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Abstract

In this paper it is shown that if @ C RY is an open, bounded Lipschitz set, and if f :
Q x RXNXN 10, 00) is a continuous function with f(,-) of linear growth for all z € €,
then the relaxed functional in the space of functions of Bounded Hessian of the energy

Pl = /Q P, Vulx))do

for bounded sequences in W2 is given by

dDs(Vu)

Flu] :/QQQf(x,V2u)dx+/Q(Q2f)oo (%W

) d|Ds(Vu)|.

This result is obtained using blow-up techniques and establishes a second order version of the
BV relaxation theorems of Ambrosio and Dal Maso [2] and Fonseca and Miiller [27]. The use
of the blow-up method is intended to facilitate future study of integrands which include lower
order terms and applications in the field of second order structured deformations.
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1 Introduction

Variational models involving higher order derivatives of the underlying fields are ubiquitous in the
mathematical analysis of materials and imaging science. As remarked by Demengel in [22], the
space of functions of bounded Hessian, BH, is the natural setting for the study of certain problems
in plasticity and elasto-plasticity (see e.g., [11] [14] [15] [19] [20] [21] [36] [39]). Similar function
spaces have been adopted in the study of structured deformations, which model geometrical changes
at microscopic and macroscopic scales. Here the first order theory fails to account for the effect
of microscopic jumps in the gradients and curvature effects, and the second order theory was
introduced in [38] using the space BH and related spaces SBH, SBV?2. Recent results in [6] discuss
the second order theory in the SBV? setting and establish relaxation and integral representation
theorems.

Recently, the field of image processing has seen progress using energies with second order terms.
The addition of a second order term in the Rudin-Osher-Fatemi TV denoising model can act as
a regularizing factor, preventing the so-called “staircasing effect”, as discussed in [7], [8], [9], [18].
More applications of second order terms in regularization and denoising may be found in [29], [30],
[42]. Further, second order energies have seen applications in variational image fusion [34] and
image colorization [31].

In this paper we prove an integral representation result in BH for relaxed functionals with
linear growth defined on W?2!. To be precise, given an open bounded Lipschitz set € in RY we
define the functional



Flu] == /Qf(x,VQU)dx, u € W2HQ,RY)

where f: Q x R>*N*N [0 00) is a continuous function with f(z,-) of linear growth for all x € Q,
we consider the weakly-* lower semicontinuous envelope in the space BH (€2, R%), namely

n—oo

Flu] := inf { liminf Fluy] : up, — win LY QR sup ||lun, ||wea < oo}

In Theorem 4.1 we prove that that, under some growth and regularity hypotheses on f, we can
represent F as

Flu] :/QQQf(@V%)dm—F/Q(sz)w(x»m

where Qs f is the 2-quasiconvex envelope of f, and for x € , (Q2f)>(x, -) is the recession function
of Qs f(z,-), defined via

Jap.(vu,

9> (H) := limsup M, (1.1)
t——+o0 t
for a function g : R>*N*N [0, c0).

This result may be seen as a second order version of those of Ambrosio and Dal Maso [2] as
well as Fonseca and Miiller [27] on first order linear growth functionals.

This paper is inspired by recent progress in the field of A-quasiconvexity, in the sense of Fonseca
and Miiller as introduced in [28] (see also [17]). In [4], Arroyo-Rabasa, De Philippis, and Rindler
use a combination of the blow-up method and Young measures to prove a relaxation result in a very
general setting. Knowing that the space BH may be viewed through the lens of A-quasiconvexity,
this paper adopts some of these techniques to BH relaxation, using the explicit structure of BH
that leads to deterministic arguments that avoid the use of Young measures.

In a recent relaxation paper, Breit, Diening and Gmeineder [10] examine what they call A-
quasiconvexity. As they note in Section 5, with the existence of an annihilator L, this reduces to
what Dacorogna called A-B quasiconvexity [17], with A := L and B := A. Although BH may be
viewed within the context of A-quasiconvexity by restricting matrix-valued measures to lie in the
subspace R* @R N it is not obvious that we can cast it in the framework of A-B quasiconvexity
as easily. Regardless, for their argument of lower-semicontinuity, Breit, Diening and Gmeineder
make use of [4], and thus do not provide a Young measure-free argument.

The goal of this paper is to establish a relaxation result in the space BH using purely blow-up
methods without reference to Young measures. In order to establish the upper bound, we prove an
area-strict density theorem in a very general setting, requiring no extra structure on the limiting
measure . We develop the direct argument with an eye towards ultimately including lower order
terms in the relaxation, which is necessary for related problems, including a second order theory
of structured deformations which allows for a Cantor part in the Hessian (see [25]).

While the arguments in this paper are only for the second order case, an extension to higher
order derivatives should be possible without much extra work. We note that a higher order relax-
ation result is addressed by Amar and De Cicco in [1]. However, to our knowledge there seems to
be a gap in the proof of lower semicontinuty in [1], in particular in what concerns the singular part.
The proof in our paper makes use of modern results which take a completely different approach in
proving lower semicontinuity.

This paper is structured as follows: In Section 2 we establish some preliminary Reshetynak
continuity results and geometric properties of 2-quasiconvexity. In Section 3 we prove an area-
strict density result for Radon measures (see Theorem 3.4), and we obtain a second order extension



theorem in order to apply this theorem to BH. Section 4 contains the main result, Theorem 4.1,
which is achieved by a direct blow-up argument.

2 Preliminaries

Let d, N € N, let Q be an open, bounded subset of R, and consider the space of functions of
Bounded Hessian

BH(Q;RY) = {ue WH(Q;R?) : D?u is a finite Radon measure}
= {ueLY(%RY) : Due BV(Q;R>*N)},

We define the unit cube @ := {z € RV : |z;| < 1 for all 1 <7 < N}, and we consider the cube
of side length r centered at zg, Q(zg,r) :=x0+rQ = {xo+ 71y :y € Q}.

For simplicity of notation, we will often denote the Lebesgue measure of a Borel set £ C RY
via the notation |E| := LN (E).

We recall that if u € M(£;R9) is a finite Radon measure, then there exist p,. € L'(£;RY),

s € M(S;RY) with |ps| L LV LQ, and a |ps]-measurable function v, = % with |v,(z)| =1 for

|ies| almost every x € 0, such that for every Borel set E C  we have

W) = [ pucle)dn + [ v @)l o)

and we write p = f1aeLN L Q + . In what follows, if the measure p being referenced is clear in
the context, we will often drop the subscript and write v, as v. Similarly, the total variation ||
admits a Radon-Nikodym decomposition |u| = |p|aelY L Q + |u|s. The next lemma establishes
that the total variation of the absolutely continuous and the singular part of a Radon measure
coincide, respectively, with the absolutely continuous and singular part of the total variation.

Lemma 2.1. Let p € M(Q;R?) be a finite Radon measure. Then |p|ac(w) = |pacl(z) for LV
almost every x € 0 and |ps| = |pt]s-

Proof. By the definition of a singular measure and the Radon-Nikodym decomposition, we can
split Q into disjoint Borel sets A, B such that ul. A = j1,.LY L Q, ul B = s, |us|(A) = |B| = 0.
We claim that

il = lulL A+ ||l B

is the Radon-Nikodym decomposition of |u| with respect to LY L Q. Indeed, for any Borel set E
such that |E| = 0, we have

(|| A)(E) = |p|(EN A) = sup { Z |(F;)| : F; Borel, pairwise disjoint, U F,=EnN A}.

=1 i=1

Note that for any FF C EN A, we have |u(F)| = |p(FNA)| = [(pL A)(F)| = 0, since ul_ A << £V
and F' C E. We conclude that (|u|L A)(E) = 0 and thus |u|L A << £¥. On the other hand, we
claim that the measure |u|L B is singular with respect to the Lebesgue measure. This follows from
the fact that |[B] = 0 and (|u|L B)(A) = |u|(AN B) =0 since A and B are disjoint. We conclude
WL A = |plee LY L Q and [u|L B = |uls.



Now, we show that for any Borel set P we have |u|L P = |uL P|. Indeed, if E is a Borel set,
then

o0 o
|uL P|(E) = sup { Z |pL P(F;)| : F; Borel, pairwise disjoint, U F, = E}
i=1 i=1

= sup { Z |w(P N F;)| : F; Borel, pairwise disjoint, U F;, = E}

i=1 i=1

< sup { Z |(G;)| : G; Borel, pairwise disjoint, U Gi=En P} (2.1)
i=1 i=1
_ |Wl(E 1 P) = (4] L P)(E). (22)

Given any family {G;}$2, as in (2.1), we can add Gy := E \ P which is disjoint from each of the
G;, satisfies [u(P N Go)| =0 and (J;°, G; = E. Thus, we can bound (2.1) from above by

o0 o
sup { Z |u(P N G;)| - G; Borel, pairwise disjoint, U G; = E} = |ul P|(E).
=0 i=0

This, together with (2.2), yields |p L P|(E) = (Ju|L P)(E) for every Borel set E, and so the
measures are equal. Thus we have

|acl CN L Q = |pac LY L Q| = [l A| = [p|L A = [u]eLV L€,
therefore |fiqe(z)| = |ptlac(x) for LN almost every z € Q and

lps| = |pL Bl = |p| - B = |pls.

We consider a functional F': W21(Q,RY) — [0, 00| given by
Flu] := / f(x, V2u)de, ue W>HQ,RY),
Q

where f: Q x RXNXN 10 00) is a continuous integrand satisfying the following hypotheses:

(H1) Linear growth at infinity: 0 < f(z, H) < C(1 + |H|) for all x € Q, H € R>N*N and
some C' > 0;

(H2) Modulus of continuity: |f(z, H) — f(y, H)| < w(lz — y|)(1 + |H]) for all xz,y € Q, H €
RIXNXN " where w(s) is a nondecreasing function with w(s) — 0 as s — 0.

In the proof of the main result, we will begin by demonstrating the lower bound under the
additional assumption:

(H3) Coercivity: f(z, H) > c|H| for all x € Q, H € R™>*N*N and some ¢ € (0, 1).

We say that a Borel measurable function g : RXN*N 5 [0, 00) is 2-quasiconvez if for every
H € R>*NXN and for all w € W&’Q(Q;Rd), we have

g(H) < /Qg(HwLVQw(Z))dZ. (2.3)



The notion of 2-quasiconvexity, introduced by Meyers in [37], is an extension of quasiconvexity
(see [16]) to second order integrands. In general, k-quasiconvexity is known to be a necessary and
sufficient condition for lower semicontinuity of integrands of kth order derivatives in the Sobolev
setting.

We also recall that the 2-quasiconvexr envelope of g is given by

Qa2g(H) := inf {/ g(H + V?w(2))dz | w € WJ’Q(Q;Rd)} for all H € R&N*N,
Q

From [28], Proposition 3.4, we have that for an upper semicontinuous function g : R>*N*N 5 R,
Q,g is 2-quasiconvex. Given a continuous function f : Q x R>*NXN 5 [0 00), with an abuse of
language we say that f is quasiconvex if f(z,-) is quasiconvex for all z € 2, and Qs f(z, -) denotes
the 2-quasiconvex envelope of f(x,-).

Lemma 2.2. Let f: Q x RXNXN 10, 00) be a continuous function satisfying (H1), (H2) and
(H3). Then

2
Qa2 f(z, H) — Qaf (y, H)| < gw(lm —y)(L+ |H|) for all z,y € @, H € RPN

where w,c,C are as in (H1)-(H3).

Proof. For any z,y € Q, H € RN*N and w € W' (Q; R?) we have
/Q o H + V() dz — /Q Fy, H + Vw(2))dz
< /Q [ H + V20(2) — f(y, H + V2w (2))|dz
< /Q w(lz = y) (1 + |H + V2w(z) )dz (2.4)
by (H2). If f is coercive, then
/Q cw(la = yl) (1 + |H + V2w (2)])dz < /Q wllo —y)(1+ Fy, H + V2u(2)dz, (25)
and so we have by (2.4) and (2.5),
Quf(o )~ [ o H 4 VPueNd < 1 [ wlle —u)(1 4 S0 H 4 Vouedz. (26)
For i > 0 fixed, choose w such that
/Q F(, H + V2u())dz < Qaf (4, H) +n,
so that (2.6) yields

1 C
Qaf (2, H) = Qf(y, H) —n < —w(lz —y)A + Qo fy, H) + 1) < 2—w(lz —yl)(1 + |H| +n)
where we used the fact that, by (H1), we have Qo f(y, H) < C(1 + |H|). Letting n — 0 we have

Qaf(x, H) — Qo f(y, H) < Cuw(lz —yl)(1 + |H])



and by symmetry, the inequality holds where x and y are switched, yielding
Qo f(x, H) — Qo f(y, H)| < Cw(jz —y|)(1 + |H]). (2.7)

O
We will make use of the following lemma concerning the diagonalization of doubly indexed
sequences.

Lemma 2.3. Let X be a separable metric space, and let {jn .}, {tn} C M(X;R?), p € M(X;V)
be such that
Pk N ln as k — oo for every n € N,

[ = 4,
and

lim sup lim sup || pn x| < 00.
n— 00 k—o0

Then, for every n € N there exists k,, such that
Lk, — J1 8 N — 00.

The proof of this lemma uses standard density arguments and we omit it here.
To prove Theorem 3.4 we will apply a lower semicontinuity theorem of Reshetnyak (see [41]).

Theorem 2.4. Let X be a locally compact, separable metric space and let {p,} be a sequence in
M(X;RY). If py = € M(X;R?), then

. dpen, du

lim inf G( x)d,un 2/G(m>du

R S ) el 2 [ )
for every continuous G : R® — R positively 1-homogeneous and convex, satisfying the growth
condition |G(€)| < Cl€| for each € € R and for some C > 0.

Our relaxation result relies on geometric properties of Hessians and 2-quasiconvex functions.
In particular, any 2-quasiconvex function is convex along certain directions, in analogy with qua-
siconvex functions being rank-one convex ([16], Theorem 1.7). More precisely, we will follow the
notation of Ball, Currie, and Olver [5]. By X (N, d,2) we denote the space of symmetric bilinear
maps from RY x RY into R?, noting that every Hessian matrix V2u(xg), with u : @ — R? and
xo € Q, is in X(N,d,2) when viewed as a bilinear map

0%u

81)1 8’02

(v1,v2) (z9)-

We define the cone A(N,d,2) as

A(N,d,2) :={a®b®b:ac R bec RN}

Lemma 2.5. Let M = dim(X(N,d,2)) = @N. There is a basis {&}M, € A(N,d,2) for
X(N,d,2) with |&| = 1 for every i € {1,...M} and there exists ¢(N,d) > 0 such that for all
H € X(N,d,2) written as

M

H:Zaifi, a; €R1=1,..., M,

i=1
it holds that

1 M

N1 <> ol < ).

i=1



Proof. Since tensors of the form

er®e;Rej+ep®e; ey, k=1,...,d, andi,j=1,..., N,

form a basis for X(N,d,2), to see that we can form a basis contained in A(N,d,2) it will suffice
to show that the span of A(N,d,2) contains these basis vectors. When i = j, we trivially have

2e ®@e; ®e; € A(N,d, 2),
and if ¢ # j, we note that A(N,d,2) contains
er®(e;+e)®(e;+e)=e®(e; Qe +ejQe; +e;Rej+e;Qej)
which, combined with our above observation, implies that

er e ®ej+ep®e; @e; € Span(A(N,d,2)).

Thus we have Span(A(N, d,2)) = X(N,d,2) and we can select a basis for X (N, d,2) consisting
of A(N,d,2) tensors, and by scaling these appropriately we can guarentee |§;| = 1 for every
i€ {l,...,M}. Note that with H = ¥, a;&;, a; € R, i =1,..., M,

M
1H] = fail
i=1

defines a norm on X (N, d,2), and the existence of a constant ¢ > 0 such that
1 M
1 < Yo < el
i

follows from the equivalence of norms on finite dimensional normed spaces.

Definition 2.6. We say that a function F': X(N,d,2) — R is A(N, d,2)-convez if
F(te+(1—1)¢) <tFE) + (1 - )F ()
whenever (§ —¢&') € A(N,d,2), t € (0,1).
Theorem 3.3 in [5] relates 2-quasiconvexity to A(N, d, 2)-convexity.
Lemma 2.7. Let F : RNX4%d 5 R be continuous and 2-quasiconvex. Then F is A(N,d,2)-convex.

Next we show that A(N,d,2)-convex functions with linear growth are in fact Lipschitz con-
tinuous in all of X (N,d,2). This lemma is a slight modification of a similar result on separately
convex functions in [26] Proposition 4.64. In this proof we use a mollification argument. Here,
and in what follows, ¢ € C*°(R";[0,00)) is such that supp(¢) C B(0,1) and [,y ¢(z)dz = 1. We
define the standard mollifiers ¢.(z) := r¢(ex), € > 0.

Lemma 2.8. Let f: R>NXN 5 R be a A(N,d,2)-convex function such that
|f(H)| < C(1+ [HJ) (2.8)
for some C > 0 and all H € R>»*NXN | Thep
|f(H) - f(H")| < C|H - H'|
for all H H' € X(N,d,2), where C depends only on C,N and d.



Proof. Step 1: First, consider the case where f € C°(R¥*4Xd)  From Lemma 2.5 we can select
a basis {§} C A(NV,d,2) for X(N,d,2). Fix H € X(N,d,2), which can be expressed as H =
Zé‘il a;&,a; €ERi=1,...,M. Fix j € {1,..., M} and consider the function

g(t) = f(tfj +Y aifi).

i#]

Since ¢ is convex and smooth, it follows from [26] Theorem 4.62 that for every t,s € R we have
g(t+s) —g(t) = g'(t)s.

In particular, letting s = 1+ |H| and t = qj,

J(t) = gé( )< (t+82—g(t) < WEHA (1+1f||])§j)l + [f(H)]
C(1+|H|+ Ifj(lleﬁI)) +CU+[H]) 301 i :g: 3¢,
by virtue of (2.8) and the fact that |¢;| = 1. Similarly,
gt —s)—g(t) > —g'(t)s
SO
—J () < M < 301 j: g: _ 3¢
and thus ‘ o7 (H)‘ e
¢, =

for every j =1,...,M, and H € X(N,d,2). Let H, H' € X(N,d,2). By the mean value theorem,
we can find 0 € (0,1) so that

[f(H) = f(H)| = |Vf(6H + (1 - 0)H') - (H — H')| (2.9)

and we can decompose H — H' into Zf\il b;&; so that

IVf(OH +(1—0)H')- (H — H')| =

Zzag (0H + (1 — 0)H")b;&; - &;

1=1 j=1
M M
<)) 3CIh| < 3cMC|H — H'|

i=1 j=1

where we used Lemma 2.5. We conclude in view of (2.9).

Step 2: For an arbitrary A(N,d,2)-convex function f satisfying (2.8), consider the mollified
functions f. := f*¢., ¢ > 0. Each function f. is still A(N,d,2)-convex and for every H € RV>dxd
we have

i< | [ =i\ <c [ o)1 - shas

< C(+[H]),




and by Step 1 ~
|[fo(H) = f(H)] < C|H — H|

for every H, H' € X(N,d,?2) for some C independent of . Since f. — f pointwise as e — 0T, we
have our desired result.
O
To prove the upper bound, we will establish an area-strict density result in BH. The notion of
area-strict convergence, as discussed in [40], is as follows.

Definition 2.9. We say that a sequence of Radon measures {u™} C M(Q;R¥) converges area-
strictly to u € M(Q;RF) if u» = p, i.e.,
/w.dun - / - du for every i € Co(@RY),
Q Q

/Qmdzﬂugl(ﬁ)%/ﬂmd:rﬂus\(@)-

We will make use of another Reshetnyak-type theorem found in [33] Theorem 5.

and

Theorem 2.10. Let f € E(Q;R>N) and let {u"} be a sequence of matriz valued measures on §
such that p'™ — p area-strictly on ). Then

dpg dps
Iz, chx—i—/f‘x’ r, —— |d ?—>/fx7uacdac+/f°o x, —— |d|usl,
/Q S Q d|pz| s Q ( ) Q d|ps| ]

E(Q; RV = {f L X RPN SR | f(x,6) = (1— [€)f(@, (1 - [¢])1€) as a function

where

in © x B(0,1) has a continuous extension to £ x B(0, 1)}

We apply Theorem 2.10 to obtain the following result:

Theorem 2.11. Let f: Q x R>*NXN [0 00) be a 2-quasiconvex continuous integrand satisfying
the growth condition (H1). Then the functional

= z, Viu(z))dx & xmx w)|(x
i) = [ . Vuta)da+ [ f <,d|DS(W)|< >>d|Ds<v @)

is continuous with respect to area-strict convergence of D(Vu).

Proof. From Lemma 1 in [33], we know that since f is continuous and nonnegative with linear
growth, we can find gy, by € E(; R>*N*N) guch that

gk(xaH)/lf(va)7 g?(l’,H)/‘f#((E,H),
hk($7H)\f($7H)a hzo(w’H)\f#(%H%
for every z € Q, H € X(N,d,2), where

f' tH")

fu(x,H) :zliminf{ :x/—>m,H’—>H,t—>+oo},



and
fl' tH")

f#(m,H) = limsup{ ;

:x’—>:v,H'—>H7t—>+oo}.

Let u € BH(;R?) and let u,, € W21(Q; R?%) be such that u,, — u in Wb and VZu,LVLQ —
D(Vu) area-strictly. For every k we apply Theorem 2.10 to obtain

n—oo n—oo

:/ng(x,v2u)dx+/gggo<x7 jg:g%)aﬂDs(VU),

lim inf G[u,] > liminf/ gr(x, Vuy,)dx
Q

and

lim sup Glu,| < lim sup/ hi(z, VZu,)dx
Q

n—oo n—oo

- /Q he(, V2u)dz + /Q hee <x m>d|Ds(Vu).

Taking the supremum over k, we apply Monotone Convergence to conclude

liggicgfg[un]Z/(Zf(x,VZU)dqu/Qf#(x, %)d/}s(vun. (2.10)

Similarly, since hq,h$® € E(Q;R¥>*N*N) we can apply Monotone Convergence to —hy, —h$® to
conclude

ligsolipg[un] §/Qf(:1:,v2u)da:+/9f#(x, %)MDS(VML (2.11)

A generalization of Alberti’s Rank One theorem to Hessians, proved in [23], Theorem 1.6, says

that
Dy(Vu)

|Ds (V)|
for |Ds(Vu)| almost every x. We claim that for all H € A(N,d,2)

(z) € A(N,d,2) (2.12)

fole H) = f* (2, H) = f*(z, H). (2.13)

To see this, as in [33], we examine the expression

!/ !/ ! ! !/ ! ! !/
f(!IJ 7tH) _ f(.’E 7tH ) —f((ﬁ 7tH) + f(:r 70) + f(.’E 7tH) —f([L' 70) (214)
t t t t
for 2’ € Q, H € X(N,d,2) and t > 0. By Lemma 2.7, f(x,-) is A(NV,d,2)-convex with linear
growth. Hence by Lemma 2.8, f(x,-) is Lipschitz on all of X(N,d,2) and the Lipschitz constant
is independant of z. Thus, the first term in (2.14) will vanish as H' — H.
The second term clearly goes to zero as t — +00, so we turn to the third term. We note that
for all H € A(N,d,2), y € Q,

f(y7tH)_f(y70)
t

10



is an increasing function in ¢ by A(N, d, 2)-convexity, and since f(y, -) is Lipschitz, we have, recalling

(L.1),

i LW =0 @) = FW:0) e, gy
t—+oco t t>0 t

As f is continuous in y for every H, we can apply Dini’s Theorem to conclude that the convergence
as t — 400 is locally uniform in y. Thus, the third term converges to f°°(x, H) as t — 400 and
' — .

In view of (2.10), (2.11), (2.12) and (2.13) we conclude that

lim Glu,] = G[ul.

n—oo

3 Density Result

Here we prove a useful density result which states that we can approximate a measure in the
area-strict sense via smooth functions, as long as the domain is sufficiently regular. In order to
prove this, we will need the following estimates.

Lemma 3.1. Let Q C RY be an open set. Let g : RY — R be a conver function satisfying
19(&)] < C(1 4+ [£]) for some C > 0 and all ¢ € RY, and let p € M(Q,R?). For every x € Q and
e < g := dist(z, 00),

9((Hac * ¢<) () < (g(Hac) * b<) (),
and

92t (x)v(y))

tg(x) ¢s(y*fv)d|us\(y), (3.1)

ol +20)(@) < [
where t. € C®°(B(z,¢));[0,00)) is given by
@)= [ oty =)l ).

and (3.1) holds whenever t.(x) > 0, a set of |us| density 1.

Proof. Fix xz €  and note that € < g implies that B(x,¢) C Q. By Jensen’s inequality,

0t0c 50 = [ 00~ Dhmac()dn) < [ 02y~ D))y = (gl + 0(0).
where we used the fact that fQ o (y —x)dy = 1.

For the singular part, we set t.(2) := [, ¢-(y—x)d|us|(y)dy. Ife << 1, thent. € C*(B(z,&0); [0,00)),
and if £, > 0 then the measure 7, := i(bf(' — x)|ps| is a probability measure. Thus, we can again
apply Jensen’s inequality to obtain

o((ps + 26.) () = g( [ 2000 fﬂ)dus(y)> _ g< / 2t5<x>v<y>dws<y>)
< [ sr@ri)in - [ ICHCIC) P
Q

Q ts(m)

11



O
In order to establish the lower bound for the singular part in both the density result and the
relaxation result, we invoke a lemma which can be found in [27], Lemma 2.13. To be precise,

Lemma 3.2. Let \ be a nonnegative Radon measure on RN . For \ almost every zo € RN and for
every 0 <o <1,

lim sup MQ(zo, 1)) > ol
r—0+ A(Q(on T))
We will use a modification of this lemma: in (3.2) we can choose r — 0T so that, given another

Radon measure p, neither g nor A charge the boundary of the larger cubes. Namely, we have the
following result.

(3.2)

Lemma 3.3. Let A and pu be nonnegative Radon measures in RV, For every 0 < o < 1, and for
A almost every xo € RN, there exist r, — 07 such that p(0Q(xg,7y)) = M0Q(z0,7)) =0 and

hm )\(Q(anUTH)) 2 O'N
n—oo N(Q(z0,7n))
Proof. Fix o € (0,1) and zo € RY so that, by Lemma 3.2, we can find p,, — 0% such that

. A(Q(‘T070pn)> O_N
N Qo))

For every n € N, we can select d,, < p, such that

(3.3)

)‘(Q<x0706n)) > n+ 1)‘(Q(‘T030—pn))'
Find 7, € (dpn, pn) such that u(0Q(xo, 7)) = A(0Q(x0, 7)) = 0. We obtain

MQ(xo,0my)) S AMQ(xo,00,)) n MQ(zo,0pn))
MQ(zo,7n)) — MQ(wo,pn)) — n+1 MQ(wo,pn))

and by (3.3) we conclude that

>

lim inf AQ@0,0Tn)) o n
n—oo NQ(zo0,7n))
)‘(Q(IOvUFn))

Since the sequence {m} is bounded, we can extract a subsequence {ry}nen C {7n}tnen
such that

. A(Q(an O'Tn)) o )\(Q(zo, Ufn)) N
lim ————— =liminf ————— > 0.
n—oo AQ(zo,mm))  n=oe AMQ(x0,7n))
O
We now state and prove the main result of this section.

Theorem 3.4. Let U be an open, bounded set in RN, let 1 € M(U; Rd) be a Radon measure, and
let g : R — [0,00) be a convex function such that

0<g(p) < C(1+p|) for all p € R? and some C' >0 (3.4)
and (tp) o
tp .
’g . 9 (p)‘ < (3.5)



for some a > 1 and C > 0 and all p € R? with |p| = 1 and every t > 0. Then, for every Q CC U
with |09 = |p|(0Q) =0,

lim g(ﬂe)dxz/g(ﬂaC)dx+/goo(V)d|“S|
Q Q Q

e—0t
where pe == p* ¢ for e > 0.

Proof. Step 1: Lower bound. We claim that

[ sthac)do+ [ =@yl <timint [ g(uoda. (3.6)
Q O e—=0t Q

For this inequality, we use the fact that {u. LV LQ} converges weakly-x to p, and that {|u. LN L
Q|} converges weakly-* to |p| (See [3], Theorem 2.2). It should be noted that in this step we do
not need the assumption that |p|(9Q) = 0.

We will apply the blow-up argument originally found in [27]. Choose g — 0 which achieve the
liminf, and, for simplicity, using the notation u., =: pi, we define the Radon measures

M(E) = /E o)) da

for any Borel set E C Q. Due to the growth condition (3.4), we have

(@) = [ aatanis < [ s im@hie=c(1or+ [ ) (3.7)

and since {pu, LY L Q} converge weakly-x, the sequence { [, |ux|da} is bounded. We deduce that

{\e(2)} is bounded, therefore, along a subsequence (not relabled) we have A\ — X for some
nonnegative finite Radon measure A.

The growth conditions on g yield

A<< LYLQ+ |yl (3.8)

Indeed, let E be any Borel subset of 2 with |E| = |u|(E) = 0. By inner regularity, it suffices to
show A\(K) = 0 for every K C E compact. For any such K, we have

K| = |ul(K) =o0. (3.9)

Define the open sets
K5 :={z € Q : dist(z, K) < §}.
Since 0K = {z € Q : dist(z, K) = 0} are an uncountable family of disjoint sets, we can select
d; — 07 such that
H(0Fs,) = 0. (3.10)
We have by (3.7)

AMEK) < A(K5,) < liminf A\ (Ks,) < liminfC(|K57. +/ ,uk|dx)
k—o0 k—oco . Kri,i
= tim C (Il + [ mlde) = € (185 + (5 )
k—o0 KS,i

13



by virtue of (3.10) and the fact that |ug|£N L Q = |pu|. Since Ns>o Ks = K, letting i — oo, we get
by (3.9)

AK) < (1K1 + () ) =
and this concludes (3.8).

We claim that

dX
dﬁ—N(xo) > g(ptac(wo)) for LNVa.e. x9 € Q, (3.11)
and
A o
m(xo) > g™ (v(zg)) for |us| a.e. xg € Q. (3.12)

If (3.11) and (3.12) hold, then

/ 9(thac(x))dx Jr/ 9 (v(x))d|ps|(x) < A(2) < lminf A\ (Q) = lim [ g(pr(x))dx
Q Q k—o00 k—oo Jq
and this yields (3.6).
We begin by establishing the inequality for the absolutely continuous part, i.e., (3.11). For £V
almost every xg € 2, we have

dci—)\N(aco) = }1_1% W exists and is finite,
1

lim — / |tac () = tae(xo)|dz = 0, (3.13)
r—0 riV Q(zo,r)
|l (Q(zo, 7))

tim VU0 ) = el (o), (3.14)

and
- psl Qo)) |pls(Q(o, 7))
fig NS = i S <0 (319

where we have used Lemma 2.1 in (3.14) and (3.15). Choose r,, — 0 such that |u|(0Q(xo, 7)) =
A0Q(xg,75)) = 0. Then

dX )\(Q(xoﬂﬂn)) . )‘k(Q(xO,rn))
agw (o) = o = v = e T
1
=1l lim — dx. 3.16
nggo kggo Tyjy »/Q(:romn)g(uk(x)) : ( )

Define the functions v, x(y) = pur(xo + rny) for y € Q. Apply a change of variables so that

(3.16) becomes

dX

S7n (@0) = lim  lim Qg(vn,k(y))dy (3.17)

Since pux LN L Q 5 pu, we have that for every n € N, the measures v, ;. LV L Q converge weakly-*
to a measure 7, given by

14



(Tx#o,rnu)(E) _ ,U(CL‘O + rnE)
TN - TN

T (E) == , for every Borel set E C Q, (3.18)

where T# »,, 1 denotes the push-forward of ;s under the mapping x — *—*¢. Indeed, by the standard
change of varlables for push-forward measures (see [12], Theorem 3.6, 1), for any test function
¥ € Cc(Q) we have

/Un,k(y)w<y)dy:/ wr(zo + ray)v(y )dy— i ($)¢<H))dx
Q Q n Q(aco,rn) r
k>0 1 xr —
o /Q(wo mw( Tn > /w T r )W)
= [ d(y)dm(y).
Q

In turn, 7, — pee(20) LN L Q. To see this, fix any ¢ € C.(Q). We have

‘/Qw(y)dm(y)—/QM?J)uac(:co)dy‘
H /Q(”““"”) ' (x ;"xo)d”(x) ) /Qm,m v (x ;nx0>ﬂac(xo)dx

1
N
1 xr — Q]‘O r— xo
w /Q(movrn) 1/)< Tn >(ua0(x) - MGC(mO))dx " /Q(mo,rn) w( Tn )d“s (J})
! s s I'n
1]l (N /Q o lHacl@) = pac(ao)lde + Wi@(;go”)

n

IN

which goes to 0 as n — oo by (3.13) and (3.15). Thus, 7, — pec(z0) £V L Q. We also observe

lim sup lim sup ||v, s £~ L Q|| = hmsup hmsup/ |e|(xo + rny)dy

n—o00 k—o0

1
= limsup — lim sup/ || (z)dx
Q(=o,r)

n—oo Ty  k—oo

< lim sup 7|M‘(Q(£O’T)) =[] ac(o).
n—00 r
If we fix ¢ € (0,1) and note that
fm Tm (o (y)|dy = Tm T 7/ ()] dz
oo k=20 JQuQ =00 k=20 T JQ (w0, )\Q(w0,trn)
< m |,U|(Q(l’0,’/’n)\@(1'0,t’l”n))
~ n—oo 7’71;[
- 1(Q(zo,m0)) v |1[(Q(zo, trn))
— g (PAQS)) o (D

= |plac(wo)(1 - tN)a

15



then by Lemma 2.3 we can find a diagonal sequence vy, := v, i, such that

Jm - lim o 9(vnk(y))dy = Tim ; 9(vn(y))dy, (3.19)
lim [on(W)ldy < |ptac(o)|(1 = Y), (3.20)

and v, = pae(z0) LV L Q.
Since g is convex, in view of Theorem 5.14 in [26] consider an affine function a +b- & < ¢(¢)
and observe that by (3.17) and (3.19),

d\ . ..
W(IO) = nlin;o g(vn(y))dy > lim mf/Q (a +b- vn(y)) dy

Q n—oo

=a+liminf [ b-v,(y)dy.

n—oo
Q

Let ¢y € C.(Q;[0,1]) be such that ¢y =1 in tQ. We have

liminf/ b v,(y)dy = liminf </ b vpdy + / b-v,(1— wt)dy>
Q Q Q

n—oo n—roo
> / b pac(o)rdy —limsup|b|/ |vn|dy
Q n—00 Q\tQ
> b- Mac(-rO)tN - ‘bH,U/ac(xO)‘(l - tN)a
where we have used (3.20). Thus for any ¢ < 1 we have

dX

m(fﬂo) > a4 b prac(@o)t™ — [bl|pac(z0)| (1 — V),
and sending ¢t — 17 yields
dX
dﬁ—N(xo) >a+b- pac(xo).

Since this holds for any affine function below g, we conclude that

A
m(ﬂfo) > g(Hac(T0))-

To address the singular part, we fix ¢ € (0,1). The measures |ux|LY L Q are bounded in
total variation, so along a subsequence, not relabeled, they converge weakly-* to some nonnegative
Radon measure 7. We can decompose 7 into measures 7 and 72 such that 74 << |u,| and
78 1 |ps|. Now, for |us| almost every x,

A g AQE0T) M@ )
o) = lim — 1mm )
e "0 s (QQao,r)) 0 [l (QQao,r))
1
lim —— ac|\T dl':(), 3.21
Hoo|us|<c2<xo,r>>/cz<m,r>'“ =) (3:21)
f () — w(z0)|dljisl (2) = 0, (3.22)
Q(zo,r)
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dTA . T(Q(l’o,?‘)) . T(Q(l’o,?"))
—(x0) = lim ————= = lim ————== < o0, 3.23
d\usl( o) = sl (Q(xo, 7)) =0 |ul(Q(z0, 7)) ) 52

and by Lemma 3.3 we may select r,, — 0 such that |u|(0Q(zg,r)) = 7(0Q(x0, 7)) = 0 and
Qo) |y

= 3.24
2 Tl Qo)) (324
Note that in view of (3.8), A(0Q(zo,7,)) = 0 for all n € N. We have
d\ . AMQ(zo,mn)) o Ae(Q(xo, )
——(xg) = lim ——""2 = lim lim ———— "
A ) T B T Qo)) e Q)
1
= lim lim 7/ g(p(z))dz. (3.25)
n—00 k—00 ‘MKQ(‘TO?T’”)) Q(zo,rn)
Let
Q)
n - 7‘1]1\[ 9
and define

omk(@o+may) N pa(To +7Tny)
= = "o
|l (Q(w0, 7)) ty

We apply a change of variables to (3.25) to get

Un,k(y)

d\ L 1
7(&30): hm hm 7g(tnvn,k(y))dy

d|pbs‘ n—oo k—oo J tn
For a fixed n, as k — oo we have ’Un’k;CN LQ = m,, with

T (E) . (Tm#o,rn/j’)(E) _ N(1'0+TnE)
T el(@@o, ) ul(Q(zo0, )

where, as in (3.18), sz,m/‘ denotes the push-forward of p under the mapping = — z;—:“ We note
also that

, for every Borel set E C Q,

_ |Nak|(l‘0 + rny) N
|U’ﬂ7k| - )
[1l(Q(o, 7))

and hence |v,, x| LN L Q X 7,, where

T(xo + 1o E)

Th(F) = ——————~.
") = Q)
Define the measures

= ———, for every Borel set £ C Q.
[Ll(Q(z0, 7))

Then 7, = 7, pp — p, for a Radon measure 7 € M(Q;R%) and p a finite nonnegative Radon
measure in M(Q), perhaps along a subsequence (not relabeled). We claim that

17



T = v(xo)p. (3.26)
Indeed, fix ¢ € C.(Q). By Lemma 2.1 we have

‘/Qw(y)dwn /w v(@o)dpn(y )‘

e o L (= [ w5 st
< e L. o(Z Yot o) / m,mﬂ(xrfo)”@‘))d'“'s@)
IM“W(/Q(IO%) 7/’( o O)|Mac|($)d$+/Q(wo)T") |¢|(m ;nx0>|ﬂ|ac(ff)dx>

w v(x) —v(x T M 2)dz
= |M|(Q(x07rn)) -/Q(wo,rn)| ( ) ( O)|d|us|( )+ |U‘(Q(~T0a7‘n)) /62(w07rn)|/1“|ac( )d

which goes to 0 as n — oo in view of (3.21) and (3.22). Since

/wdwn%/ pdm,

/Q u(w0)dpn - /Q u(o)dp,

and

we conclude that ™ = v(xg)p. We note that p(Q) > oV. To see this, by (3.24) we have

p(Q) > p(oQ) > limsup p,(0Q) > limsup p,, (0Q)

n— oo n—oo

(@0, 0mn)) N

= limsup

S Q0 ) (8.27)

Now, by (3.23),

N
T T T
lim i Wk VL Q| = Tim Tim [ ———2 ny)d
A, Jim oa €71 QI = T T gy 1@ + Tay)dy

1 _
= lim —— lim / |k |(x)dx
n—o0 || (Q(wo,77)) k—oo Q(zo,mn)

< Tm 7(Q(x0,70)) dr#

= oo |p|(Q(wo, ) d|ps

(z0) < 00,
hence by Lemma 2.3 we may diagonalize as in the absolutely continuous case, setting v, := vy i, ,
obtaining

v LY L Q 2 w(xo)p

dA 1
—(x9) = lim —g(thvn dy, 3.28
] 7o) = lim Qtng( (v))dy (3.28)
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where we have used (3.24). Fix n > 0. For any p € R? and t > 0, we can apply (3.5) to I%I and
t|p| which yields

9(tp) Zgoo<p) ¢

tlp| pl/)  Iplote

g(tp) _ c
EASCIPAN - -

and thus

1 —
which implies that for |p| > (% ot ) [t|==T we have

@ > g>(p) —n.

o
Define the sets E,, := {|v,| > (%) “tn|=1}. Then,

, 1 : 1 : o
i [ gltnen(o)dy > limsup [ (e, (u)dy = limsup [ g (0al))dy .
E, ‘n Ey

n—=oe Jo tn n—00 n—00

On the other hand,

n—00 n—00 n—00

lim sup / 9> (vn(y))dy = lim inf / 9> (vn(y))dy — limsup / 9% (vn(y))dy
E, Q Q\En

and, since

C a1 —a
limsup/ 9% (vn(y))dy < limsup () |tn]|5=T =0,
Q\En n

n—oo n— oo

because t,, — 0o and o > 1 implies —% < —1,

1
lim [ —g(tyon(y))dy > liminf [ ¢ (va(y))dy —n

n—oo Q n n—oo Q

for every n > 0, and so

tim [ Lg(tuvn(y))dy > imin [ g (va(y)dy. (3.29)

Finally, by Theorem 2.4, since g*° is convex and 1-homogeneous with the appropriate growth
condition, we have lower semicontinuity with respect to weak-* convergence, and so by (3.27),
(3.28) and (3.29) we obtain

dij\s(wo) = /ngo(u(xo))dﬂ(y) > g% (v(wo))o™,

and letting 0 — 1~ we conclude that

Step 2: Upper bound. We claim that
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limsup/g(us)dxs/g(ﬂac)d:v+/g(1/)d|us|- (3.30)
£—00 Q Q Q

We will use the blow-up method. Choose a sequence {e} which achieves the limsup, and define
the measures

Ae(E) = / g, )dz for every Borel set E C Q.
B

As in Step 1, we may pass along a subsequence to a weak-x limit

A << LY 4 |psl. (3.31)
To prove the upper bound, we will show that
dX\ N
(M—N(QJO) < g(prac(xo)) for LY a.e.zg € Q, (3.32)
and
dX o
C”T'(xo) < g™ (v(=mg)) for |us|a.e.xg € Q. (3.33)

Assuming (3.32) and (3.33), by our boundary regularity assumption on Q and (3.31) we have
A(0Q) = 0, and therefore

A(Q) = A(Q) > limsup A(€) = lim sup i (€2),

k—o0 k—o0

while

A(®) < /Q 0(ttac )z + /Q 0% () )dlpa (),

and putting these together, we have (3.30). To prove (3.32), we know that for £N-almost every
o, we have

dA AMQ(zo,7))
d,CN (Jfo) - }Lr)% 71N 5
- psl(Q(o, )
}1_1)1% N =0, (3.34)
and
lim |tac () — pac(zo)|dz = 0. (3.35)

r—0
Q(zo0,m)
For all such points xg, we can pick a sequence r,, — 0 such that A\(0Q(xg,r,)) = 0. Then,
dX A(Q(zo,7n)) Ak(Q(zo,7n))

(z9) = lim = lim lim

dﬁN n—00 7“711\7 n—00 k—o0o ,r71;/' ’

and thus

dA 1
——~(xp) = lim lim —/ g * ¢e,, )dz
Ly n JQ(o.ra) '

n—o00 k—o0 Ty

. . 1
= lim lim -~ / 9(Hac * G, + s * dc, )dx.
Q(ajov"'n)

n—00 k—o00 ’I“n
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By convexity of g, for any p,q € R? and 6 € (0,1) we have

gp+q) < 99(;p> +01- 9)9(1_1961),

hence

dX . . 1 1 1
mw@w<fafiﬁy@w”i@Q%“%J*“‘W(Lw%*%ﬂkx

and in view of Lemma 3.1 we have

dX . . 1 1 1
- CER 3 M L RS Co A | S

Moreover,

Jaa

1-9 / ( 1 ) 1-0 1
g\ = ls * Oc,, Jdx < / Cl 1+ |—ps * ¢,
N JQ@ory  \1—0 - ™ JQora) 1-0 .

C
Q(wﬂﬂ'n)

n

and this yields

lim mlie/ g<119us*¢ak)dx§(10)0+0hm“s|@(w
Q(xo,r7) -

n—o00 k—o00 ’rn n— oo rT[y

=(1-96)C, (3.37)

where we have used (3.34) and, from [3], Theorem 2.2 that

k—o0 k—o0

limsup/( : |its * by |dz < limsup |ps|(Q(zo, 7n + €x)) = [1s[(Q(20, 1))
Q(zo,r

In turn,

1 1 1 1
li lim — Og| =g dr = lim — Og| =g | d
i Jim /Q(W 9(9“ )¢ r=lim /Q(W g(e’“‘ ) g
1
= Hg(auac(xo)). (3.38)

To see why the last step above holds, note g is convex with linear growth, and so by regularity
properties of convex functions (see [26], Proposition 4.64) we have that g is Lipschitz with some
constant L > 0. Thus,

o o) i)
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by virtue of (3.35). By (3.36), (3.37), and (3.38), we have for every 6 € (0,1) that

1o @) = 00 Guaclan) ) + (1= 0)C,

and letting § — 17, by continuity of g we conclude that

o 50) < glptac0)

for £V almost every zy € Q.

Next, we tackle the singular part, i.e., (3.33) . We know that for |us| almost every zp, we have

Dy M@0
d|ps | 70 |1 (Q(o, 7))
N
lim ——— =0, (3.39)
=0 | s |(Q (o, 7))
1
lim ————— ac| T dr = O7 3.40
70|11 (Q(wo, 1) /Qm,w racl (2 (340
and
lim 9% (v(x))d|ps|(x) = g° (v(20)).

r—0
Q(zo0,7)
We choose a sequence 7, — 0 such that |us|(0Q(x,7,)) = 0. Note that by (3.31) we also have
A0Q(xg,7y,)) = 0. We obtain

ix CAQGor) o A(Qoira)

92 () = lim NP EOT)) iy gy DENEE0:Tn))

] ) = Qe ) e M Tl (@, )
1

=1 li _ ek .

B S ICIEE ) /Qm,m gl * 9=, )

Again appealing to convexity of g, we get

. . 1 1 1
|,U/s|($0) S h_>m khm m /Q( : |:2g( Hac * ¢Ek) + 59(2/},5 * ¢5k) dx. (341)
n—o00 k—oo s yn Z0o,Tn

Since by (3.4)

1
59(2Mac * (bek) S C(l + |Mac * (bek Dv

we have
lim lim ;/ L (e # e, )dx
n=00 k=00 |1s[(Q(Z0, ™n)) JQ(wg,rv) 2
< @t fo OO e =6
nILH;oM(Q(CM(Tg +/Q(woyrn) |uac|(x)dx> =0, (3.42)
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where we used (3.39) and (3.40).
Next we restrict our attention to the singular part in (3.41). Noting that

|(¢6k * /,LS)(l‘)‘ < (¢5k * |M5D(m) =itey (Z‘),

we have

/ 9202, * ps(x))dz <1} |lgllL<(B0,2)) = Cry- (3.43)
Q(a;o,rn)ﬂ{tgk<1}

Meanwhile, in the second region, using Lemma 3.1 we obtain

/ 920, * ps(z))dw
Q(z07rn)m{t5k 21}

YL )
= /Q(Ioﬂ”n)ﬂ{tskzl} /Q te, (z) Pei( y)d|ps|(y)dz. (3.44)
Note that by (3.5),
L) g €
’ ley (I) % ( (y))’ = tey (:C)O"

and by (3.44) we have

/ 9200, % a(2)) < / / 20°° (1)) ber (= — y)d|j1s] (v)
Q(zo,rn)N{te) >1} Q(zo,mn)N{te, >1} /02
1
+C /t a¢5k(x_y)d|MS|(y)d$
Qosra)n{te, >1} Jo tey (T)

< /Q AWl e )

1
Qzo.rm)n{te, >1} ter (T)

< / 2(g%° (v () |ps| * @2, ) (z)dx + Cr™, (3.45)
Q(zo,rn
In view of (3.43), (3.45), we have shown for every 6 that

/ 0(260, % pa(z))dz < / 2(g™ () lal * 60, ) (@) + O,
Q(xo,rn) Q(xo,rn)

therefore,

1 _ )
|1sl(Q(z0,70)) i . ~g(2¢., * pis(z))dz
= > dpus| () + o (3.46)
- ][Q(zovrn)g (V(l‘)) fle |/1'S|(Q(1'Oa Tn)) ’ ’
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and by (3.39), (3.42), (3.46) we conclude that

m(mo) < 9% (v(x0))-

O

In our application, we are interested in the case when the measure y is the Hessian of a BH
function. It should be noted that the first order case, when p is the gradient of some BV function,
an area-strict density theorem follows from the integral representation results of Fonseca and Miiller
[27], and Ambrosio and Dal Maso [2], with no regularity assumption on the boundary.

To apply Theorem 3.4 to a given u € BH (2;R?), the main obstacle is finding an extension of u
to a larger set U such that |D(Vu)[(0€2) = 0. In order to achieve a fairly general class of domains,
we shall borrow from the construction of Stein [43].

First we will define the extension in the case where 2 is of type special Lipschitz. Recall that
we say a set 0 C RY is special Lipschitz if there is a Lipschitz function f : RY — R such that

Q={(2",2n) eRY s an > f(z')} (3.47)

where we use the notation (z/,zy) to identify RY with RV ~1 x R.
We begin with a simpler approximation lemma.

Lemma 3.5. Let Q C RY be a special Lipschitz domain. For any u € BH(2;R?) there exists a
sequence {u,} € W21(Q; R?) such that

lim |u, — ullyi1(orey =0 and sup |[un[|w1.2ray < 00.
n—oo n

Proof. Consider a function f as in (3.47). Given any v € L!(Q2) and 6 > 0, we define its translation
Tsv € Ll(Q(s) via

Tsv(z) :=v(a',zn + J)
where Q5 := {(z/,zy) € RN 1 2n > f(2') — 4}

Note that if L is the Lipschitz constant of f, then for x € Q and € < HLL we have B(z,¢) C Qs,

so the function ¢, * Tsv € C°(Q) is well-defined. Since VTsu = T5Vu and the translation is
continuous in the L' norm, we have

lim ||[Tsu—u 1qrdy = 0.
i (1 Tsu =l omey
By standard mollification results, we have for every 6 > 0

Eli)r(l;lJr ||¢E * T(;u — T(S’U,”Wl,l(Q;Rd) = 07

lim sup ||¢)E * T(5u|‘W2v1(Q;Rd) < HUHBH(Q)
e—0+

This follows from the general fact that for any Radon measure p € M(Qs), if € < H_LL we have

[ 162x uldz <1l

Qs
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Indeed,

| 1ocnnitos | RNcﬁg(x— e = [ [ 0@ )iz dlul(y

[/ (z — y)dz dpal(y / / oo (2)dzdlpil(y) (3.48)
RN JQsNB(y, e) RN J(Qs—y)NB(0, E)

using the substitution z = x — y. Now, if the set (Q5 — y) N B(0,¢) is nonempty, we must have
dist(y, Qs) < €, and so y € Q because ¢ < . Thus we can bound (3.48) by

L L ) = @)

Applying this to ¢. * Tsu, we see that
/ |V2(de * Tsu)|dx = / |pe * D?(Tsu)|dx = / |pe ¥ D?u|dz < |D?u|(Q)
Q Q Qs

and similarly for ¢. x Tsu and V(¢. * Tsu).

Thus, for any sequence 6, — 0T we can choose &, < 1‘_5& such that the smooth (and thus

W2L) functions ¢, * Ts, u converge to u with bounded W2! norm.

O

Theorem 3.6. Let 2 C RY be a special Lipschitz domain. For any function w € BH($;R?) there
is an extension E[u] € BH(RY;RY) such that E[u] = u in Q and |D(VE[u])|(092) =0

The general theory of extending BH functions can be reduced to the theory of extending BV
functions. We recall that (see [24], 5.4.1) since Q is Lipschitz, given w; € BV({2) and wy €
BV(RY \ Q), the function

(2) wy(z) forxz € Q,
w(x) = _
wo(x) for z € RV \ Q,

is a BV function with

Dw = Dw; L Q4+ Dwy L (RY \ Q) + (Trace(ws) — Trace(w; )y HY 1L 90 (3.49)
where v is the outward normal vector to 0€.
Let w € BH(). Since Vu is a BV function, in view of (3.49) to guarentee that our extension

does not charge the boundary, it suffices to ensure that the traces of Vu and of the extension
VE[u] agree on the boundary 0fQ.

We will be inspired by the construction given by Stein to introduce E[u], namely

/OO u(z’,zy + A6(z))p(\)d\  for z € RV \ Q,
Elu)(z) = {7 (3.50)
u(x) for x € Q,

where § € C°(RY) is a regularized distance function, that is,

¢ dist(z,0Q) < §(z) < C dist(z, 0Q), (3.51)
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‘c%“d(x) < Co (dist(;,aﬁ))l_lal’ (3.52)

for every multi-index « and % : [1,00) — R is a continuous function with

804
[

/OO b(N)dA =1, /Oo YAARAA =0, k €N, (3.53)
1 1

and
Neap(A) — 0 as A — +oo for all k € N. (3.54)

In fact we will use a different regularized distance from the one used by Stein. In general
the distance function is a Lipschitz function, and thus will be differentiable almost everywhere.
However, the gradient of the regularized distance of Stein does not in general approach the gradient
of the distance function as a pointwise limit. We elect to use a regularized distance introduced by
Lieberman [35], defined as follows.

Definition 3.7. Let Q2 be an open subset of RN. We define the signed distance to 92 by

d(x) = dist(z, 9Q) forx & Q,
T —dist(2,00)  for z € Q.

For z € RNt € R, define
G(z,t) == / d<x - tz) d(2)dz
l2]<1 2

where ¢ = ¢1 is a mollifier with supp(¢) CC B(0,1). Then a regularized distance is given by the
equation

ple) = Gle, pla))- (3.55)

The regularized distance of Lieberman satisfies the necessary bounds (3.51), (3.52) as noted in
[35] Lemma 1.1, and hence it may be used as a substitute for the regularized distance of Stein.
In fact, in the construction of Stein, the function § is not the regularized distance, but a scaled
multiple of it, where this scalar factor, depending on the Lipschitz constant of the domain, is chosen
so that for every z ¢ Q we have (see (3.50))

x4+ d(x)en € Q.

In light of this freedom, we will make this factor slightly larger in order to guarantee the bound

00

o (@) <2 (3.56)

and this is possible because it can be shown (see Lemma 3.8) that there exists a constant C' =
C(€Q) > 0 such that
Ip
)y < —C
FreGl

for almost every x € RY.
Lemma 3.8. Let Q C RY be a special Lipschitz domain with constant L. Then for every x € RN\Q

ap -2 1
L)<= .
(“)xN(m)_ 31412
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First we note that since Q is a special Lipschitz domain, for every 2 € RN \ @ and h > 0
sufficiently small so that = + hey € RV \ Q, we have

h

(3.57)

where L is the Lipschitz constant of f. Indeed, let x € RV \ Q and h > 0 be as above. Let y € 99

be arbitrary. We claim that
h

d(z + hen) < |z —y| L

(3.58)

If 4/ = 2/, then z,x + hey and y are colinear and

h

d(x+heN)§|x+henfy|:\x—y|7h§|g;7y|7m_

Thus it suffices to prove (3.58) in the case where z, x + hey, and y are not colinear. Since y € 952
and € is special Lipschitz, we have the exterior cone condition

K={zeRN:2n> f(y)+ LI -y} CQ (3.59)

as z ¢ Q implies 2y < f(2') < f(y') + L|z' — /|. Noting that the point y + hex € € is inside K
and the point x 4 hey is outside of K, there is some z € 0K on the line from x + hey to y + hey.
Since z € €, there is a point Z € 9 between x + hey and z such that z, 2,2 + hey are colinear.
Thus,

d(x + hey) < |z + heny — 2| < |z + hey — 2z|. (3.60)

As x + hen, z,y + hy are colinear we have
|x +hexy —z| = |z +hexy —y—hen|— ly+ hey — z| = |z —y| — |y + heny — z|. (3.61)
We have zy = yny + L|2" — ¢/| because z € 0K and y € 912, and so
ly +hey — 2> = |2 —¢/|> + (h— L|Z' — y/|)% (3.62)

Consider the quadratic function
tr t2 + (h— Lt)?

and observe that it is minimized at ¢t = ¢* := % By (3.62) we have

1 2
|y+mN—zFzuUW+M—LﬁYz(h—uﬂz_W< >,

1+ L2
ie.,
Taking this into account, (3.61) yields
@+ hew — 2| < o —y| - ——
z+hey —z[ <z -yl I
which, with (3.60), implies
h
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Taking the infimum over all y € 92, we deduce that

h

By a reflection argument, for every x € €, h > 0 sufficiently small so that x — hey € ), we have

h
We consider the special Lipschitz set U whose boundary is given by the function g(z’) := — f(—2').

Note that zy < g(2') if and only if —zy > f(—2’). Thus, U = —(R¥ \ Q) and RV \ U = -,
and so the signed distance function d for U satisfies d(x) = —d(—x). Thus for all z € Q, h > 0
sufficiently small, by (3.63) applied to d at —x we have

d(—z + hey)) < d(—z) : _;LL2’
and thereby
—d(x — heny) < —d(x) 1 _[LL27
or, equivalently,
d(x — hen) > d(x) + HLLQ

By (3.63), (3.57), and the fact that |092| = 0, we conclude that

8d()< -1
YE17e

v (3.64)

for almost every z € RN, Asd € WL, ¢ € C°, we can differentiate under the integral sign to
get

oG t z
—(x,t) = —Vdlz—=z| = d

smn= [ —vi(e- ) Soe

and thus, since |Vd|lo <1 and fB(O 1) @ =1, we obtain

‘88? < % (3.65)
On the other hand, we have
%(m,t) = /|Z|<1 % (ac — ;z) o(2)dz
and so by (3.64),
) < T (3.66)
We differentiate (3.55) to obtain
dp oG oG dp

(@) = g (. pl@) + G (@ (@) 5 ).

8.TN 8.’EN
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Solving this equation for 572~ ylelds

O, )= o (@, p(@)) <_<2> 1
oxpn G( p(aj)) 3)14+ L2
where we have used the bounds (3.65) and (3.66).

We now have the tools to prove Theorem 3.6.
Proof of Theorem 3.6. We claim that the function

/OO u(z’,zy + A5(2))p(N)d\  for z € RV \ Q,
Efu)(z) == ¢!

u(x) for z € Q,

(3.67)

is our desired extension. First, we prove that E[u] € BH(RY;R%). Consider an approximating
sequence {u,} C W21(Q;R9) as in Lemma 3.5. Since {u,} is bounded in W2!(;R%) and the

extension operator F is a continuous linear operator

E: WY RY) — WY RN, RY),

the sequence {E[uy,]} is bounded in W2!(RY;R?), and thus, along a subsequence (not relabeled),

there is a function v € BH(RY;R%) such that

Eluyn] — v in WHH RN RY).
We claim that v = E[u]. To see this, first take (z/,zy) € RY \ Q. Then,

|Elu](z) — Eluy)(z)| < /100 Clu(x',zn + Xo(x)) — up (2, x5 + A6(2))|dA

—/ ¢ lu(x’,zn + 8) — up (2, 2N + 8)|ds.
5(x) 6(2)

For fixed zy and ¢ > 0, we can integrate both sides with respect to 2’ over the set RNY~1n{4(-,

£} to get

/ \Elul(«’, ox) — Elun) (@', zx)|de’
RN-1A{5(-,on) >0}

C o0

< — / lu(x', N + 8) — un (2, zN + s)|dsdz’
£ Jrv-in(scan)z0)
C oo

/ lu(x’, 7) — un (2, 7)|dTdx’
RN n(s(an) >0 Jiday
< g/ lu(z’, 1) — un (2, 7)|d2’ dr.

t Jo

For any T < oo we integrate over zn € (0,7) to get
r T
/ / |Eu)(z) — Eluy](z)|dx < C—/ lu(x’, 7) — u, (2, 7)|da’ dT.
0 JRN-1A{5(zn) >0} CJq
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Since for every fixed T and ¢, the right hand side goes to 0 as n — oo, we see that {E[u,]} con-
verges to Efu] in Li, (RV\ Q; R?). However, we also know that { E[u,]} converges in W1 (RN; R?)
to v, so we must have E[u] = v, and therefore E[u] € BH(RY;R%). We claim that

Trace(E[u]; 3(Q°)) = Trace(u; 0)
and
Trace(VE[u]; 8(Q)) = Trace(Vu; 09).

To see this, we will use the following characterization of the trace operator, found in [24]
Theorem 5.3.2. Since E[u] is a BV function, for #N ! almost every zo € (), we have

Trace(E[u]; 8(Q))(z0) = lim Elu)(z)dz.
r—0F QNB(zo,r)
~ lim / w(Fy (2))0(A)dAdz (3.68)
r—0F QeNB(zg,r) J1
= lim / ][ u(Fy(x))dz P(N)dA, (3.69)
r—0t Jy QNB(zo,r)
where
Fx(z) :=z + M(2)en, v € 0,
with
VE\(z) =1+ dey @ Vi(x)
and 9%
det(VF\(z)) =1+ A—(2) < -1 (3.70)
8561\/

where we have used (3.56) and the fact that A > 1. In particular this implies that F) is a local
—c
diffeomorphism. Thus we have u o Fy € BV (Q;R?) for every A > 1, and

lim w(Fy(x))dx = Trace(u o Fy; () (z0) = Trace(u; 9Q) (Fx(z0))

r—0 Q°NB(zo,r)

= Trace(u; 00)(x0) (3.71)

for HN =1 almost every xy on 9, since Fi(x) = 2 on 9. We also observe that since Q¢ is locally a
set of finite perimeter, for HV 1 almost every xy € 9Q we have there is o such that for r € (0,7)
we have

Q°N B(xg,r) _ 1
_ > -, 3.72
TN -3 ( )
Now, for all A > 1 we obtain
1 lu(y)]
uw(Fy(z))de| < ————— - dy
‘][QCOB(IO,T) 19¢ N B(zo, )| Jr, (@nB(zo,r)) | det(VEN(FY  (y)))]
1
Y2 lu(y)|dy
19N B(20,7)| JonB(#s (w0),cAr)
1
lu(y)|dy (3.73)

" 19N Bz, 7)| QNB(z0,CAr)
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for some constant C'(Q2), where we use (3.70) and the facts that since A > 1
[Fx(2) = Fx(xo)| = |z — zo + A(6(z) — 6(x0))en| < Az — zo| 4+ ALip(0) |z — o,
which, since F(z¢) = o, yields
Fy(B(zo,7)) C B(xg,CAr)
for some constant C' > 0. Applying (3.72), we can estimate

|2 N B(xg, CAr)| < |B(zo, CAr)|  3CNANpN

= =C(AV.
|Q° N B(xo,r)] — %T‘N rN ()
Now,
1
lim ——— u(y)|dy = Trace(|ul; 0Q)(x
ss0+ |QﬁB({L‘0,8)| QﬁB(mg,s)| (y)| Y (| | )( 0)
implies that there is some sy > 0 such that for 0 < s < s¢p we have
1
0N B(z0.9)| Jo . )\U(y)|dy < 2Trace(|ul; 0€2)(z0).
) NB(xo,s
Thus, for A < &% we have
! lu(y)|dy = 2Trace(|ul; 9) (o)
(20 B(zo, M| Janswocrn e
and for A > 2% we have
1 ulo)ldy < e | Julw)ld
u [ |u ,
20 B(zo, OA] Janseocrn 0 00 B, so)l Jo'
and thus for every A > 1 we have the bound
! o)y < max {2 Tvace(ful: 00 (). gy [ fud
U max T ul; z9), ——— | |u
20 B(2o, O] Jansocrn QA B, so)l Jo
=: M.
By (3.73), (3.74) and (3.75), for every A > 1, we have
S(l;p) fﬂ 5 )u(F,\(a:))dx < C(Q)NV M,
re(0,ro Sal xo,T

and so

][ u(Fy())dz - ¢(/\)‘ < COQOMM[p(N)] € L([1,00))
QNB(zo,r)

(3.74)

>|dy}

(3.75)

(3.76)

(3.77)

for all r € (0,79), where we used (3.54). Thus we can apply the Dominated Convergence theorem

in (3.69) to conclude, by (3.71), and we conclude that

r—0+t

Trace(E[u]; 80 )(zo) = lim /100 ][QCQB( )u(FA(x))dac PY(A)dA

- / ™ Trace(u: 99) (10) b (\)dA = Trace(u; 99)(zo).
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where we have used (3.53). To see that the trace of VE[u] on Q0 agrees with the trace of Vu on
0Q, for ¢ € {1,..., N}, note that
0 < Ou > OJu 00

g i@ = [ SEB@WNMAE [ SR @) g @A (379)

Fix z¢ € 09Q such that Trace(Vu; Q)(xo) exists. Just as in (3.78),

lim / Ou (Fx(2)(N)dA dz = Trace<8u; aQ) (z0)
QNB(zo,r) /1 ox;

r—0+ ox; x
3 3

We claim that © 5 55
lim L (Fy(x))
r—0t QNB(zo,r) J1 oxrn ox;

Note that if (3.80) holds, we conclude that

Trace(aE[u] aQ°> ~ lim (fmmw) | e [ 2 w2 (x)Aw(A)dA)

ox; 0+ 1 Ozn

(2)Mp(N)dA = 0, (3.80)

0
= Trace(aai; 89) (x0).

We will prove (3.80) by showing that for every sequence 1, — 0T, there is a subsequence r,, — 0"

such that % 5 55
— (@) 35— (@) A0 (\)dx = 0.

L

lim —
k—ro0 QcﬁB(mo,rnk) 1 al'N

By Fubini’s theorem,

> Ou o)
—(F\(z 2)AY(N)dA dz
VAT A Sl CXCF SR RN

-4 D (P () S0 (e (A
1 QcNB(xg,r Ly

)8.13]\/

Now, for any sequence 7, — 00, since % € L‘X’(RN ) the sequence

][ 09 (x)dx
QNB(zo,rn) Ox;

is bounded and we can find a convergent subsequence such that
. 06
lim

k—o0 QcﬁB(%ﬂ“nk) 8.%'

(x)dx exists. (3.81)

We denote this limit D(zo). Now, again by the characterization of traces in [24] Theorem 5.3.2,
for all A > 1 we have

9 (@) — Trace(;;jv; 89) (o)

dz = 0.
8.’1?]\] *

lim
k—oo QNB(z0,7n,, )
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Thus, for every A > 1 we obtain

Ou 99 ou
][QCQB( 7<FA($)) (l‘)dm - D(-fO)T‘I'aCe(amIV’aQ) (mo)

zwnk)axN 8:@

][Q ﬂ(FA(x)) 99 (z) — Trace(;;jv;aﬂ) (o) % (z)dx

CﬁB(L'?oﬂ”nk) al'N a.’ﬂl 8.’[1

<

+

ou a6 ou
Trace| —; 00 | (x 2) — D(xg)Trace| ——; 00 | (z¢)dx
f;mB@mWW) (0 ) an) o) = Do) Trace 500 ) o)

TN
OOchmB(m(Jank)

ou
0
+ ”I‘race<é);\[; 89) (x0)

a6
5‘:51-

ou

(Fx(z)) — Trace < e an) (o) |da

al‘N

/ % (@)dz - D(o)

“NB(xo.rm, ) OTi

< ’

Letting k — oo, using (3.81) we conclude that

lim 2y an 2
k—o0 QNB(w0,7ny,) 8;vN

-(z)dz = Trace (aa;jv, 89) (x0)D(z0).

By the same argument as for (3.76) we have

ou
— (F\(x))dx
fQCﬁB($O7T'rLk) 8,]:‘N ( ( ))

and so it follows from % € L>®(RY) that

sup < @I\

k

wnf O () 22 (2)do € 13((1,00)). (3.82)

CﬂB(Iank) 8$N 8xi

By the Dominated Convergence theorem, we have

. e ou o)
Jim /1 7[ e U @) g

k—o0 QeNB(xo,7n,,
- / Trace(au; aa) (20) D (20) MO (A)dA = 0, (3.83)
1 Orn

where we use the fact that [ A¢)(A\)dA = 0. Thus in fact

) > Ou 1oL
RN Y A e

We conclude that the traces of Eu] and VE[u] on 9(Q°) align with those of v and Vu on 9.
Thus, we have our desired extension.
O

Remark 3.9. We remark that in the previous proof we did not use the full strength of properties
(3.53) and (3.54). Indeed, (3.53); was needed in (3.78) and (3.53)2 was used with k =1 in (3.83).
In (3.77) it sufficed to have ANV+24) bounded, while (3.82) would hold with A¥*3% bounded.

Theorem 3.10. Let Q C RN be an open, bounded Lipschitz set. For any function u € BH(Q;R?)
there exists an extension E[u] € BH(RY;R%) such that |D(V E[u])|(092) = 0.
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Proof. Since () is a Lipschitz domain, we can cover {2 by bounded open Uy CC 2 and Uy, ..., Uy
such that U; N OS2 is the graph of a Lipschitz function. We may also choose a smooth partition of
unity o, ..., suboordinate to this cover.

For ¢ > 1, the domains U; are the subgraphs of Lipschitz functions, so we can find special
Lipschitz domains 2; such that Q;NU; = U;N€). Thus, by extending the functions ;u from U; N2
to ; by zero, we can consider them to be defined on the special Lipschitz domains €2;. By Lemma
3.6, we can find BH functions E[¢;u] € BH(RN;R?) which satisfy Trace(E[¢;u];U; N 98) =
Trace(vyu; U; N 9Q) and Trace(VE[;ul; U; N IQ°) = Trace(V (¢;u); U; N Q).

Define the function E[u] via

k

Elu) = Elpul,

=0

where, for the sake of notation, E[you] is just the function 1yu extended by 0 to RY. As E[u] is
the sum of functions in BH(RM;R%), it is clearly in BH(RY;R9), and inside 2 we have

k k

Elu] = ZE[wiu] = Zwiu = u.

=0 =0

It suffices to verify that VE[u] has the correct trace on OQ°. To see this, note that

k
Trace(VE[u]; 8Q°) = Z Trace(V E[i;u]; 9Q°)

i=0
k
= Z Trace(V(v;u); 02N U;)
i=0

k
= Trace(u ® Ve; +1;Vu; 92 N U;)
i=0
k
= Z Trace(u; 02 N U;) & Vi, + ; Trace(Vu; 02 N U;)
i=0
= Trace(Vu; 00),

where in the last line we use the fact that Zf:o Vi, = V(Zfzo ;) =V(1)=0.
Since Trace(V E[u]; 8Q°) = Trace(Vu; 8Q), we conclude that |D(VE[u])|(8Q)

0. O

We now present the second order version of Theorem 3.4.

Corollary 3.11. Let Q C RN be a bounded Lipschitz domain. For any function u € BH(£2;R?)
there exist smooth functions u, such that w, — u in L', Vu, — Vu in L', VZu, LN = D(Vu),
and

/ VT [VEunPdz — / VI [V2ul2 + | Dy(Va) ().
O Q
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Proof. Since () is Lipschitz, by Theorem 3.10 there is a function E[u] € BH(RY;RY) with E[u] = u
in Q and | D(VE[))|(92) = 0.

Let up := Elu] % ¢1/,,. Since V2u,, = D(VE[u]) * ¢1/,, we can apply Theorem 3.4 to the
measure p := D(VFE[u]) using the integrand

9(p) == V1+1pl? 9> (p) = Ipl,
noting that g satisifes conditions (3.4) and (3.5).

4 Main Result

In what follows, @ C R¥ is an open, bounded Lipschitz domain. We define the functional F :
W2(Q;R?) — [0, 00] by
Flu] :== /Qf(:v,v2u(x))dm, for u € W2(Q;RY),
where f is a continuous integrand satisfying the following hypotheses:
(H1) Linear growth: 0 < f(x, H) < C(1+ |H|) for all z € Q, H € R>*N*N and some C > 0;

(H2) Modulus of continuity: |f(z, H) — f(y, H)| < w(lz —y|)(1 + |H]) for all z,y € Q,H €
RINXN “where w(s) is a nondecreasing function with w(s) — 0 as s — 0%,

The relaxation of F' onto the space BH (£2;R?) is given by

Flu] := inf { liminf Fluy] : w, — win LY RY), sup ||un ||wea < oo}

n—oo

Our main result is the following integral representation theorem.

Theorem 4.1. If f satisfies (H1) and (H2), then for every u € BH(£;RY) we have

Flu] :/Qggf(x,v2u)dx+/ﬂ(92f)OO(z,m>d|z)s(vu)|.

We will prove this in two steps. Setting

Gl = [ Qaf(e.PPuio + [ (sz)°°<w7cm>dll?s(w)7

we will show that F < G and G < F.
Theorem 4.2. For allu € BH(;R?), we have Flu] < G[u.

Proof. We first prove this upper bound for u € W2(Q,R%). By the definition of F, it suffices
to find a sequence of functions {u,} € W21(Q,R?) such that u, — w in L'(RY), [jun|lwe
bounded, and

1irninf/f(x,VZUn)sz/ng(x,vzu)dx.
Q Q

n—oo
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The existence of such a sequence is guaranteed by the integral representation of the weakly lower
semi-continuous envelope in W21 (2, R?) from [13], Theorem 1.3. In addition, necessary and suffi-
cient conditions on lower-semicontinuity of second order vector valued functionals can be found in
[37], Theorem 4. Thus, for any u € W21 (Q, R?) we have

Flu] = Glu]. (4.1)

Next we show that for any u € BH(;R?) we have F[u] < G[u]. By Corollary 3.11, we can find
w, € W21(Q,R?) so that u,, — v in Wb, V2u,, LN 5 D(Vu), and the convergence is area-strict,
ie.,

n—oo

lim / dez/ VT VZa dz + | D.(Vu)| ().
Q Q

In particular we note that since u,, — u in W' and V?u, LY = D(Vu) we must have ||[uy, ||y21
bounded.

Since Qs f is continuous and 2-quasiconvex with linear growth, Theorem 2.11 applies. Thus, G
is continuous with respect to area-strict convergence, and so

Flu] < liminf Flu,] = nh_)n(io Glun] = Glu]

n—oQ

where we use (4.1) on each of the w,,.
O
First, we will prove the lower bound for coercive integrands. We claim that in fact, if we have
the lower bound for coercive integrands, we have it in general.

Lemma 4.3. If F > G for every integrand satisfying (H1), (H2), and (H3), then F > G for every
integrand satisfying (H1) and (H2).

Proof. Let f be a continuous integrand satisfying (H1) and (H2), and consider the coercive inte-

grand f. := f +¢|-|. We observe that

Qa(fe) > Qaf +¢l -]

since | - | is convex. Furthermore, by basic properties of limits,

(Qa(fe)™ = (Qaf +e|- )T = (Qf)™ +el-|.

Now, for any sequence {u, } C W1(Q,R?%) with u,, — u in L', sup,, ||u,|lw21 < 0o, we have

lim [ f(x, Vu,(z))dz > lim [f(x,vzun(x))+5|V2un(x)|]dm— lim /e\Vzun(xﬂdx
n—oo Q

n—oo J Q) n—oo JQ

> oo . dDs(Vu())
Z/Qsz(:LV u(m))dm—&—/ﬂ(sz) (907 dle(vwm)st(Vu(@)l—aC

where we have used the lower bound for f. and the fact that { [, [V?u,|} is bounded. Letting
€ — 0, we have
lim Flu,] > G[u]

n— oo

and, taking the infimum over all such sequences, we conclude that

Flu] = Glu].
We will now prove our theorem in the case where f is coercive.
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Theorem 4.4. Assume that f satisfies (H1), (H2) and (H3). For all u € BH(;R?), we have
Glu] < Flu].

Proof. Let u € BH(Q;R?) be given, and let {u,} C W21(Q,R%) be an arbitrary sequence with
Up — win L' (Q;R?) and sup,, ||un /w21 < co. By compactness, we can extract a subsequence (not
relabeled) such that u,, — u in Wb, V2u, £V L Q = D(Vu) and the value of

liminf f(z, VZu,)
n—oo
is unchanged. We proceed according to the blow-up method. Define nonnegative Radon measures

Ln Via

pn(E) = / f(z, V2uy,)dz for every Borel set E C Q.
E

Without loss of generality we may assume that {u,(2)} is bounded, and so, passing to a subse-

quence (not relabled), we can find a Radon measure z such that g, — pu.
We consider the Radon-Nikodym decomposition of u with respect to |D(Vu)|,

dp .y dp
= LQ 7[) .

where p, is a nonnegative Radon measure such that s L |D(Vu)|.
We claim that

%(xo) > Qs f(zo, V2u(x0)) for LVa.e.zg € Q, (4.2)
. d dD,(V
Wluvu”(xo) > (Qaf)*° <a:0, M(mo)) for |Ds(Vu)|a.e. xg € Q. (4.3)

If (4.2) and (4.3) hold, then we have

liminf/ f(x, V2uy,)dx = hmlnfun(Q) > u(f2)

n—oQ

— [ g 761 DV () >
[ i+ [ e DTl + (@) > Gl
The arbitrariness of the sequence {u,} would yield Flu] > G[u]. The remainder of this proof
is dedicated to proving (4.2) and (4.3).
Step 1: We claim that for £V a.e. zg € 2, we have

%(m) > Qs f(z0, VZu(o)).

Note that the measures {|V2u, |LNI_} are bounded in total variation, so, along a subsequence,

(not relabled), we have |V2u,,| = v for some measure v. By the Lebesgue Differentiation theorem,
for LN a.e. zo € Q we have

dp _ w(Q(zo,¢€))
it = g M52, o
V2u(zo) = i, D(Vu)g(afo, 6))’ (4.5)



0= 1 4.6
s—lgl+ eN ’ ( )
v, u(Qge)

g (To) = lim === < 0. (47)

Select e — 0 such that u(0Q(zo,er)) = v(0Q(zo,er)) = |D(Vu)|(0Q(x0,ex)) = 0, and write

() = tim HLE0E) iy gy MW

dcy o k—o0 5kN k—o00 n—00 €

1
= lim lim —N/ [z, VZu,)dz.
Q(zo,er)

k—o00 n—o0 €

With z = x¢ + €y, we obtain

dp T . 2
7N (o) = lim  lim /Q f(@o + exy, Vun(wo + exy))dy

> Tm Tm / Qo f (o + exy, Vuun (20 + e4y))dy. (4.8)

k— o0 n—o0
Define functions v, € W21(Q;R?) b

un(xo + ery) — Pepy — a1
Un,k(y) = = == = 5 Vul@o) (v, ),
k

where a. j, := van,k and P j, = fgv”nyk’ selected so that each vy, 1, and its gradient have average
zero. By (4.8) we get

d
T(eo) > Im Tim |, Q2 (@0 + 24, VPulao) + V()i (4.9)

For fixed k, the measures {V2v,, 1 LV L Q} converge weakly-* to the measure \j, given by

D(Vu)(xzg + erE)

N
€k

\e(E) = — V2u(x0) LY (E), for every Borel set E C Q,

and by {\z} converge weakly-x to 0. to see this, fix any ¢ € C.(Q). We have

‘/Qw(y)dkk(y)‘ = ;g /Q(Ioﬁak)¢<m;kx0)dD(VU)(x)/Q(woﬁk)iﬁ(x;f))vzu(xo)dx
. o (T) (V2u(x) — V2u(xo))da

\ [ ()
< ||w||oo(€g [ et - P TGl

which goes to 0 as k — oo by (4.5) and (4.6).
We also note that for any n, k we have

<
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V20 (y)] < [V (20 + ery)| + C
for some C' > 0. For fixed k& we have

" Tf v
V2 (@0 + 2 )l EN LQ & =g
k

where Tf v denotes the push-forward of v under the mapping which takes z — = $°

(4.7) we have

. Since by

1
limsuplimsup/ |V2u,, (20 + £1y)|dy = lim sup lim sup N/ |V2uy, (2)|dx
Q(o.ek)

k—o0 n—o0 k—oo n—oo €k
< limsup V(Q(xjt\)[, £k))
k—oc0 €k

< 0

we conclude that

k— o0 n—o00

lim sup lim sup/ V20, 1(y)|dy < oco.
Q

Thus by Lemma 2.3 we can find a diagonalized sequence vy := v, x such that {V2v, LN L Q}
converges weakly-* to the constant measure 0 and {|V2v|LY L Q} converges weakly-* to some
nonnegative Radon measure . Using the modulus of continuity of Qs f, see (2.7), and (4.9) we
have

dp

77N (@0) = lim / Qo f (w0 + exy, V>u(wo) + VZui(y))dy

> Tim / Qs f (o, V(o) + Vi (y))dy — /Q Cuolen)(1 + V20, ()])dy

k—o0 Q

> Tm / Qo f (20, V2u(x) + V20 (y))dy

k—o0 Q

because [, |V?vi,(y)|dy is bounded and w(ey) — 0.

In order to apply 2-quasiconvexity, we have to use a VVO2 - (Q; RY) perturbation of V2u(xg). For
d < 1,let g5 € C°(Q;[0,1]) be such that ¢ = 1 on Q5 = Q(0,1—0), supp(¢) C Q572 = Q(0,1— g),
[Vollw < <, [IV?0]loc < & for some C' > 0, and let 245 := ¢svg. In view of the definition of
2-quasiconvexity (2.3), for every k and ¢ we have

/Q Qs f(wo, VPu(zo) + VZ21,5(y))dy > Qo f (20, VZu(z0)). (4.10)

On the other hand, setting Ss := Qs/2 \ Qs, we obtain

/QQQf(ﬁCm V2u(zo) + V221.5(y))dy = o Qo f (0, V2u(xo) + V3ur(y))dy

+ ; Qaf(z0, V:u(zo) + V?21,5(y))dy + Qaf (o, Vu(20))|Q \ Qs/2| (4.11)

and, as k goes to infinity,
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lim | Qaf(xo, Viu(wo) + VZ215(y))dy < C lim <5+/ <1|vk + l\vm + |V2vk|>dy>,
k—o0 Ss k— o0 Ss 52 6
(4.12)
where we have used the growth condition (H1) and the fact that Qs f < f.

As we have V?v, = 0 and the average of vy, and Vuy are 0, {|vx|} and {|Vu,|} are vanishing
in L1(Q). To see this, let {vg,} be an arbitrary subsequence of {v;}. We observe that, by the
Poincaré-Wirtinger inequality for BV functions (see [24], 5.6.1), we must have that {vy,} and
{Vuy,} are bounded in L. Since we have a bounded sequence in BH, we can extract a further
subsequence, not relabled, and a function v € BH such that

lim [ |og,(z) —v(z)|de = lim [ |Vug,(z) — Vo(z)|de =0
1—> 00 Q 1—> 00 Q

and

D(Vuy,) = D(Vv) in Q.
However, because D(Vuy,) — 0, we have D(Vv) = 0 and therefore Vv is a constant function.
Since @ is connected and fQ Vv = 0, we must have Vv = 0. Similarly, this implies that v is a
constant function, and [, QV= 0 implies v = 0. Thus, we have
lim [ |ug,(z)|de = lim / |V, (z)|dx = 0.
1— 00 Q 1— 00 Q

Due to the arbitrariness of the subsequence of {vy}, we conclude that it is true for our original
sequence. As v;, and Vuy, are going to 0 in L', (4.12) becomes

k@ Qs f(wo, VZu(wo) + V221.5(y))dy < C5 + Cn(Ss).
oo SS
Thus, we have that for every § < 1, using (4.10) and (4.11),
lim / Qa f (o, V?u(wo) + VZui(y))dy > lim Qa2 f (0, V2u(xo) + VZui(y))dy
Q

k—o0 k—o0 Qs

> Qs f (20, VZu(z0)) — C§ — C|Q \ Qs /2| — C(S5).

Note that for every § > 0, Ss C Q \ Qs and (Q \ Qs) 0 as § — 0F. Thus, as we let § decrease
to 0, we have

lim /Q Qo f (w0, VZu(xo) + Vui(y))dy > Qo f (w0, VZu(xo)).

k—o0

Step 2: We show that |Ds(Vu)| a.e. zg € Q, we have
du dDs(Vu)

e > o0 s\ YR .

d|Ds(Vu)| (.’L‘o) = (QQf) ("Eo, ( | (270))

Since the measures {|V?2u,|£Y L Q} are bounded in total variation, along a subsequence, (not

relabled), we have |V?u,| — 7 for some Radon measure 7. Further we can decompose 7 into
Radon measures 74 and 72 such that 74 << |Ds(Vu)| and 78 L |Ds(Vu)|.
By standard properties of BV functions, we know that for |Ds(Vu)| a.e. 29 €  we have
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W)y 1QG05)
AD(Va)l ™ ™ 0% D, (Vu)| @0, )

dDy(Vu) D(Vu)(Q(zo,2))

W(%) - el—i>%1+ 1D, (Vu)|(Q(xo,2))’ (4.13)

_drt L Qo)
d\Ds(VU)l( 0) sl—>o+ 1Ds(Va)|(Q(z0,2)) < 0, (4.14)
P@ma) .

lim —
e=0% | Dg(Vu)|(Q(z0,€))
dr4 dr?

d|Ds(Vu)| (z) — D (V)] (20)|d|Ds(Vu)|(z) =0, (4.16)

lim 17/
e—0+ |DS(VU)‘(Q($0,€)) Q(zo,¢€)

and
Dy
lim | 5(V“)‘](VQ(IO’5)) = . (4.17)
e—0t €
Fix o € (0,1). By Lemma 3.3 we can select &, — 0 such that |Ds(Vu)|(0Q(x0,ek)) =

1(0Q(x0,ex)) = m(0Q(w0, £x)) = 0, and

lim |Ds(Vu)|[(Q(x0, 0ck)) S oN
k—oo |Ds(Vu)|(Q(zo,er)) —

(4.18)

‘We have

1(Q(zo, 1)) 1n (Q(0, 1))

di'u(xo) = lim

= lim lim

d|Dy(Vu)| koo [Ds(Vu)[(Q(zo, k) koo n—o0 [Ds(Vu)|(Q(20,ek))
L 1 ,
= Jm T |D,(Vu)|(Q(z0, 1)) /Q(xo,gk) f@, Vun)do.

With the change of variables x = ¢ + €y, we obtain

d N
M (z)= lim lim Sk
dDy (V)| T koo n—oo | Dy (V)| (Q(zo, ek
e 2y
T k—oon—o0 |D9(Vu)|(Q

) /Qf(l”o + ery, Vun(zo + exy))dy

(z0,2%)) /Q Qs f(xo +€ky,v2un(l‘o +ery))dy.  (4.19)

Note that by (4.17)
tr = & |Ds(Va)|(Q(wo, €x)) — 00
as k — oo. We define functions V,, , € L1(Q, R¥>*N*N) by

1
Vn,k(y) = av2un(x0 + Ek;y)

and consider the associated matrix-valued measures X, j

1 2
Bl = [ Vst = Gy [ P
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for every Borel set E C Q. Note that the total variation of 3, j is given by

B | o o (VYL @) + 54B)
= D V) (@0, e1) A0+ng'V n(e)ld D.(Va) (Qr0,e1))

Observe that we can now write (4.19) as

|2 k| (E)

dp — — 1
dD. (vl > 1 lim — te Vi, dy. 4.2
dD, (v 7o) = lim, /QQZf (2o + ey, te Vi i (y))dy (4.20)

For fixed k, we have X, A% and |20 k] X 1 as n — 0o, where

S () - D(Vu)(xo + erE) m(xo + erE)
k = =

|Ds(Vu)|(Q(z0, r)) |Ds(Vu)|(Q(zo0, k)
for every Borel set E C Q. Letting k — oo, by (4.13) we have

and 7 (F) :

« dDs(Vu)

Y = m(%)ﬂ (4.21)

where p denotes the weak- limit of |3j|. This follows from an identical argument to the claim in
(3.26). Indeed, in what follows, we will denote

H(x): dD4(Vu)

= D, (Vu)| (z)

for the sake of notation. Fix ¢ € C.(Q). We have

‘/Qw(y)dzk(y)—/Qw(y)H(xo)dzk(y)‘

N 1 Sl u)(x
= |D3(VU)‘(Q(Z‘O,€;€)) ‘/Q(aio,sk)w( r >dD(v )( )

B /Q(wo,ak) v (x ;:O > H(@o)d|D(Vu)|(2)

1 Tr — X
= 1D.(va) Q0. 2)) /62(w07€k)¢( o )H(m)st(Vu)l(w)

Mol O e
N G EEN By

lloc e .
= D, (Vu)l(@(z0,21) /Q(zm) |H () ~ H(x0)|d| Ds(Vu)| ()

2[¢lloo 2
Veu(z)|dx
* |Ds(Vu)|(Q(zo, ex)) /Q(Ioﬁk)| (e

which goes to 0 as k — oo in view of (4.13) and (4.17). Since
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/Q $H (20)d| S| = H (o) /Q S| — H(zo) /Q wdp,

we have shown that

/@/}de —>H(:r0)/ Wwdp.
Q Q
Note that by (4.18),

§(Q) > p(0Q) = T |54 (07) > T PN B0,020) v (4.22)

ko [Ds(Vu)|(Q(z0, 1))

We also have for any Borel set F C @,

_ o m(xo + erE) o 7 xzo+eE)
Jim () = lim, DAV Qo er)) — A 152 (Va) (Gl 1))
C o dr () [T (z0 + 21 )

~ k—oo d|DS(VU)| |DS(VU)|(Q((E0, 5k)>
— 1 dﬂ'A dﬂ'A
+ klggo |Ds(Vu)|(Q(xo,ex)) /ﬂco+akE W(l‘) - W(
At DVl + ek E)
YD (Vu)|(Q(zo0, 1))

k—oo d|Ds(Vu)|
by (4.14), (4.15) and (4.16). Thus, taking E := Q \ 0@ we see by (4.18) that

Jim m(Q\0Q) < C(1-0") (4.23)

20)|d|Ds(Vu)|(z)

for some C' > 0. By (4.14), we have

. . 1 .

lim lim [>, = lim lim V2u, (z)|dx

k—oco n~>oo‘ ’k|(Q) k—oco |DS(V’U,)‘(Q(JJO’€;€) n—oo /Q(wo,ﬁk) | ( )|
m(Q(xo,er)) dr4

< lim < 0

S D VI QGo,er)) — Ay

and by Lemma 2.3 we can consider a diagonalized sequence of the {V}, 1} and {%,, 1} so that, using
(4.20), (4.21) and (4.22), we obtain V,,, 1LY L Q = %, 1 — Hop. Note also that

[ — 1
lim lim

k—oon—ro0 | Dg(Vu)|[(Q(z0, €x)) ~/Q(x0,sk)\Q(x0,osk)

— 1
kli)nolo |DS(VU)|(Q($0,Ek))ﬂ(Q(x07€k) \ Q(zo,0¢r))

T (@ 0Q) < C(1 — o)

m T [S0l(@\ 0@) V2t ()| do

k—o0 1

by (4.23). Hence, without loss of generality we can choose our diagonalized sequence so that
i S, 4(@ 0Q) < C(1 = oY) (4.24)

and
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du
" > —
d|Dé(VU)|( ) k:lgroloklgrolo k/ QQf x0+€ky7tkvn k( ))

= lim 7/ Qo f(xo + erys tk Vi, .k (y))dy,

T koo tx

where 1D.(Vu)
s(Vu
Hy=H = ——=
0 = Hizo) =I5 ()]
by the generalized form of the Alberti rank-one theorem (2.12). Applying the modified modulus
of continuity from (2.7) to (4.20), we have

(zo) € A(N,d,2). (4.25)

dp
aD.(va @0 2 | - 0af (w0 + 2uts Vo )y

T 1

= / *Q2f<wo7tkvm,k<y>>dy—a / (ER) (1 + |t Vi 1 () )y
—00 o
Tim 1

= Jim QQf(””Ovthm k(Y ))dl/—/ w(Ek)(t + IVnk,k(y)I)dy
— 00 Q k 0 b

= lim QQf(x07thnk &(y))dy, (4.26)
k— oo Q k:

since {fQ Vo k()| dy} is bounded (as V,,, LN L Q is weakly* converging) and t; — oo.
We claim that for any n > 0 we can find M such that if ¢ > M then

Qo f(xo, tH
o) 5 (0, ) (o, 1)~ (4.27)
for every H with |H| = 1, where, we recall,
/ tH/
(Qaf)p(z, H) := liminf{QQf(a;’) ca' —w o, H — H,t — oo}7

To see this, we first prove that the function (Qz f)4 is Lipschitz in its second argument. Indeed,
let € RN and H,F € R>*NXN he fixed. Let us take any family of sequences x,, — x, t, — t,
and H, — H. Note that the sequence F,, := H,, + F — H is then converging to F, so

(QQf)#(ZE,F) S h7m Q2f(xn7tnFn) S m QQf(znathn)

n— o0 n n—r00 n

+ L|F — H|

where L is the Lipschitz constant of Qs f from Lemma 2.8, noting that this constant depends only
on the growth constant C' and the dimensions N and d. But, since this holds for any z,, — x,
t, —>t, H, — H, we must have

(Qaf)y(x, F) < (Qaf)4(x, H) + L|F — H

and, by symmetry, we conclude that (Q2f)x is Lipschitz continuous in its second argument. Now,
we claim that (4.27) holds. If not, then there exists n > 0, {H,} with |H,| = 1 and ¢,, — oo such

that
sz(ﬂfm thn)

;. < (Qaf)y (2o, Hp) — 1. (4.28)
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Without loss of generality, since the unit sphere is compact, we can assume that H, — H for some
H with |H| = 1. Thus, letting n — oo in (4.28), we obtain

Qs f (w0, H) < lim 220 (@0:tntn)

n—oo tn

< nILH;o QQf#(an Hn) -0
= Qo fy(xo,H) =1

where we have used the fact that (Qaf)4 is Lipschitz continuous in its second argument. This
is a contradiction, so we conclude (4.27). In turn, (4.27) implies that for any H and ¢ such that
|H| > 2 we have
QQf(IO’ tH)
t

n (4.27). Consider the set

> (Qof)y(wo, H) — n|H]| (4.29)

by letting H :=

H -
Ll
M
Ek:{er |Vi ke (x )|>}.
tk
We have by (4.29)

1 1
/ — Qo f(xo, tk Vo, k. (y))dy Z/ — Qo f(zo,tx Vi, k(1)) dy
Q tk tk

> [ k [(Qm (20, Vi (1 >>nvnk,k<y>|]dy
/ (Qaf) 4 (0, Vi (9))dy — 1 / Vek@ldy — (430)
E; Q

We can write

/ (Qaf) 4 (0, Vi (Qaf) 4 (20, Vi 1 () dy + / (Qaf) (@0, Vi (1)) dy

Ej Q\Ek

(Qa) 4 (w0, Viny (1)) dy + / Vo (9)ldy
Ek Q\Ek
M
QQf :EOa N, k( ))dy+ct77
Ey k

and thus
M
/E (Qaf) (20, Viy (1) dly > / (Quf )0, Vi )y — O (4.31)

As discussed in Theorem 2.11, the function (Qaf)x(xo,-) is positively 1-homogeneous and
A(N,d,2)-convex. Since Hy € A(N,d,2) (see (4.25)), by [32], Theorem 1.1, we can find an affine
function L(H) = b+ £ - H such that L < (Qaf)x(zo,-) and

L(Ho) = (Q2f)#(zo, Ho). (4.32)
Then,
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limsup/Q(ng) (@0, Vo k(Y ))dyZlimsup/ (b+§ Vor k(Y ))dy

k—o0 k—o0

—b+11msup/ E-dEn, k(y (4.33)

k—o0

Let ¢, € C.(Q;[0,1]) be such that ¢, =1 in 0@Q. We have

s | €S ) = Jim [ 96 dSauuto) s [ (1 )€ 50,00

k—o0 k—o0

- / € - Hyo (y)dp(y) + lim sup / (1= 0 (1)) - S (v)
Q Q

k—oc0

> ¢ Hy o — Climsup Sy, 1/(Q \ 0Q) (4.34)
k—oo

for some C' > 0, where we used (4.22). In view of (4.24),
(@Q\oQ) <C(1-a"), (4.35)

limsup |2, k
k—o00
therefore, by (4.33),

timsup [ €%, u0) = ¢ Hoo¥ = C(1 = o),

k—o0

and so by (4.33), (4.34), and (4.35)
k—o0

liminf | (Qaof)s (w0, vn, x(y))dy > b+ & - Hyo™ — C(1 — oY)
Q

> oM (Qaf) 4 (20, Ho) — C(1 — ™),
where we used (4.32). Putting this together with (4.26), (4.30) and (4.31), we have

dp
AD. (v ) 2 Jim g kQQf(mo,thnkk( y))dy
2 T [/Ek(%f) (€0: Vi (i‘/))dy—ﬂ/QVnhk(yﬂdy}

k— o0 tk

. M
> lim sup (/ (Q2f)# (0, Vo ke (y ))dyC) -nC
Q
o™ (Qaf) 4 (w0, Ho) = C(1 = o™) = C.
Given the arbitrariness of n > 0, we conclude that
e (20) 2 ™ (Qa ) a0, Ho) — €1~ oY)
d|DS(VU)| 0 2 0,410

for every o € (0,1), thus, as we send 0 — 1~ we conclude that

std(Nvu)l(xo) > (Qaf)#(xo, Ho) = (Qaf)> (20, Ho)

since, as noted in (2.13), Qafy = Qa2 f> on A(N,d, 2).
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