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ABSTRACT. Consider a discrete time Markov process X on R? that makes
a deterministic jump based on its current location, and then takes a small
Gaussian step of variance ¢2. We study the behavior of the asymptotic variance
as € — 0. In some situations (for instance if there were no jumps), then the
asymptotic variance vanishes as € — 0. When the jumps are “chaotic”, however,
the asymptotic variance may be bounded from above and bounded away from 0,
as € — 0. This phenomenon is known as residual diffusivity, and we prove this
occurs when the jumps are determined by certain expanding Bernoulli maps.

1. Introduction

1.1. Main Result. Consider a Markov process { X: },,>0 that makes a deterministic
jump based on its current location, followed by a Gaussian step of variance 2.

Explicitly, X7, is determined from X, by

(1.1) Xop1 = o(X5) + &t -

Here {£,}n>1 is a family of independent standard Gaussian random variables,
and ¢: R? — R? is a Lebesgue measure preserving map with a periodic displacement
(i.e. the function = + @(x) — x is Z? periodic).

In this situation it is easy to see that for any v € R?, the variance var(v - X¢)
grows linearly with n as n — co. Our interest is to study the growth rate of the
variance asymptotically as € — 0. More precisely, we are interested in the behavior
of the asymptotic variance

1>
im vart (v - X&)
n—o00 n
in the vanishing noise limit ¢ — 0. Here pq is a probability distribution on R, and
the notation var#o (v - X2) denotes the variance of v - X given X§ ~ po.

If ¢ is “not too chaotic”, then the asymptotic variance of v- X¢ may either vanish
as € — 0 (for instance, if ¢ is the identity map) or diverge to +oo (for instance, if
the map ¢ has a shear structure, with unbounded orbits). If, however, ¢ is “chaotic”,
then it may be possible for the asymptotic variance of v - X¢ to be bounded from
above and bounded away from 0 as € — 0. This phenomenon is known as residual
diffusivity and its study originated in fluid dynamics [Tay21, BCVV95 MCX™'17].
The main result of this paper shows that the processes X¢ exhibits residual diffusivity
when ¢ is obtained from a certain class of expanding Bernoulli maps (see Section 2,
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below). To the best of our knowledge, this is the only class of chaotic maps for
which residual diffusion has been rigorously proved.

FIGURE 1. One example of an expanding Bernoulli map ¢. The
colored regions on the left are mapped to regions of the same color
on the right.

Our main result is the following;:

Theorem 1.1. Suppose ¢ is obtained from an expanding Bernoulli map satisfying
the conditions in Assumption 2.1, below. For all v € R?, and all subgaussian initial
distributions ug we have

(12) lim i, A X5)
’ e—0n—o0 n

=var™(v- | XY]).

Here 7y denotes the uniform distribution on the unit cube Qy & [0,1)¢, and the
notation |-| denotes the bottom left vertex of the containing unit integer lattice
cube. Explicitly, for z € R?, the notation |z] denotes the unique element in Z? for
which z € |z] + Qo.

Notice that the right side of (1.2) is non-zero if the image of Qo under ¢ intersects
more than one cube. One example of an expanding Bernoulli map that satisfies the
conditions of Theorem 1.1 is shown pictorially in Figure 1. Another example can be
constructed from the one dimensional doubling map, and is defined by

(1.3) plx) =2z —|z], =zeR.

Interestingly, if we introduce a shift by 1/2 into (1.3) then we obtain an example of
a mixing map which does not exhibit residual diffusivity. Explicitly, we define the
shifted doubling map by

1
<p2(x):2x—pcj—§, zeR.

The shifted doubling map satisfies all but one of the required hypothesis in Theo-
rem 1.1 (specifically, for the shifted doubling map the cube centers o; in Section 2,
below, are not integers). The results of the numerical simulations in Figure 2 show
that the doubling map exhibits residual diffusivity, while the shifted doubling map
does not.

The main idea behind the proof of Theorem 1.1 is to use mixing to show that
the asymptotic variance starting from any (subgaussian) initial distribution pug is
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FIGURE 2. Asymptotic variance for the doubling map, and the
shifted doubling map as ¢ varies from 107! to 107°. For the
doubling map the asymptotic variance approaches the value on the
right of (1.2) (blue dashed line) as e — 0. The shifted doubling map,
however, doesn’t exhibit residual diffusivity and the asymptotic
variance approaches 0 instead of the value on the right of (1.2)
(orange dashed line).

close to the asymptotic variance starting from the uniform distribution 7y on Q.
When X§ ~ mp, the Bernoulli structure of ¢ serendipitously makes increments
of [p(XE)| — | X ] independent, allowing us to compute the asymptotic variance
explicitly. Before delving into the technical details of the proof we briefly survey
the literature and place Theorem 1.1 in the context of existing results.

1.2. Motivation and Literature review. Our interest in this problem stems
from understanding the long time behavior of diffusions whose drift has “chaotic
trajectories”. Explicitly, consider the continuous time diffusion process X; defined
by the SDE

(1.4) dX¢ =u(X{)dt +edW; onR?,

where W is a d-dimensional Brownian motion, and u is a spatially periodic, diver-
gence free vector field. One physical situation where this is relevant is in the study
of diffusive tracer particles being advected by an incompressible fluid.

On small (i.e. O(1)) time scales, it the process of X¢ stays close to the deter-
ministic trajectories of u, and a large deviations principle can be established (see
for instance [FW12]). On intermediate (i.e. O(|lne|/e®) for a € [0,2)) time scales
certain non-Markovian effects arise and lead to anomalous diffusion [You88, YPP89,
Bakl1l, HKPG16, HIKT18]. On long (i.e. O(1/¢?)) time scales, homogenization
occurs and the net effect of the drift can be averaged and the process X¢ can be
approximated by a Brownian motion with covariance matrix DZ called the effective
diffusivity. This was first studied in this setting by Freidlin [Fre64], and is now the
subject of many standard books with several important applications [BLP78,PS08].

The effective diffusivity matrix DZg; is the unique symmetric matrix whose action
on vectors v € R? is given by
var(v - X7)

vDzv = lim
eff t—00
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This, however, is hard to compute explicitly and authors usually characterize it in
terms of a cell problem on T?, or a variational problem. In a few special situations
(such as shear flows, or cellular flows) the asymptotic behavior of D as e — 0 is
known [Tay53, CS89, FP94, FP97, MK99, Hei03, Kor04, NPR05, RZ07].

The motivation for the present paper comes from thinking about the case when
the deterministic flow of u is chaotic on the torus. In this case it has been conjectured
that D is O(1) as € — 0, a phenomenon known as residual diffusivity. Study of this
was initiated by Taylor [Tay21] over 100 years ago, and has since been extensively
studied by many authors [ZSW93, BCVV95, MK99, Zas02, MCX " 17]. While this has
been confirmed numerically and studied for elephant random walks [LXY17,LXY18,
MCZ120, WXZ21, WXZ22,IWXZ22, KLX22], a rigorous proof is of this in even one
example is still open.

The goal of this paper is to rigorously exhibit residual diffusivity in a simple
setting. First we replace the notion of “chaotic” with the assumption that the flow
of u on the torus T¢ is exponentially mizing (see [SOWO06]). In continuous time,
however, examples of exponentially mixing flows are not easy to construct. The
canonical example of an exponentially mixing flow is the geodesic flow on the unit
sphere bundle of negatively curved manifolds [Dol98]. On the 3-torus, however, the
existence of a divergence free, C'!, time independent, exponentially mixing velocity
field is an open question. To the best of our knowledge, there are only examples
of lower regularity [EZ19], and several time dependent examples [Pie94, BBPS19,
MHSW22, BCZG23, ELM23, CFIN23].

On the other hand, there are several simple, well known, examples of exponentially
mixing dynamical systems on the torus [SOWO06]. Therefore, instead of studying a
continuous-time system, we study the discrete time system (1.1). The system (1.1)
can be viewed as a discretization of (1.4) where ¢ is the flow map of u after a
fixed amount of time. The periodicity of u translates to the requirement that the
displacement z — ¢(x) — x is periodic. Incompressibility of u translates to the
requirement that ¢ is Lebesgue measure preserving. This leads us to study (1.1)
in the general situation that ¢ is any Lebesgue measure preserving with a periodic
displacement (and not necessarily a diffeomorphism obtained as the flow of an
incompressible vector field). Such systems are interesting in their own right, and
various aspects of them have been extensively studied [FW03, FNW04, TC03,FI19,
OTD21,ILN24].

In this time-discrete setting, Theorem 1.1 exactly computes the vanishing noise
limit of the effective diffusivity. Our proof, however, relies on the Bernoulli structure
of ¢ and will not apply to general mixing maps. For general mixing maps ¢ we
conjecture that (1.2) in Theorem 1.1 should be replaced with

lm lim YOO XD gy, v X))
e—0n—o0 n n—00 n

Note, when € > 0 it is natural to expect that the mixing effects of the noise
eliminate the dependence of the asymptotic variance on the initial distribution. The
same is true when ¢ = 0, provided the dynamics of ¢ are mixing and the initial
distribution is regular. There is, however, no explicit formula for the asymptotic
variance and no easy way to compute it in general. In our situation, the Bernoulli
structure of ¢ allows us to compute the asymptotic variance when the initial
distribution is 7y, and this is used in the proof of Theorem 1.1.
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Plan of this paper. In Section 2 we fix our notation convention and precisely
state the assumptions under which Theorem 1.1 is true. In Section 3 we explain
the main idea behind the proof of Theorem 1.1, and carry out the details modulo
the computation of the asymptotic variance when the initial distribution is uniform
(Lemma 3.2, below). Finally in Section 4 we prove Lemma 3.2.

Acknowledgements. The authors would like to thank Jack Xin and Albert Fan-
njiang for helpful discussions.

2. Expanding Bernoulli maps

We begin by precisely describing the class of maps ¢ for which Theorem 1.1 holds.
Partition R into unit cubes {Qy | k € Z4}, where Q) = k + [0,1)%. Let M > 2 and
Ey,...,Ey C Qo be a Borel measurable partition of Qg, with

|Er| < B2l < |Ewm].
For each i € {1,..., M}, let 0; € Z% and ¢;: E; — Q,, be a Borel measurable

bijection which pushes forward the normalized Lebesgue measure on F; to the
Lebesgue measure on o, .

Given z € RY we let n = |z] denote the unique element in Z¢ such that
r € Q, =n+ Qo. Define p: R? — R? by
(2.1) e@)=n+pix—n) ifz—nekE.
Clearly the function  +— ¢(z) — x is Z¢ periodic, and so ¢ projects to a well-defined
map @: T — T given by

¢(&) =9,  where y=p(z).

Here z,y € R? and #,§ € T¢ denote the equivalence classes 2 and y modulo Z¢

respectively.
We note the map ¢ defined above is conjugate to a one-sided Bernoulli shift on
sequences {1,..., M}%. Moreover, since ¢ expands each set F; to the torus T¢, we

can view ¢ as an expanding Bernoulli map. In addition to the above structure, we
require a mixing assumption ¢ in order to prove Theorem 1.1. We now state this
assumption precisely.

Assumption 2.1. The map @: T — T¢, defined as above, is piecewise C' and
exponentially mizing. That is, there exist constants D < oo and v > 0 such that for
every pair of test functions f,§ € H*(T?), we have

(22) (F.ao¢) = [ Fao [ ada| < Dl

We clarify that E; C T¢ is the projection of E; C R? to the torus T¢. We
also note that (2.1) and the fact that ¢: T¢ — T¢ is Lebesgue measure preserving
implies ¢: RY — R? is also Lebesgue measure preserving. The shift invariance of ¢
implies the projected process X¢ is a Markov process on the torus T¢. Equation (1.1)
and the fact that ¢ is Lebesgue measure preserving implies that the stationary
distribution of X¢ is #, the uniform measure on T¢.

Remark 2.2. The exponential mixing requirement in Assumption 2.1 can be weakened.
In the proof, this condition is only used to ensure the right hand side of (4.3) in
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Proposition 4.2 (below) vanishes. Theorem 1.1 will still hold provided we replace
Assumption 2.1 with the assumption that

(2.3) lim ety =0,

mix
e—0

where 5, is the 1/2 mixing time of X on T¢. Available results (see for in-

mix

stance [FI19,ILN24,17Z23]) show even a quadratic decay in (2.2) implies (2.3).

Notation and convention. We now briefly clarify several convention that will be
used throughout this paper.

(1) A tilde is used to denote projections onto the torus. That is if z € R?, then
# € T? denotes the equivalence class  (mod Z?). Conversely if § € T¢, we will
implicitly use y € R? to denote any representative of the equivalence class 7.

(2) If f: R* - R is a function then f: T¢ — R denotes its periodization

@)=Y fla+k).

kezd

Similarly, if 4 is a measure on R? then /i is the measure on T¢ defined by [L(E) =
> peza H(E + k), where E C R? is any Borel set such that E={i|zeE}.

(3) The expectation operator has lower precedence than multiplication. That
is, if X,Y are random variables then EXY denotes the expectation of the
product E(XY), and EX? denotes the expectation of the square E(X?).

(4) When X is a Markov process we will use E*X,, to denote the expectation of X,
given Xy ~ . When 2 € R?, we use E*X,, to denote the expectation of X,,
given Xy = z. For random variables that are not associated to Markov processes,
we will denote their expectation by E, without any sub or superscripts.

3. Proof of Theorem 1.1

To prove Theorem 1.1 we first need to show that the process X° remains sub-
gaussian, with norm controlled independently of . Recall [Ver18] the subgaussian
norm of a random variable, denoted by ||-|y,, is defined by

(3.1) 1Y [ly, & int{c>0| B/ <2}
Lemma 3.1. There exists a constant A > 0 such that for alln € N, and all e € [0,1]
we have

A
(3-2) 1X2llw, < 5 (1 Xolly, +n) -

Note that even though Lemma 3.1 gives an upper bound on || XZ ||y, that is e-
independent, it is more crude than Theorem 1.1. Indeed, the bound (3.2) implies the
quadratic upper bound var(v- X2) < C|v|?n?, whereas the conclusion of Theorem 1.1
involves bounds (both upper and lower) that are linear in n.

The next Lemma is a special case of Theorem 1.1 when the initial distribution is
uniform on Q.

Lemma 3.2. If 7y = unif(Qo) denotes the uniform distribution on Qo then

™0 _XE
lim var(v - X;) — var™ (v - LX?J)’ < Cl?/ellnel3.

n—00 n
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Lemma 3.2 is the only place in the proof of Theorem 1.1 which relies on the
Bernoulli structure of ¢. Even if ¢ is not an expanding Bernoulli map then one can
still show that the asymptotic variance of v- X ¢ starting from any (subgaussian) initial
distribution equals the asymptotic variance of v - X¢ starting form 7. Computing
this for € > 0 (or even for € = 0), however, is not easy in general. In our situation
we compute it because Assumption 2.1 makes the increments |o(X7)| — [XZ]
independent (see Lemma 4.1, below).

Momentarily postponing the proof of Lemmas 3.1 and 3.2 we will now prove
Theorem 1.1.

Proof of Theorem 1.1. Before delving into the technical details of the proof, we will
first explain the main idea. Fix ¢ € (0,1), and let f,, denote the density of X¢ on
R?. We will begin by choosing

(3.3) m = |n'/4],
and finding a probability density function g,, such that

(3-4) gm =1 and ”fm - QmHLl(Rd) = ||fm - 1HLl(Td) -

Once we have g¢,,,, we define two new (coupled) Markov processes Yy, Y/, for k €
{m,...,n}, using the same evolution rule (1.1), the same noise, but different initial
distributions. We specify the initial distributions for Y and Y’ at time m by

Y ~ gm and Y. ~ g,

respectively. Since §,, = 1, Y, and Y/, differ by an element of the integer lattice Z,
and the periodic structure of ¢ will preserve this difference at all later times. This
combined with Lemma 3.2 will allow us to show

(3.5) |var(v-Y,) — var(v-Y,

n

)| < [vf?o(n).

The process X¢ is a Markov process on the torus T? with stationary distribution
7, the uniform on T?. Additionally, available results [F119,TLN24,1723] can be
used to show that X¢ is mixing on T?. In fact, as we will see shortly, the mixing
time of X* is at most O(|lne|®). Combined with (3.3) and (3.4), this will show
that || fin — gml||L1 is small when n is large.

Finally, using subgaussianity and the fact that any Markov evolution induces a
contraction on the laws, we will show

n—oo

(3.6) [var(v - X;) — var(v-Y,)| —— 0.
Combining (3.5), (3.6) and Lemma 3.2 will conclude the proof of Theorem 1.1.

We will now prove each of the above claims. Moreover, the proofs of (3.5) and (3.6)
will be quantitative and we will obtain an explicit rate at which the right hand sides
vanish as n — oo.

Step 1: Constructing the function g,,. Order the elements of Z? as {0 = ko, k1, ...}
Fix x € Q, and define

lo = Lo() inf{KGN’éf(erkj) > 1}.

=0
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If £y = oo, then for every £ € N we define

fm(x+k€) >0

9 (@ + ke) = {fm($+k0) +1- EZ’eme(x_er/) £=0.

If 4y < o0, then we define

fm(z + ke) {< ¥
Im(z+ ko) =q1- Ee'do fm(x +ke) €=
0 {> 0.

Clearly, for every = € T¢ we have

Gn(@) =Y gm(z+k) =D gmlz+k)=1.
£=0

kezd

Moreover, when ly(z) = oo we note g, (v + k) = fon(r + k) for all k € Z%.
When /y(x) < oo, we note 0 < gm(z + k) < fm(z + k) for all kK € Z9. Thus,
in both cases, the sign of g,,(x + k) — fn(z + k) does not change with k& and we have

> 1gm(@+K) = e+ B = | Y (gml@+ k) = fulo + 0))|

kezd kezd
=[1= fule+B)| = 1= Ful@)]
kez
So integrating over x € T¢ shows || fm — gmllr1(re) = | fn — 1|1 (ray. Thus gy,

is a probability density function that satisfies both conditions in (3.4), as desired.
Observe that this construction with the choice of kg = 0 guarantees that

gm(z) < fr(z), for all z ¢ Q.

Step 2: Proof of the bound (3.5). Once we have g,,, we define two new (coupled)
Markov processes Yy, Y}, for k € {m,...,n}, as described above. These processes
Y and Y’ use the same evolution rule (1.1) as for X (for times k € {m,...,n}).
Moreover, Y and Y are couplied, using the same noise for both processes; they differ
only in the initial condition (at time m). Specifically, let Y;,, ~ gy, and then define
Y, by

V! =Yy — Iy,
where
Im = |Ym| = Z kliv,.cquy -
kezd
In particular, Y;,, ~ m, since g, = 1. For k € {m,...,n — 1}, define Y11 =

©(Yr) +e€py1 and Y | = o(Y})) + &y 1. Because of this coupling and because I,
is integer valued, we have

Yi=Y.+1,, YV ke{m, ... ,n}
Thus
(3.7) [var(v-Y,) —var(v- (Y,))| < var(v - L) + 2|cov(v - Y, v - I,)] .
By Lemma 3.1 we know

(3.8) var(v - I,,) < Clv*m?.
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Moreover, since Y, ~ unif(Qp), Lemma 3.2 implies there exists Ny = Ny(g) such
that

(3.9) var(v-Y)) < Clv*(n —m) < Clv]*n

for all n > Ny. Using (3.8) and (3.9) in (3.7) immediately implies
var(u - o) — vax(u - (V,))| < Clof2(m? + my/m) < Clofn¥/*

for all n > Ny. This proves (3.5) as desired.

Step 3: Proof of the bound (3.6). At time m, the density of X, is f,, and the
density of Y,,, iS gm. For k € {m,...,n}, both processes evolve according to the
same transition probabilities, and we wish to compare their variances at time n.
Let h, be the density of Y,,, and note

(3.10) |var(v-X,) —var(v-Y,)| < /Rd(v )| fulx) = hy(2)| da
+ (/Rd|v~x|\fn(x) ~ (@) dz) (E(lo Xal + 0 Ya]))

We will bound each term on the right hand side by splitting the integral into two
parts, one where |z| < n?/? and the other where |z| > n/2.

Step 3.1: First term in (3.10) when x > n®/2. We first claim that there exists mq
(depending only on the dimension), such that for all m > mg we have

(3.11) [Yonlly < Al X0l +m).
To see this, we note that the construction of g,, guarantees

gm () < fm(x) for all z & Qo

and hence
P([Yy| 2 t) < P(|Xp| =t) forallt>Vd.
The definition of the subgaussian norm (3.1) implies
P(|Xp| >1t) < 9/ 1Xmlly,

and hence for any a > || X[/, we have

2t
Beln /e’ = 1+/ PVl > 1)
O a
Vi
2t 2t
<1+/ e’ 1"t + / e’ P(| X, > t) dt
0o a? va o

4t 1
< ed/a2 +/ ) eXp<_t2 (ﬁ)) dt
0o @ HXm”w2 T

2 X},

< d/a?
<e + X

mH?/)z .
Choosing
= A([[ Xolly, +m)
and using Lemma 3.1 we see
d

Z n(a/3)

Ee"*/%* <2 provided A2(|[ Xolly, +m)?
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This proves (3.11), as claimed.
Now, since the processes Y and X} evolve by the same transition probability for
k€ {m,...,n}, Lemma 3.1 and (3.11) imply

Yollga < 2 (Wil + (0 = m) < (1Ko, +m) < A%,
provided n > || X¢||y,. This implies
P(Y,|>1t) < 2~ /(A for all £ > 0.
Thus for any R > 0 we have
E(lgy,sm|Yal?) = /Oo 2t P(|Y,| > t)dt < /Oo dtet/ A gy
(3.12) = 2:2/\46*2/ (n*A%) '
By the same argument and Lemma 3.1, we also obtain
(3.13) E(Lgx: s my | X5[%) < 20202 T/ (PA%) op2 gt B/ (20D
Choosing R = n*/? and combining (3.12) and (3.13) and shows

(3.14) / (W 2)2|f(2) — hn(2)| d < [0[24A2n2e—7/A"
2 2n3/2

for all n > {10l y, -

Step 3.2: First term in (3.10) when x < n®/2. We will show this term vanishes
by showing ||f,, — hn|/z1 vanishes exponentially as n — co. Let 5, = 5. (1/2)
denote the mixing time of X¢. That is, if Dy, is the k-step transition density of Xe,
then £, is the smallest k € N for which

mix
1
sup —
FeTd 2

] =

5% (z, ) = Ul pr(rey <

Using the fact that a Markov process induces an L' contraction on the density, and
the fact that (see for instance Section 4.5 in [LP17])

1
sup —

D) 197, (, ) - 1HL1('J1‘4) <27 L/t
z€T

we see

/| - G 2)?| fu(@) = h(@)| dz < Clo*n®|| fo = hall 2 < CloPn®|| fm = hunl| 2
z|<n

= Clo*n®|| fm = gmllr = Clo*n®|| fn — 1|11
(3.15) < CloPnd2~m/fud

Step 3.3: Second integral in (3.10). Using the same argument as in the previous two
steps we see

‘/ (2 0)(fa(®) = hal@)) do| < dle] [ e /0" gy
a0/

n3/2

(3.16) < 4fv|A* /e /A
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and

(3.17) ‘/ 0)(ful(z) — x))dm‘ < Olo|n/227lm/Ts]
|az\<n3/2

Moreover, by Lemma 3.1 and (3.11) we see

(3.18) BIXE) < IXzlvs < 3 (1Xolus +7)

(3.19) and  E|Y,| < [[Vally, < A([Xolly, + 7).

Using (3.14)—(3.19) in (3.10) and increasing Ny if necessary, and recalling (3.3)
we obtain (3.6), concluding Step 3.

Step 4: Combining (3.5) and (3.6) we obtain

lim var(v - Xp,) — lim var(v - Yy,) — lim var(v-Y)) 7
n—o0 n n—oo n n—oo n
and using Lemma 3.2 concludes the proof. U

It remains to prove Lemmas 3.1 and 3.2. The proof of Lemma 3.1 follows quickly
from Hoeffding’s inequality, and we present it here. The proof of Lemma 3.2 is more
involved and we present it in Section 4, below.

Proof of Lemma 3.1. Notice first
Xnp1 — X5 = 0(X3) — X7 +ebns1 < A+ elénsal,

where
def

A= suplp(z) — x|
z€RC

Hence
n
|XE| < |X5|+ An +€E,, where Z, = Z|§k| .
1

Inequality (3.2) now follows from Hoeffding’s inequality (see for instance Theorem
2.6.2 in [Verl8)). O

4. Proof of Lemma 3.2

To prove Lemma 3.2 we write
(4.1) X =8,+J,+ R,
where
Sn=Sn-1+ [p(X5_1)] = [X5a],
In = o1+ [ X5 = [e(X5 1)),
R,=X.—-5,—Jn,

with Sp =0, Jo =0, Ry = X§. We will prove Lemma 3.2 by obtaining a bound
on the asymptotic variances of each of the processes S,J and R. The Bernoulli
structure of ¢ implies the increments of S are independent, which allows us to
compute the variance of S exactly.

Lemma 4.1. For any v € Rd, n > 0 we have
(4.2) var™ (v - S,) = nvar™(v- | X}]).
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To bound the asymptotic variance of J, we rely on the fact that the mixing time
of X¢ is o(1/¢), which only requires ¢ to be sufficiently mixing, and does not rely
on the Bernoulli structure.

Proposition 4.2. If i¢,, = . (1/2) denotes the mizing time of X, then for
allv € R and all £ € (0,1) we have
(4.3) var™ (v - J,) < Clv|*nets,, .

Momentarily postponing the proofs of Lemma 4.1 and Proposition 4.2, we now
prove Lemma 3.2.

Proof of Lemma 3.2. For any v € R?, (4.1) implies
(44) |var™(v- X)) —var™(v- S,)| < C(VfMTrO (v-Jy) +var™(v- Ry,)
+ std™ (v - Sp)std™ (v - Jp,) + std™ (v - Sp)std™ (v - Rn)> .
Note
R,-R,_1=X,— |_an - (anl - Lanlj)
and hence
R,—Ro=X, — | X,| - (Xo—|X0)) € (-1,1)%.

This implies var™ (R,,) < C. Using this, Lemma 4.1 and Proposition 4.2 in (4.4)
implies

o . X&) — 0 . Sn - ~
(4.5) lim P00 X)) Z v - Sa)l 2 (m;ix + gtfnix> .
n—00 n
To finish the proof we only a mixing time estimate which shows (2.3) holds. This can
be done quickly from existing results. Indeed, the exponentially mixing condition in
Assumption 2.1 allows us to use Qorollary 2.5 in [F119] to show that the dissipation
time (aka the L? mixing time) of X¢ is at most O(|ln¢|?). Following this Proposition
1.3 in [ILN24] (or Proposition 2.2 in [I1Z23]) implies
. < Cllnel?.

This immediately implies (2.3) and using this and Lemma 4.1 in (4.5) finishes the
proof. O

The remainder of this section is devoted to the proof of Lemma 4.1 and Proposi-
tion 4.2

4.1. Variance of S (Lemma 4.1). The proof of Lemma 4.1 relies on the Bernoulli
structure of ¢ to show that the increments of S are independent.

Proof of Lemma 4.1. Define
D, = n+l — Sy = I_%O(XZ)J - I_XZJ :

By Assumption 2.1, for every £ € 7%, the event {D,, = £} can be partitioned into
events of the form {X¢ € E;}. We will now show that

(4.6) P™(D,=k|X;_, € E;)=P™(D,=k)=P™(|X{] =k).

We will first show the last equality in (4.6). For this, we recall 7 is the Lebesgue
measure on T¢, which is the stationary distribution for the Markov process X°¢.
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Since Xy ~ 7y by assumption, and 7y = 7, we must have sz ~ 7 for every n € N.
Thus, the right hand side of (4.6) is given by

P™(D, = k)= P(lp(U)] = U] =k |U ~7)
= P™(|X7] =k),

proving the last equality in (4.6) as desired.

We now compute the left hand side of (4.6) and show it equals the right hand side
of (4.6). Since X& ~ 7, Assumption 2.1 implies that conditioned on the event X, €

E;, the distribution of ¢(X¢_;) is also 7. Since &, is independent of X&_ 1 this in
turn implies that conditioned on the event X2, € Ej, the distribution of XZ is the
uniform distribution on T¢. Hence

P™(D,=k|X; | €E)=P"(D,=k| X, ~7)=P™(|X}] =k),
which concludes the proof of (4.6).
Now, (4.6) implies the increments of S are i.i.d. with distribution

P™(A, =k) = P(|X{| =k).
This immediately implies (4.2), completing the proof. O
4.2. Decorrelation bound for J (Proposition 4.2). For any n € N define

Ap = Jng1 — Jn = [Xo 1] — [0(X7)].
We first claim all moments of Ag are of order ¢.
Lemma 4.3. For alle <1, and all p € [1, oo) we have
(4.7) E™|Ap|P <
Next, we claim that the increments A,, decorrelate rapidly.

Lemma 4.4. For any v € R?, m,n € N we have

(4.8) |cov™ (v A, v - M) < Celof? sup ||, (, ) = Upacray ,
zeT

where as before ps, is the n-step transition density of the process XfL

Momentarily postponing the proofs of Lemmas 4.3 and 4.4, we prove Proposi-
tion 4.2.

Proof of Proposition 4.2. Note

N-1
var™ (v - Jy) = var”® (Z v- An>

—1N—-m-—1
= Zvar (v-Ap)+2 Z Z cov™ (v Apy, v Apgnt1)
(4.9) < NoPE™[|Ao)? + |A0\](1 + cz sup, 15 (F, ) — 1||L1(Td)) .
—1Z€
Now let T = #5,;,, and observe that for every & € T¢, n € Nand j € {0,...,T — 1},
we have

- N 1
51+ (Z; ) — Ll pr(ray < on
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Thus the series on the right hand side of (4.9) is bounded by 27". Combining this
with Lemmas 4.3 and 4.4, we obtain (4.3) as desired. O

It remains to prove Lemmas 4.3 and 4.4. We begin with the proof of Lemma 4.4.

Proof of Lemma 4.4. We first claim for any n € N,

(4.10) E™A, = E™A,.
Clearly, the Markov property implies

(4.11) E™A, = E"EX2Ay = E™A,,

where 75 = dist(XZ). Now we note note that adding an element of Z¢ to X§ does
not change A,, for any n € N. Thus, if ug, vy are any two probability measures such
that fig = 7y, then for any n € N,

(4.12) EMA, = EYA,,.

Since the Lebesgue measure 7 is the stationary distribution of X¢, we note 5 =T
Hence (4.11) and (4.12) imply (4.10) as desired.
Now using the Markov property and (4.10) we compute

cov™ (v Ay 0 Appgns1) = E™v - (A, — E™Ag) v (Apant1 — E™Ag)
= E™EXny- (Ag — E™Ag)v- (Api1 — E™Ag)
=E"mv- (Ag— E™Ag) v (Appy — E™Ag)
(4.13) =E™v-(Ag— E™Ag)v- (Apt1 — E™A),

where the last inequality followed because 7, = 7.
Next we define the function f: R — R by

(414) @)= B0 (Ao — E™Ag) = E(v- (|X] — [0(X5)] — E™A).
The Markov property and (4.13) imply
(4.15) cov™ (v Ay, v Appgng1) = E™ v (Ag — E™Ag) P f(XT)] .

Here P is the n-step transition operator, whose action of functions is given by

Pio(e) = B*9(X2) = [ ohan)owdy.

where pf, is the n-step transition density of X*©.
Note that for Z,§ € T¢, the n-step transition density of X¢ is given by

P g) =Y pi(z,y+k).
kezd

Thus if ]55 is the n-step transition operator of X¢, then the action of ]55 on
functions §: T¢ — R is given by

Pigle) ® B'9(X3) = [ i(@n)ala) di

(116) = [ pile+ Batw) dy = Pito).
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Returning to (4.15), we note that shift invariance of ¢ implies the function f is Z¢

periodic. Thus, defining f: T¢ — R by f(#) = f(z) and using (4.15) and (4.16) we
see

oV (V- Ay v - Appyngr) = E™ [v - (Ag — ENOAO)PSJE(X%)]
— E7o (Aq — ETA Ps £ Xs - NdN
{fu (Ao 0)( nf (XT) /Tdf 7T>

=57 o+ (80— B ([ (R 0) - 1)) 7).

Hence
|cov™ (v A, v At
< EWD|” (Ao - EW°A0)| SuI)dHﬁZ(Xf,y) - 1HL1(’]I‘d)||f”L°C(’JFd)
F€T
(4.17) = ”JEHLl(’IFd) SU%Hﬁi(Xfay) - 1||L1(’]Td)Hf”L°°(Td) .
i€

It remains to estimate || f|| 1 and || f|| L. Using (4.14) and Lemma 4.3 with p = 1
we see

(4.18) 1l < 2w E™|Ap| < Ce,
and

1fle < B = ol (IB™ Aol + sup B|lp(x) +261] - L()))])

z€Qo
(4.19) <CA+¢)|v| < Cl.
Using (4.18) and (4.19) in (4.17) implies (4.8), concluding the proof. O

Finally, we prove Lemma 4.3.

Proof of Lemma 4.3. For any j € {1,...,d} define

AL Ze A,
and note
AP = [ Bley- (loly) + ) - Lew))P dy.
YyE€Qo
Clearly,
lej - (le(y) + &l — oW < Lie;ceq(—v; 1w} TEles - &l
where
vy =e; (py) — Le)]).
Hence,

(120 Ble; - (lo(y) +261) — o)) < Co(Ple; -6 & [~y 1 — 1) + &)
When 1; < 1/2 a standard Gaussian tail bound implies
P(ej-c& & =5, 1— 1)) < Plej - 1 < —ty) < 273/
Similarly, when v; > 1/2, we note

P(ej . 551 € [—1/)]', 1 — ¢J)) < P(ej . 6{1 2 1 — ¢]) < 267(1711}]‘)2/(262) .
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Using these two inequalities and integrating (4.20) in y immediately implies (4.7)

as desired. O
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