EXACT RECONSTRUCTION OF DAMAGED COLOR IMAGES
USING A TOTAL VARIATION MODEL
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ABSTRACT. In this paper the reconstruction of damaged piecewice constant color images is studied using
a RGB total variation based model for colorization/inpainting. In particular, it is shown that when color
is known in a uniformly distributed region, then reconstruction is possible with maximal fidelity.
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1. INTRODUCTION

In this work we address the following colorization problem: How can a color image be recovered
when the underlying gray level function is known everywhere but only small patches of color are available?
Among the various approaches used in the study of this problem (e.g., [7, 8, 9, 10, 20, 23, 24]), we highlight
the Red-Green-Blue (RGB) total variation model proposed by Fornasier in [14], [15], and subsequently
studied in [16]. A main motivation for that work was the restoration of damaged frescoes during WWIIL.
The numerical implementation of this model usually provides very good results (see [16]); see also the
work of Kang and March [17], where the Chromaticity /Brightness representation of colors is used in place
of the RGB one.

In the RGB model, a color is identified with a vector & = (&1, &2, &3) € R3, whose components &1, &,
and &3 correspond to the different channels red, green, and blue. The color image to be reconstructed
is represented by a function of bounded variation ug € BV (R;R3), where the open rectangle R :=
(0,a) x (0,b) C R? is the domain of the image.

The goal is to reconstruct the original color image ug through a variational model starting from the
knowledge of the gray level of ug on a given open subset D of R (the damaged region) together with the
exact information of ug on R\ D (the undamaged region). In [16] (see also [14], [15]), the authors propose
to minimize a functional of the form

® (Du) (R)—|—/\/R\D(u—uo)pdx—|—u/D(L(u-e)—L(uo-e))pda: (1.1)

among all functions u € BV (R;R3), where ® is a convex function on R**3, Du is the gradient measure of
u, so that ® (Du) (R) is the corresponding (possibly anisotropic) total variation, A, u € (0,00), 1 < p < o0,
L:R — [0,00) is an increasing nonlinear function, and e € R? is a unit vector. The map u +— L (u - e)
represents a nonlinear projection, which associates to each color u the corresponding gray level L (u - e).
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FIGURE 1.1. An admissible image uo, with its contour I" and a damaged region D.

The purpose of this paper is to study the faithfulness of the reconstruction provided by the model
(1.1), with particular emphasis on the possible creation of new, spurious contours in the restored image.
For this reason, we will consider only images that exhibit “perfect” fidelity, in the sense that we require
u=up L%-a.e. on R\ D and u-e = ug-e L3-a.e. in D, equivalently, A = 1 = co. For simplicity, we take
® to be the Euclidean norm. Therefore, we are led to the total variation-type minimization problem (see
22])

inf {|Du|(R) : u € Ad(ug, D)} , (1.2)
where the class of admissible color images Ad(ug, D) is defined as
Ad(ug, D) := {u € BV(R;R?), u = ug L?-a.e. on R\ D, u-e =ug-e L?-ae. in D} .

Simple explicit examples (see Example 6.1) show that in general the solution to (1.2) may present spurious
contours. However, some of the numerical experiments performed in [16] seem to indicate that the model
provides good reconstruction results when the exact information of the color is known over a small but
uniformly distributed area (see [16, Figures 8.1 and 8.2]).

One of the main purposes of this paper is to provide analytical support to these numerical observa-
tions (see Theorems 1.13 and 1.14).

For simplicity, we will restrict the analysis to the case in which the original image belongs to a special
class Im (R) of piecewise constant functions, precisely, uo belongs to Im (R) if there exist {&,}Y_, C R?
with & # &, for k # h and a family {Q;}Y_, of mutually disjoint open Lipschitz subsets of R such that

N N
R=TU|J%, w=> &lo,, (1.3)
k=1 k=1

where I" := Uszl Yk, with 3 1= 09, N R. Note that since € is Lipschitz, it has only finitely many
connected components. We refer to I' as the contour of ug and X is called the k-th contour.

Definition 1.1. A color image ug € Im(R) is said to be reconstructible over an open subset D of R if
it is a minimizer of (1.2).

Given ug € Im(R) and an arbitrary open set D C R, in general ug need not be reconstructible over
D. Some examples may be found in Section 6. In particular, when neighboring colors &, and & (i.e.,
HL (0, N OQy,) > 0) of up have the same gray level, i.e., &, - e = & - e, and the damaged region D
contains part of 9Q; N IQy,, then uy may fail to be reconstructible over D. This leads us to the notion of
compatibility of neighboring colors and to restricting our analysis to specific geometries of the damaged
region D.

Given ug € Im(R), on the k-th contour X, we define the compatibility vector field z, € L™ (S; (€)™)
of ug as follows:

. &k —&n
a(z) =P (|§k — &l

where ¥y j, := 9Q) N O, ()" is the orthogonal space to e in R3, i.e., (e ={¢€R3:¢-e=0}, and
P :R3 — (e)" denotes the projection of R3 on (e)™, i.e.,

P(€) =€~ (¢-e)e.

) if £ € Xpp,h#k, with H'(S) >0,
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Thus z; is a piecewise constant vector field on ¥y, and it is constant on each X ;. By construction,
2kl oo (5509 +) < 1. In addition, |zx| = 1 over some Xy, if and only if the two neighboring colors &,
and & have the same gray level. Thus, the condition

su 2k oo (s ity 1y < 1, 1.4
1§ngH kllr (Zi{e)t) (1.4)

is equivalent to saying that ug does not have neighboring colors with the same gray level.
Concerning the restriction imposed on the damaged region, we will often assume that the intersection
of the contour of ug with the boundary of the damaged region D has zero length, i.e.,

HY(T'NOD) =0. (1.5)
In the statement of the first main theorem (see Theorem 1.2) we use the following class of divergence-
free vectors fields. Given an open set D C R with Lipschitz boundary, we define F(D) as the space of
all tensor fields M € L>(D; ()" @ R?) with
M| oo (Dse)tor2y < 1,

and zero distributional divergence, i.e.,

(div M, p) = —/ Vo:Mdr=0 forall p e CP(D;(e)").

D

By [2, Theorem 1.2] every M € F (D) admits a normal trace, that is, there exists a linear operator

U {M € L®(D; ()" @ R?) : div M = 0} — L®(D; (e)™h)
such that

(M)l e oD:(e)) < M || oo (Dy(eytomre) < 1 (1.6)

and

/OD\I/(M)wdel:/Dch:de (1.7)

for every ¢ € C°°(D; (e)"), and

U(M)(z) = M(x)[vp(z)] for H'-ae. x € OD,
whenever M € C*°(D; (e)" ® R2) N F (D). As usual we define M[vp] := W(M) for every M € F (D).
Here and throughout the paper, given a Lipschitz set A C R?, v4(x) stands for the outer unit normal to
A at the point z € 0A.

The next theorem states that the reconstructibility of ug is equivalent to the existence of a suitable
tensor-valued calibration.

Theorem 1.2. Let ug € Im(R) and let D C R be an open set with Lipschitz boundary satisfying (1.5).
Then the following three conditions are equivalent:

(i) wg is reconstructible over D;
(ii) for every 1 <k < N and ¢ € BV(D Ny (e)b),

\Dso|(Dmk>+/ |so|dH1+/ 2 pdH > 0;
DNQy DNXy

d
(iii) for every 1 < k < N there exists a tensor field My € F(D N Q) such that
Mk[I/Dan] = —2zk on DN Xy, (18)

where zy is the compatibility vector field of ug.
Moreover, if (1.4) holds, then any of the conditions (i)—(iii) is equivalent to
(iv) ug is the unique minimizer for the model on D.
Remark 1.3. In view of (1.8) and of Lemma 4.1, the tensor field M : D — (e)" @ R? defined by M := M,

in DNQg, 1 <k < N, is divergence-free in D. The conditions on M can be considered as a weak
formulation of a 1-Laplacian Neuman problem (see Remark 2.2 for more details).
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Since D C R?, any divergence-free field rotated of 5 is locally the gradient of a Lipschitz function.
Based on this observation, part (i) of the following proposition provides a method to construct a tensor
field M satisfying part (iii) of Theorem 1.2.

To give the precise statement, we introduce the following notation, which will be used throughout
the paper: Given a vector v = (v1,v2) € R?, we define v := (vy, —v1).

Proposition 1.4. Let A C R? be an open set with Lipschitz boundary, let ¥ C O0A, and let
g€ L=(%;(e) ).

(i) If there exists a Lipschitz function f : A — (e>L such that 0., f = g on X, where 0., f is the
tangential derivative of f with respect to the orientation induced by T4 := (va)*, then the tensor
field M : A — ()" @ R? defined by

M) = (vf(j))L . j=1,2,
1s divergence free in D and satisfies
Mlval=9g onX. (1.9)

Moreover, if |V fll Lo (4, eyt or2) < 1, then M € F (A).
(ii) Conversely, if A is simply connected, given M € F (A) such that (1.9) holds, there ezists a
Lipschitz function f: A — (e)* such that IV fll oo (as(e)rorey < 1 and 07, f = g on X.

Remark 1.5. In view of Theorem 1.2(i) and (iii) and Proposition 1.4, we remark that the reconstructibility
of ug can be reduced to a Lipschitz extension problem.

The proof of the previous proposition is standard and we omit it.

Next we focus our attention on special classes of damaged regions. As already mentioned, we are
particularly interested in undamaged regions R\ D having small area but that are uniformly distributed
in R. Since in this case the damaged area is very large, it is reasonable to assume that it contains a small
neighborhood of I" (see Figure 1.3). Note that if D; C Dy C R, then

Ad(uo, Dl) C Ad(U(),DQ) )

therefore if ug is reconstructible over Do, then it is also reconstructible over D;. Hence, as a starting
point, we begin to study the case in which wug is reconstructible over a é-neighborhood of the contour T,
ie,, D =T(9) for 6 > 0 sufficiently small, where

I'(0) :={xz € R: dist(z,T") < d}. (1.10)
Note that condition (1.5) holds.

Precisely, our results will apply to the following stronger reconstructibility condition over T'(9).

Definition 1.6. Let ug € Im(R) and let D be an open subset of R. Then ug is said to be stably
reconstructible over D if there exists € > 0 such that all uw € Im(R) of the form

N
! . !
u= E 1 with max — <e
P gk Qp » 1<k<N |£k €k| )

are reconstructible over D.

For damaged regions of the type (1.10), and when T is piecewise C, we give a sufficient condition for
stable reconstructibility in terms of an explicit algebraic inequality that involves the values of the colors
and the angles of the corners of T, if any.

Definition 1.7. A color image ug € Im(R) is a regular image if for everyk = 1,..., N, the i-th connected
component Zl(;) of the k-th contour Xy, i = 1,...,mg, is given by the image of a piecewise C curve v ;
parametrized by arc-length, and oriented so that (’Yllc,i)L agrees with the inner unit normal vector field vy,

Ofﬂk.
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Given a regular image ug, using the notation just introduced, for each curve ~; ; consider the set of
those s € [0,k ;], where ¢ ; := length(+;), such that I has a corner at 7 ;(s), precisely,

S i= 15 € 0, 0s) s () # () (7)) (1.1)
Here we use the following convention: If the curve -y ; is closed, then we define ~; ; (07) := wm(ﬂ,; ;) and
Vei (07) := 7. (€r )5 if k.0 1s mot closed, then we extend 7 ; to [—¢,0) in a C* way, so that v, (07) is
well-defined.

When (1.4) holds, we will show that the stable reconstructibility of ug on the damaged region I'(d)
depends only on some compatibility conditions between the vector fields z, € L(3y; <e>J‘) and the
tangent vectors 'y,’w. at points in Sy ;. Using a blow-up argument, and in view of Proposition 1.4 and
Remark 1.5, in Theorems 1.8 and 1.10 below we show that the analysis may be reformulated in terms of
a Lipschitz extension-type problem to R? of a linear function ¢ : C' — (e)l, where

C={zcR*: z=—s0,5>0}U{z cR?: 2 = sw, s >0}, (1.12)
with v, w € S* linearly independent. We write g = ¢(Me; + g(P ey, where {e1,€2} is an orthonormal basis
of (e)L so that each ¢, i = 1,2, is of the form

() () = —sr) if g = —sv for s >0,
g - st if x =sw fors>0,

for some () ¢ € [~1,1]. Note that

(7) —_ @
Lip (g(i), C) - sup |g (r) —g (y)|
z,y€C, x#y |z — y

s + 55t @]

51,8950 |10 + saw|

(1.13)

: G(T(i),t(i),v,w).

The exact expression of G may be found in Proposition 7.1 in the appendix. The next theorem provides
a sufficient condition for stable reconstructibility in terms of the Lipschitz constant (1.13).

Theorem 1.8. Let ug € Im(R) be a reqular image. Assume that (1.4) holds and

2 2
[G (zél),zgl),v,w)} + [G <z(()2),z§2),v,w)} <1, (1.14)
whenever
20 = Zk(’ykﬂ'(si))a 2= Zk(’yk,i(er))v v = 7]/452 (57) , W= ’Yl/c,i (5+) s (115)
withk=1,...,N,i=1,...,my, and s € S, ;. Then ug is stably reconstructible on the damaged region
T'(6) for some § > 0.
Remark 1.9. (i) In Example 6.2 we exhibit an image uq consisting of just two colors separated by a

corner, with parameters chosen in such a way that (1.14) fails . We will show that in this case
minimizers present an additional (artificial) contour.
(ii) Note that if z; is constant near v(s), i.e., 2o = 21 =: 2, then (1.14) takes the particularly simple

form )
ERS # (1.16)
In the limit case v = w, condition (1.16) reduces to the trivial fact |z| < 1.
(iii) If zp = —z1, then condition (1.16) becomes |z| < 1 (see (7.2) in the appendix), and therefore it is

always satisfied.

Next we give a necessary condition for ug € Im(R) to be stably reconstructible on the damaged
region I'(0).

Theorem 1.10. Let ug € Im(R) be a regular image.

(i) If ug is reconstructible on the damaged region T'(0) for some § > 0, then whenever zg, z1, v, and
w are as in (1.15),

min {”VgHL""(R%(e)L@R?) HNYIS WLOO(RZ; <e>l)a g<y) = B[y] fOT Yy e C} <1, (117)
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FIGURE 1.2. If we chose &1,&,&3 so that (1 is continuous at the corner point v1(s1) and it
jumps at y1(s2), then condition (1.16) is imposed at v1(s1), while condition (1.14) is imposed
at y1(s2).

where C' is the set defined in (1.12) and B € (e)™ @ R? is the tensor uniquely determined by
Blv] = —z and Blw] = -z . (1.18)

(ii) If ug is stably reconstructible on the damaged region I'(5) for some § > 0, then the inequality in
(1.17) is strict.

Remark 1.11. Note that in some cases condition (1.17) coincides with (1.14) with < replaced by <. For
instance, if 29 = 21, let g € WH*°(R2; (e)*) be a solution of the minimization problem (1.17) satisfying
V9l oo (r2;(e)+ gr2y < 1. Consider the points z = —v and y = w. Then by (1.18),
2]z0 = |20 + 21| = 9 (=v) = g ()| < VYl oo @2(e) + or2) [0 + W]
< v+ w| =V2/1+v-w,
which is (1.16) with < replaced by <. In particular, by part (ii) of Theorem 1.10, if zp = 21, then (1.16)

is both necessary and sufficient for the stable reconstructibility.

It is important to observe that in the previous theorem we are using the Euclidean norm of Vg (z),
that is,

2 2
IVl Lo 2, o)+ or2) = esss]Rgp \/|Vg(1) (@)|" +[Vg® ()|,
e

where g = gMe; + gPey. Hence, the minimization problem (1.17) is different from the classical problem
of finding an extension with minimal Lipschitz constant. Indeed, in the vectorial case the Lipschitz
constant of an admissible function g € W12 (R2; ()™ in (1.17) is

Lip (g,R?) = esssup sup [Vg (z) [V]] < V9l oo (e, (e) - a2 »
zeR2 peSst

where the inequality is in general strict. Note that for scalar-valued functions, the corresponding extension
problem (1.17) has been studied by several authors (see, e.g. the review paper [4]) starting from the
pioneering work of Kirszbraun [19], McShane [21], and Whitney [25], see also the seminal paper of
Aronsson [3].

Next we focus on images for which neighboring colors do not share the same gray level and when
the undamaged region R\ D has small area but is uniformly distributed in R.

Let w : (0,00) — (0,00) be such that

im 2 _ oo um 28 g (1.19)

e—0+ g2 e—0t €

Given € > 0 and an open set U C R with Lipschitz boundary, we say that U is an e-uniformly distributed
(undamaged) region if

U>RN ( U Q(m,w(e))) (1.20)
rE€eZ?
Hence, in this case, the damaged region D := R\ U is contained in

Rﬂ( U Q(w)\@(sc,w(e») ,

r€eZ?
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FIGURE 1.3. On the left figure, I'(d) is a neighborhood of width § of the contour I" of ug €
Ad(R). On the right figure, the color is given only inside small and uniformly distributed
squares. Note that here the damaged region contains a small neighborhood of the contour I.

(see Figure 1.4).
For damaged regions of this type it is always possible to obtain an asymptotic reconstruction result
for arbitrary color images ug € BV (R;R?). Precisely,

Theorem 1.12. Let ug € BV (R;R3) N L>®(R;R?) and let
D.=RnN U Q(J?,e’:‘)\Q(JT,LU(&‘)), (121)

zEeZ?

where w satisfies (1.19). For every € > 0 the variational problem
inf{|Du|(R) : u € BV(R;R?), u = ug L*-a.e. on R\ D.} (1.22)
admits a minimizer. In addition, if u. € BV (R;R3) is a minimizer for (1.4), then u. — ug in L*(R;R?)
ase — 0F.
Under additional assumptions, Theorems 1.13 and 1.14 provide exact reconstruction for sufficiently

small values of ¢.

Theorem 1.13. Let up € Im(R) be a stably reconstructible image over the damaged region T'(§) for some
0 > 0. If (1.4) holds, then there exists €9 > 0 such that ug is reconstructible on the complement of every
e-uniformly distributed (undamaged) region, with € < €q.

FIGURE 1.4. An example of an e-uniformly distributed (undamaged) region.

We note that the condition (1.19); is sharp, in the sense that if w(e) < ce? for some ¢ > 0, then we
cannot expect, in general, to attain exact reconstruction (see Example 6.4).

It is possible to treat more general non-periodic geometries, in particular, the case in which each cube
Q(z,w(e)) in (1.20) is replaced by a closed connected set whose diameter is of order w(e). More precisely,
given € > 0 and 6 € (0, 1), we consider the class D, g of open sets D C R with Lipschitz boundary such

that
pcrn |J (Q@e\ o),
x€el?
where, for every x € €Z?, C, . is a connected closed set contained in Q(x,0¢), with diam(C, ) > w(e).
Then the following generalization of Theorem 1.13 holds.
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Theorem 1.14. Let ug € Im(R) be a stably reconstructible image over the damaged region I'(d) for some
d > 0. If (1.4) holds, then for every 0 € (0,1) there exists g > 0 depending only on ug, 0, and w, such
that for every 0 < e < gq, ug s reconstructible over all damaged regions D € D, g.

This paper is organized as follows. In Section 2 we prove some preliminary results. In Section 3 we
prove Theorem 1.2. The proofs of Theorems 1.8, 1.10 and of Theorems 1.12, 1.13, and 1.14 are presented
in Section 4 and Section 5, respectively. In Section 6 we give some explicit examples in which exact
reconstruction fails, and minimizers display different, spurious contours.

2. EXISTENCE OF MINIMIZERS AND AN ALTERNATIVE FORMULATION OF THE MODEL

We begin by proving that the minimization problem (1.2) admits always a solution.

Proposition 2.1. Let ug € BV (R;R?) and let D C R be an open set with Lipschitz boundary. Then
there exists a minimizer of (1.2).

Proof. Let {uy }nen C BV(R;R3) be a minimizing sequence for (1.2). In particular,
sup |Duy, |(R) < |Dug|(R) < o0,
neN

where we have used the fact that ug € Ad(ug, D). Moreover,
Dun|(R) = |Dunl(D) + |Dun|(R\ D) +/ lun — wo| dH" (2.1)
oD
where in the boundary integral u,, stands for the trace of u,, on dD as an element of BV (D;R?), and ug

stands for the trace of ug on dD as an element of BV (R\ D;R?) (cf. [1, Theorem 3.84]). Let

] up—uy onD,
0 on R2\ D.

Then v, € BV (R?;R?) and, by the Sobolev—Gagliardo-Nirenberg inequality,
1/2
2\/% (/ |un — UQ|2 dx) = 2\/7?H'Un||L2(]R2;]R3) S |D’Un|(R2)
D

= |D(upn — up)|(D) —I—/a |ty — o] dH' < | Duy,|(R) + |Duo|(D),
D

where in the last inequality we used (2.1). Therefore sup,,cy [|un |1 (rirs) < 00 and, in turn, {un }nen is
bounded in BV (R;R3). By [1, Corollary 3.49], up to a subsequence, {u, } converges strongly in L!(R; R3)
to some u € BV (R;R?). Using the lower semicontinuity of the total variation and the fact that the class
Ad(ug, D) is closed with respect to weak star convergence in BV, we have that uw belongs to Ad(ug, D)
and is a minimizer. O

If the damaged region D is an open set with Lipschitz boundary and satisfies the geometric condition
(1.5) and if up € Im(R), then it is possible to reformulate the minimization problem (1.2) as

inf {F(u,D): u€ BV(D;R?), u-e=ug-e L*ae. in D}, (2.2)

where N
F(u, D) = | Dul(D) +Z/ o — &) dH
k=1 ODNQy

In the boundary terms of F' we integrate the trace of u € BV (D;R3) on dD.

Remark 2.2. Note that the Euler-Lagrange equation of the functional F' are given, formally, by the
1-Laplacian Neumann problem

Du

divﬁzo on D,
W[VD] =—z ondD,

where z := P ( U=tk ) in D N Q. Since this equation is in general not well-defined, 2% is replaced

Ju—Ex| ’ W
by the tensor field M given in Theorem 1.2. Hence, the conditions on M can be considered as a weak
formulation of the Euler-Lagrange equations of F'. For similar results see, e.g., [6], [11], [18].
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Proposition 2.3. Let ug € Im(R) and let D C R be an open set with Lipschitz boundary such that (1.5)
holds. If u € BV (D;R3) is a minimizer of (2.2), then the function

__ f uw onR\D,
Yl uw i D,
is a minimizer of (1.2). Conversely, if u € BV (R;R3) is a minimizer of (1.2), then its restriction U to
D is a minimizer of (2.2).
Proof. For every v € Ad(ug, R), we have
|Dv|(R) = |Dv|(R\ D) + |Dv|(D) + |Dv|(RN dD).
Since v = g in the open set R\ D, it follows that |Dv|(R\ D) = |Duo|(R \ D). Moreover, |Dv|(D) =
|Dv|(D), where ¥ is the restriction of v to D. Thus
|Dv|(R) = |Duo|(R\ D) + |Dv|(D) + |Dv|(RNOD) .
We now consider the term |Dv|(RNdD). Using (1.5), we obtain
N
|Dv|[(RNOD) = [Dv|(R\T)NdD) =Y |Dv|(% N D).
k=1
By [1, Theorem 3.84],

|DUKka3D)::/ &, — 0| dH*
ODNQy

where in the last integral v denotes the trace on D of v as an element of BV (D;R3?). Therefore,
|Dv|(R) = [Duo|(R\ D) + F(; D),
and the statement follows. |

Remark 2.4. Note that u € BV (D;R?) is a minimizer of (2.2) if and only if for every ¢ € BV (D, (e)™)
the convex function f : [0,00) — [0, 00) defined by

has a minimum in ¢ = 0, or, equivalently,
oglmlﬁﬁiigl (2.4)
t—0+t t

This is an immediate consequence of the fact that v € BV (D;R3) is such that v-e = ug - e on D if and
only if v = ug + ¢ with ¢ € BV(D; () ™).

3. RECONSTRUCTIBILITY AND TENSOR-VALUED CALIBRATIONS: PROOF OF THEOREM 1.2

Let {e1,e2} be an orthonormal basis of ()", and decompose the generic vector z € (e)* as z =
2We; 4 2(Pey. In R? we consider the canonical basis {e;, s}, where e; = (1,0), ex = (0,1), and for every
v = (v1,v2) € R? we define v’ := (vg, —v1).

In (2.2) we minimize u — F'(u, D) under the constraint that u-e = ug - € on D. In view of Remark
2.4, it is natural to consider variations of the form u+ ey, where ¢ : D — (e)J‘. Writing ¢ = @11+ paca,
with ¢; : D — R, i = 1,2, we have that

Vo=e1®@Vp1+e2@ Vo,
ie, Vo:D— (e)" @ R2
Given a tensor M € <e>J' @ R2, write M =e1 @ MM 4+ g5 @ M@ with MM M@ € R?. Hence, if
£ €R?,
Mg = (MY &ey + (MP - Qe

and the Euclidean norm in (e)™ ® R? is

M1 = |0 4 e



10 I. FONSECA, G. LEONI, F. MAGGI, AND M. MORINI

induced by the scalar product
MM, =MD .MMy 4 (M@ Py
If M : D — ()" ®@R2 is a smooth tensor field, then div M : D — (e) is defined by
div M := div MWe; + div MPe,

where div M@ is the divergence of the vector field M : D — R2 i = 1,2. Hence, the divergence
theorem becomes

Mlvp]- o dH' :/ (Vo : M+ ¢ -divM) dr,
oD D

whenever D C R? is an open bounded Lipschitz domain and ¢ : D — (e)l is sufficiently regular. Here
vp is the outer unit normal to D.

Lemma 3.1. Let D be an open set with Lipschitz boundary, let I'y,T's be Borel subsets of 0D such that
OD=T,UTy, HYTy NTy) =0,
and let z € L>®(Ta; (e)™). Then the following two conditions are equivalent:
(i) for every ¢ € BV (D; <6>L),

0§\D@|(D)+/ \<p|dH1—|—/ ©-zdH!;
Fl FZ

(ii) there exists M € F (D) such that
Mlvp) = —= onTy.

Proof. Step 1: We prove that (ii) implies (i). Since D has Lipschitz boundary, it suffices to verify (i)
for ¢ € C°>(D; (e)™). By (1.6), for every such ¢ we have

\D¢|(D):/ \V<p|dx2/ Vy: Mdr = Mlvp] - @dH*.
D D oD
Since H'(T'; NT'g) = 0, we have that

Mlvp] - pdH' = M[vp]-odH* — [ z-pdH*
oD ry T2

> [ et~ [ part,
Fl 1—‘2

where in the last inequality we have used (1.6), and so (i) follows.

Step 2: We prove that (i) implies (ii). Although this implication could be derived from general theorems
in convex analysis (see [12]), for the convenience of the reader, we give a direct proof. For every ¢ €
BV(D; (e)*") and € X we define

W)= [ felartt+ [ pezant,
Fl F2

(o, p) := [Dp = p|(D) + ¥(p),
where X := My(D; ()" ® R?) is the Banach space of all bounded Radon measures with values in
()" @ R2.
Consider the function f: X — [—o00, 00| defined as
f(p) = mf{®(p,p) : € BV(D; (e))}, meX.
We claim that
()l < (D) forall e X (3.1)

Indeed, f(u) < ®(0, ) = |u|(D), while, in view of (i), for every ¢ € BV (D; (e)™),
D(p, p) = [Dp|(D) = |pul(D) + ¥ (p) = —|pl(D).
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In particular, f is real-valued and locally bounded. Moreover, f is convex. Hence, the sub-differential of
f at every u € X is non empty (see, e.g., Theorems 4.43 and 4.51 in [13]). Therefore, since f(0) = 0,
there exists p* € X™* such that

(W) < f(p) forallpe X. (3.2)

Since the restriction of y* to L(D; ()" ® R2) is still a continuous linear functional, there exists M €
L>(D; (e)" @ R?) such that
- / M :Mdx,
D

whenever = M’ £2| D for some M’ € L'(D; ()" ® R?). By (3.1) and (3.2), it follows that
M|l Lo D5yt orzy < 1.

Restricting (3.2) to measures of the form p = Vi £?| D, where ¢ € C*°(D; (e)1), we obtain

—/DW : Mdx < f(Vo L*| D) < ®(p, Vo L?| D)
=U(p) forall pe C(D;(e)"). (3.3)
In particular, taking +¢ € C2°(D; (e)™), we find that
/DVga :Mdx=0 forall o CPD;(e)"),

and thus M € F (D). Then by (1.7) and (3.3), we get

| dH? +/ - zdH > — Mlvp]-pdH' for all ¢ € C®(D; (e)™).
Iy oD

I

In particular,

/ (Mvp] +2) - pdH* >0
Iy

for every ¢ € C>(D; (e)™) such that ¢ = 0 on I'y. Thus, M[vp] = —z on I'y and we conclude the proof
of the lemma. g

We now turn to the proof of Theorem 1.2.

Proof of Theorem 1.2. Step 1: We start by proving that (i) is equivalent to (ii). Let f be the function
defined in (2.3). Since ug = Y n_, & 1g,, we have that

£(t) = |D(u + to)|( +Z / € — (o + t0)] dH!

DNy,
= |D(ug + to)|(T' N D) +Z|D uo + to)|(D N Q) +tZ/ lp| dH® .
k=1 ODNQy

If o, € BV(D N Qy, (e} ) denotes the restriction of ¢ to the open set Q2 N D, then

N
£(t) = (Do + )0 A D) +13 (memk) + [ sok|cml) | (3.4)
k=1 oDNQy
Note that
N—-1 N
[D(ug +to)|(TND) = > / (€ + tor) — (& + ton)| dH, (3.5)
k=1 h=k+1" P Zk.n

where, we recall, 3y j, = 0 N 0Qy,. Therefore, by (3.4) and (3.5),

Yy /D o 6100 — (@t (3.6)

k=1 h=k+1
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N
+tYy <|D<pk|(D N Q) +/
k=1 oD

Hence, by Remark 2.4, condition (i) is equivalent to (2.4), which, by (3.6), becomes

|sak|cml) .

Ny

N

0< \D¢k|(DﬁQk)+/ [or| dH
k=1 ODNQy
N-1 N
Z > / S =6 (o — o) L (3.7)
k=1 h=k DﬂZk h |£k7 - 5 |
By definition of z; and since ¢ takes values in (e)J‘, we have that
§k — &n

1”‘2’“"@ “(ex —¢n) = 1pns,., (26 - Ox + 20 - Pn) -

N
Se=n X
21/1302“ &k — & (er — @n) dH

/ (2 - 0k + 20 - ©n) dH? (3.8)
1 szk h

N h—-1

T
g
M2+Mz

XS [ waat XY [
k=1 h=k+1 " DPNZk,n h=2 k=1"DPNZk,n
N

= Z 2k Pk dH
k=1 DNy,

3.8)
N
0< Z (|D(pk(DﬂQk) / |g0k|d7‘[1 +/ 2k -<pde1>
DNy, DNXy

k
for every ¢ € BV (D, (e)l), and, in turn, this last inequality is equivalent to (ii).

Step 2: To prove that (ii) is equivalent to (iii), it suffices to apply Lemma 3.1 on Qx N D for every
k=1,..,N.

Step 3: Let us now assume that (1.4) holds and prove that if ug is a minimizer for F on D, then it is the
unique minimizer. Let u € BV (D;R3) be such that u-e = ug - e on D. Then, we may write u = ug + ¢,

where ¢ € BV(D; (e)™). By (3.6) with ¢ = 1,

Yy / (€ +9) — (€ + 1)) ! (3.9)
k=1 h=k+1" PNZk.n
.S (ietone+ [ jala)
k=1 ODNQ

where, as before, ¢y is the restriction of ¢ to QN D. Setting 1 := u — (ugp - €) e = upg — (ug - €) e + ¢, we
have that ¢ € BV (D; (e)), and in €, N D,

Y=t =+ (& —(-€e)e), k=1,..,N.

Therefore,

=

-1

Flu,

N
S [ e @00+ -l

1 h=k+17DPNZk.n

E
Il
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5 (1Dsuton + [

—1 aDn

[ — (§k — (& - e) )] dHl) .
Qp

By the Pythagorean theorem

(& e = &n - e)e + (Y = vn)| = V(& € = &) + (Ur —vn)?,
where (& - e — &, - €)? > 0 thanks to (1.4). Thus, the integrals

/ (6 - e — &n - e)e + (b — ¥n)| dH",
DNSk.n

are strictly convex in the v — 1y, variables. In particular, if ug and v are both minimizers, we must have

Uk — Y = Yo —no H'-ae. on Xy,

ie., or = pn H'-ae. on Ty p. Here 90 = & — (& - €) e. Using the equality F(u, D) = F(ug, D) and
the expression of F' given in (3.9) we then obtain that
N

0= (Ipawnon)+ [

k=1

|sok|dH1) .

DNQy

Hence, ¢y, is constant on each connected component of D N2y but this value must be zero, since ¢ =0

H'-a.e. on 9D N Q. We conclude that u = ug. O

4. RECONSTRUCTIBILITY ON A 0-NEIGHBORHOOD OF THE CONTOUR: PROOF OF THEOREMS 1.8 AND
1.10

We begin with the following preliminary result.

Lemma 4.1. Fori=1,2, let D; C R? be an open set with Lipschitz boundary and let M; € F(D;). Let
Dy N Dy =0, HY(ODy N9Dy) > 0, and define M : D1 U Dy — ()" @ R? by

M := M; on D; .
If My[vp,] = —Ms[vp,] on 8Dy NODy, then M € F (D), where D is the interior of D1 U Ds.
Proof. 1f ¢ € C°(D; (e)™), then ¢ = 0 on dD;AID; and ¢ € C=(Dy; ()" for i = 1,2. Thus

2 2
M :Vpdr = / M; :Vodr = / ¢ - Mi[vp,] dH*
2
:/ ZgaoMi[VDi]dleo.
OD1NOD> i=1

O

Before proving Theorem 1.8, we apply Theorem 1.2 to obtain an equivalent formulation of stable
reconstructibility of ug € Im(R) on I'(d) for some § > 0. We remark that for sufficiently small values of
0 > 0, the damaged region I'(9) satisfies the condition

HYT NAr(s) =0,
which is one of the hypotheses of Theorem 1.2.

Proposition 4.2. Let ug € Im(R) satisfy (1.4). Then for all 6 > 0 sufficiently small, the following two
statements are equivalent:

(i) wo is stably reconstructible over T'(4);
(ii) for every k =1,...,N there exists My, € F(T'(6) N Q) such that

My[vrs)na,] = =21 on B,

with the further property that

||MkHLoc(r(é)aner@RQ) <l
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Proof. Step 1: We prove that (i) implies (ii). Let ug be stably reconstructible over I'(§) and let g > 0
be such that if u = Zgzl .1, and maxi<k<n |§}, — &k| < €0, then u is reconstructible over I'(§). We
claim that there exists such an image v with the additional property that

2, =MAzg, k=1,..,N, (4.1)
for some constant A > 1, where z; denotes the compatibility vector field associated to w. To see this,

note that by (1.4), (éi:gz‘)‘ <1 for all b, k with i # k such that H(Sy.) > 0.
Assume first H!(Zg ) > 0 for all b, k with h # k. The map
T RN — (R%)”
(é.i’ag;\f) = (fi _gé""vgi _€§V7£l2_§é7""§é _£§V7"'7£§V—1 —fﬁv)

T N(N-1) . . . .
where (R3) :=R3x-.-xR3and 7:=" 2 , is open by the surjective mapping theorem (see [5]), the

T times

map

b (RY)T\ {0} — (87)7

!
/ Ui 7'
n 7"'3777— = )
o AatA >
is open, while the map
T3 : ( ( J_)T
(<iv~~,<7) = (P(s1)s-- 5 P(sr)

is locally open in a neighborhood of each point (s, ... ,gT) € (S?)" such that |P ()| < 1 for all i =
1,...,7. Therefore

T30T20T1 (B((gl,...7§]\[),€0)) DB(T3OT20T1 ((517...,51\[))751)

for some g1 > 0. Let
€1

L4 [|T5 0 Ty 0 Ty (€155 €N
Then there exists (£1,...,&y) € B((&,...,&N),€0) such that

T3OT20T1 (537...,5&):)\T30T20T1 ((51,751\[))

This proves the claim in the case H'(Zx,,) > 0 for all h, k with h # k. The general case can be treated
in an analogous way.

Define u := ngvzl &.1q, . Since u is reconstructible over I'(§), by Theorem 1.2, for every k we can
find Mj, € F(I'(6) N Q) with M} [vr(s5)na,.] = —Azx on Xi, where we used (4.1). Setting M := (1/X) M,
it now follows that M satisfies the required properties.

1< A<1l+

Step 2: We prove that (ii) implies (i). By Theorem 1.2, and since each 2 has finitely many connected
components, it suffices to show that for a fixed k € {1,..., N} and for a fixed connected component 2

of X, there is 0 < g9 < 1 — ||zk||Loo(Zk;(e>¢®R2) such that for all 0 < € < g¢ and for all u = Zjvzl §ila,
with max [£} — &;| < ¢, there exists M € F(X(9) N Q) satisfying
M[VZ(é)ﬂQ,J = 72, on 2, (42)
where 2/ € L°°(%;(e)") is the restriction of the compatibility vector fields z;, of u to ¥. Here, and
throughout the paper,
$(6) := {xr € R? : dist(z, ¥) < 6}.
We divide the proof in two cases. Assume first that the curve X is open. Since ¥ is Lipschitz, the geodesic
distance
1
ds(x1,x2) := inf {/ lo'(t)|dt : 0 € WH([0,1]; %), 0(0) = 21, o(1) = xg} , T, €Y, (4.3)
0

on X is Lipschitz, and so there exists L > 0 such that

ds(z1,22) < Llxy — 1| forall x1,20 € X
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Using the fact that the projection P is Lipschitz, there exists €9 > 0 such that if u = Z;vzl {;-lgj and
maxi<;j<n [§; — &;| < €o, then

1= [| M| oo (2(5)n0205(e) - B2
ot = 2hll e it < v A

Fix any such u, and let f : & — (e)™ be determined (up to additive constants) by
Orsisyna, f = 2k — 2z onX. (4.4)
Then
[f(@1) = f(@2)] < llan = 2l oo (3350 4 I (1, 22)
- 1= [[M|l o (5(5)n00s () 0R2)
< NeTs
L= [ M| Los (5(5)n603(e) - @R
- V2
for all z1, o € X. Applying McShane’s lemma with respect to the Euclidean distance yields a function
f € Wh(2(8) N Q; (€)") such that

ds,(z1,22)

Loy — as)|

1= [[Mkll oo (5(5)n05(e) - 0R2) o
1

1) — [(x < —
|f(z1) — f(z2)| < 73 2
for all z1, z9 € 3(5) N Q. It follows that
IV fll oo (s(5)n0ms(e) - or2) < 1= 1Ml oo (2(5)n02p5e) - 0R2) - (4.5)

To conclude, setting M@ = M) — (VfU)L j = 1,2, in view of (4.4) and (4.5), we have that
M € F(E(9) N Q) and (4.2) holds.

In the case in which the curve ¥ is closed, choose two points P; and P, on Y. These points determine
the two arcs ¥; and Y5 with endpoints P; and P>, and whose union is 3. For every ¢ = 1, 2, consider a
segment S; having one of the endpoints at P; and the other on QN [X(d)], so that Z(§) MO\ (S1 U Sa)
has two connected components Uy and Us. Set X := ¥, U S; U Sy, i = 1,2 (see Figure 4.1). For i = 1,2,
we now reason as in the previous case, considering the open curve ¥ and taking

2 — 2 on X,

Oro, Ji ::{ 0 on 8, US,,
to find a function f; € Wh°(U;; (e)™) such that
IV fill oo (s0ey+ orzy < 1= 1Mkl Lo (5(8)n20s(e) - 0R2) -
We conclude by setting M) := M,gj) - (Vfi(j))l- in U, 4,7 =1, 2. O

The following extension lemma will play an important role in the proof of Theorem 1.8. The context
represented in Figure 4.2 is the following: Consider a piecewise C' injective curve v : [rg,r1] — R2,
with v € C*([ro,s1); R?) N CY([s1,71];R?) for some s; € (rg,r1) and such that |y/(t)] = 1 for every
t € [ro,s1) U (s1,71]. Define X := ~y([ro, r1]).

FIGURE 4.1. The case in which ¥ is a _closed curve.

|\ - - - - - - - - -T - - - - - T T T =TT 1
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v(ro) ()

Pis
y(s1)

Po,s D

FIGURE 4.2. The situation in Lemma 4.3.

Given 29,21 € {e)", with |20| < 1, |21] < 1, in Lemma 4.3 we construct a divergence-free tensor field on
a d-neighborhood ¥ (§) of ¥, with normal trace taking equal to zp and z; on ([rg, s1)) and v((s1,71]),
respectively. We introduce some further notation. Setting

t;(8) == sup{t > 0: v(r;) + s7'(r;)* € 2(9) for all s € (0,t)} i=0,1,

then t;(6) > 0 and p; 5 := v(r;) + t:(6)7'(r;)~ € 0%(5). Consider the open segments %; 5 with endpoints
~(r;) and p; 5.

Lemma 4.3. Let X, Yo, Y15, and v be as above. Let zy, 71 € <e>J‘, with |z0] < 1, |z1] < 1, and let
vo := ' (s7), v1 :='(s]) be such that

[G (zél),zgl),vo,vl)r + [G (zé2),z£2),v0,v1)]2 <1. (4.6)

In the case in which vg = vy, assume further that zg = z1 =: z. Then for all § > 0 sufficiently small there
exists M € F(3(0)) such that

M| oo 528y ey L or2) < 1

My =0 on3psUX1s,

Mv] = —z on y([ro, s1]),

M) = == on y([s1,m]),
where v is the unit normal to ¥ U X 5 U X1 5 such that v = — (v)* on .

Proof. Step 1: Endow ¥(J) and ¥ with their geodesic distances dy5) and ds, respectively. We claim
that for every ¢,n > 0 sufficiently small there exists §yo > 0 such that

ds (7(r),7(s)) < (1+n) dss) (v(r) + 017 (1), 7(5) + 127/ (5) ) (4.7)

for all 7, s € [ro,s1) U (s1,m1] and 0 < t1,t5 < & such that |y(r) + t19/(r)* — (y(s) + t27'(s)*)| > ¢ and
for all 0 < § < dyg. We begin by observing that

dss) (V(r) + 117 ()" 7(s) + 12y () 1) < ds (y(r),7(s)) + 26 (4.8)

for all 7,s € [rg,s1) U (s1,71], 0 < t1,t5 < 8. To see this, observe that by adding to any Lipschitz
curve admissible for ds; (v(r),7(s)) (see (4.3)) the segments joining v(r) to v(r) + t;7/(r)* and ~(s) to
v(s) + t27'(s)*, we obtain a curve admissible for dss) (y(r) + t17/(r)*, 7(s) + t27/(s)*).

To prove (4.7), we argue by contradiction and assume that there exist ¢,n > 0, & — 07, 0 <
t1 gy tar < Ok, and 7g, S € [ro,s1) U (s1,71] such that, defining z := y(rg) + t1,67'(rx)* and yx :=
v(sk) + t2 kY (sk)*, we have |z — yi| > ¢ and

ds (Y(r),v(sx)) = (1 + 1) dss,) (Tn, Yx) (4.9)

for all k£ € N. By extracting a subsequence, not relabelled, we may assume that ry — r and s — s, with
r,s € [ro,r1], which implies that zr — = := y(r) and yr — y := v(s). By (4.3), for every k € N, there
exists a Lipschitz curve oy, : [0,1] — £(8) joining x) and yy, such that |o},(t)| = length (o}) for L1-a.e.
t €10,1] and

1

1
length (0%) < ds(s,) (T, Yr) + 7 Sds (v(rk),v(sk)) + T 20p ,
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where in the last inequality we used (4.8). Therefore, {0y} is a sequence of equi-Lipschitz curves, and
so using the Ascoli-Arzela theorem, there exist a subsequence, not relabeled, and a Lipschitz curve
o :[0,1] — X joining x and y such that o, — o uniformly, and

ds (z,y) < length (o) < liminflength (o)) < liminf dsys, ) (zk, yr)
< ligl_ilip ds(5,) (Tk, Yx) < Ji ds; (v(rk),v(sk)) = ds (z,y) -
Hence, dss,) (x, yx) — d= (2,y) and, in turn, by (4.9),
ds (z,y) = (1 +n)ds (2,y) -

Therefore, dy, (x,y) = 0, which is impossible since dx, (z,y) > |z —y| > c.
Step 2: We only prove the case in which vg # v1. The proof of the case vy = v; follows a similar
argument. Set

GY) (v,w) =G (zéj),zy),v,w)
for all linearly independent v, w € S, j = 1,2, where G is the function defined by (1.13). Note that by
condition (4.6), there exists o € (0,1) such that
(G (vg,v1) +0)? + (G (vo,v1) +0)? < 1.
Since G is a continuous function, there exists €y > 0 such that

’G(j) (w1, wz) — GY) (vg,v1)| < 0 (4.10)

for all wy,wy € ST with wy € B (v, &) and we € B (v1,80), j = 1,2.
Using the fact that v is piecewise C!, there exists ¢ > 0 such that if ¢t € [rg,s1) and 7 (t) €
B (y(s1),%), then

7' (t) € B (vo, o) , (4.11)
while if ¢ € (s1,71] and v () € B (y(s1),§), then
Y (t) € B (vi,¢e0) - (4.12)
Let n > 0 be so small and m > 1 so large that
1
0ED GO (wp,01) + 002 + (GD (v 1) + )2 < 1. (413)

V-

By taking ¢ smaller, if necessary, and using again the fact that v is piecewise C', we may also assume
that if z,y € v([ro, s1)) or z,y € v((s1,71]) with |z — y| < ¢, then

ds(@,y) < (L+n) [z =yl < (1+n) dss) (2, 9), (4.14)
and also that if x € ¥ N B (y(rg),2¢), then

|7/ (ro)* - (z =7 (r0))] <

while if x € ¥ N B (v (r1),2¢), then

1
B O 4.15
Loy (o) (4.15)
! 1 1
[V )T @ =y )] € — o=y ()]

Let 69 > 0 be given by Step 1 corresponding to the choice of 1 and ¢, and define f : Y; — (e)J‘ as

—(s —10)20 if x = ~(s) for s € [ro, s1],

—(s1 —10)z0 — (s —s1)z1  if & =~(s) for s € [s1,71],

0 ifr e Zoﬁ,
—(81 — 7“0)20 — (rl — 51)21 ifz e 21,5,

fz) =

where Y5 := X UX( 5 UZX1 5 so that Y5 C 3(4). In view of Proposition 1.4, it suffices to prove that for all
§ > 0 sufficiently small there exists a function f € W1 (2(); (e)") such that f = f on Ys and

IVf(z)] <1 for L2ae. z € %(5). (4.16)

Fix z,y € Ys. We distinguish several cases.
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Case 1: If both z and y belong to X, then
£ (@) = fP ()] < max { |27, 1201} ds(z,y) (4.17)
< G(j) (007 'Ul) dE (xv y) )

where £ : Y5 — R denotes the j-th component of f for j = 1,2 and we used the fact that G(r,t,v,w) >
max{|r|, [t|} by (7.3).
Subcase 1la: If |z — y| > ¢, then by Step 1 (with ¢; = t2 = 0), we have for all 0 < § < do,

1D (z) — fOy)] < GD (vg,v1) ds(z,y) < (1+1) GD (vo,v1) dsys) (2, y) - (4.18)

Subcase 1b: If z,y € ¥ and |z — y| < ¢, then there are two cases. If x,y € y([ro,s1)) or 2,y € ¥((s1,71]),
then we obtain (4.18) for all 0 < & < &g, with the only change that the last inequality now follows from

(4.14). Assume next that z € v([ro,s1)) N B (v (s1),5) and y € y((s1,m1]) N B (v (s1), §), with & =~ (r)
and y = v (s). By the mean value theorem, there exist t; € [rg, s1) and t2 € (s1,71] such that

y—a= [Cvwas [voa
=(s1—7r)7 (t1) + (s — s1) 7 (t2)
= ds(z,7v (s1))Y (t1) + ds(y, v (s1))7" (t2) -
In this case, by (7.1),
1fD (@) = FD ()] = |ds(a, (s1))25 + ds(y,7 (1)) 2
< GO (¢ (1) 7' (t2)) lds(@, v (s1))7 (t2) + ds(y, 7 (1)) (t2)]
=G (v (1), (t2)) [y — 2| < G ( (t1) .7 (t2)) ds(s) (2, y)
and so by (4.10), (4.11), and (4.12),
FP@) = P W) < (G (v0,01) + ) ds) (@)

Case 2: Next we consider the case in which at least one point, say y, belongs to ¥ s U 31 5. We only
treat the case in which y € ¥ 5 and & € 3, the other case being analogous. By the definition of f and
(4.17), we have

[FD (@) = D) = 9 (@) = FD(y(r0)| < G (w0, v1) dss (2, 7(r0)) -

Subcase 2a: If | — y| > ¢, then by Step 1 (with t3 = 0), we deduce that

IF 9 (x) — FD(y)] < A +n) GD (vg,v1) ds sy (2, ) -
Subcase 2b: If | — y| < ¢, then taking g < ¢, we have that

|z = (ro)| < ly —¥(ro)| + |z — y| < 2c.

By (4.14) and (4.17), we have that

[fP (@) = DY) < GV (0o, 01) ds(z,7(ro))

< (L+1) G9 (vo, v1) | = y(ro)| -

Since y = y(rg) + t7/(ro)* for some t € (0,6), by (4.15),

ly —al” = | = y(ro)|” + % +2t7/(ro)* - (x = (r0))

2

2 2

— 22— e —
o) +12 = =tz = (o)

and thus,

D (@) — fO(y)| GO (o) [ — y] < ~LED

(I+n)

G (vo,v1) dz(a)(% Y)-

IN
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In conclusion, collecting all the previous estimates, we deduce that

79) = 191 < S (69 0+ 0) i 0. (1.19)

for all z,y € Y5. We now apply McShane’s lemma to extend each component fU) to a function ?(j) :
() — R still satisfying (4.19) for all z,y € X(J). In turn,

Fa) - Ty < 2D

1
-5

V(GO (v0,01) +0)2 + (GO (09, v1) + 0)2dsgs (2, y)

for all z,y € X(J). Property (4.16) now follows from the previous inequality, (4.13), and the fact that
ds(sy coincides with the Euclidean distance for sufficiently close pairs of points. O

R

FIGURE 4.3. The shaded region is ¥(8) N Q.

We now turn to the proof of Theorem 1.8.

Proof of Theorem 1.8. In order to prove that ug is stably reconstructible over I'(d), by Proposition 4.2 it
suffices to show that for every fixed k and for every connected component ¥ of 3, which is the support
of a piecewise C! curve  parameterized by its arc-length, there exists M € F(3(5) N Q) such that
M| o (5(5)n0m5(e) L or2) < 1,
Mlvss)na,] = —z on X.
As usual, we orient v in such a way that (7 )J‘ is the inner unit normal to Q. We denote by S the
singular set of v, as defined in (1.11). There are two possibilities: Either - is closed with image contained
in R or its endpoints belong to JR. We only consider the latter situation (see Figure 4.3 above), since
the former can be treated similarly. Fix a finite number of points in [0, H!(X)] \ S,
rg=0<7r < < Tpyp = HY (D),
such that for each ¢ = 0,...,n, the following alternative holds: Either
(riyrmit1) NS is a singleton
or
(riyriz1) NS =0 and 2z is constant on y((r;, riy1)),
with the latter occurring in (rg,r1) and (7, 7n41). For every ¢ =1,...,n — 1, we define
S ={y(ri) + 1/ (r) " 1 0 <t < t:(0)},
where t;(8) := sup{t > 0: v(r;) + s7'(r;)* € B(8) N Q, for all s € (0,¢)}.
For every i = 1,...,n—1 we apply Lemma 4.3 with &, 3 5, 31,5, and y replaced by 3; := y([rs, rit1]),
¥, X, and ’7|[n risq]> TESPeCtively, to find M; € F(32; (8)) such that

M5l oo (5 (8): () - or2) < 15
M;[v] =0 on E;UE;_H,
M;[v] = —2 on y([ri, rita]) .
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Since 2y, is constant on g = v((ro,71)) and on S, = Y((rn,Tn+1)), reasoning as in Lemma 4.3, yields
the existence of tensor fields My € F(Xo (6)) and M,, € F(X,, ()) such that

||M0\|Loc(20(fs);<e>L®R2) <1, ”M”HL"C(XA%(‘S)?(e)L@RQ) <1,
Mo[v]=0  on X}, M,[v] =0 on X! ,
Mo[v] = =z on ¥([ro,m]), M,[v] = —z on Y([rn—1,7n]) -

For every i = 1,...,n — 1, we define D; to be the connected component of 3; (0) \ (Z; uXi,u 2,)

contained in Q. In this way, X(0) N Qg \ U;L:_ll D; has two connected components Dy and D,,, with
0Dy NE = v([ro,r1]) and 9D, N E = y([rn, rm+1]). To conclude, it suffices to define M = M, in D; and
to apply Lemma 4.1. O

v(s1)

v(s2)

FIGURE 4.4. The field M is obtained by gluing together the constructions of Lemma 4.3
performed on each D;.

Finally, we prove Theorem 1.10.

Proof of Theorem 1.10. Step 1: We prove (i). Let ug € Im(R) be reconstructible over I'(§) for some
d > 0 (we may assume § so small that the §-neighborhoods of each connected component of ¥y are all
disjoint). By Theorem 1.2 and Remark 1.3, there exists a tensor field M € F(T'(§)) such that

M[VQk] = —Zk on Zk y

where 2y is the compatibility vector field of ug. Fix a connected component X of X, and let v and S be
as in the proof of the previous theorem. Let sp € S and set

2 =a(y(sg)), 2T =aly(sg)), v = (s0) , vT =9 (s0) -
By Proposition 1.4 there exists a Lipschitz function f : B(y(so),) — ()™ such that
Vi) <1 for £%-a.e. x € B(y(s0),¢),
f(r(s0) =0 and  —(VfU)t =MW, j=12, in B(y(s0).c),

where 0 < ¢ < § is chosen so small that zj takes only the values 2~ and 2t on X N B(y(sp),). In
particular, we have

—(t—sg)z~ ift < sg and v(t) € B(v(so),€),
Fay =4 4T 1€ B0, (4.20)
—(t—s0)zT ift > s9 and y(t) € B(y(s0),€) -
We now consider the sequence of Lipschitz functions
T
fnlz) := nf(ﬁ + 'y(so)) :
Since fn(0) = 0 and |V fullpoo (Bome) o) orz) = IV lLe(By(s0)e)sie) erzy < 1, We may extract a
subsequence (not relabelled) such that
fo ™ foo i WG (R?, (0)) (4.21)
and

IV fooll oo (m2;(e) - om2y < 1- (4.22)
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Let
C:={zcR’: z=—tv,t>0 U{zeR?*: z=tv", t>0}.
Let y € C be of the form y = tv™ for some t > 0. Then, using (4.20), the definition of f,, and the

Lipschitz continuity of f, we have
tot ¢
0t (2 +20o0)) = nf (3% + o0))|
n n

< Lip(f)

[fu(to™) + 27| =

tvt + ny(sg) — n'y( ! + so> (4.23)

n

1
Sno(f)—>0 as n — oo,
n

where in the last equality we have used the fact that 7(% + 50) =(so) +vTL +of L), Similarly, we

n
can prove that

|fn(—=tvT)—tz7| =0 asn —ooforallt>0. (4.24)
Let B € (¢)" ® R? be the tensor uniquely determined by
BlvT]|=—z" and B[] =—-2".

It follows from (4.21), (4.23), and (4.24) that
foo(y) = Bly] forally € C.

Hence, the function f.. is admissible for the minimization problem (1.17) (with 2~ and 2% in place of 2
of z1). In view of (4.22), this concludes the proof of part (i).

Step 2: To prove (ii), assume that ug is stably reconstructible over T'(d), for some ¢ > 0. We claim that
the inequality (1.17) is strict. Let €9 > 0 be such that if u = chv:l &1, and maxi<p<n &), — &| < €0,
then w is also reconstructible over I'(§). Reasoning as in Step 1 of Proposition 4.2, we may find such an
image u with the additional property that

2z, =Mz, k=1,.,N,

for some fixed constant A > 1, where z;, denotes the compatibility vector field associated to u. As in Step
1 of the present proof, fix a connected component ¥ of 3 and let sg € S. Defining

() = 200s0)) = Ay ()7 =2 ((s) = Azt
by part (i) of the theorem there exists foo € W12 (R2, (¢)™) such that IV fooll oo (R2:(e) - @m2y < 1 and
Foo(=tvT )=t () =thz™, faoltv?)=—t(z')" = —tAzt.

Hence the function % foo is admissible for the minimization problem (1.17) and

1
<-<1

1

Lo (R2;(e) - @R2)
which implies that the inequality (1.17) is strict.
O
5. RECONSTRUCTIBILITY FROM SMALL UNIFORMLY DISTRIBUTED UNDAMAGED REGIONS: PROOF OF
THEOREMS 1.12, 1.13, AND 1.14

In this section we prove Theorems 1.12, 1.13, and 1.14.

Proof of Theorem 1.12. The existence of u. may proved as in the proof of Proposition 2.1. Moreover, by
a truncation argument and by the minimality of u., we have that sup, ||uc|lco < 00. Again by minimality,

|Duc|(R) < |Dug|(R) for alle > 0. (5.1)

Hence, for every subsequence €, — 0 we may extract a further subsequence (not relabelled) such that
ue, — v in L'(R;R3) for some v € BV (R;R?). We claim that v = ug. Assume by contradiction that
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this is not the case. Then by Egoroff’s theorem we may find 7 > 0 and a compact set K C R of positive
L£%-measure such that

Kc{zeR: |v(x)—up(x)| >n} and wu., — v uniformly on K . (5.2)
Let xp € R be a point of density one for K and fix 0 < § < dist(zg, OR) so small that
L2(Q(x0,6) N K) - 3

92 4"
Setting A, = {z € £,Z* : Q(x,e,) C Q(z0,0)} and Q. 5 = UzeAn Q(x,e,), we have
52 L£3(Q.,sNK) 3
Card(An) S ;% and T i (53)
for n large enough. Denoting A}:={z € A, : L2(Q(z,&,) N K) > $L2(Q(z,e,))} and A, :={z € A,

L2(Q(z,e,) NK) < 3L2(Q(z,2,))}, we claim that

o 162
card(A4;)) > 12 (5.4)

Indeed, if not, we would have card(4;) < 192 and, by the first inequality in (5.3), card(4,) < Ly

4l €7
Hence,

L£3(Q.,sNK) < Z L2Q(x,e,)NK) < &2 Card(A+)+15 card(A4;,) < 52+ 52 52,

2
TEA,
which contradicts the second inequality in (5.3).
Fix € A} and recall that by (5.2),
|ue, —v] > 1 on Q(z,en) NK (5.5)

2

for all n > ng for a suitable ng € N independent of x. Let (p,6) denote the polar coordinates centered at
z and for 6 € (0,27) and n € N define

gon (p) :==ue, (x+p(cosh,sind)), gg(p) =v(x+p(cosb,sing)), pely,
where Iy :={p>0: x + p(cosf,sinf) € R}. Let T C (0,27) be the set of all §’s such that the set
. : _ 1
Upi={pels: loon (o) =90 (p)| > 1}

has positive £1-measure. By (5.5) and the definition of A}, we have

%ﬁQ(Q(:c,sn)) < £2(QUw.e0) N K) < £ (Qa2) 0 (e, o] > 1)

2
enV2
:// dedt‘)é// ododd = LY(T)el,
T JUy TJO

1
LYT) > 3
By (5.5) and the fact that u., and v coincide in Q(z,w(ey,)) (see (1.21)), for all § € T we have (see

Sections 3.2 and 3.11 in [1])

which implies that

Dlgsn — a0l (X5 15) >

where £y denotes the length of the set {p > 0: = + p(cos 6, sinh)

|D(ue, — (z,en)) /d&/(e )gd|D gon — G9o)|

wsn w(gn)
2 /T|D(99,n—99)|< 5 ,39>d9

W(Zn)n£1(T) > w(ZL)n .

1
2 )
€ Q(z,e,)}. Hence,
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Summing the last inequality over all z € A and using (5.4) and (1.19), we obtain

7752w(5n)
322 %%

n

D, ~0)I(@e,) > L cara(af) >

which contradicts (5.1). This concludes the proof of the theorem. O

Next we prove Theorem 1.13 and Theorem 1.14. Given an image ug, which is stably reconstructible
over I'(§) for some small § > 0, we show that it is reconstructible over the complement D of an e-
uniformly distributed (undamaged) region for e sufficiently small. In view of Theorem 1.2, it suffices to
construct a divergence-free tensor field M on D whose normal trace on D N 0€) agrees with —z. Again
by Theorem 1.2, we know that such a construction is possible in the thin layer I'(§) N 2 for § small
enough. Therefore, it remains to extend this tensor field to the whole D Ny, keeping it divergence-free
and preserving its boundary values. The following lemma is at the core of this extension. In the remainder
of this section, we denote a generic point x of R? as z = (s, ).

Lemma 5.1. Let A,o > 0 be such that

Atdo<1 (5.6)
and let ng > 0. Fiz ng < n < 2n9 and assume that there exist Ty, Ty € C°([0,7]; (e)T) such that
max sup [T;(r) ~Ti| <o, [T+ [Tf* <X°, (5.7)

=1,20<r<n
where

7 7
Tl::][ Ty (r)dr, EZ:][ Ta(r)dr.
0

0
ForneN, 0< h,k<n—1, consider the squares

h htl k k1
Qi = {(s,t) ER?: 2p<s< oy Spci< +n} c (0,m)%,
n n n n

and let Q, ;. be the (closed) square concentric to Qp,x with side length w(n/n), where w satisfies (1.19).
Finally, consider the open set

Dpi= |J  (@Qur\ Qi) -

0<h,k<n—1
Then there exists ng € N, depending only on ng, o, and w, with the following property: For all n > ng
there exists M € F(D,,) such that

Mlvp,](s,n) = Ta(s), Mlvp,](n,t) =Ti(t), Mlvp,](s,0) = Mvp,](0,t) =0,
for every s € (0,n) and t € (0,n).

As
. M[I/Dn]:Tz
1 0 K 6.
Mlvp,] =0 ____E____E____:____ Mlvp,] =T
..... Mvp,]=0 T

FIGURE 5.1. The situation in Lemma 5.1.
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M[VSh,,k] = %TQ P1 Pg
|- - - - -T - - - -0~ 1
I
: Dy, i, | O
I
| I
Mlvs, ] =—2T1 ! | Mlvs, ] =21
I
| |
| I
I
S | Xo
M[Vsh,k] = _%T2 P4 P3

FIGURE 5.2. Construction of M, and the set X.

Proof. By Lemma 4.1, it suffices to show that for every 0 < h,k < n — 1, setting Dy = Qn.r \ Q’W€7
there exists M € F(Dy ) with M[vp, ,] = ¥px on 0Qp,k, where

k+1 k+1 h+1 h+1
\Ijh,k (Sa n 77) = n TQ(S)v ‘Ijh,k (nna t> = Tl(t)a

k k h h
Uh i <S777) = ——T(s), Uh k (n,t> = ——T1(t)
n n n n

for all s € (&n, ELy) and t € (£y, Etly),

n

Let oy, be the closed segment joining the upper left corner of @, ; with the upper left corner of
Q;L)k, let Xo:= (Qnx \ Q;lk) \ ok (see Figure 5.2), and let dx, be the geodesic distance on Xy. Given
a point = € oy, and a sequence {x,}, with z,, — x, we write z,, — z=% if (z, —z) - (1,1) =2 0 for all
n sufficiently large. We now introduce a metric space (X, dx), where X is given by the disjoint union
of X and two distinct copies a; x and o, . of the segment oy, ;. Roughly speaking X can be obtained
from X, by removing an e—neighborhood of Oh.k, considering the closure of this set, and interpret X as
a “limit” of this sequence of metric spaces as ¢ — 0. The metric dx is defined by

dx,(x1,22) if 1,22 € Xo,
nlLH;OdXo(ynva) ifz; € U}:&kva € Xo,yn — 21 E,

dx(x1,x0) := . .
x (w1, 22) lim dx,(wn,Yn) 1fac1Ga,fk,mzGofk7wn—>x1:|:,yn—>x2:|:,
n— o0 ’ ’

. . + p—
nh_{rolo dxo(Wn,yn) if 21 € 0y T2 € 0y s wn = T1t Y — T2 —

It can be shown that the definition does not depend on the choice of the sequences {w,} and {y,}.
Note that the set Y := 0Qn 1, U O’;{k U o, can be identified with the oriented polygonal path
OP,P,P3P,P,O, where Py, Py, P3, Py, and O are the points in Figure 5.2.
The strategy of the proof is the following: We define a function f on Y such that

Orp, J = Unk o0 IQny,  Or, flor =0, ]l (5.8)

U;,k ’
and we prove that for j = 1,2 the component () is L ;-Lipschitz with respect to the distance dx, where
L? + L3 < 1. Then we use McShane’s lemma to extend fU) to a L;-Lipschitz function (still denoted

by f()) defined on all of X. By restricting f to X, and since dy coincides with the Euclidean distance
locally in X, this will imply, in particular, that

IV £l oo (st - mz) S Y IVFO I o (xpimzy + IV N2 s

<WIL3+L3<1.

Note that we can identify the restrictions of f to U,‘:k and to o, with the traces ftand f~ of f on
oh,k- Next, we define the tensor field M : X — (e)" ®@R2 by M) := —(Vf@))L. By (5.8), we have that
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the normal trace of M is continuous across oy ;. Hence, by Proposition 1.4 and by (5.8), M belongs to
F(Dny) and M(vp, ] = Yk, as desired.

Step 1: Parameterize the polygonal path OP; P, P3P, PO with constant velocity 1. For every yi1, y2 € Y
, define the distance

dy (y1,92) := [s1 — 2],
where s; and s, are the parameters corresponding to y; and ys, respectively. We claim that there exists
ng € N, depending only on 79, o, and w, such that

1
EdY(y1,y2) < odx(y1,y2) (5.9)

for all y1, y2 € Y and n > ng. To prove this, we distinguish two cases.
If dx (y1,y2) > 4w(n/n), then, since dy (y1,y2) < (4 + \/5)%, we have

4+ﬂ7772d( )
an nzw(%) x\Y1,Y2) -

1
—d <
" Y(y17y2) =

Hence, (5.9) follows in this case by (1.19).

If dx (y1,y2) < 4w(n/n) and y; and yo are contained in the same segment of the oriented polygonal
path Y, then (5.9) is immediate.

Finally, consider the case in which dx(y1,y2) < 4w(n/n) and y; and ys belong to two different
segments. We first show that these segments are consecutive and that the segment joining y; and ys is
contained in X. Indeed, if not, then the Euclidean distance and, in turn, the geodesic distance in X,
between y; and ys is at least 1/(2n) for n sufficiently large, unless one point is in U}t . and the other

is in 0}, ;, in which case the geodesic distance is at least 4w(n/n). In both cases, by (1.19), for n large
enough we have a contradiction. Hence we have proved that the segments are consecutive segments in
the oriented polygonal path. Next, we show that the segment oy joining y; and ys is contained in X,
provided that n is sufficiently large. Indeed, if not, then oy intersects 8@;17 &> thus the Euclidean distance
and, in turn, the geodesic distance between y; and ys is at least dist(9Qn x,0Q), ;) > 75 > 4w (L) for n
sufficiently large, where in the last inequality we have used (1.19). Hence, o¢ is contained in X, and so
dx (y1,y2) reduces to the Euclidean distance.

Let yg € {P1, Py, P3, Py} be the vertex between y; and y9, so that dy (y1,y2) is given by |y1 — yo| +
ly2 — yo| < clyr — y2|, where ¢ depends only on the angles of the polygonal path. Inequality (5.9) now
follows.

Step 2: Let fy: 0Qn 1k — (e)*, g: Y — (e)" be the functions (uniquely) determined by

h k+1 h k+1
fo(=n, n) =0, g(=n, n) =0
n n n n
and k+1 k k+1 1
+ +
aTD;,ka (3’ n 77) = ETZ(SL aTDh,kg <5a n'r]) = ET2(S)’
h+1 h h+1 1
8TDh,k: fo ( n U,t) = ETl(t% aTD,L,kg < n 77,?5) = ﬁTl(t)’ ( )
5.10
k k k
a‘I’Dh kf() (37 nn) = _ET2(5) ) 8TDh,,kg (S, nn) = 07
h h h
aTDh,k-fO <n777t) = 7ET1(t)v a‘rDh,kg (nn,t) = 0
for all s € (L, 1y) and ¢ € (£n, £Ly) and
Or,,,9=0  onong, (5.11)
where 75, , = (%, —%) We set
)\j = \/|Tl(])|2 + |T2(J)|2 )
By (5.7),

A4+ A3 < A%
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We claim that féj) is Lipschitz with Lip(fo) < A; +1/20. To see this, we fix 21 = (s1,t1) and x5 = (59, t2)
on 9Qy k. If 1 and z2 are on the same side, this follows from (5.7). Assume next that x; and xo are on

two consecutive sides, say 21 = (s1, £n) and x5 = (2tln,t,) (the other cases are analogous). Then,
h+1 k+1
) . k o B h (=" .
@) =P <5 [T s [T
S1 1

(=) (1214 ) + (S =) (1714 0)
< (A + V20) |y — 2],

where in the last inequality we have used the Cauchy-Schwarz inequality together with (5.7). If 1 and
Z9 are on two opposite sides, say 1 = (s1, %n) and xo = (sq, %77), with s; < so (the other cases are
analogous), then

IN

k+1
. . k S2 . h "N .
5D (1) — £9 () < & / T ds + 2 / T di
n Js, n )i,
(82 - 51) (\TQ(J)| + U) + 5(|T1(J)| + U)

< (N +V20)|z1 — 29|,

IN

IN

again by the Cauchy-Schwarz inequality and (5.7). Hence féj ) is Lipschitz with Lip(fo) < A; + V20, and
so by McShane’s lemma we can extend it to a function defined on all of Q) with the same Lipschitz
constant and still denoted by fy. Moreover,

1V folloo < 4/A2+ A3 +402 < /A2 + 402 < X+ 20. (5.12)

Next, since by (5.10) we have [|0r, gl < L using (5.9) we obtain

1
19(y1) = 9(y2) < ~dy (y1,92) < 0dx(y1,y2)  forally,y2 €Y. (5.13)
Using by McShane’s lemma with respect to dx, we can extend g to X in such a way that
199 (z1) — gV (22)] < odx (1, 22) for all 1,20 € X and j =1,2.

Since in a neighborhood of every point in the interior of X the distance dx coincides with the Euclidean
distance, it follows that |Vgllso < v20. We now define f : X — (&)=, f := fo +g. By (5.10) we obtain
(5.8)1. Also, by (5.6) and (5.12), [|[Vfllec < A+ 20 + V20 < A+ 40 < 1. Moreover, by (5.11) and the

fact that fj is defined on the whole @, &, we obtain (5.8)2. This concludes the proof of the lemma. O

In the next lemma we give an approximation result for elements of F (D) by more regular divergence-
free fields.

Lemma 5.2. Let G C R? be an open set with C* boundary such that OR N G is the union of finitely
many segments whose endpoints are not corners of R, and for § > 0 let

G = {x € G : dist(zx,0G) < &} .
If M € F(RNG®) and if o € (0,3), then there exist 0 < §' < & and M, € F(RN G such that M, is
continuous in RN GY \ (OGN R) and

sup [Mo| < (1 +0)[[M|| o (rngsi(eyt ar) » (5.14)
RNG?’

Mylvg] = M[vg] on dIGNR.

Proof. Without loss of generality, we may assume that § > 0 is so small that for all 0 < §’ < %5, G?' has

C> boundary, the function dy(z) := o dist(z, dG) is smooth on the closure of G, and that R N G?" is
the finite union of segments o1, ..., oy whose endpoints are not the corners of R (see Figure 5.3).

Define z := M[vpnqs] on 0 (R N G‘s’), where we have used the fact that M € F(RNGY"). To each

segment o; we associate the (open) square Q; C R?\ R with one side coinciding with o;. We now extend
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FIGURE 5.3. The situation in Lemma 5.2. The region R N G?° is colored in gray.

M to Q;, i = 1,...,£, according to the following rules. If Q); corresponds to a vertical segment o;, then
M is the tensor field uniquely determined by the conditions

M[@Q} = O in Qz 5
Mvg,)=—z ono;,
M is constant in the ej-direction.

If Q; corresponds to a horizontal segment o;, then we perform an analogous construction. Note that in
this way we have a tensor field M belonging to F (UZQZ- U[RN G‘S/]). For z € RNGY we define

MO (@) = / {MO @+ dy(2)w) = [w- (MY + dy (@)w))* ] (Vo (@)} duo,
B(0,1)

4 =1,2. Since for each z € RN G the ball B(z,d,(x)) is contained U;Q; U [R N G°], the function MY
is well-defined. Moreover, by construction M, is continuous and (5.14) holds. Thus, it remains to prove
that M, is a divergence-free vector field having the same normal trace of M on 0G N R.

Step 1: To prove that M, is divergence-free, we will show that in every ball B (zg,r) C RN G‘s', with
0 < r < dist(zo, dG), the tensor field M, is the rotated gradient of a vector-valued function and then use
Proposition 1.4. Since the domain may not be simply connected, this function may change from ball to
ball. Fix any such B (zg,r) , and note that for every € B (xq, ) the ball B(z,d,(x)) is contained in the
set B (g, dist(xg, 0G)), which, in turn, is contained in U;Q; U[RN G°]. Let f : B (zo,dist(zo,G)) — R
be a 1-Lipschitz function such that

(V) =—-MD  in B(x,dist(zo,G)) . (5.15)
For x € B (zg,r) define
1
-(x) = dy = — T+ dy(x)w) dw, 5.16
fo() ]é(rydd(x)) 7(y) dy W/B(m) fo + dy (@)w) (5.16)
and note that
Vi (z) = 1/ (V@ + do(2)w) + [+ VF(z + do (2)w)] Vdy (2)} duw.
T JB(0,1)
Then
(Vfo)t(x) = l/ {(VH @+ do()w) + [w- Vf(z+ do(z)w)] (Vdy) ()} dw
T JB(0,1)
1

. / (MO @+ dy(ayw) — w0 (MO @+ dy(@)w))*] (Vdy (2)*} dw,
T JB(0,1)

where we used (5.15). We deduce that M = —(Vf,)* in B (z9,7), which, in turn, implies div MY =0
in the sense of distributions. Since the argument for M(Sz) is clearly the same, we have proved that M,
is a divergence-free tensor field.

Step 2: We finally show that M, and M share the same normal trace. It will be enough to prove that
for every o € 0GN R,

Mylve] = Mvg] H'-a.e. on G N RN B (xg,7) (5.17)



28 I. FONSECA, G. LEONI, F. MAGGI, AND M. MORINI

where 7 > 0 is taken so small that B (z¢,2r) C R, for every z € B (zo,7) N G® the ball B(x,dy(z))
is contained in the set B (zg,2r) N G, and the set B (z0,2r) N G?' is simply connected. For any such
B (zp, ), as in the previous step, let f : B (x9,2r) N G%" — R be a 1-Lipschitz function satisfying (5.15)
and let f, be as in (5.16). From the previous step

MY = —(Vf,)* in B (zo,r) NG . (5.18)
Now observe that for all 2 € B (zo,7) N G,
fo@ - f@I<f @) Sl f - aldy < dola).
B(z,ds(z)) B(z,do(z))

Thus f, = f on OGN B (zg,r) and, in turn, d,, f5 = O f H'-a.e. on OGN B (z0, 7). Recalling (5.18), this
is equivalent to M - vg = MM . yg Hl-a.e. on OGN B (zg,7). An analogous argument shows that the
same holds for M((,2) and M), Hence, (5.17) is established and the proof of the lemma is completed. O

Proof of Theorem 1.13. Let

D, :Rﬂ( U Q(z,s)\Q(x,w(s))) :

r€eZ?

The strategy of the proof is the following: We will show that for ¢ small enough it is possible to find
an admissible domain D, with H'(0D. NT) = 0 and D. C D,, and a tensor field My . € F(D. N Q),
k=1,...,N, such that

Mkﬁ[ljgk} = —Zk on Zk.
Then, by Theorem 1.2 the function ug is reconstructible on D and, a fortiori, on D..
Step 1: To construct D, and Mj, ., we apply Proposition 4.2 to find § > 0 sufficiently small and tensor
fields My, € F(Zr(6) N Q), k=1,..., N, such that
[ Ml oo (5, (5) 10205 (e) L or2) < 15
Mk[VQk] = —Zr On Zk.

We claim that there exists €, > 0 with the following properties: For all 0 < & < & there exist an
admissible set Dy, . such that

D. N Ek(CS) NQ, C Dy C Zk((S) N Qy,
Yr(6)NQ, C Dy, for some &' € (0,9), (5.19)
QN 82k(5) c QN ({9Dk,5 ,

and Mk,a € F(Dy,e) such that
My c[vp,.] = =2 on %, (5.20)
Mycvp, ] =0  on d%4(8) N Q.

Note that if the claim holds, then to conclude the proof of the theorem, for 0 < & < &g := ming ¢y, it
suffices to define D, by

D, :=Uy (Dzm U (Qk \m» ,
and M, . € F(D. N Q) by

e = Mk,s in Dk,s )
e 0 elsewhere in D, N Qy,

In view of Lemma 4.1, the tensor field M}, . has all the desired properties.

In the remaining of the proof we show (5.19) and (5.20) for a fixed k = 1,..., N. For simplicity, we
drop the dependence on k and ¢, and we write €2, D, 3, M, and z in place of Q, Dy ., Xx, My, and
zk, respectively.
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FIGURE 5.4. On the left, the sets Q, ¥ and X(§) N Q. On the right, the sets G N R and G N R.

With this simplification, we recall that we are given a Lipschitz open set 2 C R and a tensor field
M € F(X(9) N Q) such that

M| oo 528y n25(e) L om2) < 1 (5.21)
Mlvql = -2z on X,

where X := 9N R.

Step 2: We claim that, without loss of generality, we may assume that = G N R, where G C R? is a
smooth open set. To see this, choose an open set G C R? with C*° boundary such that R N G is the
union of finitely many segments whose endpoints are not corners of R, G contains 2\ 3(J), and 0GN R
is contained in 3(d) N (see Figure 5.4). Since the restriction of M to £(§) N G N R still satisfies (5.21),
with a possibly smaller § > 0, with Q, 3, and —z replaced by G N R, 9G N R, and with M[vgnr] on
OGN R, respectively, we can modify M in GN R (without changing its normal trace on G N R) and then
use Lemma 4.1 to glue the modified field with M|q, (G p)-

Step 3: In view of the previous step and by (5.21), we are in a position to apply Lemma 5.2 (with o
sufficiently small) to find M € F(2(8')NQ), where 0 < § < §, such that M is continuous in $(6') NQ\ X
and

A= HM”LW(Z(&’)HQ;(e)*@R?) <1,
M[VQ] = M|vgq] on X.
Let o satisfy (5.6). Since M is uniformly continuous in (6’) NQ\ £(8’/2), we may find 79 > 0 such
that

sup { |31(2) = M (y)| : @,y € SE)NQ\S/2), |o —y| < 20} <o
Let now ng > 3 be the integer depending on )\, o, and 7 given by Lemma 5.1, and set

_
Tlo'

o

ne -

FIGURE 5.5. The construction in Step 3. The set Dy . is represented in the picture as the set
() N Q after removing the colored squares contained in the shaded region.
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Fix 0 < e < gg, let n > ng be an odd integer such that
Mo < ne < 2ng, (5.22)

and consider a family {Q (2, 3en) }ren of open squares such that z € £Z2 for every k € N, Q(xy,,3en) N
Q(zj,3en) = 0 for k # j, and R? = U Q(x, 3ne). Set

J = {k €N: Qzr,3en) N R # 0 and Q(zy,3en) N R C 9\2(6’/2)}

and let ﬁe,n = int (UkeJ Q(zr, 3571)). Note that 3f~lgm N R is contained in 3(6") N2\ X(d’/2), provided
that no is sufficiently small (see (5.22)). Consider the subfamily

J = {k eJ:H <8Q(xk,3n5) N9, N R) > o}

corresponding to the “boundary squares”. Decompose each Q(xg,3ne), k € J’, into the disjoint union
of nine squares of side ne (still centered at points of €Z?) and keep only those squares whose boundary
intersects 0Q(xy, 3ne) N 8ﬁe,n N R. In this way we obtain a new family {Q}}, of disjoint squares of side
ne whose boundary intersects 8§€7n N R, such that each @y has either one or two consecutive sides in
common with 855@ N R. Moreover,

(U 8Qh> N (8§E,n N R) = 00.,NR.
h

We are now in a position to apply Lemma 5.1 to each @}, according to the following cases:

(i) If Qp is contained in R and shares two consecutive sides, say 0{1 and Ug, with aﬁe,n N R, then

we apply Lemma 5.1 with 7 := ne and

T := 7]\;[[I/R\m] on o, Ty := 7M[Z/R\m] on ol .
In this way we obtain a tensor field M;, € F(Qp N D.) such that My[vg,] = T; on ol, i = 1,2,
and Mp[vg,] = 0 on the remaining two sides of Qj,.

(ii) If Qy, is contained in R and shares just one side, say o}, with 8(~2€m N R, then we apply Lemma 5.1
with n :=ne, T} := —M[VR\E] on of, and T, := 0 to obtain a tensor field M, € F(Qp N D)
such that M [vg,] = T1 on o and My[vg,] = 0 on the remaining three sides of Q.

(iii) Next assume that @y, intersects the complement of R and two consecutive sides, of and o}, have
nonempty intersection with (%ngm N R. Since X has positive distance from the vertices of R, if
7o is sufficiently small, then 8ﬁg,n N R has distance greater than 3en from the vertices of R. It
follows that only one of o and ¢, say ¥, is not contained in R. Construct a continuous function
T with oscillation less than o and coinciding with — M [Vr\gy] on oM. As in (ii), we also take
Ty = —M[VR\@] on o and we apply Lemma 5.1 to obtain a tensor field M, € F(Qn N RN D,)
such that Mp[vg,] = T; on ol, i = 1,2, and My[vg,] = 0 on the remaining sides.

(iv) Finally, if Qj, intersects the complement of R and only one side, /', has nonempty intersection
with 6§E,n N R, we proceed exactly as in (i) when o C R. If o} intersects also the complement
of R, then we take T3 as in (iii) and we proceed as in (ii).

o= oraofga)) o o)

R M on Q\ﬁsyn,
M .= M, onQ,NQND.,heN
0 elsewhere in 2., N2,

we obtain a tensor field M satisfying (5.19) and (5.20). This concludes the proof of Theorem 1.13. [

By Lemma 4.1, setting

and

Next we prove Theorem 1.14.
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Proof of Theorem 1.14. The proof of this theorem is exactly the same as the one of Theorem 1.13, with
the only difference that Lemma 5.1 should be replaced by Lemma 5.3 below. (|

Lemma 5.3. Let o, A\, no, n, T1, and T be as in Lemma 5.1. Forn € N, 0 € (0,1), and0 < h,k <n—1,
consider the squares

h htl k k1
Qni = {(s,t) ER?: Sp<s< oy Spcic +n} c (0,m)%,
n n n n

denote by Q‘Z’k the closed square concentric to Qnx and with side length (6n)/n, and let Cy, j C sz be
a closed connected set such that diam(Ch, ;) > w(n/n), where w satisfies (1.19). Consider the open set

Dn = U (Qh,k \Ch,k?) N (07 77)2 .
0<h,k<n—1
Then there exists ng € N depending only on ng, o, 8, and w with the following property: For all n > ng
there exists M € F(D,,) such that

Mlvp,|(s,n) = Ta(s),  Mlvp,|(n,t) =Ti(t), Mlvp,](s,0) = Mvp,](n,t) =0,
for all s € (0,n) and t € (0,7).

Remark 5.4. Note that by replacing each C}, ;; by a smaller closed connected subset, if needed, we may
assume that diam(C}, ) = w(n/n).

Proof. The argument is very similar to the one of Lemma 5.1 and we only indicate the main changes.
The sets Dy, should now be replaced by Dy := Qpnr \ Ch,k, while oy, ) is now the segment joining
the upper left corner of Qp  with a point O of Cj k. in such a way that H' (o) is minimal. Define
Xo = Qnr \ (oh,k UChi). Given a point x € op 1 and a sequence {x,}, z, — x, we write z,, — z=+
if (v, — ) - 75,, 2 0 for all n sufficiently large, where 7., , is a unit tangent vector to oj . We now
continue as in the proof of Lemma 5.1 until Step 1.

Step 1: Let Y and dy be as in Step 1 in the proof of Lemma 5.1. We claim that there exists ng € N
depending only on 7, o, 6, and w such that

1
EdY(y1»y2) < odx(y1,Y2) (5.23)

for all y1, y2 € Y and n > ng. To see this, we distinguish two cases. If dx (y1,y2) > w(n/n), then, since
dy (y1,y2) < (4+ \/5)%, we have

A+vV2 9 dx (1)
7 n%;(%) x\Y1,Y2) -

1
—dy (y1,y2) <
n

Hence, (5.23) follows in this case by (1.19).

If dx (y1,y2) < w(n/n), then we claim that for n large enough either y; and yo are contained in the
same segment of the oriented polygonal path OP; P, P3P, P;O (see Figure 5.2) or y; and y2 belong to two
consecutive segments in the oriented polygonal path and the segment joining y; and ys is contained in X
(here and in what follows we are identifying y; and y» with points on the polygonal path). If y; and yo
are on the same segment, then there (5.23) follows immediately. Thus, we may assume that they belong
to two different segments o1 and o5. If o7 and o9 are not consecutive, then the Euclidean and, in turn,
the geodesic distance in X between y; and yso, is at least (1—6)n/(2n), unless one point is in O'}tk and the
other in Thk- In the latter case the curve realizing the geodesic distance between y; and y must enclose
the set C, x, and so its length is at least the diameter w(n/n) of Cj, ;. In both cases, by (1.19), for n large
enough we have a contradiction. Hence, we have proved that o; and o5 are consecutive segments in the
oriented polygonal path. Next, we show that the segment o joining y; and ys is contained in X, provided
that n is sufficiently large. Indeed, if not, then o¢ intersects Ch, i, thus by (1.19) the Euclidean and, in
turn, the geodesic distance between y; and ys is at least dist(0Qp i, Ch k) > (1 —6)n/(2n) > w(n/n) for
n sufficiently large. We have proved the claim.

Note that in view of the previous claim dx (y1, y2) reduces to the Euclidean distance. Hence, if yo €
{Py, P,, P3, Py} is the vertex between y; and yo, then dy (y1,y2) is given by |y1 —yo| +|y2 —vyo| < c|y1 —y2|,
where ¢ depends only on the minimum angle of the polygonal path and thus on 6. The inequality (5.23)
easily follows.
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Step 2: The argument is analogous to that of Step 2 in the proof of Lemma 5.1. ]

6. EXAMPLES

In this section we present several explicit examples in which the model fails to provide exact recon-
struction.

Example 6.1. This example shows that without condition (1.4) we may lose either the reconstructibility
of ug over I'(d) for § > 0 small or the fact that ug is the unique minimizer (see Theorem 1.2). Consider
two colors &1 and & that have the same gray level, i.e., & - e = & - e, and let ug be an admissible color
image of the form wyg = &1q, + §21R\Q—1. If Q; = B, is a ball of radius r > 0 contained in R (see
Figure 6.1), then the image us = &11p,_; + &21r\B,_, is admissible for the reconstruction problem over
T'(6) for every § > 0. Since F(us) < F(ug), ug is not reconstructible over I'(d) for any damaged region
D. Similarly, if 2; = (0, %) x (0,b), then ug is a minimizer for the reconstruction problem on I'(d) for
every 6 > 0, but is not unique.

In the next two examples we consider an image
ug = &1lo, +&21q, (6.1)

Qy = R\ Qy, where the two colors have different gray levels (i.e., £ - e # & - €), and the damaged region
D is compactly contained in R and such that H*(I' N dD) = 0, see Figure 6.2. Set Ty := ; N D and
Ty := QN D, so that D =T1 UTy U (D NIQy). We look for necessary and sufficient conditions for an
image u of the form
u==E&ln, +&lonT +&2la, (6.2)
to be a minimizer in the reconstruction problem over D, when &, # &; and &, - e = & - e. Whenever such
an image is a minimizer, the model creates a new “artificial” contour, namely, Q; N 9D.
By Remark 2.4, u is a minimizer for the reconstruction problem over D if and only if for every
p € BV(D;(e) "),
lim inf L0 = (0 >0, (6.3)
t—0t t
where f(t) := F(u+tp, D), t > 0.
We have

Flu, D) = / € — & dH! +/ € — &|dH
DNoy Q1NOD

FIGURE 6.1. Example 6.1: in the first picture o is not a minimizer, in the second one there
is lack of uniqueness. In both cases the compatibility vector ( between &; and & is a unit vector.
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FIGURE 6.2. The dashed line is the contour of the damaged region D.

Fix ¢, € BV (Ty; (e)"), g2 € BV (Th; (e)™) and set ¢ := @, 17, + paly,, so that
(u + t@)lD = (5* + t‘ﬁ*)lTl + (52 + t‘)OQ)sz :

Hence,
F(u+tp, D) = |D(u+ tp)|( +Z/ &k — (u+ tp)| dH!
QrNoD
— Dl (T) + 11Dl (Ta) + [ 6~ )+t -
DNoNy
+/ |(€*—€1)—|—t90*|d7'[1—|—t/ |g02|dH1.
Q1NOD Q2NOD

Defining

f* El 5**52
L= L e =P T2
- <|«s*— |) i (l«s*—&l)

the inequality (6.3) becomes

0< IDg|(T) + Deal(T) + [z (pn =yt +
DNoNy Qi1NoD
and we conclude that « is a minimizer if and only if

0< IDsD*\(TlH/
DNoy

0< |D902|(T2)+/ |<Pz|dH1—/ 2o n dH
QoNOD DNoNy

Q1NéD

Zx2 * Px dHl +/ Zx1 P dHl y

33

oot dH +/ oo ML,
QoNOD

for all @, € BV (T1; (e)") and @y € BV (Ty; (e)7). By Lemma 3.1, these two inequalities are equivalent

to the existence of tensor-fields M; € F(T;), ¢ = 1,2, such that

| =z onDNOQ,
Milvr,] = { —24 on Q1 NoD,

Mslvr,] = 2.2 on DNOQ; .
In the next two examples we consider the colors
& =0, & =se1+e, & =telte,
where 0 < t < s. Note that &, # &1, & -e =& - e, and
s t

212 = —F/————=€1, Rx2 = €1,
P Ar2 T e !

where 215 is the compatibility vector between &; and &, i.e.,

zZ12 = ( 51 52 ) .
€1 — &2

The situation is represented in Figure 6.3.

Zx1 = —€&1,

(6.4)

(6.5)

(6.6)

(6.7)
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t
< --->
: s
< ------- >
e ¢ 05* ogl
..... L
. €1

FIGURE 6.3. The mutual positions of the colors in u.

Example 6.2. This example shows that if an image does not satisfy (1.14), then the reconstructed
image may present an additional spurious contour even if the inpainting region D is an arbitrarily small
neighborhood of a point of the contour T'.

Let ©Q; be as in Figure 6.4, where the vectors v and w are two orthogonal, and consider as the

damaged region D the square of side length § with center at the corner point and sides parallel to v + w
and v — w (see Figure 6.4).
Then, by Theorem 1.8 and (1.16), ug is stably reconstructible over T'(§) if |z10] < 1/V/2, ie., if s < 1.
Hence, if s > 1, (1.17) does not hold. In this case, we claim that if ¢ = 1 in (6.7), then the function u
in (6.2) is the unique minimizer. Note that, since &, # &1, u has a larger contour than ug. To prove the
claim, define M; € F(T;), i = 1,2, by

Mi =—&1Q® vhw .
v+ wl
Then div M; = 0, || M;|| o (1;;c L gr2) = 1. Moreover, using the identities vy, = — |quu;| on Q1 NOD = [AC],
vy, = w on [AB], vy, = v on [BC|, vy, = —vp, on [AB]U [BC], and
v+ w
M, s, :(77. ) S i=1,2,
7/[VT1,] |’U +’LU‘ vt )€1 2
we have that (6.4) and (6.5) hold.
5 N 1
I A I
|
| D |
| |
9 T, »P |
: 15 :
: 6, !
| |

FIGURE 6.4. The situation in Example 6.2. Since |Ci2| > 1/v/2, the minimizer u over the
damaged region D is different from wup and presents a new contour, no matter how small the
side length of D.
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This shows that u is a minimizer for the reconstruction problem over D. Moreover, arguing as in
the proof of Theorem 1.2, it can be seen that it is the unique minimizer. Hence, the claim holds. Finally,
we remark that £, does not depend on s.

Example 6.3. This example shows that if the undamaged regions is not e-uniformly distributed, then
an image uo needs not be reconstructible over a region D even if it is stably reconstructible over I'(§) for
some small § > 0.

Let up be as in (6.1), with & and & satisfying (6.6). Take €; to be an open rectangle of sides
a,b > 0, compactly contained in R, and let D be another open rectangle, as in Figure 6.5. We assume
that 0 < s < 1, so that, as in the previous example, ug satisfies (1.14) with strict inequality. Hence, ug
is stably reconstructible by Theorem 1.8. We claim that if b/a is large enough, then u given by (6.2) is
a minimizer for the reconstruction problem over D for a suitable value of t.
To see this, consider the points Py, P», P3, P4 as in Figure 6.5. To construct the tensor fields M; and
M, satisfying (6.4) and (6.5), it is sufficient to show the existence of 1-Lipschitz functions f; : T; — R
such that

aT.fl = *ﬁ on [P1P2] U [Png] U [P3P4] y

o f1 =1 on [P1Py], (6.8)
Onf2= s on [P U (PP U PP |
Orfa = —1 on [P1Py].

Here 7 := 7, = (v7,)*, so that we are orienting 9T} clockwise. Note that (6.8); and (6.8), define f;
over 077 up to an additive constant. The resulting function is continuous over 97} if and only if

t 1 b

————=(b+a)+a=0, ie, t=—F—m—e—m—o, m:i=—. 6.9
v1+t2( ) (m+1)2-1 a (6.9)
Note that this value of ¢ is compatible with the constraint ¢ < s (used in computing z,; = —e1) if and

only if

b / 1
=—-2>4/14+—=5—1. 6.10
m=_2 +82 ( )

Since fi is piecewise affine with slopes smaller than or equal to 1, to verify that it is 1-Lipschitz over
0T, it remains to study what happens near the corners Py, P, P3, Py. Let v and w denote the tangent
vector 7 on [Py Po] and [Pz Ps), respectively. Then f; is 1-Lipschitz if

2
t t
—« — < |av+ Bw|*> foralla,3 >0, 6.11
( V1+12 ﬂ\/1+t2> = lavt ol ’ (o1

2
t 2
a—f——— ] <|—aw+ Fv for all o, 3> 0.

(a-pr=) <l-awt sl 5
The first condition is equivalent to ¢ < 1, which is satisfied, since ¢ < s < 1 by (6.10), while the second
one is always satisfied.

Similarly, condition (6.11) guarantees that f; is 1-Lipschitz over [P P2 U [P2Ps] U [P3Py]. By Mec-
Shane’s lemma we can extend f; to 1-Lipschitz functions f; : T; — R, ¢ = 1,2. Define

M;:=—e,® (Vf)",

b

- - - - - - - -T-T--T-T - T- - T - T~ 1 |\ - - - - - - - - -T - - - - - T T T =TT 1
| D ! | !
| o T Tt T ! | !
| P Py : | :
I I I

AL e & :
| ] |

I P

L, cioo ol T L& :
1 | !

FIGURE 6.5. The situation in Example 6.3.
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i =1,2. Then (6.4), (6.5) hold by construction, and so u is a minimizer. The uniqueness can be proved
arguing as in the last part of the proof of Theorem 1.2.

In conclusion, whenever €2 is such that (6.10) holds, then the image u (corresponding to the value
of &, defined by (6.9)) is a minimizer for the reconstruction problem of ug over the damaged region D.
The image u has a larger contour than ug, that nevertheless is reconstructible over T'(§) for suitably small
values of §. Note also that the value of s enters only in determining the ratio between a and b through
(6.10): Once Q; satisfies this constraint, the new color £, appearing in u is the same for all the compatible
values of s.

Example 6.4. The following example shows that the first assumption in (1.19) is optimal. For a constant
¢ > 0 to be chosen later, set

w(e) = ce?, (6.12)
and let R := (0,3) x (0,3), Q := (1,2) x (1,2). We consider the image ug := &ylg, with £ # 0 and
o # &1, where

[€1] == min{[¢] £ € R, £ e =& - €}

For i,j =1,...,n, set Qijn = (%, %) X (%, %), let x7; be the center of Qjjn, and define Q;ﬁj,n =
Q(zij,w(L)). We then set

n

D= |J (Qun\ QL) -

i,j=1
We now show that with the present choice of w, the result of Theorem 1.13 may fail. Indeed, define
0 ifzeR\Q,
un(z) = q& ifzeQnqQj;, forsomei,je{1,...,n},

& otherwise.

Then, recalling (6.12), a straightforward computation gives

F(upn, Dy) = 4/¢| +4n2w(%)|§1 — &o| = 4)&1| + 4cfér — &l < 4|€o| = F(uo, Dr),

where the last inequality holds provided that the constant ¢ is small enough.

7. APPENDIX

Proposition 7.1. Let G be the function defined in (1.13), that is,
t t
Gl tvw) = sup sl oot (7.1)
51,8950 |10+ S2w|  s>0 v+ sw|

where r,t € [~1,1] and v,w € S are linearly independent. Then

|7 if |r] > |t| and r?(v-w) —rt >0,
|t] if |t| > |r] and t*(v-w) —rt >0,
G(ﬂ t7 v, w) = 7‘2 + t2 _ 2Tt(’() . U)) (72)
otherwise.
\/ 1—(v-w)?

Moreover, in the third case,

G(r,t,v,w) = sup > max {|r|, [t} . (7.3)

Ir+st| |12 412 —2rt(v- w)
seR |V + sw|

1—(v-w)?
Proof. Consider the function
¢ (s)

where ¢ := v -w and we used the fact that v,w € S'. Assume that |r| > |[t|. Then it can be checked that

( ) r2 + s%t% + 2rts
)= ——
14 1+ 52+ 2sc

Ir+st]?  r?+s%H% + 2rts 50
= = , T )
|v + sw|? 1+ 82+ 2sc

> 1% =¢(0)
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for all s > 0 if and only if 7?(v-w) —rt > 0. Hence, if |r| > [¢t| and 7?(v-w) —7rt > 0, then G(r, t,v,w) = |r|.
On the other hand, if |r| < |¢], then
24 %% 4 2t
PSS e oy o (5)

go(s): 1+s24+2sc — s—00
for all s > 0 if and only if t?(v - w) — rt > 0. It follows that if |r| < || and #?(v - w) — rt > 0, then
G(r,t,v,w) = |t|. Finally, in the remaining cases, we have that

M = st;lgap (s) > max {ap (0), lim ¢ (s)} .
o PR
Hence, there exists sp > 0 such that M = ¢ (sg). Define
p(s):=(M*—t*)s*+2(Mc—rt)s+ M>—1r*, seR.
Then p(s) > 0 for all s > 0 and p(sg) = 0. Since p is a convex parabola, it follows that s¢ is the unique
global minimizer of p, and so p (s) > 0 for all s # so. Hence, its discriminant vanishes, that is,
r2+t2 = 2rt(v-w)

M =
1—(v-w)? ’

which shows that

G(r,t,v,w) = sup

Ir+st|  [r? 412 = 2rt(v- w)
seR ‘U+SU}|

1—(v-w)?

We conclude the appendix by recalling McShane’s Lemma (see [21], [25]):

Lemma 7.2 (McShane). If (X,d) is a metric space, Y C X, and f : Y — R is r-Lipschitz with respect
to the distance d, i.e.,

|f(y1) = f(y2)| < rd(y1,y2) for allyi,y2 €Y,
then there exists f : X — R such that f = f on'Y and

|f(z1) — f(x2)| < rd(w1,22) for all vy, 720 € X .
One such extension f is given by
fla) :=mf{f(y) +rd(z,y):y €Y}, zeX.
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