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Abstract

We study the Adaptive Variational Dual (AVD) method as a direct solver for nonlinear
nonsquare systems, G(U) = 0, G : R® — R™, m # n. A central question is not whether least-
squares optimization is effective as an optimization problem, but whether obtaining critical
points of miny 3 ||G(U)||§ is a sufficiently reliable way to solve the original equations G(U) = 0.
Another is to produce a first-order method with a convex variational structure for general systems
of nonlinear equations, potentially useful for large systems of equations.

AVD retains the system G(U) = 0 as the primary object, introduces a variational dual
formulation for it, and uses a sequence of convex optimization problems to solve it. In doing so,
it adapts its computational mechanism to the local rectangular geometry through singular-value
information. For overdetermined systems, structural dual null directions are removed from the
active dual space; for underdetermined systems, primal nonuniqueness is distinguished from weak
but genuinely active dual directions. The adaptive AVD scheme combines step-size controlled
gradient flow and active-space Newton steps.

We present a series of numerical tests consisting of overdetermined, underdetermined, and
square systems to compare the AVD scheme with nonlinear least squares. We show that the
AVD method is consistently robust across overdetermined pathologies, unstable saddle selections,
nonredundant neural network calibrations, and ill-conditioned systems, while least-squares often
fails or terminates at non-root stationary states, operating within the standard protocol of finding
critical points of the least squares functional. The numerical results indicate that the AVD
method is a competitive candidate for solving nonlinear, nonsquare systems of equations.

1 Introduction

The numerical problem considered here is a nonlinear system of equations
G{U) =0, G:R" - R™, m # n. (1)

Such systems arise in inverse problems, constrained model calibration, parameter identification,
reduced-order models, and machine-learning parametrizations. When m = n, standard Newton and
related root-finding methods have a well-developed theory [1, 2]. When m # n, the linear algebra is
fundamentally rectangular [3]. A common response is to replace (1) by nonlinear least squares (see,
e.g., [4]), ,
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and look for critical points of the problem as the practical alternative to solving the minimization
problem. This is often computationally attractive, but it changes the problem. The stationarity
condition is

Vo(U) =Gy(U)TGU) =0, (3)

which does not imply G(U) = 0 whenever G5G = 0 at a non-root stationary point or when
the equation system is infeasible. Thus a successful optimization termination does not, by itself,
guarantee a solution of (1).

The underlying dual variational construction of our approach follows [5, Sec. 2]; related develop-
ments in hidden convexity in PDE [6] and adaptive variational dual methods appear in [7, 8, 9, 10],
while [11] provides a closely related algorithmic development. The present work specializes and
extends these ideas to finite-dimensional, nonlinear nonsquare algebraic systems. The present
manuscript asks a specific methodological question:

Is the Adaptive Variational Dual (AVD) method a better computational method for
solving nonlinear nonsquare equation systems G(U) = 0 than replacing the equation
problem by nonlinear least squares?

The answer cannot be reduced to a single ‘yes’ or ‘no’ answer. A fair comparison must distinguish
feasible and infeasible systems, overdetermined and underdetermined geometry, benign and difficult
nonlinear basins, and algorithmic termination from exact equation satisfaction.

The main contributions of the study are therefore practical and comparative. We formulate AVD
for rectangular systems, explain the relevant singular-value geometry on linearization, document a
robust adaptive scheme, and compare its behavior against least squares on a deliberately varied
suite of tests.

2 The AVD formulation: from the primal equations to a dual
parametrization

This section provides the theoretical basis of the AVD algorithm for nonsquare algebraic systems.

2.1 Primal equation, predual, and dual-to-primal map

The question throughout is to solve the stated primal problem
G(U) =0, G:R" — R™. (4)

Introduce a dual variable D € R™, a base state U cR", and a sufficiently smooth auxiliary potential
H(U;U) that is strictly convex in U and has its unique minimum at U = U. The predual Lagrangian
is

L(U,D;U)=D-GU) - H(U;U). (5)
For a fixed choice of H and fixed (D, U), the dual-to-primal (DtP) map U(D;U) is defined implicitly
by stationarity of the predual with respect to the primal variable:

Ly(U(D;U),D;U) = GuU(D;U))" D — Hy(U(D; U); U) = 0. (6)

Thus, for fixed U, (6) defines a local dual parametrization D + U(D;U) of primal states within the
region of strict predual concavity; it is not itself the equation G = 0.
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Substitution of the DtP map into the predual defines the reduced dual functional
S(D;U) = LU(D;U),D;U). (7)

If different auxiliary potentials must be compared, we write U} and SI; otherwise H is fixed and
the label is suppressed. This avoids confusing dependence on the chosen potential with derivative
subscripts. Because Ly = 0 on the DtP map, the chain rule gives

Sp(D;U) = Lp +UpLy = GU(D; U)). (8)

Consequently, stationarity of the reduced dual functional is exactly the original equation problem
expressed through the dual parametrization:

Sp(D;U)=0 <« GUD;T))=0. 9)

This is the central variational identity: solving the dual stationarity equations recovers a solution
of G(U) = 0, rather than merely a stationary point of $||G||2. At D = 0, strict convexity and the
choice of the minimum of H give U(0;U) = U.
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Figure 1: Conceptual structure of AVD. For a fixed base state, the DtP relation defines a dual
parametrization of primal states in the region of strict predual concavity. An interior minimizer of
the corresponding convex reduced dual problem recovers a solution of G(U) = 0. If the admissibility
boundary is reached first, the base state is changed and a new dual parametrization is introduced.

In theory and practice, we go beyond stationarity. Since L is necessarily affine in D, by restricting
the domain of dual variables to an open ball (and hence a convex set) around D = 0 in which Lyy
is negative definite (and hence L strictly concave), the DtP solution in (6) becomes unique and
the dual functional (7) convex in D. Thus, for every fixed H with its corresponding base state, (9)
amounts to looking for a minimizer of a convex function. Then, one either finds a minimizer in the
interior of the convex set in which case we have a solution, or the minimizer is at the boundary of
the convex set. If the latter, one invokes a change of base state (along with its associated change in
the auxiliary potential H) keeping G(U) continuous across such switches, and repeats the process
until a solution is found; Fig. 1 provides a conceptual flow-chart and [10, Sec. 3 and precursors]
contains details of the scheme. Thus, our procedure amounts to working with a sequence of convex
optimization problems, solved by a gradient flow (GF) and/or a Newton scheme in practice. In the
case of a gradient flow, the L? norm of the gradient Sp = G cannot increase along such a flow, thus
producing a sequence of real numbers bounded below by 0.

When can such a procedure stall on theoretically fundamental grounds before achieving a
solution, i.e., a U such that |G((U)| = 0?7 This is clear from (6)—if the scheme reaches a state U
for which (Gy(U))T = 0 then there is no dual state D which can produce a solution other than

U = U, and no improvement is possible from G(U) # 0. Essentially, if the scheme arrives at a



Adaptive Variational Dual for Nonsquare Nonlinear Systems

primal state U in the interior of a ball in primal space where ||G|| # 0 is constant, we have a stall.
In a practical algorithm, this eventuality, if it occurs, is described in what follows as a circumstance
when an ‘outer kick’ is invoked.

2.2 Derivative of the DtP map and the dual Jacobian

Define the primal Hessian of the predual along the DtP map by
K(U,D;U) := Lyy(U,D;U) ZD Giov(U) — Hyy(U;U). (10)

Differentiating the defining equation (6) with respect to D gives
KUp + G = 0. (11)

Whenever K is nonsingular, the implicit-function theorem therefore yields the derivative of the DtP
map with respect to D, represented by the matrix

Up(D;U) = -K'G, (12)

where K and Gy are evaluated at U = U(D;U). The dual residual is G(U(D;U)), and its Jacobian
is consequently

J = ;DG(Z/{(D; 0)) = Gulp = -Gy K 'G. (13)

The symmetry of the exact dual stifffness (13)—the Jacobian used by dual Newton—is a direct
consequence of the fact that the original system G(U) = 0 has been given a variational status and
turned into the optimality condition of a scalar objective through an adapted dual parametrization
utilizing the auxiliary potential H. This conclusion does not require Gy to be square or symmetric,
nor does it require G to be the gradient of a scalar potential. Moreover, while the retained dual
parametrization remains in the region where L is strictly concave in U, K < 0, so J > 0 and its
restriction to the active dual space is positive definite when Gy has full row rank there. Thus
the Newton correction can use symmetric linear algebra—for example, Cholesky on a positive-
definite active restriction or a symmetric-indefinite factorization when appropriate—rather than
a general nonsymmetric solve. This can reduce storage and factorization cost, and makes the
structural-nullspace and weak-mode diagnostics naturally spectral. In implementation, the linear
solves involving K must be performed consistently enough to preserve this symmetry numerically.
At D =0, K = —Hyy(U;U) is negative definite by strict convexity of H. The current dual
parametrization is continued only while this predual concavity is retained with a prescribed margin.
When it loses admissibility or ceases to be effective, AVD changes the base state and reinitializes the
dual parametrization; the local formula (13) is therefore one component of the global AVD scheme,
not the whole algorithm.

2.3 Quadratic auxiliary potential

The most common choice is

HU;U) = %(U -0)I'M@U -U), M=M"~o, (14)
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with isotropic specialization M = 1. In this case,

Ly = Gu(U)"'D— MU - 0), (15)

K =) DiGipu(U) - M, (16)
=1

Up = -K1GF, J=—-GyK'G}. (17)

The general formulation above is retained because anisotropic or nonlinear strictly convex choices of
H can shape the dual parametrization to the problem geometry.

3 Rectangular linear algebra: structural nullspace versus weak
active modes

Let
Gy = pPxvT (18)

be a singular-value decomposition, with singular values
o1 >09>--->0. (19)

The distinction between structural null modes and weak active modes is central to the AVD method.

3.1 Overdetermined systems: m > n

When m > n, Gy is tall. If it has numerical rank r < n, then
dimker G5, = m — - (20)

These are structural dual null directions. They do not correspond to missing physical information;
they arise because the dual space is larger than the primal image.
AVD therefore works in the active dual space

Ap = R(Gy) = ker(GH)*, (21)

with an orthonormal basis supplied by the left singular vectors associated with nonzero singular
values. Structural zero modes are not treated as weak physical directions and are not artificially
stiffened merely to make a square linear system invertible.

3.2 Underdetermined systems: m < n

When m < n and Gy has row rank r < m,
dimker Gy =n —r. (22)

There is primal nonuniqueness, but this does not by itself imply a singularity in the active dual
calculation: the nonzero singular values span an r-dimensional active dual space, and AVD restricts
the calculation to that space.

A more delicate case occurs when a spectral gap separates the strongly active singular values
from one or more small but nonzero singular values:

0< 0511 <K 0g, s <7 (23)
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The singular directions associated with osy1,...,0, are weak active modes. They must not be
confused with structural null directions. They carry genuine independent information, although
that information is weak in the current dual parametrization.

This distinction is one of the principal reasons for utilizing some Singular value Decomposition
(SVD) related diagnostics in AVD. The purpose is not simply to make a linear system invertible; it
is to understand what the linearized equations actually constrain at any fixed DtP stage.

3.3 SVD information without a full or expensive SVD

The role of singular-value information in AVD is not a requirement to compute a detailed, dense
SVD of a large Jacobian at every iteration. Indeed, for a benign problem it need not compute even
one singular mode. The first regularization level can be the Levenberg—Marquardt-like shifted dual
solve

(J+pl)AD = -G, >0, (24)

with p controlled by the existing acceptance and backtracking logic (see Algorithm 1). This isotropic
stiffening often suffices when the dual system is merely mildly ill-conditioned. It is a computational
device rather than a claim that structural null modes have become active; if it restores adequate
progress, no SVD or Ritz vectors need be computed.

Only when the scalar shift is inadequate does the scheme request spectral detail. It then generally
needs only a small amount of information: a numerical rank, a few extreme singular values, and,
when a weak active mode is detected, the corresponding few-dimensional active subspace. In many
applications this information can be obtained substantially more cheaply than a full factorization.

For a rectangular Jacobian Gy € R™*"™ the first useful question is often whether the matrix has
full row rank or full column rank and whether one or a few singular values are anomalously small.
A rank-revealing QR factorization, a partial Lanczos or Golub—Kahan iteration, or a randomized
range-finding procedure can supply this information without constructing all singular vectors. When
only a few extreme singular values are required, iterative methods can be stopped as soon as the
active/weak spectral separation is resolved. The required linear algebra can likewise be implemented
through Jacobian-vector and transpose-Jacobian-vector products, so an explicit dense Jacobian
need not be formed in a large-scale implementation.

For the small systems used in the present numerical study, ordinary thin SVDs are inexpensive
and were used directly. This is to be viewed as a transparent implementation choice, not as a
computational requirement of AVD. In larger systems, the natural implementation is a partial or
rank-revealing spectral computation whose accuracy is commensurate with the stage-transition
decision being made. In particular, there is no need to resolve a cluster of already well-separated
large singular values to high relative accuracy merely to decide whether one additional singular
direction is structurally zero or weakly active.

Thus the spectral role of AVD is modest and adaptive: first use ordinary progress diagnostics
and Levenberg-Marquardt-like scalar stiffening with no modal computation; if that is insufficient,
use inexpensive rank information and refine only the few weak directions in a Newton solve. SVD
diagnostics is necessary only as a last resort for difficult problems. This is consistent with the
broader AVD design principle that GF is the cheap default mechanism and expensive linear algebra
is invoked only when the nonlinear trajectory calls for it.
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4 The Adaptive Variational Dual (AVD) solution scheme

For a fixed base state, the local variational construction defines I/ (D; U) only within the corresponding
admissibility region. A robust nonlinear solver must decide how to evolve within the current dual
parametrization, when a local mechanism has ceased to make meaningful progress, and when
to change U and reinitialize the parametrization. The globalization procedure that makes these
decisions is therefore central to AVD in both theory and computation.

In the following we use the notation

Ry :=|GU)[ly;  Roo = IG(U)]ls -

4.1 Gradient flow (GF)

A gradient flow
oD _ _
55 = ~Sp(D;U) = —GU(D; 1)) (25)
s
in a fake time-like variable s provides the inexpensive default step. Its principal advantage is that it
does not require a matrix solve or an SVD. Consequently, long GF trajectories are not automatically
evidence of a hard problem. A solution to G(U) = 0 is obtained in the GF stage if Ry and Roo

reach below target tolerances.

4.2 Meaningful GF progress and GF-to-Newton handoff

The implemented AVD scheme monitors residual history rather than imposing an arbitrary residual-
level handoff. A history-based stall detector evaluates relative residual reduction over two windows.
The logic is

GF history stall == Newton. (26)

A further diagnostic uses

eewyrew),
") = G @, 1G], +

(27)

This quantity is useful since away from the exact-root tolerance, G[T]G is the first-order residual-
reduction signal for §||G||?. The normalization in (27) makes 1 dimensionless and removes the
trivial effect of the current scales of Gy and G. Thus 1 < 1 means that the residual is nearly
orthogonal to the local range of Gy;: first-order motion in the current dual parametrization has very
little ability to reduce the residual. This is precisely the geometry of a positive-residual least-squares
stationary state, where GEG = 0 although G # 0.

The diagnostic matters operationally because residual decrease alone can be misleading. A GF
trajectory can continue to make microscopic decreases for a very long time while converging toward
such a non-root stationary state. When two residual-history windows show collapsing progress
and 7 is also small, the scheme assumes that the cheap local GF mechanism is exhausted and
should promote the solve to Newton. The same principle later helps decide when local recovery has
ceased to be meaningful and a base-state change is required. Neither small 7 nor GEG ~ 0 proves
infeasibility, and 7 is not interpreted as a root test when ||G|| is already within tolerance.
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4.3 Active-space Newton

The Newton time-stepping component used in the present scheme follows the computational idea
developed in [9]. Here, Newton directions are computed only on the active dual space. Weak active
modes are retained, with the smallest eigenvalues monitored rather than confused with structural
nullspace. The scheme therefore distinguishes:

structural zero mode — project/remove from active dual solve, (28)
weak nonzero active mode — retain and monitor, (29)
ordinary active mode — solve normally. (30)

If the Newton iterations are deemed to be lacking in making progress towards residual reduction
according to the residual-history windows showing collapsing progress and 7 small criteria as before,
a hand-off is invoked to the ‘GF rescue and outer kick’ stages.

4.4 GF rescue and outer kicks

If the Newton solves stall, a final GF phase is invoked whose failure to reduce the residual magnitude
results in an outer kick stage of the algorithm—thus, the sequence is

‘ GF — Newton — GF rescue — outer kick. (31)

The outer kick used in the presented computations is a bounded base-state restart procedure.
The scheme falls back to a prescribed finite set of reproducible directions:

bej = U + 10q;, lgjll, = 1. (32)

These may be angular, coordinate, block, problem-informed, or seeded spherical directions. Each
fallback candidate is evaluated using R(b) = ||G(b)||, and the normalized primal-sensitivity diagnostic
n(b) from (27). Fallback acceptance has two ordered stages:

1. Ordinary residual-descent fallback. If at least one candidate satisfies R(br;) < R(U), accept the
candidate having the smallest residual. No additional 7 threshold is imposed.

2. Sensitivity-restoring rescue fallback. This stage is considered only if no candidate decreases
the residual. A candidate may then be accepted if 1(bgj) > Mrescue; among the responsive
candidates, choose the one with the smallest residual. Its residual is allowed to be temporarily
larger because the purpose is to leave a positive-residual insensitive region and initialize a more
useful dual parametrization.

If both fallback stages fail, the scheme advances to the next prescribed radius.
Exhaustion of the finite radius schedule is reported as a globalization failure.
When a candidate b is accepted, the state is reset according to

U<+ b, U <+ b, D + 0. (33)

The promotion and residual histories are reset, the dual parametrization is reinitialized about the new
base, and the scheme returns to GF. Thus an outer kick changes the current dual parametrization
but never the equation being solved: final acceptance still requires the original unweighted residual
tolerance for G(U) = 0.
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The results presented in this work utilized uniformly spaced angular directions in the two-
dimensional cases and symmetry-breaking plus seeded spherical directions in the higher-dimensional
cases, followed by the two-stage fallback acceptance rule above.

We mention in passing a more principled approach to the outer kick. Consider

R(U) Z%IIG(U)H? A=Gy(U),  VR(U)=A"G(U). (34)

Provided HATGH2 is not below a prescribed scale-aware smallness threshold, define the normalized
informed direction
B ATG

T araly
At kick level ¢, a backtracked trial b = U 4+ aqg is begun with a = ry, where 0 < rg < --- < rp_;
is a finite radius schedule. The trial is accepted only if it produces a meaningful decrease of the
original unweighted L? residual. Normalization prevents the magnitude of A”G from setting the
kick length, while the small-gradient test avoids division by a nearly vanishing vector. We note that
choices of R as an LP,p > 2, norm of GG is possible, and this can lead to other possibilities for the
outer-kick stage of the algorithm.

(35)

4.5 Base states and successive dual parametrizations

The base state is more than an initial guess. It is the center of H(U;U) and therefore the primal state
corresponding to D = 0 in the current dual parametrization: /(0;U) = U. Replacing U changes the
local dual parametrization of primal states while leaving the target equation G(U) = 0 unchanged.
Successive base-state recentering is the mechanism by which AVD globalizes the fixed-base dual
variational construction.
Definition of the parameter ¢: The implemented AVD scheme performs a deterministic periodic
base-state promotion after a prescribed number ¢ of healthy accepted steps: it sets U « U, resets
D <+ 0, reinitializes the dual parametrization, and resumes the scheme. The reported primary
protocol first uses ¢ = 5. Only after complete recovery exhaustion does it restart the original
initialization with ¢ = 2. This 5/2 rule is a base-state update policy; it neither changes the equations
nor relaxes the final unweighted residual acceptance test.

For the presented computations, all numerical scheme constants are explicit. A trial DtP state
is admissible only when

AninlLow) 551078 (36)

)\max(HUU(U))
The outer dual step is accepted only if, with R = ||G||,,

Rtrial < (1 + eout)RTh €out — 10_3; (37)

otherwise that outer step is halved. On the active dual space, weak nonzero modes are retained and
the Newton solve uses

reg _

122 max{i;, Uspeclumax}a Tlspec = 107°. (38)

Only genuine structural directions in ker G(:G are projected from a dual solve. The values of x in the
quadratic auxiliary potential are retained problem by problem; for example, x € 1,2 was utilized in
the cases presented in this work; we note that the choice is free to make in the definition of the
auxiliary potential.

The numerical experiments suggest a useful interpretation of difficult nonlinear cases. When the
current dual parametrization stagnates or exhausts recovery, a base-state change or successful outer
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kick initializes a new dual parametrization and returns the scheme to the inexpensive GF stage. A
problem-informed base state can also be supplied at initialization, but base-state evolution remains
part of the solver rather than merely a preprocessing choice.

A particularly useful construction for a weak active mode is to solve a well-conditioned core and
then search for a nearby base state satisfying the remaining independent information. In a simple
four-parameter neural-network test, solving a two-equation core G; = G2 = 0 and then varying one
primal coordinate until an independent G5 = 0 condition was found to produce base states from
which the full AVD solve could recover cases that otherwise failed. This is presented as a base-state
construction principle, not as a replacement for the full equation problem.

4.6 The role of the auxiliary potential

The quadratic choice
1 _ _
H=_(U- 0O MU - U) (39)

need not be isotropic. Its anisotropy can reflect strong and weak primal directions. More generally,
strictly convex nonlinear H is permitted. This gives AVD a design degree of freedom absent from
a fixed least-squares objective: the dual parametrization itself can be adapted to the nonlinear
geometry.

5 Numerical study and comparison methodology

All primary comparisons are made on identical sets of initial conditions. AVD success means
satisfaction of the original equation system to the prescribed unweighted residual tolerance. For the
current studies,

Ry= |Gl <107, R =Gl <107 (40)

is the equation-solve acceptance criterion.

Algorithm 1 gives the complete AVD scheme and the numerical controls used in the reported
calculations. To avoid overloading the notation, ey, denotes the small-progress threshold, 7,
denotes the normalized stationarity threshold used in the GF-to-Newton handoff, and 7spec denotes
the distinct weak-active spectral floor. The parameter ¢, = 1073% in (27) only protects the
normalization against division by zero. The residual-history window length is denoted by W steps.
The parameter maxDtP, the maximum number of DtP iterations allowed, was conservatively set. In
a representative statistic comprising 35,498 DtP calls from 16 runs spanning the principal problem
classes, no call reached this limit. The maximum for an accepted DtP solve was 11 iterations, and
most accepted solves required at most three. This is expected, as the DtP solve finds the unique
maximizer of a strictly concave problem by design. In the reported computations, the prescribed
outer-kick radius schedule was (rg,...,r5) = (0.10, 0.20, 0.35, 0.50, 0.75, 1.00).

For least squares, we distinguish native optimization termination from solution of G = 0. A least-
squares run is counted as solving the original equation problem only if its returned residual satisfies
the same equation tolerance. Native optimization outcomes are separately reported. All reported
least-squares comparisons use scipy.optimize.least_squares with supplied analytic Jacobians:
the trust-region reflective method (TRF) in Cases 2-6 except Case 2b, where TRF, dogbox, and
Levenberg—Marquardt (LM) are each reported. Case 2c¢ additionally uses the practical square root
solver scipy.optimize.root(method="hybr"), the Powell hybrid method; it is distinguished from
the undamped primal Newton map analyzed there.

10
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1: Input: Initial state Up; case-specific callbacks and kick directions
2: Set 6 = 1072, €out = 1073, €p = 1073, 15p = 2 X 107%, Nspec = 1077, Nrescue = 0.25, W = 50, and maxDtp =
80.
3: Set the exact-solve tolerances T = 7o = 107107 the DtP stationarity tolerance to 10712, and the minimum
outer step to 6 x 107>
4: for ¢ € (5,2) do
Use the ¢ = 2 pass only after complete recovery exhaustion of the ¢ = 5 pass
Reset U < Uy, U « Uy, D <« 0; initialize the dual parametrization; set mode to GF
repeat

Form the trial dual step prescribed by the current mode
Solve Ly (U, Dirial; U) = 0 by DtP Newton
if the DtP solve does not reach tolerance within maxDtP iterations, or Amin(—Lut)/Amax(Huv (U)) <
6 then
Reject the trial, halve the outer step, and retry
else if Ririal > (1 + €out) Ry then
Reject the trial, halve the outer step, and retry
else
Accept (D,U) + (Dtrial, Utrial)
if Ry < 71 and R < 7o then
return U as an exact solution of the original equations
if ¢ healthy accepted steps have accumulated then
Promote the base: U + U, D < 0; reinitialize the dual parametrization and continue in GF
if mode is GF and either n < 7, or both consecutive W-step windows have relative progress below
€sp then
Set mode to active-space Newton
else if mode is active-space Newton and Newton stalls then
Set mode to GF rescue
else if mode is GF rescue and local recovery is exhausted then
Set mode to outer kick
if mode is active-space Newton then
Project only ker G and use ;78 = max{ i, Nspecfbmax
if mode is outer kick then
Accept the smallest-residual candidate among those that decrease R
if no candidate decreases R then
Accept the smallest-residual candidate satisfying 7 > 7rescue, if one exists
if a kick is accepted then
Set U < U « Uyick, D < 0; reset histories; return to GF
else if the finite prescribed kick schedule is exhausted then
break begin q = 2 restart, or report exhaustion after that pass

5: return globalization exhaustion without relaxing the exact residual test

Algorithm 1: The implemented AVD scheme. The functions G, Gy, and D- Gy and the value
k € {1,2} used are case-specific; the stage-transition logic is unchanged.

11
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6 Overdetermined Problems

The AVD and LS schemes are compared as equation solvers for three overdetermined nonlinear
nonsquare problems in this Section.

6.1 A feasible overdetermined LS pathology

The first benchmark is the deliberately small analytic system G : R — R?, son =1 and m = 2:

|

Gz) = (22 = 1)(1 + 32?)

(41)
It is feasible, with exact roots x = +1. Nevertheless, the least-squares objective possesses a strict
nonzero-residual local minimum at x = 0. At such a state,

GhG =0, G#0, (42)

so the least-squares optimization problem can terminate without solving the equation problem.
This test is a simple demonstration of why solving G = 0 by minimizing ||G||* can be mathe-

matically different from solving G = 0 directly. AVD retains the original equation residual as the

acceptance criterion and therefore does not identify the false stationary point as a solution.

6.2 Nonlinear overdetermined basin

The second benchmark is the overdetermined map G : R? — R*

)

) 43
15 (43)
)

It was evaluated from a 13 x 13 grid of 169 initial conditions on [~1.5,1.5]2. The AVD scheme
solved all tested starts for a 169/169 = 100% success rate.

The SciPy trust-region reflective least-squares implementation for the same problem reached the
exact equation residual criterion from 100/169 = 59.2% of the starts; the remaining 69/169 = 40.8%
terminated at nonzero residuals. All 169 runs had native optimizer termination. The equation-solve
criterion was held fixed at |G|z, ||G|leo < 10710,

This test demonstrates that the mechanism in Sec 6.1 is not merely an analytic curiosity. It has
a substantial basin-level effect in a nonlinear overdetermined computation.

6.3 A uniquely selected unstable critical point

This benchmark was designed specifically to test whether least squares can be trapped at unwanted
critical points of a nonconvex scalar function after an additional equation makes one unstable critical
point the unique solution of the rectangular system. Let

o(x,y) = i(wQ —-1)% - %y2- (44)

Its critical points are

12
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The desired point A is an unstable saddle because
2 0
2 —
Vep(A) = [0 _1] . (46)
We append the single nonlinear selection equation
hz) =5+ z2°— s2° — - (47)

to the critical-point equations and solve

by 3 —x
Gr,y)=1|¢, | =| -y | =0, G:R* =R (48)
h(x) h(x)

The augmented system has the unique exact root A: h(1) = 0, whereas h(—1) = 2/3 and h(0) = 1/3.
At the unwanted critical points, h'(—1) = h’(0) = 0, and consequently

0 0
GB)=|0], GOC)=|01|, GuBIGB) =ayC)'GcC)=o. (49)
2/3 1/3

Thus B and C' remain stationary points of the full least-squares objective & = %HG |2, even though
neither solves the augmented equations. More strongly,

V2®(B) = diag(2,1), V20 (C) = diag(4/3,1), (50)

so both are strict positive-residual local minima.

All methods were tested from the same 9 x 9 grid on [—2,2]%, using |G|z < 10710 as the
exact-root criterion. The standard least-squares runs used the supplied exact Jacobian of (48) and
tight internal tolerances. The results are presented in Table 1.

Table 1: Selected-saddle basin. Every least-squares run reported native optimizer success, but only
the A column solves G = 0.

Method A exact B false minimum C false minimum Total
LS-TRF 27 27 27 81
LS—dogbox 27 31 23 81
LS-LM 27 35 19 81
Full AVD scheme 81 0 0 81

The worst accepted AVD residual was 8.88 x 107! (and of course Roo < Ry in this finite
dimensional context).

7 Underdetermined Problems

We consider neural-network problems as the prototypical example. Consider the two-unit, four-
parameter neural network

y(x; U) = aq tanh(byz) + ag tanh(byz), (51)

13
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with parameter vector U = (a1, b1, az, b2). The equation residuals are observation mismatches

Gi(U) = y(zi; U) — y; " (52)

(2

The exact synthetic data were generated from

Uprue = (1.2,0.85,—0.75,—0.42),  (z1,22,23) = (0.7,1.6,2.4), (53)

with yfarget = y(xi; Ugrue)-

7.1 Regular nonredundant underdetermined problems

The regular problem uses only the first two observation equations,

G1(U)

G = [GQ(U)

], G:R* - R~ (54)
Thus the final dimensions are n = 4 unknown network parameters and m = 2 exact-fit equations.
The problem was tested from 169 starts. AVD solved all 169 cases, and least squares also solved all
169 at the equation residual tolerance. Thus underdetermination alone is not a difficulty for either
method in this example.

Thus, on a benign neural-network-type nonsquare problem the performance of both LS and
AVD are adequate.

7.2 Difficult near-redundant problems

This case has the same four unknown parameters but three equations, so n = 4 and m = 3. The
third equation was deliberately made nearly redundant:

G1(U)
GU) = Go(U) ., e=10"2 (55)
G1(U) + G2(U) +eG3(U)

Hence G : R* — R3; the weak but independent information enters through the third observation
G, evaluated at x5 = 2.4. An exact solution exists by construction. At the true parameter U,

G1(U,) = Go(U.) = G3(U,) =0, (56)

so G(Uy) = 0 for every nonzero ¢.
The results from the two schemes for identical 169-starts were

| AVD: 169/169 = 100% |, | LS: 98/169 = 58.0%|. (57)

Thus the AVD scheme solves every tested initialization, while least squares fails the original
exact-equation criterion on 71 starts despite its native optimization termination.

7.3 Curve fitting a high-frequency function

Neural networks extend classical linear regression by mapping complex, nonlinear relationships
through hidden layers of weighted transformations [12]. To ameliorate spectral bias in neural
networks, Fourier feature embeddings [13] and periodic sin activation functions [14] have been
proposed. To show that standard activations can capture high-frequency dynamics, we evaluate

14
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the AVD method for 1D curve fitting. For z € Q = [0, 1], the target function u(x) = sin(27 fx) is
considered (f = 5, 10 are chosen). The input z is mapped to [—1,1] via T'(z) = 2z — 1, and the
neural network ansatz is:

N
N(z;U) = Z ci tanh (w;T'(x) + b;), (58)
i=1

where U = {w;, b;, Cz‘}ﬁil € R" denotes the vector of n = 3N trainable parameters.

To ensure consistent coverage across target frequencies, the initial network parameters are

sampled independently according to

wo; X Unif(1,6f),  ao; S Unif(—0.99,0.99),  j=1,...,N.
Then, the initial biases are explicitly set via by = —wy ® xg, which places the inflection points of the
tanh activations within the physical domain. Collocation points {x;}/", are equispaced in Q. We
evaluate two resolution levels;: m = 21, 41 for f = 5; and m = 41, 81 for f = 10. For the predictions,
Q is discretized with 2001 equispaced points. The neural network prediction, N (z) := N (x; U*),
where U* € R™ are the converged network parameters.

Figure 2 compares the network prediction to the target function, and Table 2 summarizes the
error metrics across all tested cases. At m =21 for f =5 (m = 41 for f = 10), the grid provides
roughly 4 points per cycle, which is below the effective sampling density required for high-accuracy
representation, leading to under-resolved predictions (||u — N2 & [0.15,0.18]). On doubling the
resolution to m = 41 (n = 123) for f =5, and m = 81 (n = 243) for f = 10 (yielding ~ 8 collocation
points per cycle), we observe close to an order-of-magnitude reduction in the L? error (falling to
~ 0.018). This shows that on reshaping the optimization landscape, the AVD method has the
capability to mitigate spectral bias using tanh activation on shallow neural networks.

m=21, N=21, n=063 (f=5 cycles) m=41, N=41, n=123 (f=5 cycles) Signed error comparison (f=5)

0.3 — m=21,n=63
1.0 4 —— m=41,n=123
0.2 4

1.04

054 | 0.5 0.1
S S =
z ]
“ 0.0 “ 00 [ 00
= I = =
=1 1 =3 % -0.1
—0.5 -0.5
ll—— Target, u(z) =027
~1.04 =-- Prediction, N(z) ~1.0 1 —0.34
e Collocation points
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
T T T
m=41, N=41, n=123 (f=10 cycles) m =281, N=81, n=243 (f=10 cycles) Signed error comparison (f=10)
— m=41,n=123
1.0 4 1.0 q 0.4 1 —— m=81,n=243
0.5 0.5 0.2
o = z
“ 0.0 “ 0.0 " ool
S £ O
Bl el El
-0.5 -0.5
—0.21
-1.01 -1.04
—~0.4
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
T x T

Figure 2: Panel comparison of AVD neural network predictions for f =5 (top row) and f = 10
(bottom row) for varying grid resolutions m and number of parameters n = 3.
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Table 2: Residual L? and L., error norms across frequencies and grid resolutions. Convergence is
attained when both Ry < 10710 and R < 10710 are met.

Frequency (f) Collocation points (m) Neurons (N)  |lu— N2 lu — Moo

5 21 21 1.58 x 107! 3.54 x 1071
5 41 41 2.06x 1072  9.68 x 102
10 41 41 1.82 x 1071 4.95 x 1071
10 81 81 1.78 x 1072 1.10 x 1071

7.4 Infeasibility and the least-squares stationarity ambiguity

The problems dealt with here have the flavor of the problem treated in Sec. 6.1, but from the

opposite direction, apart from being underdetermined. That case is feasible and LS nevertheless

has a non-root stationary point. The problems treated in Secs. 7.4.1-7.4.2 are infeasible, so a

positive-residual least-squares stationary point is unavoidable; the key question is whether its

residual is so large or so small that the computational meaning becomes obvious or ambiguous.
Consider the circle/cylinder-intersection family

G1($7yvz) :$2+y2_17 (59)

Ga(z,y,2) = (z — ) + % — 1, (60)

with z free and ¢ > 2. Thus both cases have n = 3 unknowns, m = 2 equations, and G : R? — R?;
the free variable z makes the system underdetermined. The two unit circles are disjoint, so no exact
solution exists. The least-squares minimizer occurs at z = ¢/2, y = 0, for which

and hence

min |G|, = V2 (f — 1) . (62)

7.4.1 Grossly infeasible

For the grossly infeasible test we set ¢ = 3. The full 169-start basin produced no AVD exact
solutions. Least squares reported successful optimization termination from all 169 starts, but none
solved the equation problem; the common residual was approximately

G|, ~ 1.76777. (63)

The lesson is straightforward: LS can solve its optimization problem perfectly well while returning
no solution of G = 0.

7.4.2 Nearly infeasible
We chose ¢ = 2 + §, with § > 0 determined by

V2 ((225)2 - 1> =107, (64)
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so that
min [|G], = 107". (65)

This is the practically interesting regime. A residual of order one obviously indicates infeasibility;
a residual of order 10~7 can look indistinguishable from a very accurate numerical solution in a
routine workflow unless one has an independent feasibility criterion or performs further analysis.

With k£ = 1, the AVD scheme initially follows inexpensive GF, then uses the stationarity
diagnostic to trigger Newton and subsequently applies the outer kick mechanism. It reaches residual
values of Ry = 1.00166 x 1077 and R, = 7.08 x 1078, then quits without accepting G # 0 as a
solution.

The computational lesson is not that least squares is a bad optimizer. It is that the optimization
statement and the equation statement are different. The cases dealt with in Secs. 6.1-7.4.1-7.4.2
form a useful conceptual triplet:

Sec. ‘ exact root? non-root LS stationary state
6.1 yes spurious local minimum exists
o . .. . (66)
7.4.1 no positive-residual minimum, obvious
7.4.2 no positive-residual minimum, subtle

The least-squares first-order condition GIT]G = 0 alone does not distinguish these cases.

8 Square Problems

The AVD scheme is evaluated as a solver for two nonlinear square problems in this Section.

8.1 Square critical-point equations with a split Newton cycle

To separate the variational mechanism from rectangular linear algebra, we also consider a square
problem with a slightly larger number of degrees of freedom. Let U = (u1,...,u12) € R'2 impose
periodic indexing, and define the coupled nonconvex energy

12 12
EU) =D lu)+ed Viwp —w), =002 (67)
i=1 i=1
where
le 15 145 1 R B R S |
P(z) = ¢F 1% TR % V(z)=f(z) =2z T ET T (68)
L o 38, 1g 14 / 3.2 3
— —Jo_° z = —1)°.
V(s) 10 g + 55 ~ 75 Vi(s) =s°(s ) (69)
The square equation problem is the critical-point system
GU)=VEWU)=0, G:R? 3R (70)
The single-variable potential ¥ has three critical points,
a_ = —0.68304360796, ag = 0.62271110166, a4 = 1.27602870005. (71)
Consider the two complementary split initializations
U@ =0,...,0,1,...,1), vl =1 -y, (72)
6 6
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They implement the intended competing-well geometry. Since f(0) = 1/4 and f(1) = —1/4, negative
primal-gradient motion sends the zero block toward the negative critical point a— and the unit
block toward the positive critical point ay. At the same time, every nearest-neighbor difference in
(72) is 0 or £1, and

V'(0) = V'(£1) = V"(0) = V"(£1) = 0. (73)

Consequently the nonlinear coupling contributes neither gradient nor Hessian at the two split states.
This makes the failure of ordinary primal Newton exact rather than a consequence of a chosen
iteration limit. Since f’(0) = f’(1) = —1/4, the scalar Newton map N(z) = z — f(2)/f'(z) satisfies

N@O)=1, N(1)=0. (74)

The full twelve-dimensional Newton iteration therefore maps U to U®) and U® back to U@, It
remains on this positive-residual two-cycle indefinitely, with
H(;(U<“>)H2 - HG(U(b))H2 - \2172 = 0.86602540378, |G|, = 0.25. (75)

This exact statement concerns the undamped primal Newton map. As a practical comparison,
scipy.optimize.root (method="hybr") was also run with the analytic Jacobian for the problem.
This Powell hybrid root solver, which has globalization beyond the raw Newton map, reached
the uniform root from both U(® and U®): the respective residual pairs were (Ra, Roo) = (2.28 x
1071%,1.17 x 1071%) and (4.38 x 1071,2.14 x 1071?).

AVD was run with the quadratic auxiliary potential H = % HU -U H; and the same exact-root
tolerance |G|, < 10719 under the scheme parameters (36)—(38). From each split initialization, AVD
reached the uniform critical point

U* = (Oéo,...,Oéo) (76)

in 36 accepted dual GF steps, involving seven periodic base-state promotions; neither active-space
Newton nor an outer kick was invoked. The final residuals

|G(U)|l, = 6.75 x 1071, 1G(U)]|,, = 2.79 x 1071 (77)

were achieved. The Hessian eigenvalues at the computed state are all approximately —0.70551623,
so the recovered critical point is strongly unstable for the primal energy. This square control shows
that the dual parametrization can avoid an exact Newton cycle and recover an unstable critical
point from initializations that are attracted toward different critical points of the primal energy.

8.2 Five-bus AC power-flow tests

We next apply the AVD scheme to the Stagg—El-Abiad five-bus AC power-flow equations [15]. Bus 1
is the slack bus with (V;,6;) = (1.06,0); bus 2 is a PV bus with V5 = 1.045. The primal variable is

U = (02,03,04,05,V3,Vy, Vs) € R". (78)

With the supplied admittance matrix ¥ = G 4 iB, calculated nodal injections are

5
Pi(U) =V; Y _V;j(Gijcos(6; — 0;) + Bijsin(6; — 05)), (79)
j=1
5
Qi(U) =Vi > _Vj (Gijsin(6; — 0;) — Bij cos(6; — 05)). (80)
j=1
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The seven residual components are the scheduled-minus-calculated mismatches
G(U) = (PQSCh - P2> SERE) 5SCh - P57 %Ch - Q37 QZCh - Q4a %Ch - Q5) (81>

The specified flat start 0, = --- =605 =0, V3 = V4 = V5 = 1 for starting base state with k = 1
was used. The two schedules and the recovered solutions are listed in Tables 3—4.

Table 3: Five-bus scheduled injections (per unit).

Case (P3°", P5°", Pih, Psh) (QF™, Qy™, Qx™)
A (.20, —.45, —.40, —.60) (.15, —.05, —.10)
B (.35, —.7875, —.70, —1.05) (—.2625, —.0875, —.175)

Table 4: Five-bus AVD solutions from the flat start. Angles are in radians.

Case (02, 03,04, 95) (V37 Va, V5) R Roo
A (—.084641, —.103272, —.142996, —.153904) (1.011111,1.001499, .994194) 6.10x10~11 3.60x 10~ 11
B (—.161465, —. 191787, —.268114, —.289304) (.971210, .957001, .942840) 9.83x10~11 5.83x10~11

The standard base case required 226 outer operations and 45 periodic base promotions. The
stressed heavy-load case required 1,099 outer operations and 219 promotions. All were inexpensive
GF /DtP-stage operations. The GF progress was efficient and no Newton iterations were invoked.

To test the Newton-related code on this problem, we started directly in the unchanged AVD
active-space Newton stage from the same flat base state. Table 5 shows that it reaches the same
roots in five and six full AVD-Newton steps, respectively. Every step was accepted with o = 1,
without backtracking.

Table 5: Direct AVD active-space Newton diagnostic from the five-bus flat start.

Case AVD-Newton steps Final Rs Final Ry
A 5 511 x 10715 261 x 10°1°
B 6 5.98 x 10715 4.08 x 10715

Taken together, these results establish that the AVD scheme applies directly to a physically
standard square power-flow formulation from its conventional flat initialization.

9 Conclusions

We presented the Adaptive Variational Dual (AVD) method as a direct, variational framework for
solving nonlinear, nonsquare systems G(U) = 0, G : R — R™. By maintaining the primal residual
equations as the desired objective—rather than minimizing a least-squares functional—the AVD
scheme constructs a sequence of strictly convex local optimization problems that is shaped by local
singular-value geometry. The computational algorithm integrates step-size controlled gradient flow,
active-space Newton steps, and bounded base-state updates to ensure that the residual equations
are met to user-specified tolerances.

On the basis of numerical evaluations across overdetermined, underdetermined, and square
benchmark problems, we draw the following main conclusions:
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1. Solving dual stationarity equations directly preserves exact equation fidelity. Unlike nonlinear
least-squares methods, which frequently stall at false positive-residual minima where G(T]G =0
(G # 0), the AVD scheme is consistently able to achieve exact root recovery.

2. By leveraging SVD-driven active-space projections, the AVD scheme is able to distinguish
between structural dual null directions in overdetermined systems (m > n) and weak but
genuinely informative active modes in near-redundant underdetermined systems (m < n).

3. Across initialization landscapes for overdetermined systems, selected-saddle configurations,
and near-redundant neural network tests, the AVD method demonstrated superior global
convergence compared to standard nonlinear least-squares algorithms.

4. The AVD scheme was also tested on two specific applications. On a 7-variable IEEE 5-bus AC
power-flow system, the AVD scheme achieved exact solutions directly from flat initializations
without requiring full Newton solves (AVD succeeds as well if solely Newton solves are
used). When applied to 1D curve fitting with shallow (tanh activation) neural networks, the
AVD method successfully achieved accurate representation of high-frequency targets, thereby
revealing the potential to mitigate spectral bias.

5. A first-order AVD GF scheme has potential for use in solving large nonlinear systems of
equations, particularly when they do not arise as critical point equations of a scalar objective.
A large DtP solve is involved, but due to the strict concavity of the Lagrangian in the primal
variables enforced by the scheme, matrix-free iterative schemes can be employed.

6. The symmetry of the system (dual) Jacobian regardless of the nature of the primal system of
equations is noteworthy, and has obvious practical advantages.

These findings reveal that the AVD scheme offers a promising, mathematically consistent framework
for solving general nonsquare nonlinear algebraic systems that may suffer from ill-conditioning and
be prone to non-root stationary points.
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