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Abstract

In a recent study of certain merging-splitting models of animal-
group size (Degond et al., J. Nonl. Sci. 27 (2017) 379), it was shown
that an initial size distribution with infinite first moment leads to con-
vergence to zero in weak sense, corresponding to unbounded growth of
group size. In the present paper we show that for any such initial dis-
tribution with a power-law tail, the solution approaches a self-similar
spreading form. A one-parameter family of such self-similar solutions
exists, with densities that are completely monotone, having power-law
behavior in both small and large size regimes, with different exponents.
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1 Introduction

Coagulation-fragmentation equations can be used to describe a large variety
of merging and splitting processes, including the evolution of animal group
sizes [9]. We refer to [3] for an extensive discussion of the relevant literature
in this particular application area.

Here we consider a model with constant coagulation and overall frag-
mentation rate coefficients that lacks detailed balance and a corresponding
H-theorem. This model is motivated by a compelling analysis of fisheries
data that was carried out by H.-S. Niwa in [I6], and a first mathematical
study of the behavior of its solutions was performed in [3]. As demonstrated
in [3], the nature of equilibria of this model as well as their domains of at-
tractions can be rigorously studied using the theory of Bernstein functions.
More precisely, it was shown that equilibria can be expressed by a single
smooth scaling profile which is not explicit, but it has a convergent power-
series representation and its behaviour for small and large cluster sizes can
be completely characterized by different power laws with exponential cutoff
[3, eq. (1.5)-(1.7)]. Furthermore, if the initial data have finite first moment,
solutions converge to equilibrium in the large time limit.

In addition, it was also shown that if the initial data have infinite first
moment, then solutions converge weakly to zero, which means that clus-
ters grow without bound as time goes to infinity. Our goal in the present
paper is to investigate whether this growth behaviour is described by self-
similar solutions. Indeed, we are going to show that there exists a family
of self-similar profiles with completely monotone densities, characterized by
different power-law tail behaviours for small and large cluster sizes. Fur-
thermore, if the cumulative mass distribution of the initial data has power
law growth for large cluster sizes, the corresponding solution converges to
the profile whose mass distribution diverges with the same power-law tail.

Self-similar solutions with fat tails have recently received quite some
attention, in particular in the analysis of coagulation equations, starting
with work on models with solvable kernels [I, [12]. For coagulation equations
with non-solvable kernels, existence of self-similar profiles with fat tails has
been studied in [I5] [14] 2], but to our knowledge this is the first time that
such solutions are found for a class of coagulation-fragmentation equations.

We describe both the discrete- and continuous-size versions of the model
in section 2l Our proofs use and extend the methods of complex function
theory and in particular Bernstein functions as developed in [12} [13], 3] and
we give a brief overview of the main definitions and results in section [3
Our main results are stated in section [4] while the remaining sections are
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devoted to their respective proofs.

2 Coagulation-fragmentation Models D and C

In this section we describe both the discrete coagulation-fragmentation equa-
tions under study as well as their continuous-size analogue.

2.1 Discrete-size distributions

The number density of clusters of size i at time ¢ is denoted by f;(t). The
size distribution f(t) = (f;(t)):en evolves according to discrete coagulation-
fragmentation equations, written in strong form as follows:

Ui (1) = Qulf)ilt) + Qo Filt), (2.1)

5 ()
ZCLJZ —J f] f’L J Zaz,] fz (22)

Zb’t] fZ+] ;ijz ]fz . (23)

The terms in Q4 (f)i(t) describe the gain and loss rate of clusters of size ¢ due
to aggregation or coagulation, and correspondingly the terms in Qp(f)i(t)
describe the rate of breakup or fragmentation.

These equations can be written in the following weak form, suitable for
comparing to the continuous-size analog: We require that for any bounded
test sequence (y;),

d o0 1 o0
pn D i filt) = 5 D (pirg — i — @) aig fi(t) f5(t)
=1 ij=1

—f)(Z_Z i) biing ) IiD). (24)

The present study deals with the particular case when the rate coeffi-
cients take the form

B
alv] a, 2¥) Z+j+1’ « /8 ( )
We refer to the coagulation-fragmentation equations (2.1)-(2.3) with the

coefficients in (2.5) as Model D (D for discrete size). By a simple scaling
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we can achieve any values of a, 8 > 0 and so we keep a = § = 2 for
simplicity. As discussed in [3], Model D arises as a modification of the time-
discrete model written in [9] which essentially corresponds to the choice of
rate coefficients as

B

- 2.6
i+j—1 (2:6)

a5 = O, bi’j =
These choices correspond to taking the rate that pairs of individual clusters
coalesce, and the rate that individual clusters fragment, to be constants
independent of size.

The modification in (2.5)), however, permits an analysis in terms of the
Bernstein transform of the size-distribution measure > 72, f;(t) §;(dx). This
Bernstein transform is given by

oo
Fa,0) =Y (1=e)f(t) . (2.7)

Jj=1

Taking ¢; = 1—e 7% in (2.4)), it can be shown (see [3, Eq.(10.6)]) that F(3,1)
satisfies the integro-differential equation

2

1—e8

8tf(§,t) = —fQ — f—i— /s f('r,t)e_’" dr. (2.8)
0

for §,t > 0. By the simple change of variables

s=1—e%,  U(s,t)= f(51), (2.9)

one finds that (2.8) for § € (0,00), t > 0, is equivalent to
1
QU (s,t) = —U? — U + 2/ U(sr,t) dr, (2.10)
0

for s € (0,1), t > 0. This equation has the same form that arises in the
continuous-size case, as we discuss next.

2.2 Continuous-size distributions

For clusters of any real size x > 0, the size distribution at time ¢ is char-
acterized by a measure F};, whose distribution function we denote using the
same symbol:

Fi(z) = /(071] Fy(dx).
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The measure F} evolves according to the following size-continuous coagulation-
fragmentation equation, which we write in weak form. One requires that for
any suitable test function ¢(x),

g, e nE =3 [ , (o)~ () (0l ) Fld) i)

_ % /]R+ (/Of ((x) = o(y) — el —y)) by, = — y) dy)Ft(dx)'

(2.11)

The specific rate coeflicients that we study correspond to constant coagu-
lation rates and constant overall binary fragmentation rates with uniform
distribution of fragments:

B
r+y

a(z,y) = A, b(xz,y) = A=B=2. (2.12)

(Again, by scaling one can achieve any A, B > 0.) We refer to the coagulation-
fragmentation equations with these coefficients as Model C (C for
continuous size).

For size distributions with density, written as Fi(dz) = f(z,t) dz, Model
C is written formally in strong form as follows:

8tf(w7t) = Qa(f)(xat) +Qb(f)(xat)a (2'13)
Qul(f) () = /0 Fut) £z — g, 1) dy — 27 (1) /0 .ty dy,  (2.14)

@ =@+ [ (Z’ D 4y, (2.15)

Importantly, Model C has a scaling invariance involving dilation of size. If
Fy(z) is any solution and A > 0, then
Fy(z) :== F,(\x) (2.16)
is also a solution.
When we take as test function p(z) = 1—e™**, we find that the Bernstein
transform of F}, defined by

v

Uls,t) = Fy(s) = /R (1 - e=5%) Fy(dz), (2.17)

satisfies .
U (s,t) = —U* - U + 2/ U(sr,t)dr. (2.18)
0
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This equation has exactly the same form as .

According to the well-posedness result for Model C established in [3]
Thm. 6.1], given any initial Fy € M (0,00) (the set of nonnegative finite
measures on (0,00)), Model C admits a unique narrowly continuous map
t — F, € M, (0,00) that satisfies for all continuous ¢ on [0, c0]. In
particular, holds for all s € [0, 00]. For s = oo in particular this means
that the zeroth moment mg(t) = U(oo, t) satisfies the logistic equation

Oymo(t) = —mo(t)* + mo(t), (2.19)

whence mg(t) — 1 as t — oo.

3 Preliminaries

All of our main results concern the behavior of solutions of Models C and D
having power-law tails and infinite first moment, and the analysis involves
the behavior of their Bernstein transforms. Hence, before we state our main
results it is useful to recall some basic definitions and results on Bernstein
functions and transforms.

A function g: (0,00) — R is completely monotone if it is infinitely dif-
ferentiable and its derivatives satisfy (—1)"¢g(™ (z) > 0 for all real > 0 and
integer n > 0. By Bernstein’s theorem, g is completely monotone if and
only if it is the Laplace transform of some (Radon) measure on [0, 00).

Definition 3.1. A function U: (0,00) — R is a Bernstein function if it
is infinitely differentiable, nonnegative, and its derivative U’ is completely
monotone.

The main representation theorem for these functions [I8, Thm. 3.2] says
that a function U: (0,00) — R is a Bernstein function if and only if it has
the representation

U(s):aos+aoo+/(0 )(176_“)F(dx), s € (0,00), (3.1)

where ag, aso > 0 and F' is a measure satisfying f(o 00) (x AN1)F(dx) < co. In
particular, the triple (ag, aoo, F') uniquely determines U and vice versa.
We point out that U determines ag and a, via the relations
U
ap = lim (s) , o =U((0T) = lirr[lJ U(s). (3.2)
s5—

s—oo S8
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Whenever holds, we call U the Bernstein transform of the Lévy
triple (ag, Goo, F'). If ag = ano = 0, we call U the Bernstein transform of the
Lévy measure F', and write U = F’, in accordance with the definitions in
section 2l

We will also make use of the theory of so-called complete Bernstein func-
tions, as developed in [I8 Chap. 6]:

Theorem 3.2. The following are equivalent.

(i) The Lévy measure F in has a completely monotone density g, so
that

U(s) = aps + aco + /(0 )(1 —e *Ng(x)dr, se€(0,00). (3.3)

(i) U is a Bernstein function that admits a holomorphic extension to the
cut plane C\ (—00,0] satisfying (Ims) Im U(s) > 0.

In complex function theory, a function holomorphic on the upper half of
the complex plane that leaves it invariant is called a Pick function (alter-
natively a Herglotz or Nevalinna function). Condition (ii) of the theorem
above says simply that U is a Pick function analytic and nonnegative on
(0,00). Such functions are called complete Bernstein functions in [1§].

The power-law tail behavior of size distributions is related to power-law
behavior of Bernstein transforms near the origin through use of Karamata’s
Tauberian theorem [4, Thm. II1.5.2] and Lemma 3.3 of [I2]. To explain,
suppose a measure F' on (0,00) has a density f satisfying

flz) ~Az= 1 1 — oo (3.4)

Necessarily a € (0, 1] if F is finite with infinite first moment. The derivative
O0sF of the Bernstein transform of F' is the Laplace transform of the measure
with distribution function

T Axlfa
F(dy) ~ 3.5
/0 y F(dy) ~ T (3.5)
for a € (0,1). By Karamata’s theorem, this is equivalent to
o Al'(2 —
() ~ ALV oy (3.6)
l-a
Then by Lemma 3.3 of [12] this is equivalent to
o AT (2 —
Fls)~ ALY g (3.7)

a(l —a) o
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4 Main results

The choice of coefficients in the asymptotic expressions below is made to
simplify Bernstein transform calculations in the sequel. In the following we
denote by

Fy(zx) := / Fy(dx)
(0,z]
the cumulative distribution function.

Theorem 4.1. (Self-similar solutions for Model C) For each o € (0,1) and
A >0, Model C admits a unique self-similar solution having the form

Fy(z) = Fra(Aze™PY), (4.1)
where Fy, 1s a probability measure having the tail behavior
/Ox yFo(dy) ~ ﬁxlf& , T — 0. (4.2)
For this solution, .
et (43)

and Fy, has a completely monotone density fyo having the following asymp-
totics:
x T — 00,

fra(z) ~ é
r=a)"
where the constants & € (0,1), ¢ > 0 are as described in Lemma .

" (4.4)
T — s

Theorem 4.2. (Large-time behavior for Model C with algebraic tails) Sup-
pose that the initial data for Model C satisfies

yFo(dy N/ YFea\dy) ~ ——— 217z — oo, 4.5
| vridn ~ [ uPaan ~ g (45)

where a € (0,1), A > 0. Then for every x € [0, 00] we have
Fy(ze®') = Foo(\z), t— oo. (4.6)

Theorem 4.3. (Large-time behavior for Model D with algebraic tails) Sup-
pose that the initial data for Model D satisfies

~ Fio ~ gl ) 4.
> RO~ [Py ~ gt s (@)

1<k<z
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where a € (0,1), A > 0. Then for every x € [0, 00] we have

> filt) = Fa(Az), t— oo (4.8)
1<k<zelt

These convergence results relate to the notion of weak convergence of
measures on (0, c0) sometimes known as narrow convergence. Let M (0, 00)
be the space of nonnegative finite (Radon) measures on (0,00). Given
F F, € M, (0,00) for n € N, we say F, converges to F' narrowly and
write F,, - F if

/ g(x) Faldz) —» [ g(x) F(dz)
(0,00) (0,00)

for all functions g € Cy(0,00), the space of bounded continuous functions
on (0,00). The convergence statements and correspond to the
statement that

Fy(dz) & Foo(Mdz), t— o0

where, respectively,

. Fi(eftd for Model C
t(dm):{ (" dx) oF odet (4.9)

>k Ju(t)Ope—se(dx)  for Model D.

The proofs of (4.6) and (4.8) make use of the following result from [3] (cf.
[3, Proposition 3.6]) that characterizes narrow convergence in terms of the
Bernstein transform.

Proposition 4.4. Assume F, F,, € M4(0,00) for n € N. Then the follow-
g are equivalent as n — oo.

(i) F, converges narrowly to F, i.e., F, = F.

(ii) The Bernstein transforms Fy(s) — F(s), for each s € [0, oc].

(iii) The Bernstein transforms F,(s) — F(s), uniformly for s € (0,00).

The proofs of our main results will proceed in stages as follows. In
section [5| we identify the family of relevant self-similar solutions of equa-
tion . The argument involves a phase plane analysis that does not
yet establish that the profile function is actually a Bernstein function. In
section [6] we prove a comparison principle for the nonlocal evolution equa-
tion , then use this in section [7| to show that solutions of with
initial data Uy(s) ~ s approach the corresponding self-similar form found
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in section bl From this we deduce the self-similar profiles are limits of com-
plete Bernstein functions, hence they are Bernstein transforms themselves of
measures Fy, having completely monotone densities, and the results of The-
orems [£.2] and [£.3] follow. The remaining properties of the profiles stated in
Theorem including complete monotonicity of densities and asymptotics
for small and large size, are established in sections [§ and [0

The results of Theorems and show that the long-time behavior
of solutions with algebraic tails depends upon the algebraic rate of decay.
We recall that for the pure coagulation equation with constant rate kernel
(corresponding to Model C without fragmentation), all domains of attraction
for self-similiar solutions with algebraic tails were characterized in [12] by
the condition that initial data are regularly varying. Here in Theorem
for example, this would correspond to the condition that the initial data
satisfy

/0 " yFo(dy) ~ 2L (x)

where L is slowly varying at co. In the present context, however, we do not
know whether this more general condition is either sufficient or necessary
for convergence to self-similar form.

5 Self-similar scaling—necessary conditions

We begin our analysis by finding the necessary forms for any self-similar
solution to equation that governs the Bernstein transform of solutions
to Model C.

We look for self-similar solutions to of the form

U(s,t) = u(sX(t)),

where X (-) is smooth with X(¢) — oo as t — oo. Because in general
U(oo,t) = mp(t) — 1 as t — oo, we require u(oco) = 1. After substituting
into (2.18)), we find that for nontrivial solutions we must have

B=X'(t)/X(t)
to be a positive constant independent of ¢, and u(z) must satisfy
1
BzOu+u? +u=2 / u(zr) dr. (5.1)
0

With
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the variables (v(z),u(z)) satisfy the ODE system

Bz0u = —u —u® +2v, (5.3)

20,0 =u—".

Under the change of variables 7 = log z we have 0, = z0, and this system
becomes autonomous. We seek a solution defined for 7 € R satisfying

(1, v) — {(0,0) T — —00,
’ (1,1) 7 — 400,

with both components increasing in 7. What is rather straightforward to
check, is that the origin (0, 0) is a saddle point in the (v, u) phase plane, and
the region

R:{mmno<%m+u%<v<u}

is positively invariant and contained in the unit square [0,1]%. Inside this
region both v and v increase with 7. The unstable manifold at (0,0) enters
this region and must approach the stable node (1,1) as 7 — oo, satisfying
1 <dv/du < % asymptotically since the trajectory approaches from inside
R.

This trajectory provides the following result.

Lemma 5.1. Let 8 > 0. Then, up to a dilation in z, there is a unique
solution of (5.1]) which is positive and increasing for z € (0, 00) with u(0) =0
and u(o0o) = 1, satisfying

«

u(z) ~ 2 as z — 07,

1—u(z) ~é27% asz— oo,

where a € (0,1), & € (0,3) are determined by the relations

1—« 1-—3a
b= i+~ al-a) (5:5)

We note that the relations (5.5)) arise from the eigenvalue equations

-1 - Ba 2

—34+Ba 2 |_
) R 0. (5.6)

1 —-1+a|

o

In what follows we let u, denote the solution described by this lemma,
noting that the relation between 5 and « is monotone and given by (4.3)).
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The phase-plane argument above does not show that u, is a Bernstein func-
tion, however. Our plan is to show that in fact u, is a complete Bernstein
function (a Pick function), by showing that it arises as the pointwise limit of
rescaled solutions of which are complete Bernstein functions. Thus,
our proof of the existence theorem will depend upon a proof of stability.

6 Comparison principle

Our next goal is to study the long-time dynamics of solutions of with
appropriate initial data. For this purpose we develop a comparison principle
showing that solutions of preserve the ordering of the initial data on
any interval of the form [0, S].

Given S > 0 and u € C([0,.5]), define an averaging operator A by

1
(Au)(s) = /0 u(sr)dr, s€lo,8]. (6.1)
Then clearly A is a linear contraction on C(]0,S]), with
(Au)(0) = u(0). (6.2)

We recall that by Hardy’s inequality,

(/OS‘(AU)(S)P ds>1/2 s (/Os‘u(s)!QdS) . 63)

Indeed, due to Minkowski’s inequality in integral form we have

( /05 [Fueryar

1/2

2 dx) - < /01 (/Os|u(sr)|2ds> dr

and thus

Proposition 6.1. Given S,T > 0 suppose that U,V € C([0,T],C([0,S])
have the following properties:
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(i) U(s,0) >V (s,0) for all s € [0,5],
(i) for all (s,t) € [0,S] x [0,T] the equations

QU +U?+U(s,t) =2AU + F , (6.4)
OV + V24 V(s,t)=2AV +G, (6.5)

hold, where F > G.
Then U >V everywhere in [0,S] x [0,T].
Proof. We write
w=U-V=wy —w_ where wy, w_ > 0.
Let M > max|U + V/|. Subtracting from we find
ow + Mw|+w >2Aw+ F - G.

Because w4 is Lipschitz in t, wyw_ = 0, and Awx > 0, we can multiply by
—2w_ < 0 and invoke [5, Lemma 7.6] to infer that the weak derivative

Or(w?) — 2Mw? < dw_Aw_ .

Integrating over s € [0, S] and using Hardy’s inequality we find

S S
2 2
8t/0 w—(s)*ds < (8+2M)/0 w—(s)* ds.

Because w_(s,0) = 0, integrating in ¢ and using Gronwall’s lemma concludes
the proof that U > V in [0, 5] x [0, T7. n

7 Convergence to equilibrium for initial data with
power-law tails

We begin with a result for solutions of (2.18)) that is suitable for use in
treating both Model C and Model D.

Proposition 7.1. Suppose U(s,t) is any C* solution of ([2.18) for s € [0,3),
t €10,00), and assume that its initial data satisfies

Up(s) ~s* ass— 0T, (7.1)
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where a € (0,1). Then with B given by (4.3), we have
U(se Pt t) = ua(s) ast — oo, for all s € (0,00), (7.2)

with uniform convergence for s in any bounded subset of (0,00), where wu,,
is the self-similar profile u described in Lemma|5. 1]

The proof is rather different from the proof of convergence to equilibrium
for initial data with finite first moment, in section 7 of [3]. In the present
case, the behavior of U(s, t) globally in ¢ is determined by the local behavior
of the initial data Uy near s = 0.

Proof. First, let u, be given by Lemma[5.1] and note that for any ¢ > 0 the
function given by
V(s,t) = ug(cse’?)

is a solution of with G = 0. Second, it is not difficult to prove that
u(cz) = uq(z) as ¢ — 1, uniformly for z € (0, 00). (7.3)
Now, let S > 0 and let € > 0. Choose ¢ < 1 < C such that
Ua(cz) < ug(z) < ua(Cz) <ug(cz)+e forall z € (0,00). (7.4)
Due to the hypothesis (7.1), there exists Sy = Sp(c,C) > 0 such that
uq(cs) < U(s,0) < up(Cs) for all s € [0, So. (7.5)
Invoking the comparison principle in Proposition we infer that
ua(cse®) < U(s,t) < ug(Cse®)  for all s € [0, 5], t > 0. (7.6)
Replacing s € [0, Sp] by se™#* with s € [0, Spe], this gives
Ue(cs) < U(se P t) <ua(Cs) for all s € [0, Spe], t > 0. (7.7)
By consequence, whenever Spe?* > S it follows that
|U(se™ Pt t) —ug(s)| <e forall s €0,9].

This finishes the proof. ]
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Proof of Theorem[].9 Because of the dilation invariance of Model C, we
may assume the initial data satisfies (4.5) with A = 1. By the discussion of

f we infer that
Us(s) = /000(1 ) Ry(da) ~ 5%, 5 — 0. (7.8)
Next, we invoke Proposition to deduce that
U(se=b", 1) = /0 T = e ) BBl da) > ug(s) (7.9)

for all s € [0,00). The limit also holds for s = co as a consequence of the
logistic equation for mg(t) = U(oo,t). At this point we use the fact
that the pointwise limit u,(s) of the Bernstein functions s — U(se™% t) is
necessarily Bernstein [I8, Cor. 3.7, p. 20] and the facts that

limua(s) =0, lim ua(s) =1,

to infer the following (cf. [3l Eq. (3.3)]).

Lemma 7.2. For any o € (0,1), the function u, described in Lemma 18
the Bernstein transform of a probability measure Fio on (0,00), satisfying

to(s) = /D T = e Ba(dz), s € [0,00].

Finally, we use Proposition to infer the narrow convergence result

Fi(ePtde) B Fio(dz), t— oo, (7.10)
to conclude the proof of Theorem "

Proof of Theorem[].3. For Model D, the discussion of (3.5)—(3.7) implies
that the hypothesis (4.7) on initial data is equivalent to the condition

v

F(3,0) ~ XT98% 0, (7.11)

on the Bernstein transform of the initial data. Under the change of variables
s=1—¢e"%1in (2.9) this is evidently equivalent to

U(s,0) ~ A%, s—0. (7.12)



16 Self-similar spreading in merging-splitting models

As U(s,t) is a solution of the dilation-invariant equation (2.10)), so is the
function U(s,t) = U(As,t) which satisfies U(s,0) ~ s*, s — 0. Invoking
Proposition we deduce that for all s € [0, c0),

U(se Pt t) — ug(s/N\) as t — 00. (7.13)

Note that the left-hand side is well-defined only for et > s.
We can now write

f(3e P 1) = U(5(5,t)e P, 1), (7.14)
where 3(5,t)e " =1 — exp(—8e~ ). Then for any fixed § € (0, 00),
5(5,t) =54+ 0(eP) ast — occ. (7.15)

Because the convergence in ([7.13)) is uniform for s in bounded sets by Propo-
sition it follows that for each § € [0, ),

F(5e7P 1) = ual(§/N). (7.16)

Next we establish (7.16)) for § = oo, recalling f(co,t) = mo(f(t)). In the
present case of Model D, the evolution equation for mg(f(t)) is not closed,
and we formulate our result as follows.

Lemma 7.3. For any solution of Model D, mo(f(t)) — 1 ast — oo.

Proof. 1. According to [3, Thm. 12.1], the zeroth moment mo(f(t)) =
f (o0, t) is a smooth function of ¢ € [0, 00) that satisfies the inequality

Armo(f(8)) < —mo(f(1)? +mo(f(t)), t>0. (7.17)
We infer that for all ¢ > 0,

1
t)) < )
mo(f(1) < T——
as the right-hand size solves the logistic equation 3’ = —y? + 3 on (0, 00).
Thus we infer

(7.18)

lim sup mo(f(t)) < 1. (7.19)

t—00
2. We claim liminf;_,o mo(f(¢)) > 1. For this we use the result of Proposi-
tion with U(s,t) for 0 < s < 1 determined from f(s,¢) by (2.9). Choose
S > 0 such that u,(S) > 1 —e. Then for ¢ sufficiently large we have
mo(f(t)) > U(Se Pt t) > 1 —e.

Hence liminf;_,, mo(f(t)) > 1. This finishes the proof of the Lemma. ]

Now, because (7.16) holds for all s € [0,00], the desired conclusion of
narrow convergence in Theorem [4.3] follows by using Proposition [£.4] "



J.-G. Liu, B. Niethammer and R. L. Pego 17

8 Pick properties of self-similar profiles

Lemma 8.1. For any o € (0,1) the measure F,, of Lemma has a
completely monotone density fra, whose Bernstein transform is the function
Uq described in Lemmald. 1), i.e.,

ua(s) = /000(1 —e ) folx)dz, s€]0,00].

Proof. By Theorem 6.1(ii) of [3], if the initial data Fyy for Model C has a com-
pletely monotone density, then the solution F} has a completely monotone
density for every ¢t > 0, with F}(dz) = fi(x) de where f; is completely mono-
tone. By the representation theorem for complete Bernstein functions, this
property is equivalent to saying that the Bernstein transform U(-,¢) = Fyis
a Pick function.

As dilates and pointwise limits of complete Bernstein functions are com-
plete Bernstein functions [18, Cor. 7.6], we infer directly from our Theorem
that for any a € (0,1), the self-similar profile u, is a complete Bern-
stein function. Therefore, its Lévy measure F,, has a completely monotone
density fe. |

Remark 8.1. An example of Pick-function initial data which satisfy the
hypotheses of the convergence theorem is the following:

= g% = o > e 5T l,—l—a T )
U(s) = ARt (.1)

Nl—a

Remark 8.2. We have no argument establishing the monotonicity of densi-
ties for model C that avoids use of the representation theorem for complete
Bernstein functions. It would be interesting to have such an argument.

Decomposition. A point which is interesting, but not essential to the
main thrust of our analysis, is that we can sometimes ‘decompose’ the Bern-
stein transforms U (s, t) = F;(s) of solutions of Model C, writing

Ul(s,t) =V (s 1), (8.2)

where V' (-, t) itself is a complete Bernstein function. By consider limits as
t — 00, this can be used to say something more about the self-similar profiles
U
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Proposition 8.2. (a) Suppose o € (0,1) and Uy(s) = Vo(s*) where Vy is
completely Bernstein. Then for allt > 0, holds for the solution of
with initial data Uy, where V (-, t) is completely Bernstein.

(b) For each a € (0,1), the Bernstein transform u, of the self-similar
profiles of Lemma[5.1] have the form

Ua(s) = Va(s%) (8.3)
where V,, is completely Bernstein, having the representation
Valo) = [ (1= guala) do (8.4)
0
for some completely monotone function guq.
Proof. To prove part (a), we define V (-, ¢) by (8.2)) and compute that
OV (s,t) + VEH+V =24,V (s,1), (8.5)
1
ALV (s,t) = / V(sr,t) d(r'/®). (8.6)
0

The implicit-explicit difference scheme used in [3, Sec. 6] to solve (2.18)
corresponds precisely here to the difference scheme

Vin(s) = Vin(s) 4+ 2At AgViu(s) (8.7)
(1 4+ A Vns1(s) + At Vig1(s)? = Viu(s) (8.8)

under the correspondence
Un(s) = Vyu(s9). (8.9)

Exactly as argued at the end of [3, Sec. 6], if V,, is completely Bernstein then
so is Vj, since complete Bernstein functions form a convex cone closed under
dilations and taking pointwise limits. Then V11 is completely Bernstein
due to [3 Prop. 3.4] (i.e., for the same reason U, is). Because of the
fact that U,(s) — U(s,t) as At — 0 with nAt — ¢. which was shown in
[3], we infer that similarly V;,(s) — V (s,t), and hence V (-, t) is completely
Bernstein.

Next we prove part (b). From the convergence result of Proposition
it follows that if Vo(s) = Up(s'/*) ~ s as s — 0, then for all s > 0,

V(se Pt 1) = U(s'/e Pt t) = Vo(s) ast — oo, (8.10)

where V, is defined by (8.3). By taking Vj to be completely Bernstein and
applying part (a), we conclude V,, is completely Bernstein through taking
the pointwise limit. [
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Remark 8.3. Formulae such as , involving the composition of two
Bernstein functions, are associated with the notion of subordination of prob-
ability measures, as is discussed by Feller [4, XIIL.7]. See section [11| below
for further information.

Remark 8.4. Equation (8.5) satisfied by V(s,t) is close to one satisfied by
the Bernstein transform of the solution of a system modeling coagulation
with multiple-fragmentation [11, 10, [7]. This system takes the following

strong form analogous to (2.13)—(2.15):
8tf(x7t) :Q&(f)(xat)+Qb(f)(xat)a (811)

Qul) (1) = /0 " t) fla— .ty dy — 2f(z.t) /0 T fwdy, (8.12)
@) (art) = ~fwt) + " baly) fy. 1) dy, (8.13)

where , .
x -
b(l’|y):(7+2)ﬁ- Y= :

- (8.14)

The coeflicient v+2 is determined by the requirement that mass is conserved:

1 (Y !
1= / xb(zly) de = (v + 2)/ 7 dr
Y Jo 0

ST

A key calculation is that with ps(z) =1 — ™57,
Y Y z\" dx
[ eontetnas = [ e@o (1) &
0 0 Yy Y
_y+2 [
S y+1

1
=(a+ 1)/0 ws(ry) d(rl/a)

As a consequence, the Bernstein transform of a solution of (8.11)—(8.13])
should satisfy

@s(ry) d(r’)

OV (s,t) + V24V =(1+a)A.V (s t). (8.15)
The coefficient (1 4 «) here differs from the factor 2 in (8.5)), and we see
no way to scale the V in to get exactly this coagulation—multiple-
fragmentation model.
A last note is that the ‘number of clusters’ produced from a cluster of
size y by this fragmentation mechanism is calculated to be

Y
v+2
= b dr = —— =a+ 1.
R R
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9 Asymptotics of self-similar profiles

Here we complete the proof of Theorem characterizing self-similar solu-
tions of Model C, by describing the asymptotic behavior of the self-similar
size-distribution profiles f,, in the limits of large and small size. This in-
volves a Tauberian analysis based on the behavior of the Bernstein transform
Uq as described in Lemma

Proof of Theorem[/.1. Given a € (0,1), recall we know that for any self-
similar solution of Model C as in (4.1}, the measure Fyq(dz) must have
Bernstein transform wu,(s) as described by Lemma That indeed the
function u, is the Bernstein transform of a probability measure Fj, follows
from Lemma and the fact that F,4 has a completely monotone density
fxa was shown in Lemma [8.1} It remains only to establish that f,. enjoys
the asymptotic properties stated in .
From Lemma [5.1] we infer that as z — oo,

o
1 —un(z) = / e fralx)dr ~ 2™ as z — oo.
0

Recalling & € (0, %), invoking the Tauberian theorem [4, Thm. XIII.5.3] and
the fact that f,o is monotone, from [4, Thm. XIII.5.4] we infer

fral(T) ~ I‘(é@)xa_l as z — 0. (9.1)

Next, from Lemma (5.3) and (4.3 we infer that

Dyt (z) = / e x fra(x)dr ~ az b as z — 0.
0

By Karamata’s Tauberian theorem [4, Thm. XIII.5.2] we deduce

x
«
dy ~ —— a7 — 00.
[ vratidn~ et e
Although we do not know y — yf,(y) is eventually monotone, the selection
argument used in the proof of [4, Thm. XIII.5.4] works without change,
allowing us to infer that

T fra () ~ ﬁx*a as T — 00. (9.2)

This completes the proof of Theorem ]
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Remark 9.1. We note that in the limit o — 1 we have § — 0 and & — %,

and the power-law exponent & — 1 — —%. This recovers the exponent
governing the small-size behavior of the equilibrium distribution analyzed

previously in [3, Eq. (1.6)].
Remark 9.2. By (8.3)),

1—Vo(2) = / e go(x) da ~ e27Y
0

hence by the same argument as that leading to (9.1 we find

L _ ¢ —1+4/a
Gxa () F(&/a)x as x — 0. (9.3)

We note that &/a < 1 for all a € (0,1), because the assumption & = «
together with the relations (5.5)) lead to a contradiction.

10 Series in fractional powers

In this section we show that the self-similar profile in Lemmal[5.1]is expressed,
for small z > 0, in the form

uq(z) = Z(—l)"_lcnza", (10.1)
n=1
where the series converges for z* € (0, R,) for some positive but finite
number R, and the coefficient sequence {c,} is positive with a rather nice
structure.
By substituting the series expansion into we find that ¢; = 1,
and ¢, is necessarily determined recursively for n > 2 by

1 n—1
Cn = - Z ChCr—k s (10.2)
k=1
2 11—« an —1
an = Pan + an+1 1+an+an+1 ( )
Because the relation (4.3) implies that indeed
2
l=—-, 10.4
fat 1= (10.9

plainly a; = 0 and a,, increases with n, with a,, > 0 for n > 1.
Recall that we know from Proposition 8.2/ that uq(s) = V4 (s*) where V,
is completely Bernstein.
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Proposition 10.1. For each o € (0,1), V, is analytic in a neighborhood of
s =0, given by the power series

Va(s) =) (1) ens™.
n=1

This series has a positive radius of convergence R, satisfying

l—«o
1+«

< Ra < az < 1’ (105)

and coefficients that take the form
Cn =5 R, (10.6)
where (7} )n>0 is a completely monotone sequence with v = 1.

Proof. 1t suffices to prove the bounds on the radius of convergence and the
representation formula , as the validity of equation then follows
by substitution. By induction we will establish bounds on the radius of
convergence of the power series

o0
Vi(2) = Z ", (10.7)
n=1
which is evidently related to Vi, by V,(z) = —v«(—z). Observe that the

inequality ¢, < m/r* for 1 < k < n implies

n—1m?2 m
7§77
ay T rm

cn <

provided that

an 1—o¢+ 200
n—1 1+a (1+a)(l+an)

By choosing

11—«
—1+a—ﬁa,

we ensure ¢; = m/r and therefore ¢, < =" for all n > 1, i.e.,

1T+a\" !
cn§<1_a> , n=12 ..., (10.8)
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whence
rz

ye(2) < <oo forO0<z<r.

r—z
In a similar way, the choice

M=R= as Z an
n—1
for all n > 2 ensures ¢, > M/R" for all n > 2, whence
R
Ue(2) > ° for0<z<R

By consequence we infer the bounds in hold.

Now, because V,, is completely Bernstein, it is a Pick function analytic
on the positive half-line. Hence, from what we have shown, the function v,
is a Pick function analytic on (—oo, Ry). From this and Corollary 1 of [§],
it follows directly that the coefficients ¢, may be represented in the form
(10.6) where {7y, }n>0 is a completely monotone sequence with 7§ = 1. ]

Remark 10.1. In the limiting case = 0, a = 1, the coefficients ¢, reduce
to the explicit form appearing in eq. (5.19) of [3]. Namely,

1 n+1
C":An(3’1)23n+1< n >

in terms of the Fuss-Catalan numbers defined by

A (p 1) = 1 (pn—{—r) ‘

pn—+r n

This can be verified directly from the recursion formulae in ((10.2) by using
a known identity for the Fuss-Catalan numbers [17, p. 148].

Remark 10.2. We are not aware of any combinatorial representation or
interpretation of the coefficients ¢, («) for a € (0, 1), however.

Remark 10.3. (Nature of the singularity at R,) Numerical evidence sug-
gests that for 0 < a < 1, the singularity at R, is a simple pole. If true, this
should imply that as n — oo, the coeflicients v — 75, > 0, and the com-
pletely monotone Lévy density g.q(x) for the complete Bernstein function
Va(z) has exponential decay at oo, with

Gxa(T) ~ Cre B ag 2 — o0,

where C, > 0.
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11 A subordination formula

Here we use the subordination formulae from [4, XIII.7(e)] as linearized in
[6, Remark 3.10], to describe a relation between the completely monotone
Lévy densities for the Bernstein functions u, and V,. Recall we have shown

tal2) = /0 T ) fual) di = Va(2%),

where V,, is a complete Bernstein function, with

Va(z) = /000(1 — e ) gpa(x) dx,

for some completely monotone function g.,. The complete Bernstein func-
tion z® has power-law Lévy measure

(0%

vo(dx) = cox 1%, Co = m.

This is the jump measure for an a-stable Lévy process {Y;},>¢ (increasing
in 7) whose time-7 transition kernel Q- (dy) has the Laplace transform

E(e~ %) = oofqud — ¢ T4Y
@)= [T emQ ) =

Recalling the subordination formula in the linearized form (3.20) from [6],
we infer that the self-similar profile f,, may be expressed as

fralz) = /OOO Q- (dz)gsa(T) dT .

We know that Q1(dy) = pa(y)dy where p, is the maximally skewed
Lévy-stable density from [4, XVIIL.7] given by

1T 1
pa(z) = p(T; 00y —0) = — (kc;;_‘_)(—xa)k sin kmov . (11.1)
k=1 '

Then by scaling dual to exp(—7¢®) = exp(—(71/%¢)®), we find
dy

71/

Q- (dy) = pa (=75 )

)

and obtain the following.
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Proposition 11.1. The self-similar profile fi is related to the completely
monotone Lévy densitiy gwa of Vo by

& x dr
fra () :/0 9xa(T)Pa (m) o
We note that in the limit o — 1 one has p,(y) dy — 1, the delta mass

at 1, consistent with g,o — fxa. Moreover, note that from (11.1)) the large-x
behavior of the a-stable density p,, is

sin Toy

Palz) ~T(1+ @) 7 N falz), = o0, (11.2)

due to Euler’s reflection formula for the I'-function. This is consistent with
the fact that the Bernstein transform of p, is

/ (1—e*)pa(z)dr=1—e" ~s* ~uy(s), s—0.
0

Acknowledgements

BN and RLP acknowledge support from the Hausdorff Center for Mathe-
matics and the CRC 1060 on Mathematics of emergent effects, Universitét
Bonn. This material is based upon work supported by the National Sci-
ence Foundation under grants DMS 1514826 and 1812573 (JGL) and DMS
1515400 and 1812609 (RLP), partially supported by the Simons Founda-
tion under grant 395796, by the Center for Nonlinear Analysis (CNA) under
National Science Foundation PIRE Grant no. OISE-0967140, and by the
NSF Research Network Grant no. RNMS11-07444 (KI-Net). JGL and RLP
acknowledge support from the Institut de Mathématiques, Université Paul
Sabatier, Toulouse and the Department of Mathematics, Imperial College
London under Nelder Fellowship awards.

References

[1] J. Bertoin. Eternal solutions to Smoluchowski’s coagulation equation
with additive kernel and their probabilistic interpretations. Ann. Appl.
Probab., 12(2):547-564, 2002.

[2] M. Bonacini, B. Niethammer, and J. J. L. Veldzquez. Self-similar so-
lutions to coagulation equations with time-dependent tails: the case of
homogeneity smaller than one. Comm. Partial Differential Equations,
43(1):82-117, 2018.



26

[3]

[11]

[12]

Self-similar spreading in merging-splitting models

P. Degond, J.-G. Liu, and R. L. Pego. Coagulation-fragmentation model
for animal group-size statistics. J. Nonlinear Sci., 27(2):379-424, 2017.

W. Feller. An Introduction to Probability Theory and its Applications.
Vol. II. Second edition. John Wiley & Sons Inc., New York, 1971.

D. Gilbarg and N. S. Trudinger. Elliptic partial differential equations of
second order. Classics in Mathematics. Springer-Verlag, Berlin, 2001.
Reprint of the 1998 edition.

G. Iyer, N. Leger, and R. L. Pego. Limit theorems for Smoluchowski
dynamics associated with critical continuous-state branching processes.
Ann. Appl. Probab., 25(2):675-713, 2015.

A. Kumar Giri, J. Kumar, and G. Warnecke. The continuous coag-
ulation equation with multiple fragmentation. J. Math. Anal. Appl.,
374(1):71-87, 2011.

J.-G. Liu and R. L. Pego. On generating functions of Hausdorff moment
sequences. Trans. Amer. Math. Soc., 368(12):8499-8518, 2016.

Q. Ma, A. Johansson, and D. J. T. Sumpter. A first principles derivation
of animal group size distributions. J. Theo. Biol., 283(1):35-43, 2011.

D. J. McLaughlin, W. Lamb, and A. C. McBride. An existence and
uniqueness result for a coagulation and multiple-fragmentation equa-
tion. SIAM J. Math. Anal., 28(5):1173-1190, 1997.

Z. A. Melzak. A scalar transport equation. Trans. Amer. Math. Soc.,
85:547-560, 1957.

G. Menon and R. L. Pego. Approach to self-similarity in Smoluchowski’s
coagulation equations. Comm. Pure Appl. Math., 57(9):1197-1232,
2004.

G. Menon and R. L. Pego. The scaling attractor and ultimate dynamics
for Smoluchowski’s coagulation equations. J. Nonlinear Sci., 18(2):143—
190, 2008.

B. Niethammer, S. Throm, and J. J. L. Velazquez. Self-similar solutions
with fat tails for Smoluchowski’s coagulation equation with singular
kernels. Ann. Inst. H. Poincaré Anal. Non Linéaire, 33(5):1223-1257,
2016.



J.-G. Liu, B. Niethammer and R. L. Pego 27

[15] B. Niethammer and J. J. L. Veldzquez. Self-similar solutions with fat
tails for Smoluchowski’s coagulation equation with locally bounded ker-
nels. Comm. Math. Phys., 318:505-532, 2013.

[16] H.S. Niwa. Power-law versus exponential distributions of animal group
sizes. J. Theo. Biol., 224(4):451-457, 2003.

[17] J. Riordan. Combinatorial identities. John Wiley & Sons Inc., New
York, 1968.

[18] R. L. Schilling, R. Song, and Z. Vondracek. Bernstein Functions, vol-
ume 37 of de Gruyter Studies in Mathematics. Walter de Gruyter &
Co., Berlin, 2010.



	Introduction
	Coagulation-fragmentation Models D and C
	Discrete-size distributions
	Continuous-size distributions

	Preliminaries
	Main results
	Self-similar scaling—necessary conditions
	Comparison principle
	Convergence to equilibrium for initial data with power-law tails
	Pick properties of self-similar profiles
	Asymptotics of self-similar profiles
	Series in fractional powers
	A subordination formula

