug)_l tr A(g,u))Du6 ® DyA(g, w)Du.Du. =0
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GENERAL PROBLEM

F(D2u5,6D2u€,Du5,uE,x,%,w) =0 in UCRY

(BVP). {

us =g on OU

ASSUMPTION

F stationary ergodic wrt (z/e,w)

CONCLUSION

Ue(+, w) e in C(U) and a.s. in w

F(D%u, Du,ii,z) =0 in U
(BVP)

u=g¢g on 00U
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PROBABILISTIC SETTING

(Q, F, P) probability space

o f:RVN xQ—R stationary iff P{w: f(z,w) > a}) independent of x

T - £ — ) measure preserving group

f:RYN x Q— R stationary iff flz+y,w) = flz, Tyw)

flz,w) = f(0,pw) = f(Tw) J:Q—=R

e 7, ergodic iff A=A forallz ¢ RN = P(A)=0or 1

7. ergodic = all translation invariant quantities are non-random

14



EXAMPLES

e periodic functions

f:R — R 1-periodic; Q = S!, F = Borel sets, P = Lebesgue measure, 7,w = z+w mod 1

f(zr,w) = f(r +w) stationary

e quasi-periodic functions

Q = torus TV, F = Borel sets, P = Lebesgue measure

~

f(z) = F(aqz,...,anz); F:RY - R T¥-periodic, a, ..., ay rationally independent

f(r,w) = Fla1x + w1,...,anyx +wy) stationary

e almost periodic functions

Q) compact subset of C(RY) wrt || ||s-topology, P normalized Haar measure

15



e regular random chessboard structure

(Q, F, P) probability space
(Xk)rpez~y independent rv taking values A and A > 0 with prob r and 1 — r

Qr={reRY : k;<z; <k;+1,i=1,...,N} cube in RY

Z Xi(w)lg, (z) stationary
kezZN

cubic lattice with cells occupied by two different A N

>

>

materials with densities A and A chosen indepen-

>
>
>

>

dently by Bernoulli’s law

>

16
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o material with random spherical inclusions

X4 Poisson process counting process for a uniform random distribution of points

V(z,w) =c1 + (c2 — c1) min{l, Xp(, ) (w)}

V' = ¢5 in union of balls of radius r associated to (X 4) and ¢; elsewhere

Bx bdd Borel subsets of RY
(X 4)aen, Poisson process with parameter A : family of rv on (Q, F, P)
with nonnegative integer values such that

(a) Xaup(w) = Xa(w) + Xp(w), ifANB=1

(b) (Ag) finite, disjoint family = X 4, are independent

AT LA™
(©) PO = m) = A2

18



random chessboard structures with cells of arbitrary size
N =2
X A, Y4 independent one-dimensional Poisson processes

V rv independent of X4 and Y4 taking the values ¢y, co with prob. 1/2

0,t) t>0
A(t) =< [t,0) t<0
0 t=0
V(w) if XA(xl)(w) —+ YA(xQ)(w) 1S even

Viz,w) =
(z,w) { ci+cp—V(w) if X)) (W) +Yag,)(w)is odd

For fixed w € Q, V(z,w) is constant on each cell of the chessboard with
alternated values ¢; and ¢y (the value at the origin is given by V(w))

19
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Review (formal) of linear homogenization

for uniformly elliptic equations

nondivergence form

—@ij (f)u8 =f (az, E) a;; uniformly elliptic

1> T4 T4
formal expansion
€ L 2 £
u(z) :u(x)+€w(x,g) + ¢ v(az,g) + h.o.t. (y = x/e)

Duf = Du+ Dyw + eD,w + eDyv + € Dyv + h.o.t.
1
D*u = D*u + gDiw + 2Di7yw + eD3w + Div + 8Di’yv +&?D3v + h.o.t.

substitute in equation

llipticit
e gy, =0 =0 w(yz) =w@) (20)
g? _a’ij(uﬂcwj + vyiyj) — f(xa y)

Lv = —aij(y)vyiyj — f(.ili‘, y) + Qg (y)uﬂﬂz%

21



e m>0 st L*m=—(a;ym)y, =0 (invariant measure)

Fredholm’s alternative —

Lv = f(x,y) + a;jus,.; has a solution (corrector)

ift

22



divergence form

Lfu® = —0,, <aij (g)&”j ug) = f(a:*, —) a;; uniformly elliptic

: L 1
notation O(z) = gb(az, E) Op, @ = 0,0 + 20y,

L7® = (O, + -0y, (a5 (O, +-0,,)8) = (L + 7' Ly + £ Lo)

Ly = —0y,(aij(y)9y,)
Ly = —0y,(aij(y)0z;) — Oz, (aij(y)0y,)
L3 — _axi(a’ij(y)aivj)

formal expansion

u®(x) = u(az, E) + ew (az, E) -+ 521}(3:*, E) + h.o.t.
£ £ €

Llu:O
LfusF =0 — Liw+ Lou =0
Liv+ Low + Lsu = f

23



llipticit
Liu=0 SRR u(z,y) = u(x)

Liw+ Lou =0 — Liw = 8%.@7;3- (y)@xju
w(z,y) = —X(y) - Du(x)
L1Xi = —({9%.0,7;]'

Fredholm’s alternative — 4 X

le—l—ng—l—Lgu:f — le:f—ng—l—Lgu

Fredholm’s alternative =— v exists iff rhs 1 1

/(L2w+L3u)dy:/fdy

[ B2w = [0, (@02, 0) + 0., (01500, w) = <0, [ aijoy,w

= "':8:% [(/aija%Xi)axju] —

Qij = /(az’j _az’kakaj)dy and f:/f(a?,y)dy

24



H(Du,, z,w) =0
£
formal expansion ue(x) = u(x) +¢ U(z, w) +0(e?)
Hg,_/
corrector

H(D’[L—|—Dyv,§,w) =0

( for each p 3! H(p) such that

— : N
macroscopic (cell) problem H(Dv+p,y,w) = H(p) in R

(nonlinear eigenvalue) has a solution (corrector) v satisfing

|~ u(y,w) — 0 as |y| — oo as. inw

e d , ° expansion
t ! S
Wiy the decay o uniqueness of H
H(q,y,w) = H(q)
macroscopic problem H(Dv + p) = H(p)



proof of homogenization when correctors exist

ue. + H(Du,, §> =0 in RY
assume ue — @ in C(RY)

if » smooth and x( local max of u — ¢, then
need to show -
u(zo) + H(D¢(xo)) = 0

Y corrector for p = D¢(xg)
H(Dé(xo) + Dy, y) = H(D¢(20))

u. — (0 + ey(—) ) attains a max at x. and z. — xg

——
—0 asS —0

™ |8

e(we) + H(Dg(we) + Dip(=), =) £ 0

A

N~

= H(D¢(0)) + o(1)

26



“proof of existence of correctors”

H(Dv +p,y,w) = H(p)

H coercive H(q,y,w) —» 400 as |q| — ¢
H bounded for fixed q sup H(q,y,w) < 00
y
approximate vy + H(Dvy +p,y,w) =0 in RY
estimate sup(||ava e + || DVa o) < 00
a>0
normalize Do (y) = va(y) —va(0) 5 [yl 0a ()]l + [ Diall < C

pass to the limit
a— 0

Difficulties

alo + H(DVy + p,y,w) = —av,(0)

A

H(Dv+p,y) = lim (—a,v,, (0))

o, —0

o measurability

. growth of ¢ at infinity

CANNOT BE RESOLVED USING EXISTING ESTIMATES

27



NO CORRECTORS

V| = f(z,w) + H(0)

ir;ff(y,w) =0 = H(0)=0

V| =2 — cos(2mx + w1 ) — cos(2rax + wo) { (w}7w2? € [0,1] x [0, 1]
~ < a irrational

F@w)

f(r,w) >0 a.s. in w=(w,ws)

w'| = F(x)

— wlw) == [ Py
F >0 for || > 1 z

sin(2rr +wy)  sin(2rax + ws)
o) = 2fa] - TRETE L) sinErar (2] 1)

v(z,w)

‘ ‘ — 92 as ‘QL“ — 00 a.S. inw:(whu&)
T

Lions-Souganidis (2003)
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MAIN TOOL

(sub-additive) ergodic theorem identifies

uniquely a.s. a (limiting) quantity controlling the behavior of u. as ¢ — 0

SUB-ADDITIVE ERGODIC THEOREM
(2, F, P) probability space, 1P xR — R such that
o 0<p(dw) <A

e sub-additive A = UAg, Ax mutually disjoint = pu(A,w) <> u(Ag,w)

e stationary p(z + A, w) same distribution as pu(A,w)
1@, :
— u(%w) t a(w) a.s. (Q “nice” subset of RY)
ergodicity — f(w) =[ a.s.

29



HAMILTON-JACOBI EQUATIONS

X .
H(Dug,ug,:c,g,w):OmU Ue (-, w) — H(Di,u,z) =0in U
in C(U) a.s. in w

Uue = g on OU
coercive, convex wrt p

H(p,r,z,y,w)
stationary ergodic wrt (y,w)

H(p,r,x) = inf sup H(p+ D®,r,z,y,w) (H independent of w)
becsS yERN

S={d:RYN xQ —R : Lip, D® stationary, E(D®) = 0}

ergodic thm = if ® € S, then |y|"'®(y,w) — 0 a.s. inw

y|—o0

H*(q,r,z) = lim %inf [/0 H*(=~(s),r,xz,v(s),w)ds : v(0) = 0, ~(t) = tq

t—o0

no correctors (in general)

Souganidis (1999)

H not convex OPEN Rezankhanlou-Tarver (2000)
Lions-Souganidis (2003)

Schwab (2006) (time dependent)
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VISCOUS HAMILTON-JACOBI (BELLMAN) EQUATIONS

—etr A(z, E,w)D2u6 + H(Du.,u.,z, z,w) =0inU {H(Du,u,x) =0in U
£ £ _
ue: = g on OU u=gondU

ug(-,w)—éﬂ in C(U) a.s. in w

Az, y,w) degenerate elliptic, stationary ergodic

H(p,r,x,y,w) coercive, convex in p, stationary ergodic

H(p,r,x) = inf sup [— tr A(z,y,w)D?*® + H(p + D®,r, x,v, w)} (independent of w)
CI)ESyERN

H(p,r,2) = sup B|(0-b(w) — H'(b(w),z,w))0(w)|  (A=1)
(b,®)e&
E={(b,®):div(bd)=AD}

t
H*(p,r,z) = lim %infE{/ H*(a(s),r,x,v(s),w)ds : v(-) € B(0,t,0,tp, oz)}
0

t— o0

B(a,b,z,y,a) = “Brownian bridges” in (a,b) with drift a connecting x and y
no correctors (in general)

H not convex Lions-Souganidis (2004)
A depending on p OPEN Kosygina-Rezankhanlou-Varadhan (2005)

Kosygina-Varadhan (2006) (time dependent, uniformly elliptic)
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SKETCH OF PROOF # 1 (A deg. elliptic)
3! L (y,y,s,0,w) st
(LS —ctr A(e 'y, w)D?Lf + H(DL?, e 'y,w) =0 in RY x (s,¢)

oo fy#y

0 ify=y

\

Lg(y7 Q? 87 87 w) - {

e LF loc Lip in y,y, Hélder in o for y — y bdd, L°(y,9,s,o,w) = L*(0,9 — y, s, 0, Tyw)

uniqueness / comparison —

Lf(y,9,s,t,w) S L (y,z,8,0,w) + L°(2,9,0,t,w) (s<o<t)

subadditive ergodic thm —

L (y,9,0,t,w) s—>—>0t_(u) a.s. inw forall y,§ € RY with L convex

ue(a,tw) ~ inflg(y) + LE(0.y. 0, t,w)] — (e, ) = inflg(y) + tL(—)]

—0
T €

needs uniform estimates

t D’lj :O . .
{ D (T = (L)")

g

=g on RY x {0}

32



t

Lf(y,q, s, t,w) = inf{/ H*( —’y(s),r,x,@,w) ds: v(s) =y, y(t) = ?j}

S

o A nondegenerate, H(p,r,z,y,w) = O(|p|¥) with & > 2

t
E(gost) =t B { [0 (o) 2 ) ds o) € Bl g0

e homogenization = formula

33



e formula u® — Au® + H (Dua,

™8

,w) =0 in RY

3

S

— U
e homogenization — (

+H(Du)=0inRY = u=-H(0)

g

e viscosity proof = @+ H(D7)>0inRY — —H(0)=a=>—H(0)

e choose ¢ st —~A®+ H(D®,y,w) < H(0)

us — Au+ H(Du, y,w) =0 in RY x (0, c0)

u = ¢ on RY x (0,00)

e comparison = u(y,t) = ¢(y) — H(0)t

homogenization —-
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e ecstimate

uf—sAu5+H<Du5,%):OinRNx(O,oo) o
H(p,y) = Ci|p|'/*=Cy , C1 > | D,H|
u® = ug on RY x {0}
up € Lip — lug| = Co
w = |Duf|?

2
w; — eAw + 2¢|D?*ul? + D,H - Dw + =D,H - Du® = 0
€

at interior max

1
|D?u|?* + =Dy, H - Du® <0
€

eqn = H-Coi<ecAu = £*(Au)*Z(H - Cp)2

(Au)* S |D*uf* = (H—Co)} < ||DyH|||Dul

35



® 10 correctors
{ —Au+ |Dul?> = V(y,w) + H(0)

| tu(y,w) — 0 as |y| — oo

V potential of the Russian School (Carmona-Lacrois)

F € C>*(T), inf F(y) =0, sup F'(y) = 1, nondegenerate
V(yaw) - F(Wy)
(Y:)ter Brownian motion on torus T

—Aw+Vw=—-H(0)w

if corrector exists, it is an eigenvector
but A no eigenvector for 0
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SKETCH OF PROOF #2 (A uniformly elliptic)

ug—eAug%—H(Dug,z,w) =0 in RY
£

recall H(p,y,w) = Sl;p[p ¢~ H"(¢,y,w)]

assume u*—u as €—0

e« E={(b,®:bbdd, ® >0, E® =1, A® =div(b®)}  Hy(p) = sup E[(p-b—H*(b,0,w))®] = 0
(b,®)e&

Fix (b,®) €&, write b(zr,w) = b(T,w), ®(z,w) = D(T,w)
e e | 7T _ * ol
u® — eAu —i—b(s,w) Du® — H (b(87w>7 .
>0 — uE—sAue%—B(f,w)'DUE_H*(B<§ )’ )

)
£ ~(§,w) =0
Bl(uf — eAu® +b(Z,w) - Du = H* (b(,w), g,w))é(g,w)} <0

Elu® + 1( A® + div(b®))u —H*(i)(g w),

u® — u
—Ad + div(b®) =0 — u+ E[—H*(b(w),0,w)®(w)] =0
E® =1, stationarity

(b, ®) arbitrary — u+ H2(0) =0
<
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e S={y:Dy stationary, E(Dvy) =0} Hi(p) = Inf sup(—Ay + H(DY +p,y,w))
Yy

¢ smooth 4 — @ strict min at xg

choose VeSS st Hi(D¢(z0)) = sup(—Av + H(DvYp + Dp(xg),y,w))

Yy

— u® (¢+€\If(é)) min at g and z. — xg

uf ~AV + H(Dé(a.) + e (=), =,w) 20

\

7

<H, (D (z0))+o(1)
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Hy(p) = sup [E(p-b(w)—H (b(w),w))®(w)]
(b,®)€E

= sup inf E[(p-blw) — H*(b(w),w) + ApU|P(w)
(b.@)ee Y DU stationary

= supsupinf E[p - b(w) — H*(b(w),w) — ApU]®(w) AU = —-AU +b- DU
L ir[}fE[goAbU] — 0

min max unless ¢ is invariant for A,
= sup ir[}f sup E([p - b(w) — H*(b(w),w) + AU]P(w)) (uniform ellipticity)
o b
= supix(}fsupE[(p + DU) - b(w) — H* (b(w),w)) — AU|P
o b
= sup ing(H(p + DU,w) — AU)®
o
min max
= ir[}f sup F(H(p+ DU,w) — AU)®
o
duality

= irl}f esssup(H (p + DU,w) — AU)
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CORRECTORS

o periodic setting H coercive, A deg elliptic — correctors

- B Papanicolaou-Lions-Varadhan
3! H(p) st —tr A(Du + p,y)D*u + H(Du + p,y) = H(p) Evans (unif. elliptic)
Lions-Souganidis (deg elliptic)

« almost periodic setting, H coercive, A deg elliptic — approximate correctors

31 H(p) st V5>OEIU§ES1;

+0 Ishii (A=0)

+ 2 4+ +
— tr A(Dvy +p,y)D*vg + H(Dvy +p,y) -9 Lions-Souganidis (A70)

)

vy — tr A(Dvg + p)D?*v, + H(Dv® +p,y) =0

av, converges, as o — 0, uniformly in RY

H(p)

IAVARIVAY

o random, H coercive, convex, A deg elliptic — local approximate correctors

NHp) st VR>0Tvg5 :RYxQ —R st

Duli% stationary with mean 0, ]D'UE] <KandVk3Ieh —0,as R — oo, st
— tr A(y,w)D?v + H(Dvg + p,y,w) < H(p) + €

B in Bk:R
— tr A(y, w)DQfUE + H(Dvg +p,y,w) = H(p) — s’}{

40



{ut + H(Du,z,w) =0 in RY x (0,0) H coercive convex, stationary ergodic

u = ug on RV x {0} S(t) solution operator

Recall

S={®c C"RY)as. inw, [y '®(y,w) — 0 as. in w}

1 corrector v € S
iff
for some ® € S st H(p + D¢, x) < H(p)

igg((S(t)CI))(az) +tH) < oo

Lions-Souganidis
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Examples

(%) i) f:RY x Q — R stationary, (ii) il;lff(a:,w) =0, (iii) f(z,w) >0

. |Duf| 4 eu® = f(x,w) —  eu® —0

e—0

f satisfies (*)(1>7 (*)(11) K(w) = {z: f( ) =0}

ergodicity = P(K(w)#0)=0or1

K(w)=10 — no correctors

Kw)#0 = wu(x)=infzeck(w) L(x,Z,w) corrector

L(z,y,w) 1nf{f0 w)ds:z(0) =z, z(T) =y, || <1, T > 0}
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o f satisfies (*)(1) : (*)(11) and N =1

W'+ P> = f(y,w)+ H(p) in R

() = {infy f(y,w) if |P|=Ey/f(y.w)—infy fy,w)
e if |P|=FE\/(f(z,w)—inf, f(y,w)+

« H(p)=bp, —ap_ (0<a<b)

H(Du+p) = f(z,w) + H(p)

H(p) unique constant st E%(f + N = E%(f —A)_

we= 3 (F N~ (f =N

o H(p1,p2) = |p1 + Pi|* + p2|?* — (fi(z,w) + fa(x2,w))

minfl(-,w) =0

; and |Pi| 2 Ev/fi(x,w) = no corrector
inf fo(,w) =0

H(Py,0) = o where |Py| = E+/f1(z,w) + «
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general result

f satisfies (*)(1) and (*)(11)
eu® converges uniformly in RY to 0
iff

sup inf f(y,w) 00 as R — oo
r€RN ly—z|SR

e true for periodic, almost periodic settings

e not true (in general) in random settings

£(,w) € C(R) stationary ergodic st supp of law of | i&f ¢(y,w) unbounded from above
YIS R

VeC"R)st V(—0)=0, V(+ox)=1, V' =0

f(wi) — V(g(wi))
!

for all R > 0 sup| in|f< fly,w)=1 VR>0 a.s. in w
r |[y—z|=R
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UNIFORMLY ELLIPTIC SECOND-ORDER PDE

)£ e—0

F(D2u€,Du€,u5,x z w) —0inU  wu(,w) — a() [ F(D%@, Du,g,2)=0inU
in C(U) a.s. in w

U =g on OU u=g¢g on OU

F uniformly elliptic, stationary ergodic Caffarelli-Souganidis-Wang

F' uniformly elliptic, strongly mixing with power decay

Hus('a w) - ﬂ()Hoo = O(g_loge) Caffarelli-Souganidis

existence of correctors OPEN even in the linear case!
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formal expansion ue(x) = u(x) + 5w(£, w) + 521)(%, w) + O(e%)
£ £

F(D2v + D%, D, g W) =0

( for each (X,p) 3! F(X,p) such that

microscopic (cell)
problem )
(nonlinear eigenvalue)

F(D*v+ X,p,y,w) = F(X,p) in RY

has a solution (corrector) v satisfying

\ ‘y‘_QU(y7w> — 0 as ‘y‘ — 00 a.s. in w

Why the decay? o expansion

° uniqueness of F

F(X,p,y,w) = F(X)
cell problem F(D*v+ X) = F(X)

v = %(Qm, x) F(X)=F(X +Q) not unique!
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F(D% + X, y,w) = F(X)

F uniformly elliptic

e approximate avg + F(D?*vy + X,y,w) =0 in R¥Y
e estimate SUP, .0 (]| Val|oo + [va]clcm) < 00
¢ normalize Ua(y) = va(y) = val0) 5 [yl770W)lze = C laloy =C

aly + F(Dgﬁa + X, y) = —awv,(0)

e pass to the limit an — 0, Uy, — 0
a— 0

e measurability
Difficulties
e growth at infinity for ©

CANNOT BE RESOLVED USING EXISTING ESTIMATES

D?v stationary, E(D?*v)=0= |y %v(y,w) — 0 as |y| — oo a.s. in w
D?v,, stationary, E(D?v,) =0 but A estimates implying D?*v, — D?v
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MOTIVATION OF NEW APPROACH

formal asymptotics

microscopic problem

F(Q + Dzv,y,w) = F(X)
ly| 2v(y,w) — 0 as |y| — oo a.s. in w

(i) v to be independent of ¢ as long as  &2v° <§, w) — 0

e no need €

(ii) solve cell problem in all of RY

e it suffices to find, for each @), a unique constant F(Q) such that

F(D2",y.w) = F(Q) in By,

then ||e?v°(-,w)—Qllc(z., ) — 0 a.s.
v® = Q on IB,, CBise) .0

if v°(-,w) solves {
equivalently (Us(y) = e?v° (%))

F(D%e, Q) = F(Q) in B,
if v.(-,w) solves 3 then  [[ve — Qllc(a) — 0 a.s.

ve = (Q on 0B,
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REVIEW OF KEY FACTS ABOUT UNIFORMLY ELLIPTIC PDE
e linearization
F(D?*u,x) =0 0 beld
— —0;j(T)Wy,x, — a;j meas
F(D*v,z) =0 w=u-v i3 (e, Y
e Alexandrov-Bakelman-Pucci (ABP)-estimate

—QjjWy,r; = [ In By = Sgp wt < z%per +C\lflow (C universal)
1 1

e Fabes-Stroock (FS)-estimate

{ —a,,-ijixj = f in Bl
w=0on 0B, =  wip,,, = CfllLm (C, M universal, M large)
0< f<1

e obstacle problem

u smallest st e u=C on 0B,

F(D?*u,z) =0 in {u > Q}

0< (u—Q)y) SClr—y? (u(x) = Qx))
(C universal)

min(F (D?*u, z),u — Q) = 0 in By o F(D*u,z)=1p,—0y(F(Q,z))*

|

F(D?*u,z) 2 0 in B,
u=Qin By
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NEED TO MEASURE “DISTANCE” BETWEEN SOLUTIONS AND QUADRATICS

X

lv: = QI £ C|[(F(Q. =) =€) || .~
F(Dzve, g) =/ in B, y o

Y N 11/N
=C F =) —4{), d
v. = Q on OB |:fBl/s ( (Q7 6) )+ y}
(ABP)
— le—0
F(Q.2) =+ F(Q., =)~ {in By CIE(F(Q,w) — )N]VN
Q = Q on 0B, I
O(1)
compare with solution of obstacle problem
x x :
F(D2u57 g) = Z—l— (F(Q, g) — €)+1{UEZQ} 11 Bl
us = () on 0By
ABP :
BB e — o)) < Ol =) (F(Q, 2) =€) || = CHue = Q3

after rescalling
he(l,w) = [{ue = Q}

satisfies the assumptions of the subadditive ergodic thm (subadditive wrt to domain)

h*(l,w) — h({) a.s.

e—0
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measure of contact set is sub-additive

l

apply ergodic theorem

l

if measure of contact set is
e asymptotically 0, then v. and u. stay asymptotically close and above ()

e positive, then the contact set spreads uniformly on Bj, wu. converges to @
and v, stays asymptotically below ()
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SKETCH OF THE PROOF

F(Dzvs, g,w) =/{ in B, min (F(D2u5, g,w) — Ll ue — Q) =0 in B

ve =@ on 0B us. =@ on 0B

[ u€ Z,UE

e [{u. = Q}| subadditive, ergodic

ergodic thm — |[{u. = Q}| —>Oh(£) a.s. in w

1 ifl<g—1

e h(¢) monotone (nonincreasing) in ¢ and h(¢) = {
0 ife>1

if h(¢) > 0, then the contact set spreads uniformly in B,
u-—Q =o0(1) and v.—Q=Zu.—Q=0(1) in By
if h(¢) = 0, then u. and v, stay close and above @
e —ve=o0(1) and O0Zwu.—Q=v.—Q+o0(l) in By

F(Q) =inf{{ € R: h(¢) =0}
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BACK TO FRONT PROPAGATION

uf + H(Duf, = 0) = 0 H(p,y,w) = a(—p,y,w)|p|
e H periodic/almost periodic and coercive (‘CL‘ > 0) Lions-Papanicolaou-Varadhan; Ishii
—> homogenization
e H stationary ergodic, coercive, convex (concave) Souganidis; Rezankhanlou-Tarver
general coercive H OPEN

what happens if a vanishes somewhere?

H not coersive?
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o trapping

u; + cos (§)|u§| =0 in R x (0,00)
£

€

=wug on R x{0}

u

u- — Ug — e 00900 —>

\

front does not move

e 1o homogenization

u; + cos (g)\Dug\ =0 in R*x (0,00) A

—_— —_— -_t —_— —_—
s AT
T o (0, 4,0) =y + JUUY >
RVAVRVAVEE

-1

u®(z,y,0) =y
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o general result

uf#—a(%,w)\Duﬂ =0 in R x(0,00)

€

u® =ug on RY x {0}

a(y,w) = a(ryw) (stationary) P({a=0}) =46

then
u® — Oug + (1 —0)u in L°°(Bgr x (0,T)) weak™ a.s.

where ~
++H(Du)=0 in RY x (0,00)

{u:uo on RY x {0}

g

H(p) = {;iﬁ)lﬂa(p)

Hj effective Hamiltonian for max(a™,d)

Cardaliaguet-Lions-Souganidis
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V = —eddivDn — a(n, g)

o periodic / almost periodic Lions, Souganidis

min(a® — §(~v-1)|Dyal) >0 == 3 effective velocity v

e stationary ergodic OPEN

u; —edtr(l — Duf ® l/)\us)D2uE + a(l/fue, g)\DuE\ =0 in RY x (0,00)

4 +0(Du)|Dal =0 in RV x (0, 00)

is condition necessary? YES for Lip estimates

general v OPEN
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CELL PROBLEM
for each p € RY 3! © st 3 bdd (periodic) solution w of
~M(Dw + p, D*w) +v(y)|Dw + p| = 5(p)Ip| in RY

M(p, X) =tr(I —p®@p)X

approximate

aw® — M(Dw® + p, D*w®) + v(y)|Dw® +p| =0 in RY

estimate
alw| 4+ |[Dw*| £ C
renormalize
0*(y) = w*(y) — w*(0)
estimates — || + |[Dw| = C
pass to the limit a— 0

w* — wbdd and —M(Dw + p, D*w) + v(y)|Dw + p| = lirr%)(—ozwa(O))

w bdd —> rhs unique
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e min(u? — §(N-1)|Dyv|) >0 sharp for Lip estimates

/

2

—1

7 =] 2 5
v(y) = 4 % o <lz| < v = (N-1)|Dyv| in o <|x| <
\Na_,l lz| £ o <o <a<p<pf <1)

w(x) = (ﬁ A ﬂ) V «a  solves

—tr(I — Dw ® Dw)D*w + v(y)|Dw| =0 in RV

— no Lip estimates for w, in general
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V=v—&k

D0 90

vy large vy small

vy outside
v(xy, T0) = — vy >0 >0
vy 1nside

Craciun-Bhattacharya
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Special case

u; + (HSin <2i7rs) +5)]Du€] —etr(l — Duf ®5175)D2u5 =0 in R? x (0,00) ,
(z,y) € R

u® =ug in R? x {0}

. trapping d=0 and 2710<1 = u® — wug

° homogenization <1 — ut —a

u; + H(Du) =0 in R? x (0, 00) _
and  6|py|=H (p,q) = (0 +0)|py|

U = ug on R? x {0}

o no homogenization 6 > 2« and uo(x,y) = —y

l

limu®(z,y,t) 2 —y + ot
Ja>0 st
limu®(z,y,1) = —y — ot

Cardaliaguet-Lions-Souganidis
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OPEN PROBLEMS

Hamilton-Jacobi, viscous Hamilton-Jacobi

non convex Hamiltonians, quasilinear equations, nonlinear equations

uniformly elliptic

existence of correctors

degenerate elliptic

free boundary problems in random media

boundary conditions

Neuman, Dirichlet, perforated domains
error estimates
applications

random traveling waves, mean curvature motion, minimal surfaces

62



