The random heat equation in dimensions three and higher: the
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Abstract

We consider the stochastic heat equation dsu = $Au + (8V (s,y) — A)u, driven by a smooth
space-time stationary Gaussian random field V' (s,y), in dimensions d > 3, with an initial condi-
tion u(0,z) = ug(ez). It is known that the diffusively rescaled solution u®(t,z) = u(e~2t, e 'x)
converges weakly to a scalar multiple of the solution u of a homogenized heat equation with an
effective diffusivity a, and that fluctuations converge (again, in a weak sense) to the solution of
the Edwards-Wilkinson equation with an effective noise strength v. In this paper, we derive a
pointwise approximation we(t,x) = u(t,z)We (¢, x) + u5(t,x), where Ve(t,z) = U(t/e?,x/c), ¥
is a solution of the SHE with constant initial conditions, and wu; is an explicit corrector. We
show that W(t,x) converges to a stationary process W(t,x) as t — oo, that w®(t,z) converges
pointwise (in L') to us(t,x) as ¢ — 0, and that e~%2*1(u® — w®) converges weakly to 0 for
fixed t. As a consequence, we derive new representations of the diffusivity a and effective noise
strength v. Our approach uses a Markov chain in the space of trajectories introduced in [13], as
well as tools from homogenization theory. The corrector us (¢, ) is constructed using a seemingly
new approximation scheme on “long but not too long time intervals”.

1 Introduction

We consider the long time and large space behavior of the solutions u(s,y) of the random heat
equation with slowly varying initial conditions

Osu = %Au + (BV(s,y) — ANu, (1.1)
u(0,y) = uo(ey), (1.2)

with y € R%,d > 3. The potential V (s, y) is a smooth space-time homogeneous mean-zero Gaussian
random field with a finite correlation length. We assume it has the form

Vis) = [ ls =iy =) dW( ), (13)
Rd+1
where p and v are nonnegative functions of compact support, such that v is isotropic and

supp pu C [0,1], suppv C {y | |y| <1/2}.

*Department of Mathematics, Stanford University, Stanford, CA 94305, USA; ajdunl2@stanford.edu

"Department of Mathematics, Carnegie Mellon University, Pittsburgh, PA 15213, USA; yug2@andrew.cmu.edu

#Department of Mathematics, Stanford University, Stanford, CA 94305, USA; ryzhik@stanford.edu

SDepartment of Mathematics, Weizmann Institute of Science, POB 26, Rehovot 76100, Israel;
ofer.zeitouni@weizmann.ac.il



The covariance function of V(s,y) has the form

R(s,y) = E(V(s + 5,y +1)V(s,y)) = /

p(s+t)p(t) dt/ v(y + 2)v(z)dz.
R

R4

The constant A in (1.1) ensures that the solutions of (1.1) -(1.2) do not grow exponentially as t — +oo
— otherwise, one would need to rescale them by a simple exponential in time factor. The small
parameter € < 1 measures the ratio of the typical scale of variation of the initial condition and the
correlation length of the random potential. As we are interested in the long time behavior of the
solution to (1.1)-(1.2) , we consider its macroscopic rescaling:

uf (t, ) = u(e 2t e ),

that satisfies the correspondingly rescaled problem
1
2
u®(0,x) = up(x).

1 t
Ot = —Au® + Lz
2 €

(5‘/( 27 ) - )‘)U’E

c (1.4)

It was shown in [13, 14], and also in [15] at the level of the expectation, that there exists By > 0 so
that, if 0 < 8 < By, there exists A depending on (3, i, v, and ¢ > 0, so that
v (t,x) = cu(t, x) (1.5)

converges weakly as € — 0 to the solution %(t, z) to the homogenized problem

1
o = —alu
vu = jalu (16)
(0, x) = ugp(x),
with an effective diffusivity a > 0. It was also shown that the fluctuation
1
gd/ﬁ(va(t,ﬂf) — Ev®(t, x)), (1.7)

converges in law and weakly in space as € — 0 to the solution % of the Edwards-Wilkinson equation

O (t,7) = %aA% (t, ) + Bua(t, z)W (¢, )
U (0,z) =0,

(1.8)

with an effective noise strength v > 0.

The results of [13, 14] concern weak convergence, that is, after integration against a macroscopic
test function. In the present paper, we seek to understand the microscopic behavior of the solutions,
somewhat in the spirit of the classical random homogenization theory, and explain how the micro-
scopic behavior leads to the macroscopic results in [13, 14]. We are also interested in a more explicit
interpretation of the macroscopic parameters: the renormalization constant \((3), the effective dif-
fusivity @ in (1.6), the renormalization constant ¢ in (1.5) and the effective noise v in (1.8), also in
terms of the classical objects of the homogenization approach to PDEs with random coefficients. We
mention that as this paper was being written, we learned of the very interesting recent paper [6],
where a limit theorem for local fluctuations for the solution u* in the special case when the random
potential V' (¢,z) is white in time and uy = 1, was obtained. This result is complementary to ours,



and the methods of proof are quite different. We also mention that the restriction to dimension d > 3
is crucial: for d = 2 the behavior is different, see in particular [4] and [5].

As is standard in the PDE homogenization theory, it is natural to introduce fast variables and
consider a formal asymptotic expansion for the solutions u® to (1.4) in the form

t x

Us(t7$) :u(o)(t,x’i7§)+5u(1)(t’x7i )+82U(2)(t,x,€7,g)+"- ) (19)

x
g2 g2’ ¢
There are two known issues that often arise in such expansions — first, the existence of stationary
correctors is difficult to prove, and may actually be false, and, second, higher order correctors may
have slower decaying correlations. This means that, after integration against a test function, all terms
could contribute to the same order, and including more correctors may not improve the expansion as
far as the weak approximation is concerned. Some relevant discussions on the random fluctuations
in elliptic homogenization can be found in [9, 12]. In the present case, it is easy to see that the
leading order term in (1.9) should have the form

dOt, 2, - Ly = e, 2)u(

52 € 827 )7 (110)

where ¥(s,y) is a solution to (1.1). The corrector ¥(s,y) is “universal” in the sense that it does not
depend on the initial condition ug(z) in (1.2). As we have mentioned, ideally, one would want ¥(s, y)
to be a stationary solution to (1.1) and capture the behavior of u°. However, as we will see, such a
choice would lead to the aforementioned “large” macroscopic errors, after integration against a test
function. Instead, we will let W(s,y) be the solution to the same problem with a constant initial
condition:

0.0 (s,4) = 5AW(s,9) + (5V (5,) = N¥(5,1)
\Ij(()? y) =1,

(1.11)

and let @(t, x) be a function of the macroscopic variables that will end up being the solution to the
homogenized problem (1.6).

Existence of a stationary solution and the leading order term in the expansion

Our first result gives an explanation for the choice of A = A(5): if A is chosen appropriately,
then W(s,y) approaches a global in time stationary solution ¥(s,y) as s — co. Thus, it is reasonable
to take We(t,z) = W(t/e?,x/¢) as a proxy for the stationary solution in the leading order term for
the asymptotic expansion (1.9) — note that both are equally “universal” in the sense that they do
not depend on the initial condition ug(x) for (1.1).

Theorem 1.1. There is a Sy > 0 so that for all 0 < B < fy, there is a A = A(B) > 0 and a
space-time stationary random function V(s,y) > 0 that solves

05V (s,y) = %A{f’(s,y) + (BV (s,y) — M) ¥(s,9), (1.12)

and for any y € R, we have N
Tim E[¥(s,y) — ¥ (s,)" = 0. (1.13)

Throughout the paper, we will always assume that A = A(f) is chosen as in the statement of
Theorem 1.1. Theorem 1.1 can be seen as an extension of [16, Theorem 2.1] to the colored-noise
setting, even though that result was formulated in different terms. Some of the other relevant results
in the literature are [8] and [18], which establish existence of stationary solutions and convergence



along subsequences in weighted L? spaces, also in the white-noise setting case. The proof of Theo-
rem 1.1 is similar in spirit to that of [16, Theorem 2.1] but uses the framework of [13] to deal with
the necessary renormalization parameter A, and is presented in Section 3. For elliptic operators in
divergence form, the existence of stationary correctors in high dimensions was studied in [2, 10, 11],
and we refer to the recent monograph [1] for a more complete list of references.

As an application of the existence of the stationary solution, we will show in Section 4 that the
effective noise strength v in (1.8), which has a complicated expression given in [13, (5.6)], has a more
intuitive expression in terms of the stationary solution. To set the notation, let

Ga(t,z) = (2mat) =2 exp(—|z|?/(2at))

be the Green function for the heat equation with diffusivity a, and note that there exists a constant ¢
so that

Ga 9 Ga P d d =
/0 g (r,2)Gq(r,z + x)dzdr =

Theorem 1.2. The effective noise strength v in (1.8) has the expression

B alimey [ [ g(x)g(Z) (Edl,Q Cov (@(O, %),@(0, %))) dx dz
- cp2e2ax [ [ g(x)g(®)|x — [?>~4dz Az

(1.14)

for any test function g € C°(R?). The deterministic constant aw is defined in (2.3) below.
Theorem 1.2 is a weak version of the asymptotics

_ _ E3212e200

Cov(¥(0,0),%(0,y)) ~ ly[>1,

aly|™=* ~
so that the effective noise constant in the Edwards-Wilkinson equation (1.8) is directly related to the
decay of the covariance of the stationary solution, in the spirit of the central limit theorem applied to
integration over a large number of microscopic boxes, taking into account the correlation on various
such boxes.

Going back to the expansion (1.9), the leading order term in (1.10) is justified by the following
microscopic convergence result.

Theorem 1.3. Suppose that 0 < B < By, and set V¢(t,z) = W(t/e2, x/e). If ug € CX(R?), then

lim E|u®(t, z) — a(t, z)¥e(t, z)|* = 0. (1.15)

e—0
One can now see how the renormalization constant ¢ in the non-divergent renormalization (1.5)
shows up: ¥(s,y) — \i/(s, y) during the initial time layer on the “microscopically large” time scale.
However, even though W(0,y) = 1, E(U(s,y)) is not necessarily equal to one, hence the need for
the renormalization to ensure convergence to the effective diffusion equation (1.6) with the initial
condition ug(z) — and not ¢up(x). In light of Theorems 1.1 and 1.3, one may wonder if one should
be using W(t/e2, 2/¢) rather than W(t/e2, 2 /¢) in the approximation (1.15) — we will see below that

the answer is that U(t/e2, x/e) improves the weak error.

A higher order approximation

In order to obtain higher order corrections in the asymptotic expansion, if we plug (1.9) into (1.4)
and group terms by the powers of €, we obtain the following equations for u; and wuo:

1
Osuy(t,x,s,y) = §Ayu1(t,1‘, s,9) + (BV(s,y) — Nui(t, z,s,y) + V,V(s,y) - Vu(t, x), (1.16)

4



and

1
83U2(t,£1?, 37y) = §Ayu2(tv z, S7y) + (6V(37y) - )\)’LLQ(t,LIf, 37y) + vy ' viﬂul(tvxa Say) (1 17)

+ %(1 — a)\II(S,y)Axﬁ(th)'

As we will show in Section 5, the effective diffusivity a can be recovered from a formal solvability
condition for (1.17) to have a solution ug that is stationary in the fast variables — a rather standard
situation in the homogenization theory. However, here, as stationary correctors are not expected
to exist in low dimensions, a justification of this expression requires a construction of approximate
correctors and passage to a large time limit, similar to the “large box” limit in the elliptic homog-
enization theory. In particular, Theorem 5.1 below provides a computational tool to evaluate the
effective diffusivity in purely PDE terms.

Our last result concerns the connection between the local expansion (1.9) and the weak approxi-
mation of the solution. As we have mentioned, typically, the leading order terms in such expansions
in stochastic homogenization only provide a local approximation, while control of the the weak error
(after integration against a test function) requires extra terms. This is partly because the higher the
order of the corrector, the slower the spatial decay of its covariance function, leading to accumulation
of errors from terms of all orders. We circumvent this issue by borrowing some ideas reminiscent
of the “straight line” approximation of trajectories on “long but not too long” time scales in ran-
dom finite-dimensional models of particles in a random velocity fields or random forces. If we look
at (1.16) for each macroscopic t > 0 and x € R? fixed, as an evolution problem in s, we would have
a “complete separation of scales” factorization

4w ou(t, z)
ul(tvxas7y) = ZC (Svy)77 (118)
= Oxy,
where ((s,y) is a solution to the microscopic problem
0.6 = JACH + (¥ (s.3) - 6 + T, (1.19)
k

defined for all s > 0 and y € R%. Instead of using (1.18) directly, we consider “microscopically long
but macroscopically short” time intervals in s of the size e =7, with some v € (1,2). Accordingly, for

each j > 1, let 0](-k)(s,y), with 1 < k < d, be the solution to

+ M, s > E*’Y(]‘ — 1)7

1
8,6 = —A, 0% + (BV (s,5) — \)6;

J 2

(k) (= _
0 (e~ 1),5) = 0.

Then, define uy;(s,y) as the solution to

1 .
Dsur;j; = iAul;j + (BV(s,y) — MNury, s>e7j,

d o (1.21)
iy NS gk OT(ET T EY)
ui (e y) =Y 0,775, y) ,
= J oxy,
and finally put
[e7—21]
ui(t,z) = Z uyj(e %t e ') +9[6772t]+1(€72t,€71x)'VH(t,m). (1.22)
j=1



This is similar to putting s = t/e?, y = z/e in the formal PDE (1.16), except that rather than
continuously multiplying the forcing by Vu, the multiplication by V@ happens only at discrete
times. With this definition of uj, we have a weak convergence theorem for the fluctuations:

Theorem 1.4. Suppose that 0 < § < By, and let g € CP(RY). For any ¢ < (1 —~/2) A (v — 1),
there exists C > 0 so that

Var <g—d/2+1 / o(@) [ (¢, ) — U (¢, 2)a(t, @) — eus (4, )] dx> < CeX. (1.23)

The optimal bound in Theorem 1.4 is achieved when « = 4/3, in which case ( is required to be
less than 1/3.

We note that it would be hopeless to get a convergence-of-fluctuations result like Theorem 1.4
even with an error of size ¢%/2~1 as in (1.7)-(1.8), using only the first term of the expansion as in
Theorem 1.3. This is because at that scale, [13] gives different central limit theorem statements for
u and for Wu: the rescaled and renormalized fluctuations of v converge to a solution of the SPDE

1 .
U (t,x) = iaAgZ/(t, x) + pra(t,x)W(t,x), (1.24)
while the rescaled and renormalized fluctuations of ¥ converge to a solution of the SPDE
1 .
o(t,x) = QaAgZ/(t,x) + prW (t, ), (1.25)

and so the rescaled and renormalized fluctuations of Y& converge to a solution of the SPDE

O(Yu)(t,x) = %aﬂ(t, x)AY(t,x) + Bra(t,x)W (t, z) + %a@/}(t, x)Au(t, x)

= %aA(wﬂ)(t,m) —aVi(t,x) - Vu(t, z) + pru(t, z)W(t, x). (1.26)

The limiting SPDEs (1.24) and (1.26) are not the same, so some extra corrector is needed. It is
also important to note that Theorem 1.4 holds precisely because we take the leading order term
with U(s,y) rather than the stationary solution W(s,y). It is a combination of the “correct” lead-
ing order and the specific construction of uj that leads to the expansion capturing correctly the
macroscopic error after integration against a test function.

Let us explain intuitively how the definitions (1.20)—(1.22) come from (1.16). They sit midway
between two natural ways of interpreting (1.16). On one hand, (1.16), for fixed x and ¢, can be
solved as in (1.18)-(1.19). However, defining the corrector u; by (1.18) and evaluating at s = t/&>
and y = x/¢ does not seem to yield a good convergence result, because V@ (7, ) is not constant on
the time scale from 7 = 0 to 7 = ¢%s = ¢. Instead, (1.20)-(1.22) gives a way to solve the corrector
problem on shorter time intervals and sum up the contributions from each time interval, so that an
appropriate value of V,u(r,x) is used for each time interval. On the other hand, (1.16) could be
solved by plugging t = ¢%s, x = ey into (1.16), yielding the PDE

Osur(s,y) = %AM(S, y) + (BV (5,9) = Nui(s,y) + Vy¥(s,y) - Vou(e?s, ey). (1.27)

However, we do not obtain a convergence result along the lines of Theorem 1.4 for this definition
of u; either. This is because the Feynman-Kac formula that arises from the solution to (1.27)
involves the behavior of the Markov chain of [13] (reviewed in Section 2 below) on short time scales,
while the limits appear to arise from the averaged behavior of the Markov chain on long time scales.



The delay in multiplying by V,u introduced by the updates on the time scale e~7 allows the short-
time fluctuations to be averaged out, leaving only the effect of the long-time scales, which allows
us to see the limiting behavior. Once again, this is not unrelated to the strategy in the proofs of
the convergence of particle in random velocity fields and the random acceleration problem to the
corresponding diffusive limits.

Organization of the paper. Our results all rely on the Feynman—Kac formula, and in partic-
ular a certain Markov chain representing a tilted Brownian path introduced in [13]. Thus we review
the relevant results from that work in Section 2. Section 2 also contains additional facts about the
tilted Markov chain that will be necessary in our proofs. In Section 3 we establish the existence of
the stationary solution W (Theorem 1.1). The next two sections are devoted to the parameters a
and v obtained in [13]: in Section 4 we prove Theorem 1.2 regarding the effective noise strength v,
and in Section 5 we show how the effective diffusivity can be recovered from the formal asymp-
totic expansion. Finally, in the last two sections we establish our convergence results for the formal
asymptotic expansion: the strong convergence Theorem 1.3 in Section 6, and the weak convergence
of fluctuations Theorem 1.4 in Section 7.

Acknowledgments. AD was supported by an NSF Graduate Research Fellowship, YG by NSF
grant DMS-1613301/1807748 and the Center for Nonlinear Analysis at CMU, LR by NSF grant
DMS-1613603 and ONR grant N00014-17-1-2145, and OZ by an Israel Science Foundation grant
and the ERC advanced grant LogCorFields. We would like to thank S. Chatterjee, F. Hernandez,
G. Papanicolaou, and M. Perlman for helpful comments and discussions.

2 The Markov chain for the tilted paths

Preliminaries and basic facts

In this section, we recall some facts on the Markov chain for the tilted path from [13] that appears
naturally in the Feynman-Kac formula for the solutions to the random heat equation that we will use
extensively in the rest of the paper. Let us introduce some notation. By EY, we denote expectation
with respect to the probability measure in which B = (B!,..., B%) is a standard d-dimensional
Brownian motion with By = y. For any 2l C R, we set

¢m3y_/ﬁqs—ﬂ3gdr (2.1)
2A
We will often use the shorthand 75 = 7|y ;. We define, for any 2, A CR,

Gy 5B, B| = E(%a[Bl5[B)) = /51 /9l R(r — 7 B, — B:)drd7. (2.2)

We will often use the abbreviations %Zs s = Z|o.,[0,5, Zu = Paa, and Zs = Hss. We will also
abbreviate %[ B] = %4[B, B], where the e can be replaced by any of the allowable subscripts for Z.

The tilted measure P%, , is determined by

RY (B = —

. 7 Eh | Z[B] exp {%ﬁ%@. B}], Ze=Efexp {%5292.[3]},

for any measurable functional .# on the space C([0,00); R?), where again the o can be replaced by
any of the allowable subscripts for . We further define

as =log Zs — As, (2.3)



and note that, according to [13, Lemma A.1] and its proof, there exists a unique A = A\(3) such that
las — oo < Cle™ . (2.4)

for some as, > 0, ¢ > 0 and C > 0. This is where the constant A(5) comes from. We fix this value

for the rest of the paper. We denote by Zr = {w € C(]0,7]) | w(0) = 0}, and, given W; € Ep,, we

define [W1y,..., W] € Ep, for T = Y7 T; by the concatenation of the increments, as in [13].
The expectation with respect to the product measure I@%;. ® @%, will be denoted by @;yN .

s Die

Theorem 2.1 ([13]). Let T > 1 and N = [T] — 1. Then there is a Markov chain
WO, W1y« WN, WNA1
such that wo € Ep_7; and wj € Z1 for 1 < j < N + 1 and the transition probability
(wj, wij1) = Law(wj41 | wy)

does not depend on j for j =1,...,N — 1 and such that if we put W = [wy, ..., wn4+1] € Ep then
we have, for any bounded continuous function F on Zr, that

Bsr# (B = Bw [Z W9 un]), (2.5)

where IEW is expectation with respect to the measure in which W is obtained from the Markov chain,
and ¥ : =1 — R is bounded, measurable, even, and independent of T'. Moreover, there is an auxiliary
sequence of i.i.d. Bernoulli random variables n}/v, 7 =1,2,..., with distribution not depending on
T, so that Law(w; | n; = 1,w;,i < j) =7, where T is the invariant measure of 7.

We will denote

=

vFW] =EwZFly+ W] (2.6)

Define the stopping times o/ =0, ¢}V = min{t > 0,1 | n}" = 1}, and put, for n > 0,

W =Wow  — Wy
Lemma 2.2 ([13, Lemma A.1]). The family {WY },,>¢ is a collection of independent, symmetric,
mean-0 random variables with exponential tails. Moreover, W‘l/V, WgV, ... are identically distributed.

The above procedure can be applied to pairs of paths as well. Given two independent copies W, 174
of the Markov chain, define

w,w W, W
and the stopping times
UWJX/ _ 0 N n=0
" min{t > o,y | 9" =1} n>1.
Put
AT . .
Wn - WUW,W W wW,W
n+1 n
WWW _ W~
Wn - WO_W,W w W, W
n+1 n

ion PYY_ — Y Py
Analogously to (2.6), we use the notation ]P)WVT/ =Py ® Pﬁ/‘

)



Corollary 2.3 ([13, p. 17]). The family {WYI/L‘/’VT/}nZD U {W%V’W}nzo is a collection of independent,
symmetric, mean-0 random variables with exponential tails. Moreover,
W,W ~x W, W SWW oW
Wi W W T WL
are all identically distributed.

Let us set B ~
wW,w
RV =Py =1), /Y =P =1) =P =1)% (2.7)
The next proposition gives an expression for the effective diffusivity in (1.6) in terms of the Markov
chain.
Proposition 2.4 ([13, Proposition 4.1]). There is a diagonal d x d matriz
a=aljg=r"Ey[WY (W] (2.8)

so that as e — 0, the process {eW.2, Yo<r<t converges in distribution in C([0,t]) (under Py ) to a
Brownian motion with covariance matriz a.

Proposition 2.5 ([13, Corollary 4.4]). If d > 3, there is a fp > 0 and a constant C' < oo so that if
0 < B < By then for any s >0, y,7 € R%, we have

IE?‘J/VQVT/ {exp {62%’[5700] (W, W]} \ ]:s} <C a.s.

Here, F; is the sigma algebra generated by the paths W, W up to time s; we emphasize that the
constant C' in Proposition 2.5 is deterministic.
We will require a slightly strengthened version of Proposition 2.5, which can be proved similarly.

Proposition 2.6. If d > 3, there is a Sy > 0 and a constant C < 0o so that if 0 < B < By then for
all r,7 > 0, we have

EWW {exp {62%’00 (W, W]} ‘ W, Wf:| <C, a.s.

In Proposition 2.6, the constant C' is deterministic and the sigma-algebra WT,W; is the one
generated by the paths W, W up to times r, 7 respectively.
We also need some estimates from [13] on various error terms.

Lemma 2.7 ([13, (4.30)]). There is a constant Cy so that
IEW ’6W€72t2 — €W572t1 ’2 < Cy(ty — t1). (2.9)

Lemma 2.8 ([13, Lemma A.3]). For any x > 0, there are constants 0 < ¢,C < oo so that if Fr :
Er — R is a family of uniformly bounded functions for each T fized, and {S,}, {T,} are sequences
of real numbers such that S,,T,, S, — 1T, — 0o, then

[Bw P, (W To.2,) — Bw Fr, (W 10,9 (ws,)

< € (Bw (Fr.W Tom) )"~ exp {=e(Tu A (S0~ T)}-

Here, ¢ is as in Theorem 2.1.

Remark 2.9. The rate of convergence is not stated explicitly in [13] but it comes from the proof
there.

Lemma 2.10 ([13, Lemma A.2]). We have constants 0 < ¢, C' < oo so that

~ < Ce .,
WW | ri€lon,onta]

Iﬁm[ max <|WT—WW‘;|+|W,:—WWV;]>>(L
op’ op’




Estimates on path intersections

Finally, we prove a fact about the tilted Markov chain that will be essential for us: that two paths
started at points at distance of order e~! get close to each other with probability e?~2.

Proposition 2.11. There is a constant C so that

s — C
P*7_ | inf ‘WT Wil <1 € ——.
WW | rr>0 |z — 7|42

|T—'F|§1

In order to prove Proposition 2.11, we first prove the same result just at regeneration times. For
the rest of this section, to economize on notation we will put o, = o,/"W.

Lemma 2.12. We have

n

P [inf ]Wgn —W,

Ad72
W [n>0 } |

= |z — x4

Proof. Let

and set
" A
For any z € R? with 2| > A and any M > 0, if we let d.S denote the surface measure on {|Z—z| = M},
then we have
- - 1 - 1
. Mq(z) dS(z) < WdS(zz) < g = 4(2) (2.10)

l5—z|= |2 |2

by the mean-value inequality for superharmonic functions, as z +— \z\*d” is superharmonic. Let w

be the smallest n such that | X,| < A, or oo if | X,,| > A for all A. Since the distribution of X,, — X,,_1
is radially symmetric for each n > 1, (2.10) means that the sequence (¢(X,n.)) is a supermartingale.
By the optional stopping theorem, for any n we have

$_1§|d2 = q(Xo) = By .a(Xnnw) = ﬁfﬁ’wﬁ/(w < n).
Therefore, we have .
Iﬁ’mﬁ/(w <o) < |$iliﬂd2
by Fatou’s lemma. .
Proof of Proposition 2.11. Let
Bu=  uax (\Wr — W |+ [Wr — WUW y)

and N
wy =inf {n >0 : W, — W,,| <2V},
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We have

{ inf ‘Wr—Wf

|r—7|<1

<ihe U U ({[w - | <

M=0n=0

A
)
g
——
D
——
&
3
V
)
T
—_
——

C fj [{WM@o}m(fj ({\WU,L—VT/U,L < > - ))1 (2.11)

Therefore, we can estimate (abbreviating P = Iﬁi{/jﬁ/ and letting the constant C' change from line to

line)

P{v_i%fq‘w Wi <1] < M%:OP“’M_EZP[ o0 = Wou| < 2| wny = (| P[B, > 2471 — 1]
2Md

- c(2M=1-1) o _ o _ o~ (@M1 1)4CMd
M=0 =0 ={ M=0

IN

C - @M -1)+CMd | 204 2) c

IN

|z — 7|42 — |z — z|d-2’

g
I

0
(2.12)

where the first inequality is by (2.11), the second is by Lemma 2.10 and a local central limit theorem
([17] as applied in [13, (4.36)]), and the third is by Lemma 2.12. O

We will also need a slightly different version of the bound in Proposition 2.11:

Proposition 2.13. There is a constant C so that

Pt inf ‘Wr W
W,W rF>s,|r—7|<1

< 1} < Cs(d/2)+1

To show this, we first need to establish another simple lemma.

Lemma 2.14. Suppose that 1y, ..., Ty are iid geometric random variables taking valuesn = 1,2, ...,
omitting n = 0. There exists ¢ > 0 so that

J

P(>1; > 2JET;) < e,

j=1

Proof. The result follows from large deviations estimates in the form of Cramer’s theorem. We
instead provide a direct proof based on Chebyshev’s inequality. Let m = ET;. We have

X I A
IP’(XJ:T] > 2mJ) :P(exp {fzJ:T]} > exp{2§mj}) < fe p{EZFlTJ} _ (Eexp{fﬂ})]

= s exp {2émJ } exp {26m}
= ((me¢ — (m — 1)) " = (a(e)) .
(2.13)
AS da§)| _ d
e _ . B
i ‘£=0 = Z ((me £~ (m—1))e? 5) ’ L =m> 0, (2.14)
there is a £ > 0 small enough so that «(£) > 1, which proves the lemma. O

11



Proof of Proposition 2.15. Recall the definition (2.7) of W and put

s
ng = —.
0 2xWW
We can then estimate
Pl inf W= Wi <1 <P inf W= Wy <1 +Ploy, > 5.
ri>s,|r—7|<1 7, >0, r—7|<1

By Lemma 2.14, we have that
Plop, > sl <e " < C’slfd/Q,

so it suffices to show that

Pl inf (W= W <1] < Cng
7,7 >0, r—7|<1
Define L
By = max (’Wr - Wak(s)’ + |Wf — WUk(S)D s

T,fe [O'k ,O'k+2]

then we have

o o
i Wy 7 M M-1 _
P[r,f>anlor,l|fr4|g1 ‘WT - Wil 1} - Mz—:o kg P HW‘W Wo,| <2 } P [Bk: > 2 1}
=0 k=no
00 M—1 oo 2Md 1—d/2 00 M1 1—a/2
el - —c(2M-1-1)+CMd -
Sczec( )ZW:CTLO Zec( )+ Scno ’
M=0 k=ng M=0
where the second inequality uses the local limit theorem of [17]. 0

3 Existence of a stationary solution

In this section we prove Theorem 1.1. The strategy is typical for such problems: we consider the
Cauchy problem on the time interval s € (—S,00) and pass to the limit S — 400, obtaining a
global in time solution to the problem that satisfies appropriate uniform bounds, provided that the
Lyapunov exponent A(f) is chosen so that (2.4) holds. To this end, put

1 s <=5,
Y w8) = {EyB exp {875[B] — A(s +5)} s> -5, 3

where we recall that
s+S
Vers|B] = / V(s — T, B;)dr.
0

By the Feynman—Kac formula, ¥ solves the Cauchy problem

1
88\:[](87:"/;5) = iA\IJ(Say) + /BV(Say)\IJ(Svy) - )\\I/(S,y), s> =95
U(s,y;8) =1, s<-—8S.

We first prove a preliminary lemma. Recall the notation Z, see (2.2).
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Lemma 3.1. There exists a constant C < oo so that for all B sufficiently small, the following holds.
Ifs<s <5<4d, then

@g;}v ‘exp {52,%5, W, W]} —exp { B2, oW, W]H < (s — 1)792, (3.3)
Proof. We have
BV |exp { 82%5.5 (W, W]} — exp {822, (W, W]}
< INE%VQVT/ ‘exp {62%00[1/[/, W]} — exp {52%5[1/‘/, W]H

~y,z7? 2 o (3.4)
B exp {5 oW, W]} L (Wi 2 W]

< BV exp {22 [W W} Y{(Er7 = s = 1) W, = Wi < 1),

On the event {Zu.[W, W] # Hs|W, W1}, let 7 < 7 be the first pair of times after s — 1 such
that |7 — 7| <1 and |W; — W;| < 1. Then, we have

IEZ;[’/Z?W ‘exp {,82%5751 [VV, W]} — €xXp {52%8,8/ [W7 W]}‘

(3.5)
Nyvg -4 _ — N..
< CByT (T, 7> s = 1) (W, = Wi| < 1]
< C(S _ 1)1—d/2’
where the second inequality is by Proposition 2.6 and the last is by Proposition 2.13. O

The next proposition is a key step to show the convergence of the family ¥(s,y;S) as S — +o0.
Proposition 3.2. If § is sufficiently small then, for 0 < 57 < Sy, we have
E (W(0,y; S2) — W(0,y;51))* < €5, T,
Proof. Without loss of generality, we consider y = 0. We have, with a; as in (2.3) and ¥ as in (2.1),
EE, ;exp {875, [B] = ASi + 875, [B] = Ay} = e*s1 T2 By o exp {°%s, 5,[B, B} .
Therefore, we have
E (¥(0,0; S2) — U(0,0; 51))? = E (Ep [exp {8¥5,[B] — AS2} — exp {3¥5,[B] — AS1}])?
= 225 EB,E;SQ exp {62%52 [B, E]} — 2527105, IAEB%S2E§;31 exp {ﬁ%@g%gl (B, B]}
+ e B 2o exp {52%31 B, E]} , (3.6)
which can be re-written as
E (¥(0,0; S2) — ¥(0,0; 51))* = INEW,VT/ [62a52 exp {52%)32 (W, W]}g[w[sﬂ—l]g[w[sﬂ—l]
— 2652951 exp { B %55, [W, W1} 9 w15, 119 [i0]5,1-1]
+e51 exp { B2%s, W, W] } 9 wis, 119 [y, 1] - (37)
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However, for any T7 < T» we can write

EWWGQTZ +tor exp { B2 %7, 1, [W, W]} G wiry) 19 [y 1]
=By, ™ exp { B R0 o1 0.9, W, f/f/]}
+ Emﬁ/ezo‘w exp {52%0.9T2,0.9T1 W, 1717]} (%[w[Tz]_l]g[w[Tﬂ_l] _ 1)
+ Ewﬁlemm (exp {,BQQTQ,Tl W, W]} — exp {[32%’0_91“2,0.9:?1 (W, W] }) G [wiry)—1)9 [Wpry) 1]

+ By iy (20T — €2 ) exp { 3%, 1, [W, W]} 9 wpr) 1) [0z, 1) (3.8)

Furthermore, (2.4) together with Lemma 3.1 and Proposition 2.6 imply that the last term in (3.8)
can be estimated as

lim TR

o lim wi (€220 — &2 exp { B2, 1 [W, W1} G wir,1]9[0ir,)-1] =0,  (3.9)

and the third term in (3.8) can be bounded using Lemma 3.1 as

d_q|~ o~ —~
lim sup 77 ‘EW,VVeQO“"’ (exp {82, 1, [W, W]} — exp {8 %0 om, 0.9m, [W, W]} 9 [wi,) 119 [w[Tﬂ—l]‘

T1,T2—>OO
< e ||G|12, (T A T2)d/2711~EWﬁ, (eXp {52«@:@,7’1 (W, W]} —exp {ﬂze@o.gTQ,o.ng W, W]}) < o0.
(3.10)

For the second term in (3.8) we can use Lemma 2.8 to get

lim sup T{i/2_IIEW7VT/82a°° exp {ﬁQﬁo.gTQ,O.ng W, W]} (g[w[Tﬂ—l]g[w[Tl]—l] - 1) =0. (3.11)

Ty ,T2—>OO

Finally, we have

lim sup Tfl/%lﬁwﬁ/ [eXP {52930.9& W, W]} — 2exp {52%0.9T2,0.9T1 W, W]}
T1,T2—>OO ’
+exp { B2 om, [W, W] }] < o0, (3.12)
also by Lemma 3.1. Substituting (3.8), (3.9), (3.10), (3.11), and (3.12) into (3.7), we see that
E (W(0,5; 5) — (0, 51))* < OS5 2+,
as desired. 0
Theorem 1.1 is an easy consequence of this proposition.

Proof of Theorem 1.1. For a positive weight w € L'(R?), consider the weighted space L2 (R%), with
the inner product

(f,9) 12 (mey = / FW)gy)w(y) dy

Then, by Proposition 3.2 and stationarity of V'(s,y) in time, we have

E[W(s,;S1) — W(s,; SQ)H%Zw(Rd) = /E 1W(0,y;5+ S1) — ¥(0,y;5 + S9) P w(y)dy — 0, (3.13)
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as 51,52 — 400, by the dominated convergence theorem, and uniformly in s on compact sets,
as E|¥(s,y;S)|* is bounded uniformly in s,y,S due to the choice of A(8). Hence, the family

WU(s,y; S) converges locally uniformly in s and in L?(Q; L2 (R%)) to a limit W(s,y). The stationarity
of U is standard.

To prove (1.13), we use an argument similar to the above one: note that the solution ¥(s,y)
to (1.11) is stationary in y, and so is \i(s, y), thus for any y € R? fixed we have

BU(s.5) — B, ) [ wly)dy = [ BJ0(s.9) — Bls.0) Puty) dy

= lim [ E[¥(s,y) — U(s,5;9)[ w(y)dy = lim /El‘l’(O,y;S)‘I’(O,y;5+8)l2w(y)dy
S—~+o00 S——+o0

< L —0as s — +o0
= gl—d/2 ’

(3.14)
also by Proposition 3.2. We used stationarity of V' (s,y) in the last equality above. The convergence
of ¥ to ¥ locally in L2(Q; L2 (R%)) implies that ¥ satisfies (1.12) in a weak sense almost surely, and
therefore, by standard parabolic regularity, it satisfies the latter almost surely. O

We record the covariance of the stationary solution for completeness.

Corollary 3.3. We have

E[\i (s,v) v (s,9)] = eZO‘OOIE%’,VfE%/ exp {BQQOO[VV, W]} .

4 The effective noise strength

In this section, we explain how the effective noise strength parameter v in (1.8) arises from the
stationary solution ¥ and prove Theorem 1.2.

Lemma 4.1. If § is sufficiently small and g € C*(R?), then we have

Var <€d/12—1 /g(x)\ll (;2, :) dx) — Var (gd/12—1 /g(x)‘if <O, j) dx)

uniformly in €.

lim
t—o00

ook, We e
WVM (zs [ o0 (5. ar) - \/Var (s [ o@¥(0.2) ac)
_ ‘\/Var (2= / oteyw( 5Ty ar) - \/Var &= / (b (1, %) ar)

e f o Do faorafe Do

N A T I T [T o

uniformly in e, as t — oo, where the first equality is due to the stationarity of \Tf, the first inequal-
ity due to the triangle inequality, the second due to the Cauchy-Schwarz inequality, and the last
inequality by estimates on W(t,x) as in Proposition 3.2. O

(4.1)
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We recall from [13] that

lim Var (68;7;/_512 /g(m)\I!(;Q, g) dx) = Var (/g(m)d)(t,x) da:), (4.2)

e—0

where v is the solution to the Edwards-Wilkinson stochastic partial differential equation

op(t,x) = %aAzp(t,x) + ﬁVW(t, x), t>0, z€ R,

(4.3)
w(07 :L‘) = O’
which is simply (1.8) with @ = 1.
Lemma 4.2. We have
tlim Var (/g(a:)w(t, x) d:(:) = ﬁ2u2/ /\g(r,m)]de dr, (4.4)
& 0
where G(t, x) is the solution of
1
g(t,x) = —aAg R
8t.g(tvl‘) 2(1 g(t7x)a t>07 T e ) (45)

g(ov .%') - g(l’)

Proof. As in [13, (3.16)], we have

Var (/g(x)w(t,x)dw> :ﬁzyz/ot/’g(t—r,x)\Qd;cdr:52y2/0t/|9(7“,33)!2da:d7“ Lo
— B2 /OOO / g(r, )| dadr, B

as t — oo by the monotone convergence theorem. O
Now we are ready to prove Theorem 1.2.

Proof of Theorem 1.2. Given é > 0, by Lemmas 4.1 and 4.2, we can choose t large enough so that

Var (/g(m)w(t,:v) d1:> - BQVQ/ /g(r, z)?dzdr| < g (4.7)
0
and 1 ! 1 ! 5
x ~ x
uniformly in e. Then by (4.2) we can choose ¢ so small that
Var (6—0‘;/52 g(fn)‘lf(i f) dx) —Var( g(x)Y(t, ) dw) < 0 (4.9)
gd/2-1 g2’ ¢ ’ 3 '

Using the triangle inequality applied to (4.7), (4.8), (4.9), and (2.4), we obtain

. 1 (o~ _ a2 2 [ 1 2
il_I}I(l)Val” <€d/2_1/g(m)\1f(0, g) d:r:) = e* >[4y /0 /|g(7‘,:€)| dz dr, (4.10)
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SO

g2y 252 — (/Om/|g(r, z)[2dz dr)lgi_lzr(l)//g(m)g(iz) (5%2 Cov (\TJ(O, g),\i(o, g))) dzdz,
(4.11)
and thus

et [ [ o) (o o (9(0.2),9(0.2) ) ) aeaa = [~ [ gz
=// (/OOO/Ga(r,z—x)Ga(r,z—f)dzdr) g(x)g(%) dz dz.

This means that

(4.12)

: I =11z 2 71l 202 200 > =
ilg(l) Ed—_QEW EVT/ exp {6 Roo|W, W]} =vfe ; Go(r,z —x)Gy(r,z — &) dzdr

1/25262&(’0 ¢

alz — z[4-2
in the sense of distributions, and moreover that

B climeo [ [ g(x)g(Z) (ﬂ%g Cov (\TJ (0, %),\T/(O, %))) dz dz
- P | [o = 7P g(2)g(d) dwd |

5 The effective diffusivity

In this section we will show how to recover the effective diffusivity a from the asymptotic expansion
(1.9).
5.1 The solvability condition

We first explain how the effective diffusivity can be formally recovered from the homogenization
correctors — at the moment we disregard the question of the existence of such correctors and proceed
on a purely formal level. We start with the equations (1.16)—(1.17) for the terms w; and ug in the
formal asymptotic expansion (1.9) for u®(t,x). We will replace ¥ in the right side of these equations
by the stationary solution (17, so our formal starting point is

1 ~
83U1(t,.1‘, $7y) = §Ayu1(t7xa S>y) + (BV(S,y) - )\)Ul(t,l‘, $7y) + qul(s7y) ' viﬂﬂ(t7x) (51>
and

1
asu2(t7 xz, Svy) = §AyUQ(t,I'7 S, y) + (ﬂv(&y) - A)Uz(t, Zz, Svy) + vy : va1(t,ZL‘, Suy)

1 _ (5.2)
+ 5(1 —a)W(s,y)Au(t, ).
We can now formally decompose the solution to (5.1) as
ui(t,x,s,y) = w(s,y) - Vou(t, z), (5:3)
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where @(s,y) = (@M (s,y),..., D (s,y)) is a time/space stationary solution to

OV (s, y)

Sy (5.4)

1
0™ = SA,&™ + (B (s,y) = N&® +

We should note that unlike the random heat equation (1.12), the forced equation (5.4) may not
have stationary solutions in all d > 3. Nevertheless, this computation will give us an idea on
how the effective diffusivity can be approximated. By Theorem 1.1, applied with time reversed,
or, equivalently, to the random heat equation with potential V(—s,y), we also have a stationary
solution @ to the equation

0.5 = %Aff) + BV (5,)® — A®. (5.5)

Multiplying (5.2) by ® and using (5.3) and (5.5) gives
~ 1~ 1 ~
as<(b(s7y)u2<t7x737y)) = Eé(S,y)AyUQ(t,%,S,y) - iuQ(t,x,s,y)ACI)(s,y) ( )
5.6
~ 1 ~ -
+ @(s,y) tr (Vyw - Hessw) + 5(1 —a)®(s,y)U(s,y)Aau(t, z).

The assumed stationarity of ug in s and the stationarity of din s imply that the expectation of the
left-hand side is 0. Stationarity of us in ¥, on the other hand, implies that

EFI;(S, Y)Ayua(t, z,s,y) — u(t, z, s,y)A&J(s,y)} =0.
Therefore, taking the expectation in (5.6) gives
Ed(s, y) [tr (V@ - Hess ) + %(1 — ) (s, ) At x)} ~0. (5.7)
Due to the isotropic assumption, we have

~ ~ 1 ~ ~ 1 _~ -
E®(s,y)Vyw = p tr (Eq)(s, y)Vyw> Agwag = aE(ID(s,y) (Vy - @) - Igxa,

and thus )
0=Ed(s,y) [tr (Vyw - Hessw) + 5(1 — a)U(s,y)Agu(t, )
B 1 1 ~ (5.8)
=Ed(s,y) [dvy cw 5(1 —a)¥(s, y)} Au(t, x),
leading to N

A E[B(s,y)¥(s,y)]

As we have not proved that a stationary corrector w(s,y) exists, expression (5.9) is purely formal.
In the next section, we will explain how an approximate version of w can be used to justify the
computation leading to (5.9).

5.2 An approximation of the effective diffusivity

In this section, we will show how approximate correctors can be used in the right side of (5.9) to
provide a good approximation of the effective diffusivity. Instead of trying to build a stationary
solution to the corrector equation (5.4) we take S > 0 and consider the solution w(s,y;S) of the
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Cauchy problem for (5.4), with the stationary forcing coming from W (s,y) replaced by its approxi-
mation W(s,y;S) used to construct ¥(s,y):

oW (s,y;S)

Dsw®) = fAyw +(BV (s,y) — Nw® + ay , s> =585, (5.10)
k
and with the initial condition

w(=8,y;8) =0 yeR (5.11)

The solution is given by the Feynman-Kac formula

s+S r
w(s,y; S) =EY l/ exp (5/ V(s —7,B;)dr — /\7’) VVU(s —r,By;S) dr] : (5.12)
0 0

We also define W(s,y; S) as in (3.1)-(3.2) and similarly consider an approximation ®(s,y;T') of the
stationary solution ®(s,y) to the backward random heat equation (5.5),

(s, y; T) = B oxp { ¥ o1 [Bl = NT = s)}, s <T,
which satisfies (5.5) with the terminal condition
BT,y T) = 1.

We recall that

sTO] / V TB)d

where we interpret B as a two-sided Brownian motion. We define an approximate version of (5.9)

2E[®(s, 5 T)Vy - w(s,4; )]

d E[@(s,y; T)¥(s,y; 5)] (5:13)

CLS7T(S,Z/) =1 +

The next theorem, which is the main result of this section, shows that the “large S, T limit of (5.13)
agrees with the effective diffusivity (2.8) established in [13].

Theorem 5.1. Let a be the effective diffusivity defined by (2.8). Then we have, for each s € R,
and y € R,

lim agr(s,y) = a.

S—oo

T—oo

We note that if a stationary w given by
w(s,y) = lim w(s,y;S)
S—o0

exists, then Theorem 5.1 verifies the formal expression (5.9).
We will set s = 0 and y = 0 in the proof of Theorem 5.1, without loss of generality. In the course
of the proof, we will denote by H(x) the standard Heaviside function and also use its approximation

0 z <0
H(z)=¢y12 0<z<y;

1 r =7,

as well as J(z) = vH(xz). We begin by rewriting the Feynman-Kac formula for the numerator of
the right side of (5.13).
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Lemma 5.2. We have
E [#(0,0:T)(V, - )(0,0; )

S
=1 Vg Vel _yBED exp (3 /_ V(n Bt o)y + (7)) dr = MT +5)). (514)

Proof. From (5.12), we can compute, using the Feynman-Kac forumla for ¥(s,y;S):
S r
w(0,y;5) = IE%/ exp (ﬁ/ V(—71,B;)dr — )\r) VU (—r, By; S)dr
0 0

S S
= VE|5:0EyB/0 exp (ﬁ/o V(-1,B; + H(t —r)§)dr — AS) dr. (5.15)

One check by explicit differentiation of both expressions that the right side of (5.15) can be re-written
as

S
w(0,y;5) = V§|£:OE% exp (B/O V(—1,B; +78)dr — )\S)). (5.16)

Similarly, we can write

S
(Vy - @)(0,0;8) = V|, o Vel,_ Ef exp (5/0 V(—7,Br +n+716)dr — )\S)).

Using the Feynman-Kac formula for ®(s,y;T), we obtain

S
(0, 0:T)(V, - @)(0,0:8) = V|, _y-Velc_yEb exp (5/T V(—r, B+ H(r)n+J(r)€) dr—A(T+5)).

B (5.17)
Taking the expectation above gives

1
E [9(0,0: T)(V - w)(0,0: )] = V|, _o-Vel_ge " THIEY exp (252@[%5} B+ Hy+ Jg])  (5.18)

with the notation as explained below (2.2). This expression is almost (5.14) except we need to add
the regularization of H by H, in (5.18). To do this, we write out the gradients in the right side
of (5.14). Define 6 f(7,7) = f(7) — f(7). Then we have, for all v > 0,

vn|n:0 : v&‘g:oei/\(TJrS)E?jB exp <ﬁ2‘%[57T,875'} [B+ Hyn+ Jf]) (5.19)
= 82 M T=9EY, (914(B) + g2:+(B) - g3 (B)) exp (8 #_r.5[B]) , (5.20)
where, because the support of R(s) is in [—1, 1], we have
01 B] = / SH. (7,7)5J(r, )AR(r — 7,0 B(r, 7)) dr d7
[_272]2

g?;'y[B] = // (5J(T77~')VR(T—7:,5B(T,7~'))d7'd7~'

[—S,—T]2

g, [B] = / SH. (7, 7)VR(r — 7, 6B(r,7)) dr d7.
[_272]2
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The bounded convergence theorem then implies that
: ANT+S
lim V|, - Vele_ge T IEY exp (5 Fpr.5)B + Hyn + J€))
= Vil o Vele_ge T I, exp (82% 7.5 [B + Hy + J¢]) O

The reason why the 7-regularization in (5.14) is useful is clear from the next lemma.

Lemma 5.3. We have

BS B, —1) (5.21)

Proof. We use the Girsanov formula, writing
S
Val, o Vele_oEh exp (ﬂ/T V (=7, By + Hy(7)n + J(r)€) dr = (T + 5))

S
= V77|n:0 . V&’g:oEyB [exp (ﬁ /T V (-7, B;) dT)

1 1 1
xexp (= AT +8) + = (By ) — 5 lnf* = (€ m) + (Bs,€) = 51¢5)
1 S
~ B4 B B, — d)esp (5 /_T V(. B)dr — AT +5)).

Passing to the limit as v | 0, and taking expectations shows that
E [®(0,0; T)(V - w)(0,0; §)] = e T+5) liﬁ}E% (7—133 .B, — d) exp {52%[4,5] [B]} . (5.22)
¥
Finally, for the denominator of (5.13) we have

(0, 0; T)¥(0,0; S) = B} exp { 8¥_7,5[B] = NI+ 5) },

where ¥{_1 g[B f V (-7, B;)dt, so
E®(0,0;T)¥(0,0; S) = e T+IEY exp { 3% _7,5)[B] } (5.23)
Dividing (5.22) by (5.23) and plugging into (5.13) yields (5.21). O
Lemma 5.4. We have 1.
i B Bier.s|Bal* =1,

uniformly in S and T.

Proof. We have

-~ 1
E(J)S;—T,S‘BVP - E%‘B’YP = E%‘BV‘Q (Z

eXp{%BQQ[—T,S] [B]} - 1)
s

1 1 1 ~
— 5 BYIB, P (exp{ ;82 1.9B)) - op{36°F 1.9(B]}).
-T,S

)
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where B is a Brownian motion whose increments on [—7,0] and [y, S] are identical to those of B and

whose increments on [0, 7] are independent of those of B. (The second equality is because Z|_r g B]
is independent of B,.) This means that

EY, (exp{BQ%[_Tﬁ] [B]} + exp{ 2%}, 3) [B]})
Z_15s

o 1
exp{252// R(T—%,BT—B;)d%dT}
—-1J7Vv0
v ol - -
—exp{?BQ// R(T—?,BT—B;)d%dTH
—-1J7Vv0

< C(BRIB, ) A (E) (exp{48° max |B, = Bul} - 1))

(B, 1,5By 2 — E}|B, 2| =

x Ep|B,

< CY,
where C is a constant that may depend on § and R. Since ]E%|BW]2 = d, this proves the lemma. [

Corollary 5.5. We have

as7(0,0) = lim ag 1.y, (5.24)
0
where 5
asTny =1+ %EOB;[*T,S](BS — By) - (By — By).
Proof. This is a simple consequence of Lemma 5.3 and Lemma 5.4. O

Lemma 5.6. The limit
lim ag7(0,0) (5.25)
T—o0
S—o0

exists.
Proof. We have, for any 7 < 15 < 13 < 74 < 75,

]EB;T:) (BT4 - BT3) ’ (BTz - BT1) = IEW(WT4 - WTs) ’ (sz - WT1 )g(W[’Ts]—l) (5 26)
= EW(WT4/\U - WTg/\J) ' (WTQ - W’rl)7

where o is the first regeneration time after 74 and the second equality comes from the fact that ¢ is
even and the increments of W after a regeneration time are isotropic. This makes it clear that there
are constants 0 < ¢, C' < oo so that

EB;‘Fs (BT4 - BT3) ’ (B7'2 - Bﬁ) < Ceic(miﬁ)' (5’27)
Then it follows from Corollary 5.5 that agr is Cauchy in S, and thus the limit (5.25) exists. O
Now we prove Theorem 5.1.

Proof of Theorem 5.1. We have, from (2.8),

1 ~ 1
a= lim 7]EW (WgU - Wo) . (WQU - WU) = lim —

U—oo dU U—oo dUIEOBﬁU (B3U - BO) : (B2U - BU)a (5.28)

where the second equality is by (5.27) and Lemma 2.8. Define

7 = (U +jy) A2U
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and note that

[U/~]-1
Boy—By= Y (B —B. )
j=1 Ti+1 J
Substituting this into (5.28) yields
1 [U/y1-1
o= Jim o lim E%0(Bsu — Bo) - jzo <BT§1)1 — BT;W)

[U/~]-1 (

= Jim - lim > Ela B3U—BT(1)1)+(B 1 —B )+ (B o —Bo)> (B_¢y —B_)
j: J J J J

U—oo dU ~10 Tj+1 Tj+1

Now by Lemma 5.4, we have
[U/~]-1

lim — li BY o (B () — B ) (B ¢y —B () = 1.
Jm ol JZ:(:J B;3u( . T]m) ( . ij)

Moreover, we have by (5.13) that

. ~d
E%u(Bsu = B_()) - (B_yy —B_(y)) = —(a —-1
B3v(Bsu m) ( o, T]m)) 5 ( 8 7)) 1) )
_ ~d
E%.50(B ) — Bo) - (B_(v) — B_() = = —1).
i e = o) (B, = o) =55 (oo~
Therefore,
[U/v]1-1
1 vd ~vd
a=14 lim ——lim (a -1+ —(a -1
g lim jz:O 5 ey o0 000 o0 = Dt (e gy o0 o = 1)
[U/v]-1
= lim —lim— a +a
Jim 7l JZ:(:) ( 30— 7)) F O gy ) ) ij)
= lim aS,T(O,O),
T—o00
S—o00
where the last inequality is by Lemma 5.6. OJ

6 Convergence of the leading-order term

In this section, we prove Theorem 1.3. We begin by deriving an expression for the error in (1.15)
using the Feynman—Kac formula. We use the normalization

A —i{w.x d i{w,z) ~
Go(w) :/e {w, >u0(m)ﬁ, up(x) :/e< )i (w) dw

for the Fourier transform of a function ug(xz)€ C°(R?). In this section, w, @ denote Fourier variables
and not the function w from Section 5.

Proposition 6.1. We have that

E [uf(t, z) — U5 (¢, 2)a(t, x)‘Q — o2 //ei<w+‘:”w>ﬂO(W)ﬂ0(@)EB,E—%IERE—%%;,&[37 B] dwd,
(6.1)
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where

AE B, B] = exp { % |B, B]} 6,1BI65, B (6.2)
(gfw[B] — e(iw,s(BS,Qthg)) o 6—%at(w,w>' (63)

Proof. We start with the Feynman-Kac formula for (1.1):
w (1) =B ¥ exp { §%-u[B] ~ Ae*t fuo(eB.-=), (6.4)
and note that
uo(eBe-2;) = / eeB2lgg(w) dw, Tt ) = / el{w )= 3atw) 4 (w) dw,
so, if By = ¢~ 'z, then
uo(eBemay) — u(t,) = [ SN Blio(w) do. (6.5)
The Feynman—-Kac formula also shows that
UE(t,@) = B " exp { 3% [B] — A7t} (6.6)
Combining (6.4), (6.5), and (6.6) yields
u(t,x) — Ve (¢, 2)u(t, z) = EEB_lm exp {B"f/afzt[B] - )\E*Zt} / ei<‘”’x>5,fw [Bltp(w) dw.
We finish the proof of the lemma by simply computing the second moment:
E(uf(t, z) — Vo (¢, z)u(t, z))% = E(Eglx exp {57/57%[3} - Ag—%} / ¢@2) & [Blag(w) dw)2
- / / M) 1y ()0 (B)ES B E oxp { V-l B] + Voad[ Bl — 202} 65, [BIET B dw di
= 2% / / T i ()i (@)Ep c-2 B g -2, T o[ B, B) dw did. O

To prove Theorem 1.3, we will bound the expression in the right side of (6.1) using the techniques
of [13] recalled in Section 2. The proof will be very similar to that of [13, Lemma 5.2]. The key idea
is that, with high probability, the only significant contributions to exp { B2%R.—2,|B, B]} come from
times close to 0. Therefore, B and Bin (6.2) are “nearly” independent. Moreover, the expectation
of (6.3) is approximately 0 since the Markov chain has effective diffusivity a.

Our first lemma is that the correction ¢ on the end of the Markov chain that appears in (2.5)
does not matter.

Lemma 6.2. We have

~ ~ ~ ~

lim (B 5. 2,95, 5B, Bl — By i i, 5 [W, W]’ = 0. (6.7)
6 b k) 9 9 9

=0 i,
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As this lemma is a technical point, we defer its proof to the end of the section. We note that
2

oror

exp (P W W1} = o [(9° [ R =W, = W) ar ) exp {22, W1}
= 2,5 (W, W] exp { B2%,: (W, W]}, (6.8)

where
D, 2 [W, W] = B R(r — 7, Wy —TWy) + 81 / R(r—7, W, — W) dr / R(r—7, W, — W) d7. (6.9)
T—2 2

We note that )
2, :(W,W] >0 (6.10)

almost surely, as the functions p(s) and v(y) in (1.3) are non-negative. We can now write
Byt 7o W, W) = B S5 (W, W) exp { 82,2 [W, W] |
= /0 /0 By i G W, W20 (W, W] exp { B2, (W, W]} drd7, (6.11)

with the shorthand
EF

tiw,w [W W] gf,w [W]gf,&z [W] .

The next lemma gives an estimate for the contribution to the integral (6.11) from each r,7. The
key point is that, if B is a Brownian motion with diffusivity o2, then exp{i(w, B;) + 3to?|w|*} is a
martingale. Since W is converging to a Brownian motion with diffusivity a, the contribution to the
integrand in (6.11) from &7, 5[W, W] — &2, 5[W, W] should be small.

tiw,w T3W,0

Lemma 6.3. For fized r,7 > 0, we have

lim E EF
e—0 WW tw, @

(W, W12, 2 [W, W] exp { 82,5 (W, W]} = 0, (6.12)

Proof. To simplify the notation, in this proof we will avoid writing the dependencies on r and 7,
treating them as fixed. Using the objects of Theorem 2.1, we will put o; = U]VVW and Kk = /{W’W,
and let jo = min{j > 0 | o; > rV 7}, and the o-algebra Fj, be generated by the collection of random
variables

{m™ In < oj} U{wa | n < oo} U{dn | n < gy ).

We note that 3 )
2,5 (W, W)exp { 822, :[W, W]} € Fy.

Therefore, we have

E i [Wy W20 o[ W, W] exp {62%rf[W W]}

=By (Bueypr [620a W, W] 7] exp{ W1} 2,: (W, W])
=&y, (1<w€W DBy [l Wez W) | 7, ] ——at\w\?)
x (el Wil Ry [l Weze =Wl | 75 | — =201 ) 0, (W, W] exp { 8222, (W, W]}

(6.13)
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Observe that

By [5 Vo2 Wio)) | 5 ] = Bap [0 0Veze Wi | o] — o= potlel

almost surely as € — 0 by Proposition 2.4, and similarly for I~EW [ei@’a(‘;vs*%_WJ'O)> ‘ ]:jo] . In addition,
we have

i(@,eWj,)

e —1

almost surely. The statement of the lemma then follows from the bounded convergence theorem
applied to (6.13). O

Lemma 6.4. We have
lim }EWW.fow S[W, W] =o.

e—0

Proof. We have, using (6.10), that
By i s W W] 2y s [ W, W exp { 8208, (W, W1 | < 4By, 5 20 oW, W] exp { 822,(W, W1}

and by (6.8) that

q ra_ _ 3
/ / By 2r 7 [W, W] exp {52z@r,f[W, W]} dr d7
0 0
= By exp { 2%, s W, W1} < By exp { 32200 [W, W]} < o0

where the last inequality is by Proposition 2.5. The dominated convergence theorem applied to the
integral (6.11), in light of the pointwise convergence (6.12), then implies the result. O

We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. Combining Lemma 6.2 and Lemma 6.4, we see that the integrand in (6.1)
converges pointwise to 0 as € — 0. On the other hand, as long as 8 < fy, there is a constant C' so
that R
‘]EB,B;E—Qt tww’ <C
independently of £, w,@. As ug € C°(R?), the dominated convergence theorem and (2.4) then imply
that
|u(t, x) — U (¢, x)u(t,z)| — 0

as e — 0. O
It remains to prove Lemma, 6.2.

Proof of Lemma 6.2. We have

tiw,o tiw,o

I/E:;B,B;E—Qt’Q{ [B B] I/EB, éa [B B] exXp {/B %a—zt[Ba-é]}

= By 9 [we—2)9 [@—2) 650 5 W, Wexp { B2, [W, W]} (6.14)
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Let v € (0,2) be arbitrary, then

By, | W[WW]exp{ﬁ Ry W, W1} = EF o oW, W] exp { 822y ) W, W]}

< Euap W W] = 6ol W. W] xp { 8.2 W. W)

(W, W] ‘ ’exp {5 K24 | W, W]} — exp {BQ%E—Q(t,E'y)[W, W]H .

(6.15)
Let’s address the first term of (6.15). By (2.9), we have
~ 2
Ew ‘€W€72t —eWez_emy| < Cye7,
which in particular means that
lim ‘swﬂt — W ap_an| = 0 (6.16)

in probability. The same statement holds for . We then have, using Holder’s inequality,

awww[

hmEWW‘ tww[W W] éat‘S

e—0

W, W]| exp { 3.2, [W, W]}

< Cslim (Epy & gy T _
< Cslim (B, (W, W] — (W, W] =0, (6.17)

tww eV w,w

by Proposition 2.5 and the bounded convergence theorem in light of (6.16).
Finally, let us look at the second term of (6.15), which is easier. Here, we have

lim IEWW ’éf_av;w,@[m W]‘ ’eXP {52«%5—21‘,[1/‘/, W]} — exp {52%5—2(&57) W, W]H

e—0

< 4lim By [exp {572, [W. W1} — exp {5 Fz(o)[W W = 0 (6.18)

by the dominated convergence theorem, again in light of (2.9). Applying (6.17) and (6.18) to (6.15)
implies that

;IL% EWW é"a,w,&t[W, W] exp {,82%572,5“/{/, W]} - éaob,w,a,t—s'Y [M/v W] €xp {ﬁzf@a*%t—eﬂ [W7 W] H =0.
(6.19)
Combining (6.14), (6.19), and Lemma 2.8, and recalling that ¢ is bounded above and away from
zero, completes the proof of the lemma. O

7 The second term of the expansion

In this section we will prove Theorem 1.4. We first introduce some notation. Having fixed v € (1, 2),
for each s > 0 we define a discrete set of times

0 k=0
= {5 e ([ = (k=1)) k>0, (7.1)

and set
K
FB] = Z(EB%+1 —¢B,,) - Va(t — %ry,eBy,), (7.2)
k=0
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with
Kf =[] (7.3)
The next lemma gives a Feynman-Kac formula for the corrector uj defined in (1.22).

Lemma 7.1. We have
1.
ui(t,e) = ZEj wexp {Voway[B] - A2t} SF[B]. (7.4)

Proof. The Feynman—Kac formula applied to (1.20), in the same way as in (5.16), gives the following
expression for the solution 6;(s,y) to that equation:

s—e~V(j-1) r
0;(s,y) = EyB/O exp {/0 BV (s —71,B;) — ) dT} VU(s—r, B,)dr
s—e~Y(j—1) s
:EyBVdE:O/O exp{/o BV (s —7,Br + H(T —1)§) — )] dT} dr
= Vel e_yEl exp {/0 BV(s— 7. Br+ (1 A (5 — e 7(j — 1)))€) — A dT} ,
where H(z) is the Heaviside function. The Girsanov formula yields

s—e My —1
0)(5.9) = Vele_gBl exp { 4[B] ~ As + (Bu ooy 1y — )€~ 0 = Digpa)
- IEyB(Bs—é:*’Y(j—l) - y) CXp {7/8[3] - )\8} :

Given this expression for 6;, we use it in (1.21) to write

s—e~7j
wii(s,y) = B exp /0 BV (s = 7, B;) = A dr }0;(e™7j, By_emnj) - VE(e?7j,e By
=B (Bs_c(j—1) — Bs—c—j) - VU(e* 7 j,eBs ;) exp {#5[B] — As} -

Finally, by (1.22) we have
us (t, ) = uy (et e 1)

where
[€7s]
Z Ey B e V(1) — Bsfz-:*’Yj) ’ Vﬂ(EQ_ﬂ/jvngfs*'Yj) exp {%[B] - )‘8}
+ IEB(BS—&*’y levs] — )exp {7/[ ] - )‘3} ’ VE(EQ‘S: Ey)
(€7 5]
= EY exp {¥|B] — As} Z reps — Bry) - VU(e* (s — ri),eBy,), (7.5)
with 7, defined in (7.1). Rescaling (7.5) yields (7.4). O

Next, we consider the error term

¢ (t,x) = u(t,x) — U (t,x)u(t, z) — eui(t, z).
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Combining (6.4), (6.6), and (7.4) gives an expression
¢°(t,2) = B [uo(eB.—2) — ut, ) — S [B]exp { #owsy[B] = A7t} ,
with its expectation given by
Eq® (1, ) = exp{oy .2} G, %, [ug(eBe2y) — ult, x) — [ B]].
Taking covariances, we obtain
Eq®(t,7)q" (¢, T) — Eq¢* (¢, )Eq° (¢, T)
= exp{20y/c2}BS 77, 7 (ug(eBozy) — u(t,0) — I B]) (uo(eBesy) — (t, 7) — 57 |B))
(exp {52%5_2t[3, B]} - 1)
= exp{20y 02 5 (up (Wemsy) — Tt @) = FE[W]) (uo(eWeay) = Tlt, 7) — FE[W))
x (exp { B2y [W, W]} = 1) 9 (wn) ¥ (i0). (7.6)

X

In the last equality of (7.6) we used Theorem 2.1.
In line with the framework of Section 2, we will proceed to approximate the times r; by nearby
regeneration times of the Markov chains. Thus, we define

oW (k) = (¢7%) Amin{r > ry, | ¥V =1}.
Before we begin our argument in earnest, we recall bounds on the relevant error terms. Put

Y = (k) — F(r) = Wyir — W,
OSI%ESD;(?(J (k) — i), (1) 7“6[01’2%%3—7'“ r+T vl

and
Z=ec"?F(e™7 +Y).

Lemma 7.2. We have constants C and ¢ so that

Pw (Y > Clloge| + €) < Ce™ %, (7.7)
Py (F(Y) > C|loge| + &) < Ce™, (7.8)

and N
Py (Z > Clloge| + &) < Ce . (7.9)

These bounds are simple consequences of the regeneration structure of the Markov chain de-
scribed in Section 2 and of [13, Lemma A.1]. We begin our approximation procedure by replacing
the deterministic times 74 in the definition (7.2) of .#7, by their regeneration approximations.

Lemma 7.3. Let
K3
%‘E[W] = Z(‘C:WUW(IH—I) — 5WaW(k)) : Vﬂ(t — EZO'W(]{>, €W0W(k)), (710)
k=0

then for any 1 < p < 0o and any ( <y — 1 there exists a constant C = C(p, (, ||uo|lc2) < 0o so that

(B loew) - Zwip) ™" < o< (1)
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Proof. We have
I W] = I W]

K
= z:(sW,«kJrl —eWy,) - V(t — e*ry, eWy, ) — (EWow (gy1) — EWow (1)) - Vau(t — 2o (k), eWow (1)),
k=0

hence
K;
| IE W] = FEWT <D (W, — eWny) = (EWow 1y — eWow )| - VE(E — 21y, e W5,
K k=0
D EWow (k1) — EWow iy | - [V(t — 2, eWy,) — Va(t — 26" (k) eW,w )] (7.12)
k=0

We estimate the first term in the right side by
|(eW,

Tk+1

Wiy — (Wow(rn) — Wow )| - [Vt — €211, 6W5, )| < 2F(V)elfalr,  (7.13)
and the second by
[EWow (k1) — EWow (| - [VE(E — 2y, eW,,) — Va(t — 20V (k), eWow ()]

<eF(Y +e M |ale2(e?Y +eF(Y)) = 72 Z|[t]|c2 (€Y + eF(Y)). (7.14)

Combining (7.12), (7.13) and (7.14), and recalling (7.3), gives us
| FEW] = FEIW] < 2 2F (Y)euller + ' 72 Z[ullez (%Y +eF(Y))],

which in light of Lemma 7.2 implies (7.11). O
Lemma 7.4. For any power 1 < p < oo, there exists a C = C(p,t,||uo|lc2) < oo so that

(IE%E 1/p

uo(eWe-2,) — (t, ) — IE[W] ]p) < CeS, (7.15)

forany ¢ <1 —~/2.
Proof. To ease the notation, in this proof we will abbreviate o = ¢"V'. We write the Taylor expansion
u(t — 2o (k + 1), W (hg1)) — U(t — e2o(k), W)
=—e*(o(k+1) — o(k)) 0u(t — %0 (k), eWo(s)) + eWo 1) — Wor)) - VU(t — %0 (k), eWy(s)
+ 352 Qult — 2o (k). W) (Woess) — Wogey) + ZW], (7.16)

where Qu is the quadratic form associated to the Hessian of @ (so Qu(V) = Hessw(V,V)) and
%.[W1] is the remainder term. By Taylor’s theorem, we have

B < Clalles (1o (k + 1) = o (k) + | Wogern) — Wogo ). (7.17)

Note that the second term in the second line of (7.16) appears in the definition (7.10) of .#¢. Thus,
we can telescope the left side of (7.16) to obtain
Ky
TEIW] = ug(eW,2) —lt = 0(0),eWo()) + Y (2 2alW) + %[W]),  (7.18)
k=0
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where
1
%k[W] = (U(k + 1) — U(k‘)) 8tﬁ(t — €2U(k7), EWU(k‘)) - 5 Qﬂ(t - 620'(]{), 5Wa(l~c))(Wa(k+1) — Wg(k))
1 1
= (U(k} + 1) — U(k)) iaAﬁ(t — EQU(k), EWa(k)) — 5 Qﬂ(t — EZU(IC), EWa(k))(Wa(k+l) — Wg(k)).

We now deal with each piece of this expression in turn.
The drift terms. We first define

—~ _ ~ 1 1
Zi = (@(k +1) - (k)) jadu(t - e2a(k),eWon) — 5 Qult — 20 (k) eWok) Wiy = Waa)s

g

where (k) = min{r > r | ¥ = 1}. Using the relation (2.8) between the effective diffusivity a and
the variance of the increments Wo“jr LT Wava as well as the isotropy of W, we see that

Ew Zi[W] =0 (7.19)
for each k. We also note the simple bound
[ Zi[W]| < alf@lle2 (677 +Y) + [@lle2 (F(e™ +Y))* < alfallez (67 + V) + [[llee 2% (7.20)
Therefore, by Lemma 7.2, we have
Ew| 2 [W]|P < Ce P, (7.21)
for any & > . We further define ,
My =Y Zi[W). (7.22)
k=0
For each ¢ > 0, define G, to be the o-algebra generated by {W; |t < o(£)}U{n}¥ |t < o(£)}. Then,

according to (7.19), {M,} is a martingale with respect to the filtration {Gy}. An LP-version of the
Burkholder-Gundy inequality [7] (see also [3, Theorem 9]) implies that

1/p

KE
~ 1 LI —
(Ew|e2Mic[7) P < e (KF + )27 B | 2 WP < Ce€ (7.23)
k=0

for any ¢ < 1—~/2. We used (7.3) and (7.21) in the second inequality above.
On the other hand, we note that 2% [W] — Z%[W] can be nonzero for at most one k, so we have

K3 . Ke .
> (Z0lW] = ZUW])| = mitx| 2i[W] = Zi[W)| < Clfallcze 2, (7.24)
k=0 -
SO
K¢ P\ 1/p
(EW 23 (W] - 23 W) ) < Cet (7.25)
k=0
for any ¢ < 2 — /2.
The error term. By (7.17), we have
K; K;
S w| < Cllalles 3 (o + 1) = 0GP + [eWorsn) — W)
k=0 j=0

< Cllales7 (£ (=7 +¥)* +[eF (e + Y)[*) < Clalles (277 (1 +27Y)2 4+ £17/22%)
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1/
3 (7.26)

so by Lemma 7.2 we have
K
(Bw| > zrw][) " < o=
k=0

for any ¢ <1 —7/2.
The initial term. Finally, we observe that
1
P <o (r.2)

1/p . ~
< [[aller (Ew (£20(0) + &[Wo(e))P)

(EW ‘ﬂ(t - 520(())7 €W0(0)) —a(t, ) ‘p)
Ul

for any ¢ <1 —~/2.
Applying the bounds (7.23), (7.25), (7.26), and (7.27) to (7.18) gives us (7.15).

Corollary 7.5. For any 1 <p < oo and ¢ < (y—1) A (1 —~/2) there exists C = C(p,(,t, ||uo||c2)
(7.28)

so that y
(B uo(eWe-z,) — 1t 2) = SEW]P) " < CeS.

Proof. This is a simple consequence of the triangle inequality applied to Lemma 7.3 and Lemma 7.4.
O

We will need the following auxiliary lemma.
Lemma 7.6. There is a By > 0 so that if x3° < 58, then there is a constant C = C(a, ) < 00 so

A 1) o (7.29)

Byl (o {awy —1) < 0 (=

that for any € > 0 and z,% € R? we have

Proof. As %;[W, W] > 0, we have
~ X ~r 7 ~

(exp { B2 W, W} 1) < PSS (S0 [W, W] > 0)
E7/50 o {x B2 Ry 20 [W, W}} <C (‘x -

X sup W,W
r>0,W10,7:Wli0,r) 7
O

by Proposition 2.11 and Proposition 2.5, as long as x3? < 32 is sufficiently small.

Ew/a,i/a
d—2
A 1) L (730)

wW,W

Proposition 7.7. For all x > 1 and for any ¢ < (1 —~/2) A (v — 1), there exists C so that
e e ~ e € =, o —4=2 C+ﬁ 2¢
|Eq® (t, )" (t, Z) — Eq°(t,x)Eq°(t,Z)| < C' [ |z — 2| x ™" x Ae™t ).

Proof. Take p so that + —|—% = 1. We go back to (7.6) and apply Holder’s inequality, as well as (7.28)

and (7.29) to get the bound
€ € E(t A 2 /e = € p 2/
B’ (8.0 (1) — B (1, 2)Ba* (8, 9)] < 9] (sup B/ fuo(eWe ) — alt2) — SEWIP )

a—2

(B (o {1} 1)) < 0 (g nn)

We are finally ready to prove Theorem 1.4.
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Proof of Theorem 1.4. By Proposition 7.7, we have, for any ¢ < (1 —~/2) A (y—1) and any x > 1,

e~ (d-2R (/g(m)qa(t,a:) dz — E/g(w)qs(t, x) d:c)2

=02 [ [ a)g(a) (B (4.0 (1. 5) ~ Baf (1,084 (1,5)] dods

< Celd=20 /= 1+2<// )|z -z % dzdz
by Proposition 7.7. The integral in the last line is finite because g is smooth and compactly supported.
Now by taking x sufficiently close to 1, and reducing ¢ slightly, we achieve (1.23). O
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