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Abstract An axiomatic foundation for models of multi-component multiphase
porous flow appearing ubiquitously in the engineering literature is developed. This
unifies and extends various disparate and empirical formulations appearing in the
literature. Constitutive restrictions are derived from an appropriate statement of
the second law of thermodynamics, and the corresponding dissipation inequalities
establish stability of solutions. The convexity properties and variational structure
of these models are elucidated.
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1 Introduction

A thermodynamically consistent system of balance laws and constitutive hypothe-
ses are developed which realize the equations used to model geophysical flows
involving multi-component, mulitphase, flows in a porous media. These equations
model the gross properties of these flows since a precise description of the physical
system involved is neither available nor tractable. Specifically:

Walkington was supported in part by National Science Foundation Grants DMS—1418991. This
work was also supported by the NSF through the Center for Nonlinear Analysis.

Brian Seguin

Department of Mathematics and Statistics, Loyola University Chicago,
Chicago , IL 60660

Tel.: +1-773-508-3558

E-mail: bseguin@luc.edu

Noel J. Walkington

Department of Mathematics, Carnegie
Mellon University,

Pittsburgh, PA 15213

Tel.: +1412-268-6291

E-mail: noelw@andrew.cmu.edu



2 Brian Seguin, Noel J. Walkington

e Even in the case of only a few components forming a small number of phases,
precise balances of mass, force, and energy, for each component and phase
would result in an enormous system of coupled partial differential equations
(PDE’s). Three dimensional numerical simulation involving even one of these
difficulties would greatly exceed the capability of today’s computers.

To mitigate this issue it is postulated that thermodynamic equilibrium
occurs on a time scale much shorter than the pore-to-pore transport. Classical
thermodynamics can then be used to determine the composition and volume
fraction of each phase within the pores. With this approximation, precise state-
ments of the balance laws at the pore scale are approximated using constitutive
relations derived from classical thermodynamics; this tacitly neglects pore scale
transfer of momentum due to phase changes.

e Geophysical flows can take place over many kilometers and a precise description
of the pore structure is not available. The porous medium contains features
which span multiple length scales, and only gross properties, such as the pore
ratio and permeability, can be estimated by interpolating and extrapolating
available geological data.

In the absence of a precise description of the medium, macroscopic trans-
port of mass, momentum, and energy, are modeled using phenomenological
laws motivated by homogenization theory. Gross properties of the porous medium
are then used to estimate the coefficients in the corresponding Fick, Darcy, and
Fourier laws.

Using Darcy’s law to model momentum balances replaces vector-valued partial
differential equations with algebraic relations. This results in a substantial reduc-
tion in the computational resources needed to simulate these flows, and results in
coarse grained models where (i) a scalar transport equation is used to represent
the balance of mass for each conserved component (species or molecule), and (ii)
a single scalar equation is used to represent the balance of energy if the system
is not isothermal. Currently it is accepted that these models are computationally
tractable and provide acceptable predictive capability [9L1T]. These considerations
motivated the continuum theory below which utilizes ideas found ubiquitously in
the engineering literature to yield macroscopic approximations of these problems.

1.1 Background

The literature on the modeling and simulation of multiphase porous flow is vast.
See, for example, the monographs [9[I1]. The ideas introduced above to develop
macroscopic continuum descriptions appear ubiquitously. However, frequently these
are developed within a specific context where the delineation between kinematic
assumptions, constitutive assumptions, and balance laws, is blurred. In this work
care is taken to provide precise statements that distinguish between balance and
constitutive laws, and to develop constitutive laws which are consistent with the
second law of thermodynamics. By doing so, we are able to expose essential varia-
tional and other mathematical structures that assist in the formulation of effective
numerical schemes. This provides a formulation which encompass essentially all
of the models for porous flow in a rigid medium that appear in the engineering
literature.
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Continuum descriptions of porous flow formulate the problem in the context of
mixture theory where the properties of each constituent are described by functions
taking values at every point. Classical mixture theory [6l[1222] treats each compo-
nent as a separate continuum with its own motion and balance laws. This results
in a large system of coupled PDE’s which model many of the fine scale interactions
among the phases. Numerical solution of these systems for geological problems is
not tractable, so in the engineering literature coarse scale models are formulated by
assuming that local thermodynamic equilibrium is attained at the microscopic pore
level. This assumption results in a substantial simplification (balance laws/PDE’s
are replaced by constitutive assumptions/algebraic relations) and can be viewed
as a separation of time scales whereby equilibrium at the microlevel is achieved at
a much faster rate than at the macrolevel. In this context constitutive descriptions
of the mixture are derived using the laws of classical thermodynamics. Below care
is taken to elucidate how classical thermodynamical models for the microstructure
can be integrated into a consistent formulation of the second law for deformable
continua given by the Coleman—Noll procedure [10].

1.2 Classical Thermodynamics

Since there is a substantial schism between the classical and continuum notation,
formulation, and statement of thermodynamic principles, in this section the es-
sential elements of classical thermodynamics entering our continuum theory are
reviewed. A fundamental outcome of the theory is that the components (con-
stituents) combine to form phases which constitute a classical homogeneous ther-
modynamic system. Identities guaranteed by the structure theorem for homoge-
neous functions will be used in an essential fashion to integrate the classical and
continuum statements of the second law.

Classical thermodynamics postulates that for a mixture with mass (or moles)
M. of a component ¢, in a volume ‘77 with (internal) energy E, there exists a
concave function, the entropy, S = S(E, V,{M.}N¢,) for which 8S/8E > 0 [21]. In
isolation, it is postulated that the system evolves to an equilibrium state for which
the entropy is maximized subject to the constraints that the energy, volume, and
mass of each component are fixed. In this context there exist Lagrange multipliers

(1/9,p/9, {uc/ﬁ}i\]:cl) dual to the constraints for which

8€ = 1: 68€ =D 0 aS = —Hec,

0 =
oE 2% oM.

and have the physical interpretation of temperature 6, pressure p, and chemical po-
tentials .. When the mixture takes the form of a homogeneous phase the entropy
satisfies

SOB AV AAMYYe)) = AS (B, V {M}Yey), A >0,
and Euler’s representation theorem for homogeneous functions gives,

N,
0S =E+pV = pcMe..

c=1
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In a continuum description of a porous flow, if V' C {2 is a subset of the porous
medium and V' C V' denotes the volume occupied by this phase, then scaling with
A = 1/|V| and localizing gives n = S(e, s, {Mc}oc; ), where

(77767va0) = 1m0(1/|V|)(SaEa VaMC)-
—

1
Vi
Here (n,e, M.) are the entropy, internal energy, and mass of component c in this
phase per unit volume of §2, and s € [0, 1] is the saturation (volume fraction) of
this phase. If e, s, and M, : 2 — R are defined on {2, and n = S(e, s, {Mc}i\]:cl),

then the identity
N

nvVe —sVp + Z M. NVpe =0, (1)

c=1

follows from the homogeneity of 3.

Frequently the dominant heat capacity is that of the medium and the fluids
in the pores rapidly take on its temperature. In this “isothermal” setting it is
convenient to introduce the Helmholtz free energy ¢ = e — On. Writing the free
energy as ¢ = @(9, s, {Mc}i\]:cl), then ¥ is convex and homogeneous in the last
variables, and takes the form

N,

- N, - . ov ov
W(07 S, {MC}czl) =—-Pps + czzl lchMc, with g =D aMC = He; (2)
and 0v /06 = —n. The formulae in this section may be viewed as instances of the

statements dEE =T dS —pdV + udN and dA = SdT — pdV + pdN which appear
ubiquitously in classical thermodynamics texts.

1.3 Scaling, Homogenization, and Darcy Laws

Motivated by homogenization theory [IL2BI[I9], porous flow models utilize Darcy
laws as proxies for momentum equations of the fluids. The Darcy law postulates
that the macroscopic velocity of a fluid is a linear function of the pressure gra-
dient. Scaling the velocity by the density gives the mass flux vector appearing in
the balance(s) of mass. In addition, the Darcy velocity also determines the viscous
dissipation which appears as a source term in the energy equation. For the geo-
logical problems under consideration the porosity may vary substantially and the
porous flow equations may degenerate in regions where the strata is impervious
or one fluid is displaced by another. In this section a simple example is presented
to explicitly illustrate how the mass flux and viscous dissipation scale with the
saturation (volume available to a fluid).

If Y = [—¢,¢]® and Y = {|z] < es} as in Figure [1} then Poiseuille’s solution
of the Stokes’ equations,

—div(2uD(v) —pI) = 0, div(v) =0,
in Y§ with p = p + piz + phy affine is

2 2
ve(z,y,2) = <%) Vp, |z] <es.
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Fig. 1 Poiseuille flow in a pore Y¢.

Consider then a porous medium 2 C R? containing a periodic array of these cells
with one of the fluids occupying the pores Y5. When the complement Y\ Y is
essentially immobile (medium and/or other fluids bound to the medium) the fluid
in Y§ will exhibit a Poiseuille flow. If the fluid has mass density p then the mass
per unit volume of 2 is M = ps, and the macroscopic mass flux per unit area in

0 is
_ 2.3 2.2
pVedz = pe s Vp=M €3 Vp=Mv,
3 3

S€

qzz

—E€S

so that the corresponding Darcy law is v = —(s%k/u)Vp with permeability k =
€2 /3. For geological flows the small parameter ¢ << 1 gives rise to small Darcy
velocities. In this situation inertia is frequently negligible, and this is assumed in
the force balance postulated in Section 2-1]

The dissipation per unit volume of (2 is

D= i/ 2u|D(ve)|? dv = (6253) |Vp|* = sf - v
[yl Y§ ‘ 3p - ’
where f = —sVp represents the force the medium exerts on the fluid due to the

no-slip condition which, in turn, gives rise to the velocity gradients responsible for
dissipation. Eliminating the pressure gives f = (sk/u)~'v; this scaling motivated
the constitutive laws appearing below in Section In particular, that the force
scales with the inverse of the saturation.

2 Balance Laws

The porous medium is assumed to be rigid and to reside in a domain {2 C R
At each point the fraction of volume occupied by the medium, so : 2 — [0, 1],
is specified. Unless explicitly stated otherwise, all densities are taken per unit
volume of §2. The presence of multiple components and phases necessitates the
introduction of a large number of variables which are collected here for ease of
reference.

It is assumed that the volume and motion of each phase are characterized by
the following.
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e s : {2 — [0,1] represents the volume fraction of phase 1 < 7 < N,. With
so denoting the volume fraction of the porous medium it is immediate that

ﬁrvio sx = 1. Writing s = (s1,...,sn,) € [0, 1]™7, this relation becomes s-1 =
1 —so, where 1 = (1,...,1) € RM».

e vr : 2 — R? represents the velocity field which transports the mass and
internal energy of each phase, 1 <7 < N,,.

Laws will be postulated for the balance of the mass of each component, force
balance, energy balance, and an entropy imbalance. Mass balance involves the
following quantities.

o M. : 2 — [0,00) represents the mass of component ¢ in phase 7 per unit vol-
ume; the matrix of pore mass densities is denoted as M = [M,] € [0, 00)NeXNp,

e mc : £2 — [0,00) is the mass per unit volume of component 1 < ¢ < N¢; the
vector of mass densities is denoted as m = (my,...,my,) € [0,00)"¢. Clearly
m = M1. The mass per unit volume of phase 7 is pr = >_."°; Mex.

e h.: 2 — R? represents the mass flux due to diffusion, 1 < ¢ < N..

e gc: 2 — R is the supply (sinks and sources) of component c.

Next we list the quantities appearing in the balance of forces. A fundamental
assumption in our formulation is that the phases are viscous fluids, so rather than
postulating a stress tensor, pressures and viscous forces are stipulated for each
phase, as well as forces describing the interactions between the phases.

e pr : {2 — R represents the pressure (force per unit area in phase 7) of phase
1<7<N,.

o £ : 2 — R? represents the viscous force per unit volume of 2 the medium
exerts upon phase 7, 1 <7 < Np,.

o f.. : 2 — R? represents the viscous forces per unit volume of 2 that phase
exerts upon phase 7', 1 < 7, 7’ < Np.

e br: 02— R%is the body force acting on phase 7 per unit volume of phase 7.

Quantities such as energy and heat appear in the balance of energy.

e e¢: (2 — R is the internal energy per unit volume of (2.

o e : {2 - Rwith 1 <7 < N, represents the internal energy of phase 7w per unit
volume of 2, and ep denotes the internal energy of the medium. The vector of
internal energy densities is denoted as e = (eo,e1,...,en,) € RNpFL

e q: 2 — R represents the flux of thermal energy due to heat conduction.

® s : 2 — R represents the chemical potential of each component 1 < ¢ < Ne.

e r: {2 — R is supply of energy (radiation absorbed or emitted).

Finally, we list the quantities appearing in the entropy imbalance.

e 7: {2 — R is entropy per unit volume of (2.

e 7 : {2 — R represents the entropy of phase 7 per unit volume of (2.

e 0: (2 — (0,00) represents the (absolute) temperature. The inverse temperature
will be denoted by 5 = 1/6.

2.1 Balances for inertialess continua

Under the assumption that effects due to inertia are negligible and that the medium
is a rigid, chemically inert heat conductor, we postulate the following balance laws.
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1. Mass Balances: For each control volume V C (2

N,
i f, o= facav— [ (s
— medv = qc dv — h. + Mcervy ) -nda 1<c< Ne,
i), . (et 3 Merv)

where n is the unit outward normal to the boundary of V. The local form of
these balance laws are

(me)e + div( Z Mervr + hc) = qe. (3)

=1

2. Force Balances: For each control volume V' C (2, let V; be the volume occupied
by phase 7 in V. Assume for each P C {1,..., Np} that

O:T;[/V(—fw—W;Cfﬁn/)dv—i—/‘/ﬂbwdvﬂ—/avﬂpﬂndaw}

where dv, and da, are the volume and area elements associated with the
volume occupied by phase 7w and P€ is the complement of P. The local form
of this law written per unit volume of 2 is

> (sxVpr A+ Y frm) =D sabn. (4)

TeP ' ePc weP

3. Energy Balance: For each control volume V' C {2
d N, Np
dt/ved'l):/v(T‘F;Mcqc"'ﬂ—z_:lsﬂbw"/w)dv

Ne Ny
- / (q + Z pehe + Z(en + Swpﬁ)vw) -nda. (5)
oV c=1 =1

The local form of this balance is

N, Np N Np
et + div(q + Zuchc + Z(ew + sﬂpw)vn> =r+ Zucqc + Z Sxbr - Vr.
c=1 =1 c=1 =1

4. Entropy imbalance: For each control volume V' C 2

N,
d r 1 %
— ndvz/ fdv—/ <7q~n+ nwvw-n)da.

The local form of this law is

. (6)

|3

Ny
n + le(% + Z 777rv7'r) >
=1
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Remark 1 The presence of the saturations s, in several places of the above bal-
ances deserves some comment. First, our mass, energy, and entropy, densities are
taken per unit volume of the domain (2. Taking these quantities to be per unit
mass in their respective phases, as is often done in the literature, causes difficulties
when the Coleman—Noll procedure is applied (see Proposition . Thus, these den-
sities can be integrated over a volume without reference to the saturation of the
phases. The one exception to this is the body force b, acting on phase 7, which is
taken per unit volume in the phase 7. This term is scaled by the saturation s in
both the force balance and the energy balance to give equations identical in form
to those appearing in the engineering literature.

The presence of the saturation in relation to the pressure p, is more subtle. In
the global form of the force balance, the saturation does not appear. Rather, the
pressure is integrated over the boundary of the volume V;, which is the portion of V'
occupied by phase 7, to obtain the total traction force acting on phase 7 in V. The
saturation appears in the local form of this balance law since the measures dv and
dvn are related through the identity dv = sxdvr. The saturations directly appear
in the global form of the energy balance since, as can be seen in , saturation
times pressure is a form of energy density. Thus, the term srp, appears with e,
in the boundary term in .

2.2 Basic consequences of the balances

Force balance can be used to obtain a law of mutual action for the forces f, .
Choosing P ={1,...,Np} in yields

Z (2 Vpr + ) = Z Srbr. (7)

TEP TEP

Consider for the choices P equals @ C {1,...,Np} and Q°, add the results,
and utilize to find that

DD fw=— 3 ) fon
TEQ T EQ*” TEQTEQ
Since this holds for any @, one can deduce that
fron = —fpn forall myn’ € {1,..., Ny}

using standard arguments in the theory of additive interactions. See, for example,
[16].

It is possible to rewrite the energy balance in several ways that are useful in
different contexts. Using the force balance to eliminate the power expended by the
external body forces gives the alternative statement of energy balance

N Np Np
et + div (q + Z Mchc + Z €7TV7I') + Z D= diV(swVTr)
c=1 =1 =1

N, Ny Ny
:7"+ZNCQC+Z (f7r+ Z f7\'7\") V. (8)
c=1 =1

/=1
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Moreover, the mass balances (3) can be used to eliminate the mass supplies g. to
obtain

N, N
et — Mg - [ + Z div <(€7r + SxPr — Z MCTFIJ/C)VTF)
=1 c=1
N, N, N, N, Ny
+3 Ve (=50 VDt MenVine) = r—div(@)= 3 heViet > (Bt Y frnr ) v
=1 c=1 c=1 =1 /=1

(9)

Finally, this equation can be used to eliminate the radiation term from the local
form of the entropy inequality to find that

N. N,

One —er +p - my + i (9777T —€er — SxPr + i Mm,uc) div(vy)
w "N
n (e)vmr —Ver —prVsr+ > ucVMm) Va
T = W
> gq-ve+;hc-wc —;1 f,r+wzlfm/ Ve (10)

This last relation is sometimes referred to as the reduced entropy inequality and
does not involve any external influences.

3 Constitutive Relations
3.1 Local thermodynamic equilibrium

At each point it is postulated that the energy, volume, and mass (e, so, m) corre-
sponds to the macroscopic state of a classical thermodynamic system in equilib-
rium. Specifically, we assume that there is a constitutive law

fix : R x [0,1] x [0,00)Ve = R, (11)

such that 7 (ex, Sx, {Mcﬂ}i\il) gives the entropy in phase m when this phase has
energy er, volume fraction s,, and consists of the mass densities { Mer}2<,, and
that there is a function

ér : RN 0, 1]V x [0, 00) VN 5 R (12)

such that e; = ér(e,s, M) is the interfacial energy within the pores when the
energy of the medium and phases is given by e, the volume fractions are specified
by s, and the distribution of the masses of the components in the different phases
is described by M. Set

NP
S’(e,S,M) = ﬁo(eo) + Z ﬁw(em Sty {Mcn-}i\r:cl)v

=1
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where 7)o : R — R is the entropy of the medium per unit volume of {2. Since the
medium is assumed to be rigid and chemically inert its entropy depends only upon
its internal energy. The following local equilibrium assumption is made.

Assumption 1 (Local equilibrium) The macroscopic entropy n is specified by
e, s0,m) = max {S(e,s,M) | e+ (1,1) + éx(e,s,M) =,
(e,s,M)

s-1=1—so, M1=m}, (13)

where (1,1) = (1,1,...,1) € R¥ ™Y Moreover, for each argument (e, so, m) the
maximum s attained at a unique value

(e,s, M) :argmax{é(e,s,M) | e-(1,1) +ér(e,s,M) =e,
(e,s,M)
s-1=1— s, M1:m}. (14)

Because of uniqueness, the local equilibrium assumption yields constitutive laws
for the energy, volume fraction, and mass densities:

(e,s, M) = (&(e, s0,m),5(e, so, m), M(e, so, m)). (15)

Under the assumption that the phase entropy functions 7, are smooth and that
Onx/Oex > 0, the local equilibrium assumption implies there exist Lagrange mul-
tipliers (6, p, [L and KKT multipliers {(A%, AL, {Acw}i\gl)}fih all non-negative,
such that

”anw Oer
— = — <7<
90671— 1—1—6%, 0 <7< Ny,
(O | yo 1) _ Jer i Onx . der
0(8871— +>\7'r >\7'r> _p+ 8571—’ 0 (aMcw +AC7T - /JC+ BMM’ (16)

A2 =0, (I—s)Ai=0, MegAer =0.

Moreover, since the value of (e, s, M) is assumed to be unique, we also have the con-
stitutive relations (0(e, so, m), p(e, so, m), f1(e, so, m)) for the intrinsic variables.
The above assumption allows the entropy to be viewed as both a function of a

macroscopic state (e, so, m) and a microscopic state (e,s, M) so that

7’7(6780,1’1’1) :S(G,S,M), (17)
and a calculation involving the chain rule shows that

~0n ~ O ~ On -
0—=1, 06— = and 0 = —[lc- 18
Oe R P Ome He (18)
In Section below it is shown that, in the prototypical situation where the
entropy functjons are concave, these expressions for the partial derivatives of n are
valid even if S is not smooth provided the partial derivatives and KKT multipliers
on the left of equation are interpreted as sub-gradients.

1 This choice of notation is justified by Proposition
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3.2 Restrictions due to the Second Law (Coleman—Noll procedure)

The Second Law of Thermodynamics, as interpreted by Coleman and Noll [I0],
says that the entropy imbalance @ must hold for any thermodynamic process that
is compatible with the balances of mass, force, and energy. This places restrictions
on the constitutive laws for the various thermodynamics quantities that appear in
the balances. Rather than explicitly state constitutive laws for all of the quantities
introduced at the beginning of Section [2| here we take the approach of finding
sufficient conditions to guarantee that the second law holds and these conditions
will motivate additional constitutive laws that are consistent with the Second Law
of Thermodynamics.

Proposition 1 Assume that local equilibrium, Assumption holds so that the
macroscopic entropy mn, is determined by and that the macroscopic energies,
saturations, and densities are determined by . Under these constitutive as-
sumptions, the entropy imbalance holds for all thermodynamic processes if

1. The entropy of phase 7 is

1 e
Nre = g(eﬂ + Sapr — Z Mc‘rrﬂ6>~ (19)
c=1

o

The interfacial energy only depends upon the saturations; that is, ey = ér(s).
8. The temperature, phase pressures, and the chemical potential of the components
are related to the Lagrange multipliers in (@ through

~ Oe 5
6 =19, Pr=p+ TI Pe = flc- (20)

T

4. The diffusive mass fluzes, viscous forces, and heat flux satisfy

N, Ny Ny
S he- Vi <0, Z(fw+2fﬂﬂ/).vwzo, q-Vo<0. (21)
c=1 =1 /=1

Proof First notice that 1,3 together with 173 imply that
on on
— =1 d 00—
Oe an om
Moreover, taking the gradient of , utilizing 7 Item 2 of the proposition,
and 2 yields

0 = —pu. (22)

N.
OVne = Ver +prVsx — > f1cV Mer. (23)

c=1
Using the previous two equations as well as Items 1 and 4, we see that

N, N,

0 0 - .

(9£ - )et + (08% + H) -my + Z (07771 —€xr — SxPr + Z Mcﬂ-,uc) le(Vﬂ')
=1 c=1

N, N.
+ Z (Gvnw - veﬂ' _pﬂ'vs‘n' + ZNCVMCW) Vg
=1 c=1

N,

P

N. N,
Z%qve"‘zhcvﬂc_z f7r+zf7'r7'r’ V.
c=1 =1

=1
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holds for all thermodynamic processes. From the chain rule

_On, . On
Nt = 86 €t + 8m my, (24)

it follows that the previous inequality is equivalent to the reduced dissipation

inequality . a

Notice that Item 1 in the previous proposition implies that the entropy 7, is
a positive homogeneous function of (ex, $x, Mcr), which is a common assumption
in classical thermodynamics; see, for example, [2I]. While the previous result only
yields sufficient conditions for the Second Law to hold, it can be shown that Item
1 is also a necessary condition under the assumption that the energy, pressure,
and chemical potential of each phase is independent of the velocity of that phase.
Thus, the homogeneity of 7, is necessary for the Second Law of Thermodynamics
to hold in this context.

The relation , along with applied to each phase, allows the balance of
energy @ to be written in a simplified form using the entropy 7:

Np N N Np
et—mt-u+z 0 div(neve) =7— div(q)—th-V,uc—i—Z (fw—i— Z f,r,r/) V.
=1 c=1 =1 /=1

(25)
This form of the energy balance can be used to obtain a dissipation relation. In

particular, by , , , and we obtain the identity 0n: = ex + m¢ - p
so that

d 1 N. Np N
— Qndv+/n9{—(1/9)q-V0+7rz_:1(f7r+ﬂZ_:1fm')~V7r—c_zlhc~v,uc}dv

NP
:/Q_T/“/(m ((1/9)q+;nﬂvw) - da

This equality can be used to obtain lower bounds for the entropy and upper bounds
for the dissipation, which are an essential ingredient for any theory for existence
of solutions to PDE’s and stability of numerical schemes.

To ensure the Second Law of Thermodynamics is not violated, henceforth we
shall assume that Items 1-4 of the previous proposition hold. It follows from
that we now have constitutive laws for 0, pr, and u.. However, the conditions in
do not fully determine h., fr, f:/, and q. These will be discussed in the next
subsection.

3.3 Fluxes and Darcy’s law

The requirement that mass and heat diffuse from high to low values of their po-
tentials is classical. Fick and Fourier laws are prototypical constitutive relations
which realize this,

h. = —K.(e,s, M)V jic, and q=—Ks(e,s, M)V, (26)
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where IA(C(e,S,M) and IA(o(e,s,M) are positive semidefinite symmetric tensors.
More general statements of Fick’s law admit coupling between the chemical po-
tentials [13].

One systematic way to formulate constitutive laws for viscous forces that satisfy
the relations is to first introduce a dissipation function (a Raleighian in the
physics literature) of the form Rs({vﬂ}WNil, {Vvr — Va }rr<r) and, with Dy and
D (rrry denoting derivatives with respect to the corresponding arguments, to define

1
fr = DxRs, and frm = 5D<,,,,,)RS, <,

and f/x = —fr when ©’ > 7. If Rs is a non-negative convex function of its
arguments taking values in [0, oo] which vanishes when v = vz — v = 0, then
(omitting the arguments of Rs)

%PI (£x v+ %: fom V) = %: (DaRsVat 3° DiganRe (va—vir)) > Re.
1 /=1 =1

T= <
In this context Darcy’s law for the velocities is realized as the Euler-Lagrange
relation for the convex function

NP
L({va)2) = Re ({va b2, (¥ = Varbwrcn ) + 3 5n(ba = Vpa) - v
=1

Prototypically dissipation functions are formulated using an inner product on the
set of velocities which, as in Section take the form

(fvedaze fwndezy)

N,
1 2
= —_— Ty T y————— T — Vaga/, T ! 7]y 27
;(sﬂ(v w )Aﬂ+ﬂ;ﬂm(v Vo, Wr — W )AM> (27)

where the tensors A, and A, = Ay are symmetric and positive definite and for
a symmetric, positive definition tensor A, (v,w)4 = v - Aw denotes the induced
inner product on vectors. These tensors correspond to the (pseudo) inverses of the
permeability tensors that appear in the engineering and experimental literature.
Letting the velocities be determined by

Np

({vﬂ}:’il, {Ww}fil)s = Z sx(br — Vpz) - Wi, for all {wﬁ}:’il (28)
=1
gives the force system
1 1
fTr = 7A7rv7r and fTrTr’ - 71471’77’("# - VTI")?

Sr N

which satisfies the force balance with (viscous) dissipation

Ny, N,
S (F+ Y o) - ve = Hva b2,
=1 /=1

where |.|s = (., );/ ? denotes the norm corresponding to the s-weighted inner prod-
uct. In the case of a single phase, substituting (28) into the right-hand side of the
previous equation results in the traditional form of Darcy’s law.
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3.4 Mechanical & isothermal case

Frequently it is assumed that the temperature is either constant or that the trans-
port of energy by the flow is negligible. The later may happen when the thermal
energy stored in the medium dominates that of the fluid(s) in the pores and ther-
mal equilibrium is quickly attained whereby the fluid(s) take on the temperature of
the medium. In this situation the temperature will satisfy a classical heat equation
of the form

(ch), + div(KVO) =r, (29)

where ¢ and K are the specific heat and conductivity of the medium respectively.
Thus, the temperature can be solved for independently of the other thermodynamic
quantities. In this case, it is preferable to formulate constitutive laws so that
temperature is an independent variable. This is accomplished by introducing the
Helmholtz free-energy density of the system:

NP
(0,5, M) = 0(0) + 3 br (0,55 AMer}25, ) +e1(0,5,00), (30)
=1

where ¢ = ex — Onx is the Helmholtz free-energy density for phase 7.
The local equilibrium assumption, Assumption [1} requires ¥(0,s, M) to be at
a minimum,

(6, 50, m) = (1%){;?/(0,&1\4) | s-1=1—s9, M1=m]}, (31)

S,
and that for each argument (6, so, m) the minimum is attained at a unique value
(s, M) = arg min {@(e,s,M) |s-1=1-s0, M1= m} . (32)

(s;M)

As in Section this gives rise to Lagrange multipliers & and p and KKT multi-
pliers A, A!, and A for which

Or o 1 Oer O L
Bsn | Am = An =P Osn’ and OMer Aex = fie:
The analog of equations ([18)2,3 are
oy oy
B~ P And g = He (39

Replacing the entropy with the Helmholtz free energy in the reduced entropy
inequality results in

Np N,
— e =+ pmy — Y (1;[}7r + Sapr — ZMcﬁ,uc) div(vr)
=1 c=1

P

N N
— Z (Vwrr + nwve +p7rvs7r - Z/LCVMCTr) * Vo

=1 c=1

N, Np Np
—q- V0= he Ve + > |t D fon | - ve 20, (34)
c=1 =1 m'=1
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which is referred to as the free energy imbalance.

The analog of Proposition [I| in this case is the following, which is presented
without proof.

Proposition 2 Assume that local equilibrium holds so that the macroscopic Helmholtz
free energy 1 is determined by and that the macroscopic saturations and den-
sities are determined by . Under these constitutive assumptions, the free energy
imbalance holds for all thermodynamic processes if

1. The microscopic entropy is given by Ny = — 867’%” for 0 <m < Np.

2. The Helmholtz free energy of phase w, for 1 < m < Np, is given by

N
¢n = —SxPr + Z Mcwﬂc- (35)

c=1

o

The interfacial energy only depends upon the saturations; that is, e = ér(s).
4. The pressures in the phases w, for 1 < m < Np, and the chemical potential of
the components are related to the Lagrange multipliers through

pr=p+ g% and  pie = fic. (36)

5. The diffusive mass fluxes, viscous forces, and heat conductivity satisfy

N, N,
Y he- Vi <0, Z(fﬂ—i—fﬂf)-vwzo, q-VO<0. (37
c=1 =1

Notice that Item 2 says that 1 is a homogeneous function of s, and {Mcﬂ}i\f;1
for 1 < m < Np. Then upon assuming that Assumptions 1-4 of the previous
proposition hold, and using equation to simplify the time derivative of ¢ =

(0, so, m) shows that the total Helmholtz free energy evolves according to

N, N,
d
dt/ﬂwdvz/n(zsﬁvm-vﬂ+§(qcuc+hc-vuc))dv
NP Ne. Np
*/‘Q <7’]9t+7;1777rv71—v9) dU/BQ;/J/c(Wlecwvﬂ‘i‘hC) ~nda.

Using force balance to eliminate the pressures and assuming isothermal conditions
(6: and V@ are negligible) gives the dissipation relation

d Ny Np N
TRTSIRETRS TR AR

=1

Ny N, N, N,
:/ {stbw-vw—Fchuc}dv—/ ZMC(ZMCWVW—ic)-nda.
2 =1 c=1 042 c=1 =1
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3.5 Summary

Substituting the constitutive postulates into the local forms of the balances of
mass and energy gives the following system of partial differential equations for
the mass densities and internal energy, (m,e), which model multiphase flow in a
porous medium:

N,

ome . -
En + div ;vaw — K Vyue | =qe, c=1,2,...,Ng,
and
N, Ne
et —my -+ Z O0div(nzvy) =r+ div(KeV0) + Z \Vpc\%(c + |{v7r}7]:]i1|2.
=1 c=1

In these equations g. and r model the source of each components and heat supply
respectively, and the body force b, on each phase is specified in the Darcy law for
the phase velocities {Vw}frvil. The constitutive input consists of:

e Entropy functions for each phase or, equivalently, the free energy functions.
e The interfacial surface and wetting energy .

e Mass diffusion tensors for each component and heat conduction tensor .
e Diffusion tensors for the phases appearing in the Darcy law .

The dependence of microvariables (e, s, M) and Lagrange multipliers (6, p, u) upon
(e, s0,m) is then determined by m = M1 and Assumption and the phase
pressures in the Darcy law for the velocities are pr = p + Oey/0sx.

4 Structural Properties
4.1 Entropy maximization

Here we justify the formal calculations done in Section [3] We begin by showing
that if the entropy functions 7). for each phase are concave, then the entropy of the
mixture (e, so, m) is also a concave function and can be realized as the maximum
value of a concave function on a convex set.

Proposition 3 For each 1 < m < N, let i1 : R x [0,1] x [0,00)Y — R and
Mo : R = R be concave functions. Suppose that Ony /Oex > 0 and that the inequality
is strict for at least one phase. Let ég : [0, 1]Nf’ — R be convex and set

N,

P

S’(e,s,M) - 770(60) + Z 777\'(67'?787'?7 {Mcﬂ}i\]:cl))

=1
(e,s, M) € S=RY ™ % [0,1]" x [0, 00) XN,
For each (e,s50,m) € R x [0,1] x [0,00)"¢ assume that the mazimum in the defi-
nition

f](e,so,m)z( mjz\% S}{S(e,s,M) | e-(1,1)+¢é1(s) =e, s:1 =1—3509, M1 =m}
e,s, S
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is achieved. Then

7i(e, s0, m) = ( mj% S}{S(e,s,M) | e-(1,1)+é5(s) <e, s:1=1—s9, M1 =m},
e,s,M)€
(38)

in particular, 1 is a concave function.

Proof 1If the maximum of S'(e, s, M) was achieved at a point in S where e-(1,1) +
ér(s) < e then there exists € > 0 for which (e + ¢(1,1)) - (1,1) 4+ é;(s) = e and
the hypothesis that dn,/dex > 0 gives the contradiction S(e + €(1,1),s, M) >
S(e,s, M). It follows that the formula for 7 holds.

Since €5 is convex (and the other constraints are linear) it is immediate that

K=K(e, s0,m)={(e,s, M)eS | e-(1,1)+¢és(s) <e, s-1=1—3509, M1 =m}

is a convex set. Concavity of 9 then follows from the concavity of S and the fact
that 7 is the maximum over all convex combinations of elements of the set in S. 0O

In this context results from convex analysis can be used to elucidate the re-
lationship between 7 and S. The extension of the domain of § to V = RN»T1 x
RNP X RNCXNP by

S(e,s, M) if (e,s, M) €S,
—00 otherwise,

S(e,s, M) = {
defines a proper, upper semi-continuous, concave function S:V - RU {—o0}. For
(e,s0,m) € R x [0,1] x [0,00)™¢ set

. N 0 if (e,s,M) €K,
Ix(e,s,M) = I(e,s,M;e, so,m) = {,oo (otherw)ise

to be the concave indicator of the (closed and convex) set K C V over which the

extreme value of S is to be taken. With these definitions

e, so,m) = max (S(e,s, M) + Ix(e,s, M)).

Since the intersections of th(j domains of these Afunctions is non-empty, at an ex-
tremim 0 € 05(e,s, M) + Olx(e,s, M). Here 9S C V and 0Ix C V are the super
gradients of S and Ik, respectively:

9S(e.s,M) = {(£,4,N) € V | ((£,4,N), (&5, 1) - (e,5, M)),,
Zg(é7§aM)_S’(e?S»M)7 V(é,é,M)EV},
and Ol is defined similarly. In this expression the pairing (.,.)v is the usual inner
product on V.

Upon assuming that the entropy functions 7, are differentiable, classical results
from optimization show

8S(e,s, M) = {(DeS, DsS+A° — AL, DyS + A) |

A% AL € 10,007, A €[0,00)V N A0 s =0, A (1—5) =0, A;M:O},
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where A%, X!, and A are the KKT multipliers dual to the constraints 0 < sr < 1
and 0 < M., respectively. When é; is differentiable and e- (1,1) + é;(s) = e; that
is, (e,s, M) € OK, a similar calculation shows

Olx(e,s, M) = {ﬂ(—(l,l),—p1+DseI,u®1) | B€0,00), p€ER, MeRNC}’

where 3 is the KKT multiplier for the inequality constraint and p and p are the
Lagrange multipliers for the equality constraints scaled by 3. The following lemma,
is useful in this context.

Lemma 1 ([20, IV.4.3]) Let ¢ : H — RU {oo} be a proper, convex, and lower
semi-continuous function on a Hilbert space H. If d%_u € L?[0,T; H] and if there
exists a g € L*[0,T; H] with g(1) € d¢(u(1)) a.e. on [0,T], then powu is absolutely
continuous on [0,T] and

diim(r)) = (h(r), Lu(r),,  ae e (0,T).

for any function h with h € d¢(u) a.e. on [0,T].

We abuse the notation by writing %qﬁ(u) = (0¢(u), %)H. Combining the above
then shows that if

(e.5,M)(r) = argmax {S(e,5,M) | e-(1,1) +&r(s) < e(r),
(e,s,M)€eS

s 1=1-s9, M1= m(T)} (39)
is sufficiently regular in time and 7 — (e(7), so(7), m(7)) is a smooth function from

0,7 to R x Ry x RN“, then the derivative of the entropy function in Proposition
+ + y
[3] with respect to 7 can be computed as

d . _d g _ (aa d
Er}(e,so,m) = ES(e,s,M) = (&S‘(e,s,M)7 E(QS’M))V
= (—8fK(T)(e,s,M), %(e,s,M))V.
Substituting in the formula for 8fK(T) then shows
1d.
E%n(e,so,m) =1-e+Dser-sr+pl-s; —(u®1): M; =er+pso, — p-ms.

Substituting 7 with position shows that the same formula holds if the time deriva-
tives are replaced by spatial gradients. Also, the hypotheses of Proposition [3| guar-
antee that 8 > 0, so upon defining § = 1/, we see that

9£A(es m)=er+pso, — 4 M
dTU 590, — CEr pPSsor 1 T-

This result is used to deduce from .



Multi-component Multiphase Flow 19

4.2 Variational structure: (I) Isothermal setting

The equations for the balance of mass in the isothermal setting with Darcy laws
as in Proposition [2| may be viewed as a maximally dissipative system [4L[51[7)[8l14]
17]. Specifically, in the absence of mass supplies and diffusion, an implicit Euler
approximation of these equations with time step 7 may be constructed as a se-
quence of “minimizing movements”; that is as the Euler—Lagrange equations for
minimizers of

NP
f(S, Ma {Vﬂ}ﬁil) = / {ZHVW}f:[ilE"*l -7 Z Sxbr - vr + j/(sv M)} dv7
g 2 =1
subject to the constraints: 0 < s <1, 0 < Mg,

N,

mC—Q—TdiV(ZMZT_lV,T) =mi !, s-1=1-— s,
=1
and vr - nlgp = 0, with m = M1 and |- |s = (., .);/2 denoting the (semi) norm

characterizing the Darcy law . To verify this, introduce Lagrange multipliers
p and p and formulate the Lagrangia

& N, T N, —
L (s M v mnn) = [ {GHva s e~ (m - )
(9}
Ny N.
+7 Z (Z M2 "o — sﬁ_lbﬁ) Vi + (s, M)+ (so+s-1— 1)p} dv.
=1 c=1

Formally computing the variations gives

Np N.
6L, 0= ({valioy d6va )+ 30 (3 MET Vhe = 527 ba) - bva,
sm =1 c=1
. o
5L O - Acﬂ' - Mc
M. Mo + %
SLs. 0= 120 Al
0sx

where the KKT multipliers A2, AL, and A.r are non-negative and satisfy
AexMer = 07 )\70r'57\' = 07 >‘711'(1 - Sﬂ') = O’

and the variations with respect to p and p trivially give the mass balance and the
constraint on the saturations. When ¥ takes the form shown in equations 1) an

2 A priori it is not known that the Lagrange multipliers associated with the mass and volume
fraction constraints are the chemical potential g and pressure p. However, due to how these
multipliers appear in the equations, it can be shown that indeed these Lagrange multipliers
have the expected physical interpretation.
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approximation of the Darcy law (28]) is recovered,

N, N.
({v,r}frv;l, {5vﬂ}f;1) = (s:—lbﬂ — ZMgﬂ—lvﬂc) 6V,
s =1 c=1
N,

]

12

Sz (bx — Vpz) - 6y,

1

T

which, for isothermal conditions, follows from equation .

4.3 Variational structure: (II) General case

Very few variational characterizations of the thermo-mechanical laws of continuum
mechanics are available; this section presents one extension of the isothermal case
to include thermal effects. In the absence of heat conduction (q = 0), it is possible
to proceed as in the previous section and construct an implicit Euler scheme for the
porous flow equations which takes the form of a constrained minimization problem.
The associated saddle point problem involves the temperature 6 as the Lagrange
multiplier for the energy equation. The temperature gradient is required to model
heat conduction and is not available for the minimization problem; for this reason
the saddle point problem is presented directly. The formulation presented in this
section was not derived from fundamental variational principles such as Hamilton’s
principles or those in [I5[18]. Instead an extension of the isothermal principle was
“reverse engineered” give the desired equations.

Upon assuming a Darcy law of the form , the energy equation may be
written as

Oy i 2 neve) = 7 (r— divia) + [{va} e ),

where n = no + Z,J:Iil n= = n - (1,1). Since 9nr/der = 1/0 > 0 it is possible to
express the internal energy of each phase as ex = éx(nx, Sx, {Mm}iv__cl) where é,
is homogeneous. Write the total energy as

Np
E(nvs’ M) = é0(770) + Z éﬂ'(nﬂ'v Sm, {MCW}&l) + éI(s)v

=1

and let 7 denote a time step. Given (p" !, s" 71, M™ 1), set 0"~ = der /1, and
let

sgn—1

L (mos MAval 2 0ms) = [ {50007 Hvn i
i( ve+ZMg; "Vie—s"" by ) +(1/2)|V(1/0) [3ep 1 +(0/0"")r

+E(n,s,M) —0(n—n"" )-(1,1)—1—(30—4—5-1—1);0—(m—m”_l)-u}dv7
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where Ky~ ' = (" 1)?Kj with Ky denoting the usual heat conductivity tensor
appearing in Fourier’s law. Formally computing the variations gives

n—1

6Ly, 0=(0/0""")? ({vﬂ}fil, {5vw}frvil)s

N, N,
+ 3 (VO Y ME Ve — 52 ) v,
=1

c=1

Nr
SLg n+ Tdiv( n?ilvw) =n" 4 m%(r

=1

— (077 0)? div(0" 7 /6)*Ko¥0) + (6/6"H{va 2y )

- oF
oL 0=—-90
Nr 6nﬂ )
5L 0=9E 130 _alyy,
Osn
- oF
6LMC7\_ O—Wm“r/lcw_ﬂm

where A2, AL and A.r are KKT multipliers. Equation shows that the vari-
ations with respect to v. gives (an approximation of) the Darcy law , and
variations with respect to p and p yield the constraints on the saturation and the
discrete balances of mass.
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