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a b s t r a c t
The near-wall enrichment of platelets strongly inﬂuences thrombus formation in vivo and
in vitro. This paper develops a multi-constituent continuum approach to study this phenomenon. A mixture theory model is used to describe the motion of plasma and red blood
cells (RBCs) and the interactions between the two components. A transport model is developed to study the inﬂuence of the RBCs ﬁeld on the platelets. The model is used to
study blood ﬂow in a rectangular micro-channel, a sudden expansion micro-channel, and
a channel containing micro crevices (representing a practical problem encountered in most
blood-wetted devices). The simulations show that in the rectangular channel the concentration of the platelets near the walls is about ﬁve times higher than the concentration
near the channel centerline. It is also noticed that in the channel with crevices, a large
number of platelets accumulate in the deep part of the crevices and this may serve as
nidus for excessive thrombus formation occurring in medical devices.
Published by Elsevier Ltd.

1. Introduction
A thrombus, sometimes called a blood clot, is a natural response of the body to an injury by attempting to prevent
bleeding; however, excessive thrombosis is responsible for device malfunction and diseases such as stroke. Thrombosis in
the coronary artery can lead to heart attacks; a thrombus can also be transported to the brain by blood circulation causing
cardiogenic strokes (Furie & Furie, 2008; Handin, 2005). Thrombus generation in blood-related medical devices can reduce
the eﬃciency of the devices and this may lead to their malfunction (Jaffer, Fredenburgh, Hirsh, & Weitz, 2015; Kirklin et al.,
2012; Reviakine et al., 2016; Slaughter et al., 2009).
Thrombosis is usually initiated as platelet adhesion on biological or artiﬁcial surfaces. Thrombus initiation and growth
in vessels or on medical devices is strongly inﬂuenced by the number density of the platelets near the walls and surfaces
(Cito, Mazzeo, & Badimon, 2013; Skorczewski, Erickson, & Fogelson, 2013; Weller, 2008; Yang, Jäger, Neuss-Radu, & Richter,
2016). In small blood vessels, the platelets tend to move away from the center of the blood vessels and accumulate near
the walls. Such a transverse migration of platelets is believed to be closely related to the motion of the red blood cells
(RBCs), where opposite to the movement of the platelets towards the walls, the RBCs tend to move away from the walls of
the vessels (AlMomani, Udaykumar, Marshall, & Chandran, 2008; Goldsmith & Turitto, 1986; Turitto, Benis, & Leonard, 1972).
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Through many mesoscale simulations, the non-uniform distribution of the platelets is believed to be mainly attributed to the
collisions between the RBCs and the platelets (AlMomani et al., 2008; Reasor, Mehrabadi, Ku, & Aidun, 2013; Skorczewski,
Erickson, & Fogelson, 2013). Direct experimental measurements also indicate that when RBCs are introduced in the ﬂow, the
platelets migration to the vessel walls increases intensively (AlMomani et al., 2008; Cadroy & Hanson, 1990; Joist, Bauman,
& Sutera, 1998; Peerschke, Silver, Weksler, Yin, Bernhardt & Varon, 2007; Turitto & Weiss, 1980).
In order to describe or to be able to predict the non-uniform distribution of the platelets, we need to use a multicomponent theory to model blood ﬂow so that important quantities such as the velocity and the volume fraction ﬁelds
of the RBCs can be studied. That is, a single-phase blood model is not able to predict the migration of the blood cells.
Although many numerical studies of the near-wall platelets enrichment have been done using mesoscale simulations, in
most engineering-scale applications, due to the high computational cost of the mesoscale simulations, a continuum model
can be used. In the present study, using the multi-component blood model recently developed by Wu, Aubry, Massoudi, Kim,
and Antaki (2014) and Wu, Yang, Antaki, Aubry, and Massoudi (2015), we introduce and advocate a transport ﬂux equation
to study and model the non-uniform distribution of the platelets .
2. The mathematical model
A thrombus usually indicates a blood clot attached to the (damaged) vascular walls. There are a few theoretical models of
thrombus formation (see Anand & Rajagopal, 2004, 2002; Anand, Rajagopal, & Rajagopal, 2006a,b, 2008; Flamm & Diamond,
2012; Kuharsky & Fogelson, 2001; Wu et al., 2017). In general, it is believed that the RBCs distribution can inﬂuence the
distribution of the platelets which in turn is closely related to the thrombus formation (Anand et al., 2008). In this paper,
we assume that blood is a multi-component ﬂuid composed of red blood cells, plasma and platelets. The presence and
inﬂuence of other components such as the white bloods cells are ignored. Furthermore, we assume that the motion of the
RBCs and the plasma are governed by the conservation equations based on mixture theory, whereas for the motion of the
platelets we propose a transport ﬂux (a convection-diffusion) equation. These conservation equations are used to obtain the
velocity ﬁelds for the plasma and the RBCs, the hematocrit (RBCs concentration), and the pressure ﬁelds. The equations of
motion used in this paper are based on the Mixture Theory (theory of interacting continua) as given in (Massoudi, Kim, &
Antaki, 2012; Rajagopal & Tao, 1995; Wu, Aubry, & Massoudi, 2014). The classical theory of mixtures is described in detail in
books by Rajagopal and Tao (1995), Truesdell (1984), and in review articles by Bowen (1976) and Atkin and Craine (1976a,b).
2.1. Governing equations
2.1.1. Conservation of mass
In the absence of thermo-chemical and electromagnetic effects, the governing equations consist of the conservation of
mass, linear momentum and angular momentum. In the Eulerian form, conservation of mass, for each component, is expressed as (Bowen, 1976):



∂ρf
+ div ρ f v f = 0
∂t

(1)

∂ ρs
+ div(ρs vs ) = 0
∂t

(2)

where ∂∂t is the derivative with respect to time, div is the divergence operator and v is the velocity ﬁeld. The subscript ‘f’
refers to the ﬂuid (plasma), and ‘s’ to the solid particles, representing the RBCs. The densities of the two constituents are:
ρ f = (1 − φ )ρ f 0 , ρs = φρs0 , where ρ f0 and ρ s0 are the pure density of the plasma and the RBCs in the reference conﬁguration, respectively, and φ is the volume fraction (hematocrit) of the RBCs. ρ f0 and ρ s0 are constant in this paper.
2.1.2. Conservation of linear momentum
The balance of the linear momentum can be written as:

ρf

Dv f
= divT f + ρ f b f + fI
Dt

(3)

ρs

D vs
= divTs + ρs bs − fI
Dt

(4)

D
Dw
∂w
where, Dt
is the material derivative. For any scalar β , DDtβ = ∂β
∂ t + v · grad β ; for any vector w, Dt = ∂ t + (gradw )v, where
‘grad’ is the gradient operator, Tf and Ts are the partial Cauchy stress tensors for the plasma and the RBCs, respectively. fI
represents the interaction force (exchange of momentum) between the two components, and bf and bs refer to body forces.
The balance of the angular momentum implies that, in the absence of couple stresses, the total Cauchy stress tensor is
symmetric. To close these equations, constitutive relations are needed for the stress tensors Tf and Ts and the interaction
force fI .
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2.1.3. Conservation of platelets concentration (transport ﬂux)
In this paper, we do not consider blood as a three-component ﬂuid (plasma, RBCs and platelets). However, we recognize
that the platelets move and are deformed by the ﬂow. While we ignore the effects of the platelets on the plasma and
the RBCs, in order to describe the motion of the platelets, we propose a convection-diffusion equation (Bridges, Karra, &
Rajagopal, 2010; Massoudi & Uguz, 2012) due to the motion of the mixture, composed of plasma and RBCs:

∂C
+ div(C vm ) = divQ
∂t

(5)

where vm = φvs + (1 − φ )v f is the velocity of the whole blood, C is the concentration of the platelets; Q refers to the
diffusion ﬂux of the platelets in blood (Hund & Antaki, 2009). In the next section, we discuss the constitutive relations used
in this paper.
2.2. Constitutive relations
As mentioned earlier, blood is a complex non-linear ﬂuid, composed of red blood cells (RBCs), white blood cells (WBCs),
platelets, plasma. Under normal conditions, the volume fraction (hematocrit) of the RBCs is about 45%, and as a result, the
rheological properties of the (whole) blood are greatly inﬂuenced by the distribution of the RBCs. Among the unusual observations encountered in blood ﬂow, one can name the aggregation and the disaggregation of the RBCs, related to the shear
rate, the degree of their deformability, and their alignment responding to extensional ﬂows (see Bäumler et al., 1999,Chien,
1970; Bäumler, Neu, Donath, & Kiesewetter, 1999; Chien, 1970; Popel & Johnson, 2005; Popel & Johnson, 2005; Robertson,
Sequeira, & Kameneva, 2008; Wu, Aubry, & Massoudi, 2014). In order to capture some or all of these effects on a macroscopic level, one can model blood, for example, as a shear-thinning ﬂuid with stress relaxation (Bagchi, 2007). For microscale applications, for example blood ﬂow in a vessel with the diameter in the range of 20 to 500 μm (and shear rates below
100 s−1 ), other non-linear or unusual phenomena such as non-linear distribution of volume fraction can occur (Kameneva,
Garrett, Watach, & Borovetz, 1998; Middleman, 1972; Rourke & Ernstene, 1930). The viscoelastic behavior of blood has been
reported by Thurston (1972, 1973) and others. It is known that when the shear rate is low, the stress relaxation becomes
more signiﬁcant. To model the RBCs, we use and modify the model proposed by Yeleswarapu, Kameneva, Rajagopal, and Antaki (1998) and Yeleswarapu, Antaki, Kameneva, and Rajagopal (1995), which captures the shear-thinning behavior of blood
over a wide range of shear rates; it is a generalization of the three constant Oldroyd-B ﬂuid. Therefore, in some sense, the
model that we are using for the RBCs (and blood as a whole) is a viscoelastic shear-thinning ﬂuid model.
2.2.1. Stress tensor of the plasma
We assume that the plasma behaves as a viscous ﬂuid,





T f = −p(1 − φ ) + λ f (1 − φ )tr D f I + 2μ f (1 − φ )D f

(6)

where p is the pressure of the mixture, λf and μf are the (constant) ﬁrst and the second coeﬃcients of viscosity of the pure
T

plasma, D f = 12 [(grad v f ) + (grad v f ) ], ‘tr’ stands for the trace of a second order tensor, and I is the identity tensor. (See
Wu, Aubry, & Massoudi, 2014 for further details and derivation of these equations).
2.2.2. Stress tensor of the RBCs
The RBCs are assumed to behave as a viscoelastic shear-thinning ﬂuid, whose viscosity, μs is a function of the volume
fraction, φ :



Ts = −pφ + β20




2







φ + φ 2 trDs I+μs φ , trD2s φ Ds

(7)



⎛

μs φ , trDs φ = ⎝μ∞ (φ ) + (μ0 (φ ) − μ∞ (φ ) )



1 + ln 1 + k(φ ) 2trD2s



1 + k(φ ) 2trD2s

1 / 2 ⎞

1 / 2

⎠

(8)

where Ds = 12 [(grad vs ) + (grad vs ) ] and β 20 is (similar to) the second coeﬃcient of viscosity .These equations are calibrated using the experimental measurements of Brooks et al., over a range of hematocrit from 8.6%–70.2%: (Brooks, Goodwin, & Seaman, 1970) (Also see Fig. 1):
T

μ0 = 537.0 02φ 3 + 55.0 06φ 2 − 0.129φ

(9a)

μ∞ = 27.873φ 3 − 21.218φ 2 + 14.439φ

(9b)

k = 11

(9c)

The above equations account for the low volume fraction of RBCs that occurs in blood ﬂow at micro-scale (Wu et al.,
2015). It is noted that Eqs. (9a) and (9b) imply that the viscosity of the RBCs approaches zero when the hematocrit approaches zero.
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Fig. 1. Viscosity of the RBCs as a function of the shear rate. Experimental data is by Brooks et al. (1970).

2.2.3. Interaction forces between plasma and RBCs
For the interaction force between the two components, we only consider terms which correspond to the Stokes drag
force and the Saffman’s shear- lift force (See Johnson, Massoudi, & Rajagopal, 1991; Massoudi, 2003),




 3(6.46) ρ f μ f
9μ f
fI =
φ f (φ ) vs − v f +
4π a
2a2

1 / 2


−1/4 

φ 2trD f 2
D f vs − v f

(10)

where a is the (hydraulic) diameter of the RBCs, here assumed to be 8 μm, and f (φ ) = exp(2.68φ ) + φ 0.43 is the hindrance
(drag) function suggested by Rusche and Issa (20 0 0). For more discussions on the interaction force, see (Massoudi & Antaki,
2008; Wu, Aubry, & Massoudi, 2014).
2.2.4. The diffusive ﬂux of the platelets
In this part of the paper, we discuss the modeling of the platelets. Usually the diffusivity of a species transported in
ﬂow can be described using the Brownian diffusion approach. However, in micro-scale ﬂows, as many simulations and
experiments have revealed, due to the collisions between the RBCs and the platelets, the platelets tend to move to the
vessel walls. As a result the near-wall concentration of the platelets can be several times higher than the centerline value
(AlMomani et al., 2008; Reasor et al., 2013; Zhao et al., 2008). In order to model the collision-induced platelets diffusion,
based on the ideas proposed by Phillips, Armstrong, Brown, Graham, and Abbott (1992) and Wootton and Ku (1999) and
Hund and Antaki (2009), we assume that the platelets diffusion ﬂux, Q, is given by,

Q = Q1 + Q 2 + Q 3

(11)

Q 1 = DC ∇ C

(12)

Q 2 = DC q(φ )∇ C

(13)

Q 3 = DC C ∇ (q(φ ) )

(14)

DC = (DB + ξ fs (φ )γ˙ m )

(15)

where

where ∇ is the ‘del’ operator. The term Q1 represents the diffusive ﬂux due to the gradient of the platelet concentration, Q 2 ,
is the RBCs-enhanced diffusion of the platelets, and Q 3 is the diffusive ﬂux of the platelets responsible for the movement
of the platelets away from the regions of high concentration of the RBCs. γ˙ m = (2tr Dm 2 )1/2 is the shear rate of the mixture
(whole) blood, q(φ ) (to be discussed below) is a function of φ , based on the experimental data, DB = 1.58 × 10−13 m2 s−1
is the Brownian diffusion constant, and C represents the concentration of the platelets. The factor DC = (DB + ξ fs (φ )γ˙ m )
represents the strength or the dependence of the platelets diffusion ﬂux on the local shear rate of the mixture, assumed
proportional to the particles collision frequency. For the sake of simplicity, we assume f s (φ ) = φ ; in general, this function reduces to the Brownian diffusion constant as φ = 0. Also, ξ = 6.0 × 10−14 m−2 is an empirical constant based on experiments
(Goodman, Barlow, Crapo, Mohammad, & Solen, 2005; Wu et al., 2017).
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Table 1
The Boundary conditions. For more details see (Rusche, 2002; Wu et al., 2015; Wu, Aubry, Antaki, & Massoudi, 2016).
Boundary

Pressure

Velocity

Volume Fraction

Platelets Concentration

Inlet
Outlet
Wall

Fixed ﬂux
Fixed value (reference)
Fixed ﬂux

Fixed value
Zero gradient
Fixed value (0)

Fixed value
Zero gradient
No ﬂux

Fixed value
Zero gradient
No ﬂux

We assume that q(φ ) has the following properties: (1) q(φ ) is a monotonic increasing function of φ , so that the platelets
are always excluded by the RBCs and that they diffuse to a region with lower volume fraction of the RBCs; (2) When φ = 0,
q(φ ) = 0, which indicates that when there are no RBCs, the collision-induced diffusion effect disappears. In this paper, we
simply represent q(φ ) as a polynomial function, where,

q (φ ) =

N

Ai φ i ; i ≥ 1, Ai ≥ 0.

(16)

i

The speciﬁc form of this function will be discussed in Section 3 and we will see that for our paper, Eq. (16), based on
the available experimental data can be given by a second order polynomial.
The velocity, the volume fraction and the platelets concentration ﬁelds are, in general, given by:

⎧
⎪
⎨v f = v f x (x, y, z; t )ex + v f y (x, y, z; t )ey + v f z (x, y, z; t )ez
vs = vsx (x, y, z; t )ex + vsy (x, y, z; t )ey + vsz (x, y, z; t )ez
⎪φ = φ (x, y, z; t )
⎩
C = C (x, y, z; t )

(17)

Using Eq. (17), substituting Eqs. (6)–(10) into Eqs. (3)–(4), and Eqs. (11)–(16) into Eq. (5), we obtain the momentum equations in the vectorial form (here we have assumed that both components are incompressible) and the transport equation
for the platelets.
The momentum equation for plasma is:



(1 − φ )ρ f







9μ f
∂vf 
+ grad v f v f = −grad ( (1 − φ ) p) + div 2μ f (1 − φ )D f + ρ f (1 − φ )b f +
f (φ ) vs − v f
∂t
2a2

1 / 2

−1/4 

3(6.46 ) ρ f μ f
+
φ 2trD f 2
D f vs − v f
(18)
4π a

And for the RBCs,







⎛⎛

∂ vs
φρs
+ (grad vs )vs = −grad (φ p) + div⎝⎝μ∞ (φ ) + (μ0 (φ ) − μ∞ (φ ) )
∂t



 3(6.46) ρ f μ f
9μ f
+ ρs φ b s −
f ( φ ) vs − v f −
2
4π a
2a



1 + ln 1 + k 2tr Ds 2

1 / 2



1 + k 2tr Ds 2

1 / 2 ⎞

1 / 2

⎞

⎠ Ds ⎠


−1/4 

φ 2trD f 2
D f vs − v f

(19)

The transport (convection-diffusion) equation for the platelets is,

∂C
+ div(C vm ) = div( (DB + ξ φ γ˙ )∇ (1 + q(φ ) )C ) + div( (DB + ξ φ γ˙ )(1 + q(φ ) )∇ C )
∂t

(20)

These equations are subject to the boundary conditions summarized in Table 1. Numerically we use the ﬁnite volume
method and a computational ﬂuid dynamics (CFD) solver is developed using the libraries of OpenFOAM®. This is a C++ toolbox for the development of customized numerical solvers, and pre-/post-processing utilities for the solution of continuum
mechanics problems, including CFD applications (OpenCFD, 2011). For the details of the numerical algorithms dealing with
the two-ﬂuid (Eulerian–Eulerian) approach, see (Kim, 2012; Rusche, 2002; Weller, 2002).
3. Results
In this section, we ﬁrst discuss the procedure for obtaining the form of q(φ ). After calibrating Eq. (16), i.e., ﬁnding the
values for the coeﬃcients by looking at the data in a rectangular micro-channel, we study the platelets enrichment problem
in a sudden expansion micro-channel and a channel with micro-crevices. In the following cases, for each geometry, the
domain is discretized as hexahedral meshes using ICEM (ICEM, 2012). In each case, mesh-dependence studies are performed.
To save computational time and expense, for all the cases that we have considered, if possible we have taken advantage of
the symmetry of the problem. We use the following values for the material properties: μ f = 0.96cP, ρ f = 1027 kg/m3 and
ρs = 1093 kg/m3 .
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Fig. 2. (a) Schematic of the rectangular micro-channel. The inlet velocity is 0.4956 m/s. The hematocrit is 36%. The platelets bulk concentration is C0 =
2.5 × 1014 PLTs/m3 . (b) Comparison of the numerical and the experimental values for the relative platelets concentration along the y-direction (Zhao et al.,
2010). The relative concentration of the platelets is deﬁned as the local concentration of the platelets divided by the bulk concentration.

3.1. Flow in a rectangular micro-channel
The function representing the RBCs-induced diffusion of the platelets, q(φ ), is obtained using the experimental data in
a rectangular micro-channel by Zhao, Marhefka, Antaki, and Kameneva (2010). In order to reduce the computational cost,
we assume that the ﬂow is two-dimensional. Fig. 2(a) shows the schematic of the rectangular micro-channel. According
to Zhao’s experiments (Zhao et al., 2010), the inlet velocity and the hematocrit are 0.4956 m/s and 36%, respectively. The
platelets bulk concentration is C0 = 2.5 × 1014 PLTs/m3 . As a result, the best ﬁtted function, for q(φ ) is

q(φ ) = 0.26φ + 10.6φ 2 + 537φ 3

(21)

A comparison of the platelets concentration along the y-direction obtained from the experimental measurement and
the numerical prediction using our proposed model (Eqs. (11)–(15)), is shown in Fig. 2(b). The relative concentration of
the platelets is deﬁned as the local platelets concentration divided by the bulk concentration of the platelets: C/C0 . From
Fig. 2(b), we can see that a good agreement is achieved. The enrichment of the platelets near the channel walls is clearly
demonstrated by the numerical simulations. The platelets concentration near the wall is about 5 times higher than the
concentration near the centerline of the channel. Fig. 3(a) and (b) shows the development of the platelets and the RBCs
proﬁle along the x-direction; we can see that the platelets and the RBCs distribution become more non-uniform (as we
move along the x-coordinate), due to the RBCs-induced transport ﬂux and the shear lift force respectively. Furthermore,
the proﬁle of the platelets concentration develops faster near the entrance, which may be attributed to the uniform inlet
boundary condition; this phenomenon was also observed experimentally by Zhao, Kameneva, and Antaki (2007) and Zhao
et al. (2007).
3.2. Flow in a sudden expansion micro-channel
Next, we consider ﬂow of blood in a sudden expansion micro-channel. All the model parameters are the same as the
previous case. Fig. 4 shows the schematic of the sudden expansion micro-channel. The inlet velocity and the hematocrit
are 0.413 m/s and 40%, respectively (Zhao et al., 2008). The platelets bulk concentration is C0 = 2.5 × 1014 PLTs/m3 and the
entrance length before the channel expansion is 20 mm.
The comparison between the simulated results and the experimental observations for the relative platelets concentration
along the y-direction is shown in Fig. 5(a), which shows a good agreement. The values based on the numerical simulations at
a location 50 μm after the expansion agree with the experimental data better than the simulated results at a location 20 μm
after the expansion. Fig. 6 shows the platelets distribution by the simulation and the experiment, the RBCs concentration and
the velocity ﬁeld (streamlines) of the whole blood by the numerical simulation. Interestingly, after the sudden expansion,
near the ﬂow reattachment points, we notice a very thin layer where the platelets concentration is relatively low (see
Fig. 6(a) for the two-dimensional ﬁeld and Fig. 5(b) for the quantitative plot). This pattern agrees with the observation of
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Fig. 3. Axial development of the platelets (a) and the RBCs (b) distribution along the y-direction.

Fig. 4. Schematic of the sudden expansion micro-channel. The inlet velocity is 0.413 m/s. The hematocrit is 40%. The platelets bulk concentration is C0 =
2.5 × 1014 PLTs/m3 .

Fig. 5. (a) Comparison of the numerical and the experimental results for the relative platelets concentration along the y-direction. (Zhao et al., 2010) (b)
Platelet distribution along wall A-B after the sudden expansion. See Fig. 4 for the deﬁnition of the wall A-B.
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Fig. 6. (a) The numerical (top) and the experimental (bottom) relative platelet concentration ﬁeld (Zhao et al., 2008). (b) The calculated volume fraction
ﬁelds of the RBCs. (c) The velocity ﬁeld and streamlines of the whole blood; the unit of the scale bar is m/s. The results by simulations are at 1 s. The
experimental ﬁgures are reused by permission (Zhao et al., 2008).

Fig. 7. Schematic of the rectangular micro-channel with a depth of 0.07 mm. The inlet velocity is 0.0238 m/s. The hematocrit is 40%. The platelets bulk
concentration is C0 = 3.0 × 1014 PLTs/m3 .

Karino and Goldsmith (1979a, b). Their experiments showed that after the sudden expansion near the ﬂow reattachment
points, a rapid decrease in the platelets deposition is achieved. The low platelets deposition may be due to the fact that
near the ﬂow separation/reattachment point, the RBCs concentration is relatively high (see Fig. 6(b)), and the platelets seem
to be pushed away from this region due to the RBCs-platelets collision.
3.3. Flow in a rectangular micro-channel with crevices
Fig. 7 shows the geometry. This application is motivated by a persistent problem in most blood- wetted devices, namely
the seams and joints between component parts of a device or the ﬂow circuit, which are predisposed to thrombus deposition. The inlet velocity and the hematocrit are 0.0238 m/s and 40%, respectively. The platelets bulk concentration is
C0 = 3.0 × 1014 PLTs/m3 which was used in the thrombus growth (Wu et al., 2017). The experimental results are juxtaposed
to microscopic images obtained using the method of Zhao, Marhefka, Shu, Hund, Kameneva, and Antaki (2008) in a microchannel of the same dimensions and under similar conditions. Brieﬂy, platelets-sized ﬂuorescent particles (3 μm, Duke
Scientiﬁc) were added to a suspension of RBC ghost cells (hematocrit = 40%) in a ratio of approximately 1:10. The sample solution is delivered by a syringe pump (Harvard PHD) at a prescribed ﬂow rate, corresponding to the velocity in the
simulations. The ﬂuorescence signal is captured by a sensitive high-resolution CCD camera (SensiCam-QE, Cooke Corp).
From Fig. 8, a good qualitative agreement for both the RBCs distribution and the platelets distribution is obtained. Both
results reveal a zone of low RBCs in the deeper regions of the narrow crevices and the slots (see Fig. 8(b)). The high concentration of platelets in the RBCs deﬁcit zone is shown in Fig. 8(c). This can be attributed to the exclusion of the platelets from
the main ﬂow by the RBCs. Fig. 9(a) shows the concentration ﬁelds for the platelets at different times. We see that after the
ﬂow has started, due to the presence of the RBCs, a high concentration of platelets move into the crevice quickly. Then as
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Fig. 8. (a) Experimental observations of the RBCs ghosts seeded with 3μm (platelets sized) ﬂuorescent particles. The bright regions correspond to the
concentrated accumulation of platelets-sized ﬂuorescent particles. The RBCs follow the main stream. (b) RBCs distribution predicted by Mixture Theory. (c)
Platelets concentration predicted by the numerical simulation; the units of the scale bar is 1 × 1014 PLTs/m3 .

Fig. 9. (a) The predicted instantaneous concentration ﬁelds of the platelets at different times. The units of the scale bar is 1 × 1014 PLTs/m3 . (b) Time
evolution of the platelets accumulation in the crevice.

time passes, the platelets continue diffusing into the deeper parts of the crevice, but much slower since the effects of the
RBCs induced diffusion is diminished in the deeper regions of the crevice. This platelets diffusion process is also depicted in
Fig. 9(b) which shows the time evolution of accumulation of the platelets in the crevice.

4. Discussions
The near-wall excess of platelets in a blood vessel is a well-known phenomenon, vital for the body’s response to injury
(Hund & Antaki, 2009). There are a few mathematical and computational methods used to model the transport of the
platelets: the mesoscale simulations which model the dynamics of each individual cells (Crowl & Fogelson, 2010; Dupin,
Halliday, & Care, 2006; Vahidkhah, Diamond, & Bagchi, 2014; Wu, Martin, Gandini, Aubry, Massoudi, Antaki, 2016; Zhang,
Johnson, & Popel, 2008), and the ﬂuid-continuum models which treat platelets as a continuum (Jung & Hassanein, 2008;
Jung, Lyczkowski, Panchal, & Hassanein, 2006; Wu et al., 2015). In this paper, we have proposed and formulated a new
convection-diffusion equation to describe the platelets migration. With the proposed model, we have studied the distribution
of the platelets in several different problems, where the predicted concentration of the platelets can be about ﬁve times
higher than the concentration near the centerline of the channel.
It is known that the enrichment of the platelets near the walls occurs when the Fahraeus-Lindquist effect is present, and
this is usually the case in small arteries in the micro-scale range. In recent years, using mesoscale simulations, the near-wall
enrichment of the platelets has been successfully predicted (AlMomani et al., 2008; Crowl & Fogelson, 2010; Reasor et al.,
2013; Skorczewski et al., 2013; Vahidkhah et al., 2014). However, in many problems, this micro-scale phenomenon may be
coupled with the large/macro scale ﬂow. For example, as demonstrated in Fig. 7, in a millimeter-sized device there may be
crevices that are in the micro-scale range; furthermore, in human body, the scale of the blood vessels varies dramatically

W.-T. Wu et al. / International Journal of Engineering Science 118 (2017) 16–27

25

and the computational cost of mesoscale simulations is prohibitive. However, using a continuum model developed here, this
diﬃculty can be overcome.
In the studies reported here, we notice that the platelets tend to concentrate in “dead zones”. For the ﬂow in a sudden
expansion channel, this occurs in the circulation zone after the sudden expansion, while for the channel with crevices the
platelets move to the deeper regions of the crevices. The high concentration of the platelets in these zones can increase
the possibility of thrombosis (platelets deposition) and further cause problems in blood-wetted devices. The shear stress of
the (whole) blood in the circulation zone is reasonably small which implies that the accumulated platelets can hardly be
moved by blood ﬂow in these zones. The residence time of the platelets entering these zones are much longer compared
to the platelets, which are in the main stream; therefore, the platelets in this circulation zone have much longer time to be
activated, aggregate together and deposit on the channel walls. Furthermore, the deposited platelets in the “dead zones” are
able to activate and capture the upstream (the incoming) platelets, which indicates that these “dead zones” can be nidus for
serious device thrombosis (Jamiolkowski, Pedersen, Wu, Antaki, & Wagner, 2016; Wu et al., 2017).
5. Conclusions
Motivated by the observed phenomenon of platelets enrichment near the walls, we have used a multicomponent continuum theory to model the blood ﬂow. We have also proposed and tested a mathematical model for the platelets transport,
which includes the effect of cells collisions. The model accurately predicts the spatially non-uniform distribution of the
platelets in benchmark problems, agreeing with the experimental observations both quantitatively and qualitatively. The numerical simulations indicate that in the rectangular channel near the walls, the concentration of the platelets can be about
ﬁve times higher than the concentration near the channel centerline. Our simulations also reveal that the platelets tend to
accumulate in the recirculation zones and in the micro-crevices of a channel; these regions may become nidus for excessive
thrombosis. Through successive numerical study on the above problems, we believe that the model is useful for studying
practical problems such as thrombosis in practical medical devices or in patient speciﬁc pathological vessels. We should
mention that the model developed and used here is only appropriate for a healthy human, and it does not capture any
blood disorder. Even though we have ignored the biochemical effects of blood in this paper, the model presented here can
be extended to study such cases see Anand et al. (2006a).
Acknowledgment
This research was supported by NIH grant 1 R01 HL089456.
References
AlMomani, T., Udaykumar, H. S., Marshall, J. S., & Chandran, K. B. (2008). Micro-scale dynamic simulation of erythrocyte–platelet interaction in blood ﬂow.
Annals of Biomedical Engineering, 36(6), 905–920.
Anand, M., & Rajagopal, K. R. (2002). A mathematical model to describe the change in the constitutive character of blood due to platelet activation. Comptes
Rendus Mécanique, 330(8), 557–562.
Anand, M., & Rajagopal, K. R. (2004). A shear-thinning viscoelastic ﬂuid model for describing the ﬂow of blood. International Journal of Cardiovascular
Medicine and Science, 4(2), 59–68.
Anand, M., Rajagopal, K., & Rajagopal, K. R. (2006a). A model for the formation and lysis of blood clots. Pathophysiology of Haemostasis and Thrombosis,
34(2–3), 109–120.
Anand, M., Rajagopal, K., & Rajagopal, K. R. (2006b). A viscoelastic ﬂuid model for describing the mechanics of a coarse ligated plasma clot. Theoretical and
Computational Fluid Dynamics, 20(4), 239–250.
Anand, M., Rajagopal, K., & Rajagopal, K. R. (2008). A model for the formation, growth, and lysis of clots in quiescent plasma. A comparison between the
effects of antithrombin III deﬁciency and protein C deﬁciency. Journal of Theoretical Biology, 253(4), 725–738.
Atkin, R. J., & Craine, R. E. (1976a). Continuum Theories of Mixtures: Applications. IMA Journal of Applied Mathematics, 17(2), 153–207.
Atkin, R. J., & Craine, R. E. (1976b). Continuum theories of mixtures: Basic theory and historical development. Quarterly Journal of Mechanics and Applied
Mathematics, 29(2), 209–244.
Bagchi, P. (2007). Mesoscale simulation of blood ﬂow in small vessels. Biophysical Journal, 92(6), 1858–1877.
Bäumler, H., Neu, B., Donath, E., & Kiesewetter, H. (1999). Basic phenomena of red blood cell rouleaux formation. Biorheology, 36(5), 439–442.
Bowen, R. M. (1976). Theory of mixtures. Continuum physics: 3. New York: Academic Press Inc.
Bridges, C., Karra, S., & Rajagopal, K. R. (2010). On modeling the response of the synovial ﬂuid: Unsteady ﬂow of a shear-thinning, chemically-reacting ﬂuid
mixture. Computers & Mathematics with Applications, 60(8), 2333–2349.
Brooks, D. E., Goodwin, J. W., & Seaman, G. V. (1970). Interactions among erythrocytes under shear. Journal of Applied Physiology, 28(2), 172–177.
Cadroy, Y., & Hanson, S. R. (1990). Effects of red blood cell concentration on hemostasis and thrombus formation in a primate model. Blood, 75(11),
2185–2193.
Chien, S. (1970). Shear dependence of effective cell volume as a determinant of blood viscosity. Science, 168(3934), 977–979.
Cito, S., Mazzeo, M. D., & Badimon, L. (2013). A review of macroscopic thrombus modeling methods. Thrombosis Research, 131(2), 116–124.
Crowl, L. M., & Fogelson, A. L. (2010). Computational model of whole blood exhibiting lateral platelet motion induced by red blood cells. International
Journal for Numerical Methods in Biomedical Engineering, 26(3-4), 471–487.
Dupin, M. M., Halliday, I., & Care, C. M. (2006). A multi-component lattice Boltzmann scheme: Towards the mesoscale simulation of blood ﬂow. Medical
Engineering & Physics, 28(1), 13–18.
Flamm, M. H., & Diamond, S. L. (2012). Multiscale systems biology and physics of thrombosis under ﬂow. Annals of Biomedical Engineering, 40(11),
2355–2364.
Furie, B., & Furie, B. C. (2008). Mechanisms of thrombus formation. New England Journal of Medicine, 359(9), 938–949.
Goldsmith, H. L., & Turitto, V. T. (1986). Rheological aspects of thrombosis and haemostasis: Basic principles and applications. ICTH-Report–Subcommittee
on Rheology of the International Committee on Thrombosis and Haemostasis. Thrombosis and Haemostasis, 55(3), 415–435.
Goodman, P. D., Barlow, E. T., Crapo, P. M., Mohammad, S. F., & Solen, K. A. (2005). Computational model of device-induced thrombosis and thromboembolism. Annals of Biomedical Engineering, 33(6), 780–797.

26

W.-T. Wu et al. / International Journal of Engineering Science 118 (2017) 16–27

Handin, R. I., et al. (2005). Chapter 53: Bleeding and thrombosis. In D. L. Kasper, E. Braunwald, & A. S. Fauci, et al. (Eds.), Harrison’s principles of internal
medicine (16th ed.). New York: NY: McGraw-Hill..
Hund, S. J., & Antaki, J. F. (2009). An extended convection diffusion model for red blood cell-enhanced transport of thrombocytes and leukocytes. Physics in
Medicine and Biology, 54(20), 6415–6435.
ICEM, C. F. D. (2012). ver. 14.0. ANSYS Inc., Southpointe, 275.
Jaffer, I. H., Fredenburgh, J. C., Hirsh, J., & Weitz, J. I. (2015). Medical device-induced thrombosis: What causes it and how can we prevent it. Journal of
Thrombosis and Haemostasis, 13(S1), S72–S81.
Jamiolkowski, M. A., Pedersen, D. D., Wu, W.-T., Antaki, J. F., & Wagner, W. R. (2016). Visualization and analysis of biomaterial-centered thrombus formation
within a deﬁned crevice under ﬂow. Biomaterials, 96, 72–83.
Johnson, G., Massoudi, M., & Rajagopal, K. R. (1991). Flow of a ﬂuid—solid mixture between ﬂat plates. Chemical Engineering Science, 46(7), 1713–1723.
Joist, J. H., Bauman, J. E., & Sutera, S. P. (1998). Platelet adhesion and aggregation in pulsatile shear ﬂow: Effects of red blood cells. Thrombosis Research,
92(6 Suppl 2), S47–S52.
Jung, J., & Hassanein, A. (2008). Three-phase CFD analytical modeling of blood ﬂow. Medical Engineering and Physics, 30(1), 91–103.
Jung, J., Lyczkowski, R. W., Panchal, C. B., & Hassanein, A. (2006). Multiphase hemodynamic simulation of pulsatile ﬂow in a coronary artery. Journal of
Biomechanics, 39(11), 2064–2073.
Kameneva, M. V., Garrett, K. O., Watach, M. J., & Borovetz, H. S. (1998). Red blood cell aging and risk of cardiovascular diseases. Clinical Hemorheology and
Microcirculation, 18(1), 67–74.
Karino, T., & Goldsmith, H. L. (1979a). Adhesion of human platelets to collagen on the walls distal to a tubular expansion. Microvascular Research, 17(3),
238–262.
Karino, T., & Goldsmith, H. L. (1979b). Aggregation of human platelets in an annular vortex distal to a tubular expansion. Microvascular Research, 17(3),
217–237.
Kim, J. (2012). Multiphase CFD analysis and shape-optimization of blood-contacting medical devices. Carnegie Mellon University.
Kirklin, J. K., Naftel, D. C., Kormos, R. L., Stevenson, L. W., Pagani, F. D., Miller, M. A., . . . Young, J. B. (2012). The fourth INTERMACS annual report: 4,0 0 0
implants and counting. The Journal of Heart and Lung Transplantation, 31(2), 117–126.
Kuharsky, A. L., & Fogelson, A. L. (2001). Surface-mediated control of blood coagulation: The role of binding site densities and platelet deposition. Biophys
J, 80(3), 1050–1074.
Massoudi, M. (2003). Constitutive relations for the interaction force in multicomponent particulate ﬂows. International Journal of Non-Linear Mechanics,
38(3), 313–336.
Massoudi, M., & Antaki, J. F. (2008). An anisotropic constitutive equation for the stress tensor of blood based on mixture theory. Mathematical Problems in
Engineering, 2008, 1–30.
Massoudi, M., Kim, J., & Antaki, J. F. (2012). Modeling and numerical simulation of blood ﬂow using the theory of interacting continua. International Journal
of Non-Linear Mechanics, 47(5), 506–520.
Massoudi, M., & Uguz, A. K. (2012). Chemically-reacting ﬂuids with variable transport properties. Applied Mathematics and Computation, 219(4), 1761–1775.
Middleman, S. (1972). Transport phenomena in the cardiovascular system. John Wiley & Sons.
OpenCFD. (2011). OpenFOAM Programmer’s Guide Version 2.1.0. (OpenCFD, Ed.). CFD online Web Site.
Peerschke, E. I., Silver, R. T., Weksler, B. B., Yin, W., Bernhardt, B., & Varon, D. (2007). Examination of platelet function in whole blood under dynamic ﬂow
conditions with the cone and plate(let) analyzer: Effect of erythrocytosis and thrombocytosis. American Journal of Clinical Pathology, 127(3), 422–428.
Phillips, R. J., Armstrong, R. C., Brown, R. A., Graham, A. L., & Abbott, J. R. (1992). A constitutive equation for concentrated suspensions that accounts for
shear-induced particle migration. Physics of Fluids A: Fluid Dynamics (1989-1993), 4(1), 30–40.
Popel, A. S., & Johnson, P. C. (2005). Microcirculation and hemorheology. Annual Review of Fluid Mechanics, 37, 43.
Rajagopal, K. R., & Tao, L. (1995). Mechanics of mixtures, series on advances in mathematics for applied sciences: 35. Singapore: World Scientiﬁc.
Reasor, D. a., Mehrabadi, M., Ku, D. N., & Aidun, C. K. (2013). Determination of critical parameters in platelet margination. Annals of Biomedical Engineering,
41(2), 238–249.
Reviakine, I., Jung, F., Braune, S., Brash, J. L., Latour, R., Gorbet, M., et al. (2016). Stirred, shaken, or stagnant: What goes on at the blood–biomaterial interface.
Blood Reviews.
Robertson, A. M., Sequeira, A., & Kameneva, M. V. (2008). Hemorheology. In In hemodynamical ﬂows (pp. 63–120). Springer.
Rourke, M. D., & Ernstene, A. C. (1930). A method for correcting the erythrocyte sedimentation rate for variations in the cell volume percentage of blood.
Journal of Clinical Investigation, 8(4), 545.
Rusche, H. (2002). Computational ﬂuid dynamics of dispersed two-phase ﬂows at high phase fractions. London, UK: Imperial College London (University of
London) PhD Thesis.
Rusche, H., & Issa, R. I. (20 0 0). The effect of void age on the drag force on particles, droplets and bubbles in dispersed two-phase ﬂow. Japanese European
Two-Phase Flow Meeting, 1.
Skorczewski, T., Erickson, L. C., & Fogelson, A. L. (2013). Platelet motion near a vessel wall or thrombus surface in two-dimensional whole blood simulations.
Biophys J, 104(8), 1764–1772.
Slaughter, M. S., Rogers, J. G., Milano, C. A., Russell, S. D., Conte, J. V., Feldman, D., . . . Long, J. W. (2009). Advanced heart failure treated with continuous-ﬂow
left ventricular assist device. New England Journal of Medicine, 361(23), 2241–2251.
Thurston, G. B. (1972). Viscoelasticity of human blood. Biophysical Journal, 12(9), 1205–1217.
Thurston, G. B. (1973). Frequency and shear rate dependence of viscoelasticity of human blood. Biorheology, 10(3), 375–381.
Truesdell, C. (1984). Rational thermodynamics (2nd ed.). New York: Springer-Verlag.
Turitto, V. T., Benis, A. M., & Leonard, E. F. (1972). Platelet diffusion in ﬂowing blood. Industrial & Engineering Chemistry Fundamentals, 11(2), 216–223.
Turitto, V. T., & Weiss, H. J. (1980). Red blood cells: Their dual role in thrombus formation. Science, 207(4430), 541–543 (New York, N.Y.).
Vahidkhah, K., Diamond, S. L., & Bagchi, P. (2014). Platelet dynamics in three-dimensional simulation of whole blood. Biophysical Journal, 106(11), 2529–2540.
Weller, F. F. (2008). Platelet deposition in non-parallel ﬂow. Journal of Mathematical Biology, 57(3), 333–359.
Weller, H. G. (2002). Derivation, modelling and solution of the conditionally averaged two-phase ﬂow equations. Nabla Ltd No Technical Report TR/HGW/02.
Wootton, D. M., & Ku, D. N. (1999). Fluid mechanics of vascular systems, diseases, and thrombosis. Annual Review of Biomedical Engineering, 1(1), 299–329.
Wu, W.-T., Aubry, N., Antaki, J. F., & Massoudi, M. (2016). Flow of blood in micro-channels: Recent results based on mixture theory. International Journal of
Advances in Engineering Sciences and Applied Mathematics, 1–11.
Wu, W.-T., Aubry, N., & Massoudi, M. (2014). On the coeﬃcients of the interaction forces in a two-phase ﬂow of a ﬂuid infused with particles. International
Journal of Non-Linear Mechanics, 59, 76–82.
Wu, W.-T., Aubry, N., Massoudi, M., Kim, J., & Antaki, J. F. (2014). A numerical study of blood ﬂow using mixture theory. International Journal of Engineering
Science, 76, 56–72.
Wu, W.-T., Jamiolkowski, M. A., Wagner, W. R., Aubry, N., Massoudi, M., & Antaki, J. F. (2017). Multi-constituent simulation of thrombus deposition. Scientiﬁc
Reports, 7, 42720.
Wu, W.-T., Martin, A. B., Gandini, A., Aubry, N., Massoudi, M., & Antaki, J. F. (2016). Design of microﬂuidic channels for magnetic separation of malaria-infected red blood cells. Microﬂuidics and Nanoﬂuidics, 20(2), 41.
Wu, W.-T., Yang, F., Antaki, J. F., Aubry, N., & Massoudi, M. (2015). Study of blood ﬂow in several benchmark micro-channels using a two-ﬂuid approach.
International Journal of Engineering Science, 95, 49–59. from http://www.sciencedirect.com/science/article/pii/S0 0207225150 0 0890 .
Yang, Y., Jäger, W., Neuss-Radu, M., & Richter, T. (2016). Mathematical modeling and simulation of the evolution of plaques in blood vessels. Journal of
Mathematical Biology, 72(4), 973–996.

W.-T. Wu et al. / International Journal of Engineering Science 118 (2017) 16–27

27

Yeleswarapu, K. K., Antaki, J. F., Kameneva, M. V., & Rajagopal, K. R. (1995). A mathematical model for shear-induced hemolysis. Artiﬁcial Organs, 19(7),
576–582.
Yeleswarapu, K. K., Kameneva, M. V., Rajagopal, K. R., & Antaki, J. F. (1998). The ﬂow of blood in tubes: Theory and experiment. Mechanics Research Communications, 25(3), 257–262.
Zhang, J., Johnson, P. C., & Popel, A. S. (2008). Red blood cell aggregation and dissociation in shear ﬂows simulated by lattice Boltzmann method. Journal of
Biomechanics, 41(1), 47–55.
Zhao, R., Kameneva, M. V., & Antaki, J. F. (2007). Investigation of platelet margination phenomena at elevated shear stress. Biorheology, 44(3), 161–177.
Zhao, R., Marhefka, J. N., Antaki, J. F., & Kameneva, M. V. (2010). Drag-reducing polymers diminish near-wall concentration of platelets in microchannel
blood ﬂow. Biorheology, 47(3–4), 193–203.
Zhao, R., Marhefka, J. N., Shu, F., Hund, S. J., Kameneva, M. V., & Antaki, J. F. (2008). Micro-ﬂow visualization of red blood cell-enhanced platelet concentration at sudden expansion. Annals of Biomedical Engineering, 36(7), 1130–1141.

